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ASYMPTOTIC BEHAVIOR OF A DELAYED
NONLOCAL DISPERSAL LOTKA-VOLTERRA
COMPETITIVE SYSTEM*

Yiming Tang!, Xin Wu?, Rong Yuan?,
Fengjie Geng! and Zhaohai Malf

Abstract This paper investigates the asymptotic behavior of a nonlocal dis-
persal Lotka-Volterra competitive system with time delay across the entire RY.
We establish L°° —decay estimates of solutions of linear systems converging to
equilibria utilizing the Fourier transform method applied to the fundamental
solution and the Fourier splitting technique. For the nonlinear time-delayed
nonlocal dispersal Lotka-Volterra competitive system, we leverage the results
from linear systems and obtain the long-time behavior of solutions of the non-
linear system manifesting as the form of time-exponential. More precisely, we
further deduce L°°—decay estimates of solutions of the original nonlinear sys-
tem through the properties of convolution and Hoélder inequality. Additionally,
numerical simulations are presented to bolster the principal theoretical results
and illustrate that the time delay impedes species growth.

Keywords Asymptotic stability; Nonlocal dispersal; Competitive system:;
Fourier transform
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1. Introduction

The exploration of nonlocal dispersal problems has sparked significant interest in un-
derstanding the impact of nonlocal interactions on diffusion through mathematical
models, tracing back to the pioneering work of Kolmogorov—Petrovskii—Piscounov
(KPP) [22]. In the realm of cell biology and the behavior of species, Lee et al. [23]
introduced the notion of nonlocal and substantiated it theoretically with concrete
examples. Under the circumstances of local and nonlocal spatially, they investigated
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explicit models of mathematical biology and showed that nonlocal models are ap-
propriate simplifications of local models when the rate differences between local fast
and slow dynamics are sufficiently large. Further, this model and its deformations
have been applied to a wide range of applications such as heat conduction in mate-
rials with long-range interactions, diffusion of species in biologically heterogeneous
environments, and fluid dynamics, see [1, 20,24, 31, 32,38,45,49]. For instance, in
biological populations, individuals move in extensive spatial domains rather than
being restricted to small neighborhoods, which leads to spatially nonlocal inter-
actions. Consequently, the study of nonlocal dispersal problems holds paramount
significance.

To begin with, in terms of the Lotka-Volterra competitive reaction diffusion
system, Ruan and Zhao [36] studied two types of two species reaction diffusion
model with time delay, namely, predator-prey system and competitive system. They
proved uniform persistence and global extinction of systems. Wang and Lv [41]
investigated the entire solution of a diffusive Lotka—Volterra competitive system
with nonlocal delays. Both the comparing argument and the upper-lower solu-
tion method were applied to derive the existence of the entire solution. In [44],
Xu et al. demonstrated that the dynamics of anti-symmetric Lotka-Volterra sys-
tem is determined by some linear inequalities. Furthermore, researches on the
Lotka—Volterra competitive system have been extensive which can be found in
[6,12,27,28,39,42, 47, 51, 52].

In recent decades, the field of population dynamics has been enriched by nu-
merous nonlocal dispersal mathematical models. For a scalar nonlocal dispersal
equation, Pan et al. [35] dedicated their efforts to the study of a nonlocal dispersal
single species model with time delay. They showed that the existence, uniqueness
and asymptotic behavior of traveling wavefronts can be obtained by the upper-
lower solution method and the squeezing technique. Subsequently, Huang et al. [14]
considered the nonlocal dispersal equations with time delay and monostable nonlin-
earity in N-dimensional space. They demonstrated the global stability of traveling
waves, including the exponential rate of convergence for noncritical plane wave-
fronts and the algebraic rate of convergence for critical wavefronts. These analyses
were facilitated by the Fourier transform method and the weighted energy method
with appropriate selection of weighting functions. Recently, Li et al. [26] studied
the dynamics of a population model with nonlocal dispersal in a shifting environ-
ment characterized by a shrinking favorable region. They elucidated the conditions
conducive to species survival and the relationship between the speed of the shifting
habitat edge and the wave speed. In addition, we can refer to [2,10,16,25,29, 50]
and the references therein for more related works. In what follows, we focus on lit-
eratures with respect to the nonlocal dispersal system. Yu and Yuan [48] proposed
a nonlocal dispersal system with delays as follows,

aul
ﬁ(x,t) =di(J1 xug —ug)(z,t) + fr(ui(z,t + 0),uz(z,t + 0)), )
%(:ﬁ, t) = do(Jo xus — ug)(x,t) + fo(ui(z, t + 6),us(x,t +0)),

where d; > 0 (i = 1,2), —7 < 0 < 0 and 7 is the maximal time delay. Further,
fi represents the continuous function and the kernel J; is nonnegative, symmetric
and unit for ¢ = 1,2. They got the existence of traveling wave solutions as well as
asymptotic behavior of the system (1.1) via the cross-iteration technique and the



A delayed nonlocal Lotka-Volterra competitive system 3

Schauder’s fixed point theorem. Bao et al. [3] were concerned with the spreading
speed and linear determinacy of the nonlocal dispersal competitive system. They
derived the upper and lower bounds of spreading speed intervals for the nonlocal
dispersal competitive system. Meanwhile, linear determinacy for this system was
also obtained by drawing on conclusions from the cooperative system, along with
the principal Lyapunov exponent and the principal Floquent bundle theory. For
more works on the study of the nonlocal dispersal system, we refer to [4,9,11,13,
19,40, 43,46,53] and the references therein.

When it comes to the essential problem in the theory of properties of solutions
of nonlocal dispersal equations, it is extremely important to study the asymptotic
behavior of solutions of nonlocal dispersal equations. For the nonlocal dispersal
equation

up=Jxu—u+ f(u), (1.2)

Coville and Dupaigne [8] deduced the variational formulas used to express the speed
of traveling wavefronts and decay rates of solutions of the equation (1.2). Chasseigne
et al. [5] studied the asymptotic behavior of the nonlocal dispersal equation (1.2) for
Cauchy problems. It was proved that the behavior of the Fourier transform of J near
the origin determines the decay rate of solutions of the equation, which is associated
with the behavior of J as time ¢ tends to infinity. Moreover, they showed that if the
Fourier transform of .J(x) satisfies J(w) = 1 — k |7]|2ﬁ +o(|n*") (B € (0,1]), then
the asymptotic behavior coincides with that of the evolutionary solution given by
the B fractional power of the Laplacian. In a bounded smooth domain, Cortazar et
al. [7] considered a nonlocal dispersal equation with Dirichlet boundary conditions.
It was shown that the solution of the nonlocal problem is uniformly similar to the
solution of the corresponding Dirichlet problem of the classical heat equation. Ignat
and Rossi [17] studied the following nonlocal equation with convective effects,

% — (Jxu—u)(x,t) = (G* (f(u) — f(u)(z,t), v €RN, t>0,
u(z,0) = uo(x), z RV,

where J denotes radially symmetric while G is not necessarily symmetric. J *
u — u represents the nonlocal diffusion operator and G = (f(u)) — f(u) signifies the
convective effect. It was proved that appropriately scaling the kernels J and G leads
to the convergence of solutions of nonlocal equations to solutions of local diffusion
equations with convection. In addition, the asymptotic behavior of solutions has
been analyzed for the case when f(u) = |u|? " w for ¢ > 1. Ignat and Rossi
[18] further extended their findings, establishing that [lul[ysE~) < Ct7 under
appropriate assumptions.

Recently, Huang et al. [15] introduced the delayed nonlocal equation as follows
which can be applied to the Nicholson’s blowflies model,

al(;l?,t) — D(J *u —u)(x,t) + du(x,t) = b(u(t — 7,2)), € RN t>0,
ot (1.3)
u(w, s) = up(z, s), r € RN se[-7,0],

where u(z,t) denotes the density of mature population at position = and time ¢.
D > 0 represents the diffusion rate. Moreover, du is the death rate function and
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b(u) is the birth rate function which is taken as a nonlinear function b(u) = pue™**.
Here p is the maximum production rate while % corresponds to the population size.
They have obtained the threshold convergence results of optimal decay estimates
with respect to the asymptotic behavior of solutions in the whole RY.

Inspired by the study of asymptotic behavior for the scalar nonlocal dispersal
equation (1.3), we intend to extend the scalar equation to a nonlocal dispersal
system. Therefore, in this paper, we study the asymptotic behavior of a delayed
nonlocal dispersal Lotka-Volterra competitive system in the whole RN as follows,

%(% t) =di(J xup —ur)(z,t) + riug(x, )1 — ug (2, t) — byus(z, t — 7)],
0
%(x,t) = da(J * ug — u2)(z,t) + rous(xz,t)[1 — bouy (z,t — 7) — ua(x, t)],

w;(z, 8) = wip(x, ),
(1.4)
forz € RN, ¢ >0, s e [-7,0], where ui(z,t) and ua(x,t) represent the densities of
two competitors at location x and time ¢, d; is the diffusion coefficient for species, r;

is intrinsic growth rate of species, b; represents the competition coefficient of species
(i =1,2). In addition,

J xu(x,t) = / Jy)ui(z —y,t)dy, i=1,2.
RN

In this paper, J(z) is the nonlocal kernel function and satisfies the following as-
sumptions,

(J1) J(z) is nonnegative, symmetric and unit, i.e.,

J>0, J(x)=J(—z) and J(z)dx =1,
RN

(J2) Fourier transform of J(z) satisfies J(n) = 1 —k [n|** + o(|n|*?) as n — 0 with
k>0and 0 < g <1, where |n| = (Zf\;l 773)%,

Assumption (J1) is natural from the perspective of the nonlocal diffusion model.
As to assumption (J2), we have J(n) —1 ~ —k |n|*’ which implies that the nonlocal
dispersal operator u — J*u—u approaches to the Laplacian operator. Furthermore,
based on Riemann-Lebesgue lemma, we see J(n) — 1 ~ —1 as || — 400 such that

the nonlocal dispersal operator is bounded, which is a completely different property
|z|?
from the local dispersal operator. In particular, we set J(x) = o 1_)N € 4% |
Ta?)2

a?|n|?

2 € RY, then its Fourier transform J(n) = e~ "5 ~ 1 — % as n — 0.

In what follows, we examine the situation when two competing species do not
experience nonlocal dispersal and the time delay effect. As a result, the system
(1.4) is reduced to

u(t) = riun (8)(1 — ur (t) — bruz(t)),
(1.5)

Ulz(t) = 7“2U2<t)(1 — bgul (t) — UQ(t)).
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The system (1.5) has a trivial equilibrium E§ = (0,0), two semi-trivial equilibria
Ef =(0,1) and E5 = (1,0) and the coexistence equilibrium E3 = (%, 11:17%2)
when b1by # 1. By a phase plane diagram, we determine the qualitative behavior
of the orbit of the solution (see [34]) and show the following asymptotic behavior of

the solution as t — 400,

(1):
(ii):

uy (t), (5] (t
u(t), us(t

= (0,1)if 0 < by < 1 < by;
— (1,0)if 0 < by <1 < by;
%

(
(

(ii): (ur (), ua(t)) = (55, 155;) if 0 < by, by < 15
(iv): (u1(t),ua(t)) — oneof (0,1), (1,0) (depending on the initial data) if by, be > 1.

In this paper, we discuss cases (i), (ii) and (iii). For one thing, we will derive
the asymptotic behavior of solutions of linear nonlocal problems corresponding to
the nonlocal Lotka-Volterra competitive system (1.4). The primary purpose is to
obtain the convergence rates of solutions at equilibria and the adopted methods are
the energy estimate and Fourier transform. More precisely, we establish L°°-decay
estimates for linear problems. Then, for the nonlinear problem (1.4), we consider
the L°°-decay estimates for solutions that converge globally to constant equilibria.
Taking advantage of the conclusion that higher order parts decay faster than linear
parts, we can ignore the higher order terms in decay estimates of solutions.

Our paper is structured as follows. In Section 2, we introduce some necessary
notations and present main results concerning the asymptotic behavior of the non-
local dispersal Lotka-Volterra competitive system. In Section 3, we are dedicated
to deriving decay estimates for solutions of linear systems with time delay by the
fundamental solution formulation, the Fourier transform and the Fourier splitting
method. In Section 4, the convergence rates of solutions for the nonlinear prob-
lem are derived using the results of linear problems. In Section 5, we give some
numerical simulations to illustrate the asymptotic behavior of the nonlocal disper-
sal system (1.4) in different cases and the effect of time delay on species growth.
Finally, Section 6 is a summary of this paper.

2. Preliminaries and main results

In the beginning of this section, we elaborate on the following necessary notations
throughout this paper. Let || - || represents 1—norm of the vector or the matrix.
Further, it can be defined as ||A|| := maxi<j<n > rvy ||aij||, where A = (@ij)mxn-
C > 01is a generic constant while C; > 0 (¢ = 0,1, 2, - - - ) denotes a specific constant.
Besides, let 2 be a domain, typically = RY. a = (a;, ag, -+ ,ay) is a multi-index
with nonnegative integers o; > 0 (¢ = 1,2,--- ,N) and |a| := a1 + ao + - - + an.
The derivatives for multivariable function are denoted by

05 f(x) := 0g)--- 0N f(x).

LP(RN) (p > 1) that defined on RY denotes the Lebesgue space of integrable
functions and W™P(RY) (m > 0,p > 1) is a Sobolev space which can be defined
by

W P(RY) = {f(x) € LP(RY) | 97 f(x) € LP(RY), |a] < m}
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with the norm .
m P
£l = | 32 [ 1025@) e

la]=0"€

For a multivariable function f(z), its Fourier transform is defined as
U = f) = [ e fapde, i VoL

R

and the inverse Fourier transform is given by

—17 4 . 1 6iaL’-n R
FURE) = e [

In what follows, we recall the solution formula and the decay rate for the linear
differential equation with time delay, which plays a vital role in proofs of asymptotic
behavior in Section 3.

Lemma 2.1 ( [21,30]). Let u(t) be the solution of the delayed differential system
as follows,

%u(t) = Au(t) + Bu(t — 1), t>0, (2.1)
'LL(S) — uo(s)7 CES [_7—7 0]7

where u(t) = (uy(t),ua(t), - ,un(t)) ", the time delay T > 0 and A, B € CN*N_ [f
the initial data ug(s) € C1([—7,0],CN), then the solution of the system (2.1) turns
out that

0
wlt) = APty 7) 4 [ A 5) — A

where By = Be™ 4™ and eB1t is the so-called delayed exponential function in the
following form

0, —o0o <t < —T,

1, —7 <1t<0,

1+ Bit, 0<t<r,
it _ )14 Bit+ Bt — 1), F<t<or

m
B
m!

2
14+ Bit+ 2Lt —7) - +

[t —(m—1)7]™, (m—1)1 <t<mr,

Furthermore, if ((A) := M < 0 and o(B) = % < —((A), then
there exists a decreasing function

1
(1+7)1+||Blleo) + 2w

€ (0,1),

er=¢e(1) =
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with T > 0 such that any solution of the system (2.1) satisfies
|u(t)]| < Cre =¥t ¢>0,

where the matriz measure of A induced by the matriz 1—norm || - | and co—norm
| - oo are denoted by (1(A) and (oo(A), respectively. In addition, Cy is a positive
constant depending on the initial data ug(s),s € [-7,0] and w = |((A)| — o(B).
Specifically, we have

eAteBit|| < Cre~e@t t>0.

In what follows, we present the main theorems in this paper.

Theorem 2.1. When 0 < bs < 1 < by, assume that the initial data satisfies

0 <wio(z,s) <1, (x,8) € RN x[-7,0], i=1,2,

io(-, s) € C([—7,0], W™HRY)), i=1,2,
and
Dsilio(-,8) € LY ([—7,0, W™HRNY)), i=1,2,

with m > 0, where Uy1g := u1g and Uy := ugg — 1. Then the unique solution of the
nonlinear system (1.4) satisfies

(0,0) < (u1(z,t),uz(z,t)) < (1,1), (z,t) € RN x (0,00).

Moreover, if assumptions (J1) and (J2) hold, for |a| =0,1,2,--- [ [m], N—1 > 28
and 01 := 12(1 — bz2) > 0, we obtain that the solution (uy(z,t),uz(x,t)) converges
globally to EY = (0,1) time-ezponentially

- _N-1
105 w1 (-, )l oo vy + 105 (w2 = 1) ()| poomny < CpGe = (t+1)" 27, >0,

for some constant £ € (0,a0), where ag is mentioned in (3.10), & = 1P V/kd1d,
e1 =¢e1(7) € (0,1) represents a decreasing function,

2 0
pr=> (Ilfbio(u =) It @y + (1 F G0l (-, =) [wierr @y + M(S)d8> :
i=1 -7
(2.2)
and
. 2 d
M) =3 <Hd“<> o) ety
i=1 5 Wil (RN)
d __ . -
|| g7 ol ) + (| F o] (- 8) llwiar vy | - (2.3)
S Wlal.1(RN)

Theorem 2.2. Under the condition of 0 < by < 1 < by, assume that the initial
data satisfies

0 <wio(z,s) <1, (x,5) € RN x[-7,0], i=1,2,



8 Yiming Tang, Xin Wu, Rong Yuan, Fengjie Geng & Zhaohai Ma

(-, s) € C([—7,0], W™HRY)), i=1,2,
and
Dstlio(-,8) € LY ([—7,0, W™HRNY)), i=1,2,

with m > 0, where 419 := ug — 1 and gy := usg. Then the unique solution of the
nonlinear system (1.4) satisfies

(0,0) < (u1(z,t),uz(z,t)) < (1,1), (z,t) € RN x (0,00).

Furthermore, if assumptions (J1) and (J2) hold, for |o| =0,1,2,--- ,[m], N—1 >
26 and 02 :=r1(1—"b1) > 0, we obtain that the solution (ui(z,t),us(z,t)) converges
globally to E3 = (1,0) time-exponentially

z N1
105 (w1 = 1) (- )| oo vy + 105 ua (-, )| Lo vy < CpGe™ (t+1)7 27, >0,

with some constant v € (0,a9), where ag is mentioned in (3.10), & = eovP/kdady
and g9 = e9(7) € (0,1) represents a decreasing function.

Theorem 2.3. In the case of 0 < by, bs < 1, suppose that the initial data satisfies

0 <wup(x,s) <1, (x,8) €RY x[-7,0], i=1,2,

ti0(-,8) € C([—7,0, W™ RY)), i=1,2,
and
Dstlio(+,8) € LY ([—7,0, W™HRNY)), i=1,2,

with m > 0, where @19 := w19 — % and sy := Ugg — 1_7}’22. Then the unique

1-b1
solution of the nonlinear system (1.4) satisfies
(0,0) < (ua(a,t),uz(z, 1)) < (1,1),  (x,1) € RY x (0,00).

Besides, if r1 > 4raba(1 — ba) and assumptions (J1) and (J2) hold, for |a| =

0,1,2,---,[m], N —1 > 28, 63 := % > 0, we obtain that the solution
(u1(z,t), uz(z,t)) converges globally to E = (my,msa) = (11—_17?11)2’ 11__1)%2) time-
exponentially

2
D105 (s —mi) (D)l ey < Cpe (0 +1)7 57,
=1

for some constant 9 € (0,aq), where ag is mentioned in (3.10), & = e39°/kd3d;
and e3 = e3(7) € (0,1) represents a decreasing function.

Remark 2.1. Our decay estimates indicate that the convergence rates of the
solution of the nonlocal dispersal system are related to the dispersal coefficient
d; (i = 1,2), which implies that introducing nonlocal dispersal into Lotka-Volterra
competitive system makes a difference. In addition, as d; (¢ = 1,2) approaches to
0, a transition occurs in the convergence rate of the system: from time-exponential
stability to time-algebraic stability.



A delayed nonlocal Lotka-Volterra competitive system 9

Remark 2.2. We offer the following biological explanations for L°°—decay esti-
mates employed in this paper. (i) Such estimates provide an upper bound that
describes the maximum number of species that may be reached under conditions of
abundant resources or when there are fewer competitors. This upper bound helps
researchers understand the growth potential of a given species and the densest state
it may reach under given conditions. (ii) The L*—norm provides an estimate of
the maximum density of a species under competitive conditions and reflects the
survivability and adaptability of a population in a high-stress environment. Com-
petition among species often leads to a decrease in the population of a given species
or, under conditions of limited resources, species are forced to adjust their growth
strategies. Therefore, the L*°—norm describes the upper limit of the maximum
population size that a species can reach under the pressure of competition from
other species. If the L°>°—norm indicates that the upper density limit of a species is
high, it means that the species is more adaptable and resilient to competition, and
vice versa, it indicates that the species may be at a competitive disadvantage. (iii)
The L°°—norm can also help determine whether there is a risk of excessive com-
petition in an ecosystem. If the maximum density of a species is too high, it may
indicate that the demand for resources by that species is greater than the rate of re-
newal of the resources, thus triggering the depletion of the resources, which in turn
affects the survival of other species. Biologically, the estimation of L°°—norms can
identify which species may be at risk of destabilizing the system through excessive
resource depletion in competition, thus providing a basis for ecological conservation
and resource management.

Remark 2.3. Notice that ¢; = ¢;(17) € (0,1) denotes the decreasing function
(i = 1,2,3), we know the time delay inhibits the decay rates of the solution of
the nonlocal dispersal Lotka-Volterra competitive system which is illustrated in
numerical experiments in Section 5.

3. Linear time-delayed nonlocal dispersal system

In this section, we focus on the asymptotic behavior of the linear nonlocal dispersal
system with time delay, which is of great significance to the exploration of the non-
linear problem (1.4). Based on the fundamental solution formula of linear problems,
we mainly deduce the solution formula for the linear system (3.1) and decay rates
of solutions in the case of different equilibria by the Fourier splitting method which
was proposed by Schonbek in [37].

Consider the following linear time-delayed nonlocal dispersal system, namely,

a—U(ac,t) =D(J U —-U)(x,t) + KU(z,t) + LU (x,t — T),
ot (3.1)

U(zx,s) =Uy(x,s),

where x € RN, t > 0, s € [-7,0], U(z,t) = (ui(z,t),uz(2,t)", Uz, t —7) =
(ur(z,t — 1), u2(2,t — 7)) 7, D = diag{dy,d2} and K, L € R?*2.
Taking the Fourier transform to both sides of (3.1), the system (3.1) can be
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transformed into

U t) =AU, 1) + LUt = 7),
(3.2)
U(n7 S) = UO(U) 8)7 s € [_T’ 0]7
where
A(n) =D(J(n) - 1) + K,
and

U(n,t) = F[U](n,t) = /]RN e TNy (z,t)da.

By Lemma 2.1, we have

. 0 e, Td - .
0.0 = [ eroneekme=s [L .0 - Aol )| ds

+ AT LN () —7)

0
= .00, ~7)+ [ Pt = s =) | $-00(0.9) = A6 (0.9 s,
(3.3)

where

L(n) = Le~ A7,
and

F(n,t) = eAME) L0,

Then, we carry out the inverse Fourier transform on both sides of (3.3) and obtain
that

Ul(z,t)
=F(-,t) *Uy(-,—7)

0
+/ F(,t—s—171)% [iSUO(S) — D(J Uy — Up)(s) — KUO(S)} ds

—T

1 iz ) L 3
“em)N /RN AT LN Ty (i, —)dy

1 0 . ORI s A
+W/ /]RN e e A= entnlizamr) C15Uo(77,$)—14(77)Uo(77,8)} dnds,

where F(-,t) is the inverse Fourier transform to F'(n,t). By direct calculations, the
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derivatives of U(z,t) can be shown as

9z U(x, 1)

N

1 : i ix- ) L 2

o [ T e ned e el g~y
i=1

1 0 N o _
i=1

-7

(3.4)

. [(fsﬁ()(n,s) A To(n, 5)]| dnds

where o = (a1, @9, -+ ,an) with nonnegative integers «;, i = 1,2,--- | N.
In what follows, we aim to derive decay rates at which the solution of the linear
system (3.1) converges to equilibria E, E5 and Ej, respectively.

3.1. Case 1: convergence to the equilibrium £}
To start with, we consider the linearization result of the system (1.4) around the

constant equilibrium Ej. Let

ay(x,t) = uy(z,t),
(3.5)
Ug(x,t) = ua(z,t) — 1.

By substituting (3.5) into the system (1.4), for i = 1,2, we obtain

%(iﬂ,t) = dl(:] * Uy — ﬂl)($7t) + Tlﬂl(lﬂ,t)[l — by — 17,1(177t) — bf&g(d?,t — T)],
%(m,t) =do(J * Ug — U2)(x,t) + ra(ta(z, t) + 1)[=botir (z,t — 7) — Ga2(x,t)],

;(x, 8) = wip(x, s),
(3.6)
for € RN, ¢t > 0 and s € [~7,0]. Inspired by the linear system (3.1), it is obvious
that the linearization of the system (3.6) can be shown as

@(x,t) =D(J*U - U)(x,t) + K U(x,t) + L1U(x,t — 7),
ot (3.7)

U(:c, s) = Up(z, s),

for . € RN, t > 0, s € [-7,0], where U(z,t) = (i1(z,t),d2(x,t))", Up(z,s) =
(fblo(x,t),ﬂgo(x,t))—r and

Tl(l —bl) 0 0 0
K1 = ) Ll
0 —7T2 77‘21)2 0
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Thus, we have

" dlj()—dl-l-’f'l(].—bl) 0
A = DU -1 +x = A
0 dQJ('r}) — dg — T9

In view of definitions of matrix measure and matrix norm, it follows that
wi = [C(A1(n))| — (L)
= [max {ar (Jon) = 1)+ 711 = b1),da(F () = 1) = 72 }| = 7abs

Z 9 + d2(1 — J(ﬂ)) — T’ng = 7’2(1 — bg) + dg(l — J(?])) (38)

By Lemma 2.1 and (3.8), there exists a decreasing function €; = ¢1(7) € (0,1) such
that

[eArMte i) < Cpe=er(CAMI=o(L)t < Cpe=erdite=erd2(1=J)E (3 g)

where Li(n) = Lie=41(D7, C, represents a positive constant relying on Up(s) with
s € [-7,0] and &1 = ro(1 —by) > 0 under the condition of 0 < by < 1 < by.
According to the assumption (J2), we see J(1) = 1 — k|n|?# + o(|n|*?) as n — 0
with £ > 0 and 0 < 8 < 1 where |n| = (Zle n2)z. As a result, there exist ag > 0
and v = gagﬁ € (0,1) such that

1—J(n) > Em?,  |nl < ao, 5.10)

L—J(n) =7, In| > ao.

Supposed that the conditions in Theorem 2.1 hold, the following lemma indicates
the decay rate of @;(x,t) in RN x (0,400 (i = 1,2).

Lemma 3.1. For N — 2 > 2§, the solution of the linearized system (3.7) corre-
sponding to the equilibrium EY satisfies

2
N 0, ) e vy < Cpe=rVEAET (¢ 4 1)~ 555"
i=1

where g1 = e1(7) = (1+r)(1+|\L11Hoo)+2w1r € (0,1), 61 = r2(l —b2) > 0, £ € (0,a0)
represents some constant and p¥ is defined in (2.2) and (2.3).

Proof. Note that the higher order derivatives of the solution of the system (3.7)
have the similar form to (3.4), further we divide it into two parts for simplicity.
Denote

Pi(n,s) := %}—[00}(7], s) — Al(/r])]:[Uo}(m s).

That is to say,
95U (w,1)
1 N ; .
~ 2oy /RN [T Gy eimmets D DL F(Go] (n, —7)da

=1
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(i) e MM (=) L1 (=5=7) py (1) s)dpds
—TJRN 5
0
= F L) (z, )+ | FUL)(x,t—s—T)ds, (3.11)

where

N

H 17] aL A (71)(1‘+7') L1 r])f]:[U()Kn —T)
and

N
£y = [[ e T>[ Flo) (1, 5) = A () F[o] (1, s)

ds

In order to complete the proof of Lemma 3.1, we estimate the L°°—decay rate for
(3.11) using Fourier splitting method. At the beginning, we obtain

sup || F[L](z, )|

rcRN
1 a iz A1 (n)(t+ ) L (mt
= ¢ T U - d
mseligpN 27T) /]RNH 177 e e ]:[ 0]( T) 77
N ~
<C I T Gna)™ FlTo)(n, —7) dn)
=1

—e101t

e F[Uo(n, —7 Hdn

Ce—c10t / e—erd2(1=J ()t
RN
/ / o—s1d2(1=J(m)t
[n|<ao [n|>ao0

)+ Lu(1).

By virtue of properties of the Fourier transform, we have

Guln =) < [ |

2
<D o =) llwier gy.
=1

sup

2
8;1(]0(.’13, —T)H dx = Z ||8§’[Lio(', _T)HLl(RN)
neRN i=1

Therefore, the following estimate holds,

e‘%fldzlnlzﬁ(t-i-l) ‘

I(t) < Ce—al‘“/ 03 F[Uo)(n, —T)H dn

[nl<ao

é 0675151t Sup
neRN

o2 F)n, )| [ ey
<ag

<Ot 4+ 1)~ 5 g1t —*EldzfﬁtZHulo G =Dllwieti@yy,  (3.12)
=1
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where £ € (0, ag) represents some constant. Here we use the mean value theorems
for definite integrals in the following derivation, namely,

/ el (+1) g,

[n|<ao
N1 K 28 w g 26

< (H /Re—gsldzni (t+1)d77i> (2/0 e_isldan tan>
i=1

N-1
11 /8gsld?("i(t“)r“lﬂ)w(w1)‘21Bd(m(t+1)zlzs)] (2ape 526
- Jr

< CO(t+1)" 5 e~ 5erd28™t, (3.13)
On the other hand, we consider the decay estimate of I,(¢). One have

o—c1dat ‘ 9 F(Us)(n, _T)H dn

Li(t) < Ce=rot /

[nl>ao

02 Fl0o] (n, ~7) |

< Ce—Elélte—Eldg"/t /

o

2
< Cem = 0lem 2 YN Fliig) (-, —7) [wiar @y - (3.14)

=1
Note that
Cefs1d2"/t _ Cefgsldgagﬂt < Ce*§51d252ﬁt67gsldz(aofg)zﬁ(t+1)
N-1
< Cem 5910t (1 4 1) (3.15)

Namely, by (3.12), (3.14), (3.15) and the mean value inequality, it can be concluded
that

— B
(t + 1) 2;3 e —£e1dp€? tz ”u 0 HW\ 1EN)
i=1

2
+e =N ) Fliiio) (- T)Wa’l(RN)]
i=1

sup ||F 7 [L](z, 8)]| < Cem=rf

z€RN

(V)

< CemnVIRRE (1 1) =55 3 (o, =) fawiors ey

1=1

1 F o)~ llwrera e )- (3.16)
Similarly, we obtain

sup [|F 7 [I) (2.t — s — 7))

reRN

1 N .
" aeRn 7N/ [T Gmo)eetemetsmt=lelatnt=s=np, () s)dn
xEe 1
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N
<C [ emn I T )™ Py, )| dn
R i=1
N
< 06_5151@—8)/ o~ Berdz|n|*? (t—s) H (in;)** Py (n, s)|| dn
[n|<ao i=1
N
+C’e*€151(t*s)/ e ze1d27(t=9) H in;)* P1(n,s)|| dn
[nl=ao i=1
— I(t) + Is(0).
Notice that
N a4 )
sup i) | —F[U, 17,8:| = sup ||—F[05Usl(n, s
sup | Tl | 70000 H s | S FO -
2 2 d
ulo(:ﬂ s)|dx = 0y — (-, s)
Z/ ; ds LI (BY)
(3.17)
- W|a\,1(RN)
and
N N A
sup ||[J(n:)* Ar(n)FUol(n, s)|| = € sup |[](n:)* T () F[Tol(n, )
neRN |2y n€RN |52y
) 2
= sup |17+ 0200)(n, )] < € 31Tl 15 ol 5) e
ne i=1
< OZ [0 (-5 8) [y 1a. A(RN)- (3.18)

Naturally, by (3.13), (3.17) and (3.18), the following estimates hold,

N

[ 1G> Pi(n, s)

i=1

I5(f) < Cefslél(tfs) sup ei§51d2|77|w(t78)d77

nerRN

n|<ao

< Ce—e101(t—s) o= fe1dag? (t—s) (t— S)*NTEI

+ ||ai0('75)||Wa|,1(RN)> (319)

= WWIJ(RN)
and
. N
Is(t) < Ce—e101(-9)g—herdan(t=) / TG Pun, )| dy
RN |21
. 2 d
< cemamit-n et 3 (| ria (3.20)
i=1 ds Wiel.1(RN)




16 Yiming Tang, Xin Wu, Rong Yuan, Fengjie Geng & Zhaohai Ma

+ ||f[ﬂio]('75)||wam(RN)).

In view of (3.19) and (3.20), we have

sup H}'*I[IQ](x,t —s—7)]
TeRN

< 06—8151(t—s)e—%ﬁdsz(t—s)(t — S)—NTEl

% (Je

+ 0675161 (tfs)efgeldg'y(tfs)

(H uzO

2
Cesrt=V/RRBeT (; _ =55 §° (H"O

1

+ ll@io(, S)IIWMAURN))

W|°“=1(]RN)

+ |}_[ai0]('a3)”W|av1(RN)>
W\a\,l(RN)

+ 1o (5 8)wiatr @)
Wla\»l(]RN)

i

+ Hi?[ﬁio](-, s) + ||]:[ﬂz‘0]('78)||wa|,1(RN)> '

W‘“LI(RN)
Thus, we get

0
/ sup [|F~ L] (2.t — 5 — 7)|ds

—7 2€RN

0
< Cp2 / e =IO DL (=55 g

—T

0 _N—1
< Cpg€_€1t’ /k81d2£25 (t + 1)71\;—;1 / (t — 3) 28 ds
-7
< Cpa 75115\/]651(12525 (t+ 1)—

In conclusion, we obtain

S 0o Dl =y < Cofe VI 1 11)
i=1
where g1 = e1(7) € (0,1), £ € (0,a0) and p? is defined in (2.2). This finishes the
proof. [

3.2. Case 2: convergence to the equilibrium £}

Now, we are in the position to demonstrate the decay rate of the solution of lin-
earized system around the equilibrium F3. To begin with, we make the change of
variable

a1 (x,t) = uy(x,t) — 1,
(3.21)
g (x,t) = us(x,t).
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Then, from (1.4) and (3.21), for ¢ = 1,2, we obtain

%W) = di(J x @y — W) (@, 1) + (W (2,1) + 1) [~ (2,1) — bila (@, ¢ — 7)),
%(m,t) = da(J * g — U2)(x, 1) + rolig(x, t)[1 — by — botiy (x,t — T) — Ug(x,1)],

a;(x, 8) = wip(z, s),

(3.22)
forz € RV, ¢t > 0 and s € [~7,0]. Hence, the system (3.22) can be linearized in the
following form,

ou

E(l‘7t) ZD(J*U—U)(CC,t)+K2[7(I,t)+LQU(QS,t—T), Z‘ERN, t>0a

Uz, s) = Uy(x, s), r RN, se[-1,0],
_ . (3.23)
where U(z,t) = (u1(z,t), (2, 1)) ", Up(x,s) = (t10(w, s), tao(w,s)) " and
—ry 0 0 —7"1b1
KQ - ) L2 =
0 7"2(1 — bg) 0 0
It follows that
dlj(n>—d1—7“1 0

As(n) =D(J(n) — 1) + K3 =

0 daJ(n) — dz +1r2(1 — by)
Next, we show that
wy = |((A2(n))| — o(L2)
= |masx {as (J () = 1) = 11, da( () = 1)+ 72(1 = b) }| = iy

>r1+ dl(l — j(n)) —riby = 7“1(1 — bl) + d1(1 — j(n)) (324)
Let
0o = 7’1(1 — bl) >0

under the condition of 0 < b; < 1 < by. Furthermore, by Lemma 2.1 and (3.24), we
derive

[eAzMteLat|| < Oye=ea(S(Azm)=o(La))t < o p—eabateeadi(1=T(NE (3 95)

where g = £5(7) € (0, 1) is a decreasing function and C3 denotes a positive constant

depending on Uy(s) for s € [—7,0]. By the same proof as the Lemma 3.1, it is proved
that the following lemma holds.

Lemma 3.2. Assume that the conditions in Theorem 2.2 hold, there exists a de-
creasing function e = £2(T) € (0,1) such that

_ 1

T (I4+T) (I L2 oo ) H2wa T
2

S 10T, ) ooy < Cples2tV RO (g 4 1)=555

=1

for some constant v € (0,aq) and d2 = r1(1 —by) > 0.
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3.3. Case 3: convergence to the equilibrium FE3
In this case, we show the decay estimate of the linearized system of solution around
the equilibrium E%. Denote Ef = (my, ma) = (%, 11_?)%2).

Set

ﬁl(xat) = ul(xat) — my,

(3.26)
Uo(z,t) = ua(z, t) — mo.
Moreover, the system (1.4) becomes as
0ty . . . . .
E = dl(J * U — ul) + rl(ul +m1)[1 — mq — b1m2 — Uy — b1u2],
o (3.27)
87152 = d2(J * ’112 — 112) —+ 7’2(’&2 —+ mg)[l — b2m1 — Mo — bQiLI — ﬂg],

where u; = 1;(x,t) and 4] = @;(x,t — 7) with (z,¢) € RN x (0, 400) and the initial
data

i(x, 8) = tio(x,s), (2,8) €RYN x [-7,0], i=1,2.

Then, the vector-valued function U(x,t) satisfies the following linearized system

@(:ﬂ,t) =D(JxU —U)(x,t) + K3U(z,t) + L3U(z,t — 7),
ot (3.28)

Uz, s) = Uy(z,s),

for x € RN, t > 0, s € [-7,0], where U(z,t) = (a1 (x,t),02(z,t) ", Up(x,s) =
(ﬂlo(x,t),ﬂgo(x,t))—r and

Tl(blfl) 0 0 lel(blfl)
Ky = T—b1 b2 ( Ly | T—b1bs
ro(bp—1) roba (ba—1
0 A5 “Thp 0
It follows that
) dyJ () — dy + 20 0
Agln) = D(In) = 1) + Ky = o -
0 dQJ(n) - d2 + rifbibz
As a consequence, we have
w3 = |C(A3(n))| — o(Ls3)
R by —1 . by —1
= x-S (g - 1)+ 2O DY

1—01bo
_ ’max { lel(l — bl) 7"2[)2(1 — bg) }‘

1—0b1by

1—bibe = 1—bibo
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r1(1—by)? 2 riby(1—b
AR et -Jm) et >
T ra(1-b0)2 = r1b1(1—b

% +do(1 - J(n)), ;lb;gkb;; <1

That is to say,

(Sg—l—dl(l—J(n)), r1 >4r2b2(1—b2)7

54+d2(1*(](77)), T2 >47’11)1(171)1),

. _ 2 . _ 2
where 0 < by, by < 1, 03 := % >0 and §4 := % > 0. By virtue of the
symmetry in form of the two cases contained in (3.29), we only need to consider the

first condition. Then, by Lemma 2.1 and the first inequality in (3.29), we get
||6A3(77)te£3(77)t” < C4e*€s5at€*€3d1(1*j(n))t’ 71 > 4raba(1 — by), (3.30)

where €3 = e3(7) € (0,1) is a decreasing function and Cj denotes the positive
constant relying on Up(s) with s € [—7,0], respectively. It can be followed from
ideas for the proof of Lemma 3.1 that a similar lemma is also obtained in this case
as follows.

Lemma 3.3. Provided that the conditions in Theorem 2.3 hold, there exists a de-
creasing function es = £3(T) 0,1) such that

_ 1
= AL =) F2msr < (

)

2
N 102w, ) e vy < Cpige=stVESAI (¢ 4 1)~ 55
i=1

2
for some constant ¥ € (0,a0) and 5 := % > 0.

4. Nonlinear stability

In this section, due to decay rates of solutions of linear problems are estimated,
we make full use of the above conclusions to obtain decay estimates of solutions
of the nonlinear problem (1.4) around equilibria. As a matter of fact, the global
existence and uniqueness of the solution of the Cauchy problem (1.4) can be estab-
lished through the standard energy method and continuity extension method [14,33].
Hence, we show the proposition as follows.

Proposition 4.1 (Global Existence and Uniqueness). If the initial data u;o(x,s)
satisfies wi(z, s) € C([—7,0]; C(RY)) and

0 <wio(z,s) <1, (x,8) € RN x[-7,0], i=1,2,
then the solution of the system (1.4) uniquely and globally exists with
u; € C1((0,00), C(RM))
and satisfies

0 <wui(z,t) <1, (x,t) eRY x(0,00), i=1,2.
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4.1. Case of convergence to the equilibrium Ej

Let’s go back to the investigation of the nonlinear problem (1.4).
Proof of Theorem 2.1. From (3.7), the system (3.6) can be rewritten as

8—U(az,t) =D(J U =U)(x,t) + K \U(x,t) + LiU(x,t — ) + R,
ot (4.1)

Ulz,s) = Uy(z, s),
where z € RV ¢ >0, s € [-7,0] and

77’111%(17, t) - 7’161’&1 (l‘, t)ﬂQ(x7t - T)

R =R(z,t) =
—T‘gﬁ%(ﬂ?, t) — Tgbzﬂg(l‘, t)ﬂl ({E7t — T)

Applying the fundamental solution formula to (4.1), we obtain

Ulz,t) = G(-,t) « Uo(-, —7) + /0 G(yt—s—1)* R(-,s)ds

N,

-7

%UO(-, s)— D(J Uy — Up)(-, s) — K1Uo (-, s)] ds

< G(-t) % Uo(-, —7)

0
+/ G(,t—s—1)% {iﬁo(,s) — D(J * Uy — Uo)(-,s) - Klﬁo(',s)] ds,

—T

where G(-,t) represents the fundamental solution of the following time-delayed dis-
persal equation

oU

E(m,t) =D(J*U - U)(x,t) + K1U(z,t) + L1U(x,t — 7).

According to the definition of 1—norm of vector, the properties of convolution and
Lemma 3.1, we have

sup [|U(z,1)]|
zERN
<N G( 1) * Up (-, 7))
0
“f

< C sup |Gz, )[[[|To(-, —7)|
zeRN

Glrt—s—1) % {if]o(s) — D(J T — To)(s) — Klﬁo(s)] H ds

# [ s 6= sl [ 000 - DO <O = G — Koo s

—7 z€RN

< Cple=ertv ko1d2£20 (t+ 1)_%.

b
Then, we get
90U (x,t)
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t
= 02G(-,t) * Up(-, —7) + / OSG(,t—s—1)* R(-,s)ds
0

x

0 d - o }
+ OYG(-t—s—1T) % {dsUO(.’ s) — D(J x Uy — Up)(+,s) — K1Us (-, s)} ds.

Notice that 0 < w;(z,t) < 1, then we have
HR(> S)H = 7“1||’l~1,%(-, 8) + blal('? 3)a72—||L°°(]RN) + TQHG,%(-, 3) + b2ﬂ2(~7 s)ﬂ‘{HLw(RN)
T2bo

< (r1+72) sup [|U(z,t)]| +riby <||71§LOO(RN) + ﬁ1||Loo(RN))
zERN lel

- rob ~
< (r1+72) sup [|[U(x, )] +maX{1,2 2} sup [|U(z, 1)l
zeRN r1b1 ) pern

< 04[)%6761(577—)\/@(5 — T+ 1)_N27Hl (42)

where @] = @;(-, s—7). Based on the Holder inequality, the properties of convolution
and (4.2), we obtain

sup [|0%U (z,t) H

zeRN

DOG(-1) UO(.,fT)H + /Ot ]
o

t
< sup [|97G(- 1) ||U0('a*7)||+/0 sup [|07G(t —s —T7)[[[R(- s)[[ds

z€RN z€RN

g‘ OG- t—5—7) *R(.,s)H ds

OSG(yt—s—1T) % [(if]o(s) — D(J Uy — Up)(s) — Klﬁo(s)} ‘ ds

w [ s 10pGt s |[55066) = P00 = Toye) = Ko |

—7 z€RN

Scpg (67€1t1 /k61d2§2/3 (t + 1)_1\;7;1 4 6761(t75)\/k51d252ﬁ (t — s+ 1)—N27E1 ||R( S)Hds)

)

<Cp%ecitv ko1d2£27 t+1)" 5
— U
t
n Cpg/ e t=VAR B (4 1)t e -V ET (o _ 4 1y g

0

<Cpge=1tVRade (4 1)~ 55

where we use the fact that

N

¢ N-1 N-1 1
/ (t—s4+1) T (s+1) T ds < Clt+ 1)
0

with N — 1 > 28. That is to say, for some constant £ € (0, ag), we have
_N-1
2

105 w1 (-, )| oo mvy + 105 (uz = 1) (-, 1) [ Lo vy < Cpge™ = (t+1)7 77,

where & = £16%\/ké1ds and e, = £,(7) € (0,1) represents a decreasing function.
This finishes the proof. O
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4.2. Case of convergence to the equilibrium Ej

This subsection will be completed on the basis of the second case in the Section 3.
Proof of Theorem 2.2. The nonlinear system (1.4) can be transformed into
ou - _ _ _
E(a:,t) =D(J«xU —-U)(x,t) + KoU(x,t) + LoU(x,t — 7) + R,
(4.3)

U(z,s) = Uy(z,s),
where z € RNt >0, s € [-7,0] and

L —ru3(z,t) — ribyiiy (z, t)ug (2, t — 7)
R = R(x,t) =
_TZ’EL% (17, t) - 'I"szl_LQ (1‘, t)al ($7t - T)

It is noted that the nonlinear problem (4.3) exhibits the similar form to the nonlinear
problem (4.1) and their difference is only the symbols caused by transformations.
In addition, according to the boundedness of the solution of the nonlinear prob-
lem (1.4), the fundamental solution formula to the system (4.3) and Lemma 3.2,
we also have a decay estimate of R(x,t). Thus, similar to the decay estimate of
(uq(z,t),us(z,t)) convergence to Ei, we derive that

. N1

107 (w1 = 1) )| oo vy + 107 w2 (1) [ Lo rvy < Cpge = (t+1)7 27
for some constant v € (0, a), & = eov®\/kdady and g3 = g5(7) € (0,1) is a decreas-
ing function. Up to now, we have got Theorem 2.2. O

4.3. Case of convergence to the equilibrium FE;

Proof of Theorem 2.3. By the linearized system (3.28), the original problem
(1.4) can be expressed by
ou B . . .
E(m,t) =D(J*xU —-U)(x,t) + K3U(z,t) + LsU(z,t — 7) + R,
(4.4)

U(z,s) =Uy(z,s),
where x € RN ¢t > 0, s € [-7,0] and

s —r U3 (2, t) — ribyig (2, )t (2, t — 7)
R = R(x,t) =
—roti3(z,t) — robatia(z, t)iy (v, t — T)

By the same token, the decay rate of the solution of the nonlinear problem (4.4) is
determined by its linear part. That is to say, one have

2
S 108 (i — mi) ()| oo vy < CpZe 5t +1)73 11 > drab(1 — by),
=1

for some constant ¥ € (0, ap), & = e39°/kdsd; and e3 = e3(7) € (0, 1) is a decreas-
ing function (¢ = 1,2). Thus, this finishes the proof of Theorem 2.3. O
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5. Numerical simulations

In this section, we are concerned with several numerical simulations to verify the the-
oretical results of the asymptotic behavior of the nonlocal dispersal Lotka-Volterra
competitive system using the finite difference method and the numerical iteration
technique by Matlab software. Moreover, we reveal the inhibition of time de12ay on

decay rates of the solution. In what follows, we take the kernel J(z) = \/%76_ T, €

R and a finite spatial domain Q = [—300, 300].
(i): Case of convergence to the equilibrium ET = (0,1).

Parameter values are as follows: 7 = 0.5, dy = dy = 1, r;y = 0.8, ro = 0.5,
b1 = 1.5 and by = 0.6 which satisfy the condition 0 < by < 1 < b;. Then we choose
the initial data

uio(x,s) = 0.4 + 0.2 cos(0.08x + 0.2),
€ [~300,300], s e [-0.5,0].
ugo(x, 8) = 0.4 + 0.08 cos(0.5z 4 0.3),

As is shown in Figure 1, the density of two species converges to 0 and 1, which
implies asymptotic behavior of the solution of the nonlocal dispersal system (1.4).
According to Remark 2.2, Figure 2(a) gives a description of the L°°—norm of the
density of two species. Further, in Figure 2(b), we consider the influence of the time
delay on density of species and the results show that the time delay can inhibit the
species growth. That is to say, we verify the conclusion in Theorem 2.1.
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Figure 1. The asymptotic behavior of the solution convergence to E] of the nonlocal dispersal Lotka-
Volterra competitive system.

(ii): Case of convergence to the equilibrium E3 = (1,0).

Parameter values are as follows: 7 = 0.5, dy =dy =1, r; =7ro =1, by = 0.375
and b, = 1.125 which satisfy the condition 0 < b; < 1 < by. We take the initial
data

uio(x, 8) = 0.2 4+ 0.15 cos(0.1z 4+ 0.12),
€ [=300,300], s e [-0.5,0].
ugo(z,s) = 0.5+ 0.08 cos(0.5z + 0.3),

It is obvious that the solution of the nonlocal dispersal Lotka-Volterra competitive
system converges to the equilibrium E5 = (1,0) (see Figure 3). We also show the
L>®—norm of the density of two species in Figure 4(a) which is consistent with
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Figure 2. (a) L° —norm of density of two species. (b) The influence of time delay on density of species
where 7 = 0.5, 1.5, 2.5, 3.5.

Theorem 2.2. If we take the time delay as different values such as 7 = 1,2,3,4, as
shown in Figure 4(b), which means that the time delay hinders the species growth.

Figure 3. The asymptotic behavior of the solution convergence to EJ of the nonlocal dispersal Lotka-
Volterra competitive system.

Leinfinity norm of density of two species
°
s

Figure 4. (a) L° —norm of density of two species. (b) The influence of time delay on density of species
where 7 =1, 2, 3, 4.

(11i): Case of convergence to the equilibrium Ef = (%, %).

Parameter values are as follows: 7 = 0.5, dy = 0.5, do = 0.6, r1 = 0.5, ro = 0.3,
b1 = 0.2 and by = 0.3 which satisfy the condition 0 < by,by < 1 and r; > 4rabe(1 —
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b2). The initial data is

uro(x,s) = 0.2 + 0.2 cos(0.1x 4 0.35),
€ [~300,300], s € [—0.5,0].

ugo(z,8) = 0.2 4+ 0.1 cos(0.5z + 0.15),

Similar to (i) and (i), the asymptotic behavior of the nonlocal dispersal Lotka-
Volterra competitive system is illustrated in Figure 5. Namely, the density of two
species converges to E5 = (0.85,0.75). Then, we obtain the L*°—norm of the
density of two species and restriction of the density of species by introducing the
time delay (see Figure 6). In brief, these numerical results confirm Theorem 2.3.
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Figure 5. The asymptotic behavior of the solution convergence to E3 of the nonlocal dispersal Lotka-
Volterra competitive system.
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Figure 6. (a) L°° —norm of density of two species. (b) The influence of time delay on density of species
where T = 0.75, 1.75, 2.75, 3.75.

(iv): Spatial periodicity.

Parameter values are as follows: 7 =0.5,d; =ds =1, 71 =79 = 0.6, by =4 and
by = 3. The initial data is

u1o(z, 8) = 0.4 + 0.1 cos(0.08z + 0.1),
€ [~300,300], s e [-0.5,0].

ugo(z,8) = 0.2 4+ 0.08 cos(0.5x + 0.15),

Notice that the parameter values by > 1 and by > 1 which do not meet the conditions
of Theorem 2.1, Theorem 2.2 and Theorem 2.3, the solution of the system (1.4)
occurs periodic oscillation (see Figure 7), which implies that different regions have
different ecological conditions, resulting in periodic species distribution patterns.
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Figure 7. The space periodic solution

(iv): Time periodicity.

Parameter values are as follows: 7 = 0.5, d; = 0.8, dy = 0.7, r{ = ro = 0.6,
by = 2.5 and by = 2.1, which implies that the parameter values by > 1 and by > 1
do not satisfy the conditions of Theorem 2.1, Theorem 2.2 and Theorem 2.3. The
initial data is

uro(x,s) = 0.4 + 0.2 cos(0.08z + 0.1),
x € [—300,300], se€[-0.5,0].

ugo(x, 8) = 0.2 + 0.08 cos(0.5z + 0.2),

In Figure 8, the solution of the system (1.4) is periodic with respect to time. For
example, in the case of seasonal environmental changes, the reproduction, migra-
tion and survival strategies of biological populations usually show periodic changes,
which leads to periodic fluctuations in the density of species with time.
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Figure 8. The time periodic solution.

6. Conclusion

In this paper, we investigate the asymptotic behavior of the solution of the nonlocal
dispersal Lotka-Volterra system with time delay in the whole RY. More precisely,
we are concerned with L°>°—decay estimates of the solution of the nonlinear system
(1.4) converging to the equilibria Ef, F3 and E3.

To begin with, we consider linear time-delayed nonlocal dispersal systems cor-
responding to the nonlinear system (1.4) at equilibria. We adopt the method
of Fourier transform for the fundamental solution and combine with the Fourier
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splitting method which divides the Fourier transform into high-frequency and low-
frequency parts. It is worth noting that Lemma 2.1 plays a key role in decay esti-
mates of solutions of linear systems. In this part, we obtain L>°—decay estimates of
solutions of linear systems. Due to conclusions of linear systems and boundedness
of the solution of the nonlinear system (1.4), we obtain the L>°—decay estimates of
the solution of the nonlinear system (1.4) using the properties of convolution and
Holder inequality.

Finally, in various cases, we product some numerical simulations to verify the
theoretical results and get the restrictive effect of the time delay on growth of the
density of species.
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