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Abstract This paper concerns the following elliptical problem with discontinuous nonlinearity

—EAu+V(z)u = f(u) + [u* 2u, =RV,
u > 0,

where N > 3, € > 0 and f(u) is a discontinuous function. We obtain the existence and con-

centration results of this problem. Our results generalize some recent results on this kind of

problems. In order to obtain these results, a suitable truncation, concentration compactness

principle, new analytic technique and variational method are used.
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1. Introduction

In this paper, we will concern the existence and concentration behavior of positive solutions
for the following problem

{‘em +V(@)u= fu) + |[ufu, xRV, (1.1)

u > 0,

where € > 0, N > 3 and f(x) is defined by
r - Jo. el
(1+0)g(u), u € a,+00),

g(u) € C(R,R), which can be rewritten as

u > 0. (12)

{—Au +V(ex)u = f(u) + |ul?> "2u, xRN,
Assume that V' (z) and g(u) satisfy the following basic assumptions:

(V1) there exists an open and bounded set {2 compactly contained in RY such that 0 < ¢ =
inf ey V(z) < Vo = infreq V() < mingego V(z) < liminfj, . V(z) = Vio;

(gl) for all t € R, there exist C' > 0 and s € (2,2*) such that |g(¢)| < C(1+ [t]*71);
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(g2) for all t € R, there is ¢ € (2,2*) such that

0 < CG(t) C/ s)ds < tg(t),

IN :
where 2% = { N=2 it N>2,
400, it N <2.

(g3) there is w > 0, which will be fixed later, such that g(t) > w for all ¢ > 2a;

(64) Timsup, 0 12 = 0

(g5) @ is increasing for ¢ > 0.
It is easy to see that there exist lots of functions verifying (gl)-(g5), for example, set g(t) =
Sk gg: - ift >0 and g(t) = 0 if t < 0. Then g(t) satisfies (g1)-(g5).

We say that u is a weak solution of problem (1.2), if w € H'(R") and

—Au+ V(ex)u € [Ls(u(x)) + ]u\z*_zu,?a(u(x)) + \u|2*_2u] a.e. in RY,

where f(t) = lims_,o+ f(t — ) and Fs(t) =limg_or f(t+9).

Our main result is the following:

Theorem 1.1 If (V1) and (g1) — (g6) hold, then there exist €*,6*,a* > 0 such that problem
(1.2) has a positive solution ucsq for € € (0,€*),0 € (0,0%), and a € (0,a*). Furthermore, if
Ocsa € RN denotes a mazimum point of Uegas then limc 5 4)-5(0,0,0) V(€0es5a) = Vo.

We would like to point out that this kind of equation in (1.1) arises from the problem of

deriving standing waves solutions of the nonlinear Schrédinger equation

ée%—\f = —EAV + (V(z) + E) — |¥'h(JP))T in RY, (1.3)
where h(s) = f(s) + s> 1. A standing wave solution to problem (1.3) is one in the form
where U(z,t) = exp(—ie 'Et)u(x). In this case u is a solution of (1.2). For the case where
6 = 0, the right-hand side function is a continuous function with critical term. Then its energy
functional is differentiable and there exist many results on discussing this type of problem (1.2),
see [6-8,22,27-31] and references therein.

However, in this paper, the parameter § is stipulated to be non-zero, thereby rendering the
right-hand side nonlinearity of equation (1.2) discontinuous and its associated energy functional
non-differentiable. This characteristic presents a significant challenge in the pursuit of under-
standing the solutions to equation (1.2). The academic interest in nonlinear partial differential
equations featuring discontinuous nonlinearities has burgeoned, as numerous free boundary prob-
lems in mathematical physics can be articulated in this framework. Prominent examples include
the seepage surface problem, the obstacle problem, and the Elenbass equation, as detailed in
references [14-16]. A plethora of scholarly contributions have addressed problems of discontinu-
ity. Notably, Corvellec et. al. [13], Alves et. al. [2,3,5], Grossi et. al. [20], Yuan and Yu [23],
Yuan and Wang [24], Liu et. al. [25], Chang et. al. [17], Yue et. al. [26], Iannizzotto and Papa-
georgiou [1], and their respective bibliographies, have all made significant strides. These studies
have harnessed a variety of methodologies, including variational methods for non-differentiable



functionals, fixed point theory, global branching, lower and upper solution techniques, and the
theory of multivalued mappings. These diverse approaches collectively enrich our analytical
toolkit and deepen our comprehension of these complex mathematical phenomena.

To the best of our knowledge, there exist few papers involving the existence of solution for
elliptic problems with discontinuous nonlinearity and critical growth by variational methods
for non-differentiable energy functional. Noting that the classical critical points theory and
variational methods for C! functional are not suitable for problem (1.2), inspired by the methods
used in [14-16], we need to use variational methods and nonsmooth analysis for non-differentiable
functionals. On the other hand, unlike [19], their solutions found are C?, while in this paper, we
don’t have this regularity, since the nonlinearity is discontinuous. Then, some new arguments
are needed to overcome the without of regularity of solutions. Furthermore, in order to obtain
some estimates involving the mountain levels, the authors in [19] used a characterization of
the Mountain Pass level involving infimum of energy functional on Nehari Manifolds. But
the Nehari Manifolds is not well known yet for non-differentiable functionals, and so, we need
to develop some some new arguments to derive good estimates involving the Mountain Pass
levels. Also, in [19] del Pino and Felmer obtained the complete treatment (concentration and
existence behavior of solutions) under condition (V1) with 6 = 0. They derived bound state
solutions, but not ground state solutions. Of course, it is reasonable, since under condition (V1)
some problems don’t have any ground state solution. For this reason, we cannot find minimax
critical points of the energy functional of problem (1.2). In order to solve this difficulty, we
modify the nonlinearity to apply the Mountain Pass Lemma. Then we establish the existence
of positive solutions. Finally, since the energy functional of (1.2) contains critical growth term,
and the working space H!(RY) — LP(RY), p € [2,2*], is not compact, we adapt a penalization
method and the concentration compactness principle by Lions [11, Lemma 2.1} to overcome
these difficulties.

This paper is organized as follows. In Section 2, some results involving locally Lipschitz
continuous functionals are provided. In Section 3, the existence of solutions for an auxiliary
problem are proved. In Section 4, based on Theorem 3.1, Theorem 1.1 is proved.

2. Preliminaries

We firstly give some notations. (X, ||-||) denotes a (real) Banach space and (X*, ||-||«) denotes
its topological dual. C and C;(i = 1,2, ...) denote estimated constant(the concrete values may
be different from line to line). ’—’ means the stronger convergence in X and ' —' stands for the
weak convergence in X. |ul, denotes the norm of LP(RY).

Definition 2.1( [18]) A function J: X — R is locally Lipschitz if for every v € X there exist a
neighborhood U of v and L > 0 such that for every v, n € U

|J(v) = J()| < Lijv —nl|.

Definition 2.2( [18]) Let J : X — R be a locally Lipschitz function. The generalized derivative
of J in v along the direction v is defined by
J(n+71v)— J(n)

J%(v;v) = limsup ,
n—u,7—0*t T




where v, v € X.

It is easy to see that the function v +— J°(v;v) is sublinear, continuous and so is the support
function of a nonempty, convex and w*-compact set 9.J(v) C X*, defined by

dJ(v) = {v* € X*: (v*,v)x < J%(v;v) for all v € X}.
x-. If J € C'(X), then

0J(v) ={J'(v)}.

m(vn) = infv;:e&](vn) va

Clearly, these definitions extend those of the Gateaux directional derivative and gradient. A
critical point of J is an element vy € E such that 0 € 9.J(vp) and a critical value of J is a real
number ¢ such that J(vg) = ¢ for some critical point vy € E.

Proposition 2.1 ( [10,15]) Let {v,} C X and {v}:} C X* with v}, € 0J(vy). If v, = v in X
and v — v* in X*, then v* € 0J(v) .

Proposition 2.2 ( [10,15]) Let ¥(v) = [pn G(v)dz, where G(t) = fgg(s)ds. Then, ¥ €
Lipoe(LPFL(RN), R), 0¥ (v) C L%(RN) and if p € 0¥ (v), it satisfies

p(e) € [g(v(2)), §(v(x)] acc. in RV

3. An auxiliary problem

Let H'(RY) be the usual Sobolev space and
E:{ueH%wU:ANmmF+V@wﬁmx<+m},
equipped with the inner product and norm
(u,v) = /RN(vuw +V(z)uw)dz, |ul| = (u,u)2.
It follows from (g4) and (g5) that

lim [fit) +t2*—2] =0 and lim [f(tt) +t2*—2] = +0o0,

t—0 t—+o00

which means that for a small enough, there exists b > a > 0 such that
(1+ Z)g(b) Lpr 2= %

where Vj is defined by (V1) and k > 1+ 6. By (g3) we can choose b > 0 such that a < b < 2a.
Based on the above facts, we define the function

(k> 1),

0, if t<0,
f&) =< F&)+271, if 0<t<b,
Yoy, if t>b.



Fixing © C RY be a bounded domain and using the function f, we give the function

h(z,t) = xa(@)(f() + 1) + (1 = xa(@)) (1), (3-4)

where xq is the characteristic function related to €2, and consider the auxiliary problem

{Au + V(ew)u = hea, u), (3.5)

u € HY(RN), u(z) > 0,Vr € RV,
From hypotheses (g1) — (g4), h satisfies the following conditions for x € RY.

wt) _
- =0

(h1) R(z,t) =0 for all ¢ <0 and limsupy, ul(
(h2) h(z,t) = f(t) +t¥ Lforallz € Q, ¢t >0, or x € Q° and ¢t € [0, b];
(h3) h(z,t) < (14 8)g(t) +t* L forallz € RV, t € R;

(h4) 0 < CH(z,t) = Cfo (z,s)dz < h(z,t)t for all z € Q,t > 0 and 0 < 2H (z,t) < h(x,t)t <
h(z,t)t < FVot® for all x ¢ Q, t > 0.

Set
L(w) = I 5(u) = ;/RN(WUP V) - | e,
Qe(u) := 5 [on (|Vul> + V(ez)u?), and U (u) := [pn H(ex,u)

Lemma 3.1 Let {u,} be a (PS). sequence for I.. Then {uy} is bounded in H..

Proof Set {u’} Cc H Y(RY) be such that I.(u,) — ¢, m(u,) = |lulll« = 0,(1). Due to
uf € 0l (uy), there exists & € OV, (u,) satisfying

(up,m) = (Qc(un),m) — (65 m) (3.6)
for all n € HY(RY). From (h4) and k > 1, we have

1 2 2
>z =
> <2 lun ™ + == V(ﬂv)lunl
_s—2 2 _ 2t 2
=5 . [|Vun| (1 k)V(e:v)un]
> Cfunl|?

where &, € [h(ex,u,), h(ex, uy)], which deduces that {u,} is bounded in H*(RY). O



Lemma 3.2 Let {u,} be a (PS). sequence for I.. Then for each o > 0, there is p = p(c) > 0
such that

lim sup/ (Vun|* + V(ex)|un|?] < o
RN\B,(0)

n—o0

Proof Put u), & and &, be the same as that used in the proof of Lemma 3.1, and pgr €
C>=(RM,[0,1]) such that ¢p(x) = 0 in Br(0), ¢r(x) = 1 in Byp(0)¢ and |Vpgr(z)| < % in
RN, where C is a constant independent on R. Recalling that {u,} is bounded in H*(R") and
(ul, Rrun) = on(1), by (3.6), we have

/ Cr[|Vun > + V(ex)|un|?] < / EnPRUR —/ U VoRrVup + 05 (1).
RN RN RN

Fixed p > 0 such that Q. C Bp( ), by &, € [h(ex, uy), h(ex, uy)], (h4), and

1
[ Gonn <y [ erVielul
RN RN

we obtain

1 C
oL / o[ Vunl + V(@) |unl] <  unla|Viunls + on(1) < o
. R

for some R sufficiently large. [

1
Denote by 2'2(RY) the closure of C§°(RY) under the norm [|ullz = ([z~ [Vul?)? and set
S be the best constant for Sobolev embedding 22(RN) — L2"(RY).

Lemma 3.3 If (V1) and (g1)-(g4) hold, then I. satisfies the (PS). condition in H'(RYN) for
o< (§- 1)t

Proof According to Lemma 3.1, {u,} is bounded in H!(RY). Choosing a subsequence, we
may suppose that u, — u in H*(RY), u,(z) — u(z) a.e. in RY,

V| = [Vul> + 1 and |u,|* — |[ul* + v (weak® — sense of measure).

Thanks to the concentration compactness principle by Lions [21, Lemma 2.1], we derive at most
countable index set J, and sequences {z;} C RY, {u;}, {v;} C [0,00), such that

2
v= Z Vilg,y 1> Zﬂidwi and Sv> <y (3.7)
i€l i€l

for all 7 € 3, where d,, is the Dirac mass at z;.

We claim that J = (). Proceeding by contradiction, suppose that J # () and fix ¢+ € J. Set
u, &, and € be the same as that used in the proof of Lemma 3.1. Consider n € C5°(R¥, [0, 1]),
such that n = 1 in B1(0); n = 0 in RY \ B3(0) and |Vn|~ < 2. Defining np(z) = n(*52),
where R > 0, we obtain that {ngu,} is bounded in H'(RY), which means that

/N(VUnV(URUn) + V 637 nRU / énnRun / gnnRun + On( )
R



From (h3) and (h4), we obtain

/ il Vun|? < C / I / funl? 7 + C / .
RN RN RN RN

[V (),
R

Since {u,} is bounded in H'(RY), the support of ng is contained in Bag(x;),

lim lim (4, Vun, Vg + V(ex)ngu?) = 0,

R—0n—o0 JpN

lim lim lun|?nr =0 and
N

im lim un|IMpu, =0
R—0n—o0 Jp N’ n’ MRYn ’

1
R—0n—oo Jp

which follows from (3.8) that

/ nrdp < / nrdv + og(1).
RN RN
2

Letting R — 0 and by the standard theory of Radon measures, we infer that v; > u; > Sv?>",

ie., v > S%. Once that {u,} is a sequence of (PS),, Proceeding as in the proof of Lemma 3.1,
we have that

¢ = Lu{un) = = {ugs ) + 0 (1)

1 1
> <2 — )/ |Vun\2nR+Co/ V(€x)|un|*ng + on(1)
S RN RN

1 1 N
(11 gx
_<2 <>SZ’

which leads to a contradiction. Hence, it follows that J is empty and u, — u in LZQO*C(RN ). By
(h2), (gl) and (3.4), we derive a constant C' = C'(a) > 0 such that
|h(ex,t)| < Ct)* ! (3.9)

for all z € RY, ¢t € R. Since ||[uy|? = [pn &un + 0n(1), and &, € [h(ex, uy), h(ex, uy)], the

boundedness of {u,} in H'(RY), infers that {&,} is bounded in ¥ (RY). Then, passing to a
subsequence if necessary

] = A in R, & — & in L¥-1(RY) and uy, — u in HY(RY), (3.10)

it follows from (3.6) that
Jul? = [ e (3.11)
RN

Observing that

/ Snun - / fu
Br(0) Br(0)

from (3.9), (3.10) and Riesz representation theorem, one has

/ Ently, — Eu. (3.12)
Br(0) Br(0)

7

)

<|u, — U‘L2* (BR(O))|£n|L2*27i1(RN) + ‘ /BR(O) (&n = u



Lemma 3.2 means that

lim sup ’/ Enun| = or(1). (3.13)
n—o0 IC%(O)
Combining (3.12) and (3.13), we infer that
/ Enty, — &u, (3.14)
RN RN

from which it follows that ||u,||?> = ||u|> + 0n(1). Consequence, u, — u in H*(RY). O

Lemma 3.4 If hypotheses (V1) and (g1)-(g4) hold, fized € > 0, a > 0 small, for each € €
(0,€*), then there exist 49 > 0 and vy € H! (RN), which are independent of €* and a, such that

(i) MaXye(o 4] I (tvy) < (f — 7) S 2 ;
(ii) there are r,a > 0 such that I.(u) > a for u € HY{(RYN), |lu| = r;
(iii) I.(Jvo) < 0 and Ayvo € B(0)°.

Proof Without loss of generality, we may assume that 0 € Q and Vy = V(0). Fixed €* € (0, 1),
set v9 € CE°(RY) such that [ (|Vvo|? 4+ Violvo|?) = 1, vo > 0, suppvy C Br(0) C Q. Since
V(ex) < Vi, for all x € Br(0) and € € (0,€*), one has ex € Q, then, from (h2), we derive

I.(tvo) < L(t /B / e s)dsdx < L(t) (3.15)

for all ¢t > 0, where L(t) = t22 — t;—: JB0) lvg |

Since the function L£(t) is increasing in (0,¢*) for some t* > 0 and lim;—,g £(t) = 0, there is
4 > 0, independent on €* and § such that 4 < t* and maxc(y 4 Le(tvo) < L(%0) < (3 - 7) Sz
which proves (i).

Since I.(0) = 0, from (g1),(h3) and choosing ||ul| = r < %, there is @ > 0 such that
I.(u) > a for u € HY(RN), |lul| = r. (i) is proved.

We now prove (iii). It follows from (g3) that

%UO(J»‘) Fovo (T
/ / s)dsdzx >/ / s)dsdx
Br(0) Br(0)
Fovo(z
/ / ldsdz: = / (Aovo — 2a)dz.
Br(0) J2a Br(0)

From (3.15) we have

Ic(%ovo) < L(50) — / (Fovo — 2a)dx
Br(0)

1 52" .

=42 — 70* / |vo|? +2awNRN—‘yo/ vodx
2 2* JBr(o) Br(0)
0

for both 49 > 0 and a > 0 small enough.



Remark 3.1
(i) The above lemma shows the restriction of the constant a given in (g3).

(ii) From the proof of this lemma, we know that the set {u(x) : u(x) > a} has positive measure,
otherwise, we cannot ensure I.(Jovp) < 0.

The following result establishes the existence of a ground solution to (3.5), which means that
there exists a function ue such that Ic(ue) = cec = cc a6, and 0 € OI(uc), where c. denotes the
mountain pass level associated to I..

Theorem 3.1 If (91)-(94) and (V1) hold, then there exist €*,a > 0 small such that for all
€ (0,€*), problem (3.5) has a positive solution u. satisfying

(i) ue is a weak solution of problem (3.5) for all € € (0,€*);
(ii) The set |Acql = {z € RN :uc(x) = a} has null measure;
(iii) The set {z € RY :u.(x) > a} has positive measure.
Proof (i) Set a,Vp and 4p be the same as that in Lemma 3.4. It follows from Lemma 3.4 that
I. has the Mountain Pass geometry, and there exist sequences {u,} ¢ H'(RY), {u*} C 0l (uy)
and {£} C OV, (u,) such that uf = Q" — & in H-Y(RN),
[uplle = on(1), Ie(un) = ce + 0n(1),
where ¢. = infyepmaxsepq) L(y(t)) and T = {y € C([0,1], H'(R"Y)) : 4(0) = 0 and (1) =
Yovo}. Noting that {u,} is bounded in HY(RN) and &, € [h(ex,uy), h(ex,u,)]. From (3.9) we
derive that {&,} is bounded in L7 (R™). According to Lemma 3.3, it follows that u, — u, in
H'RM) and &, — & in L2*—1 (RN). Therefore,
/ (VueVn 4+ Vex)n) = &en (3.16)
RN RN
for all n € HY(RY), where §6 [h(ex,u.), h(ex,uc)]. Once that & € L%(RN), by the elliptic
regularity theory, u, € W2 T (RM) and
— Aue + V(ex)ue € [h(ex,ue), h(ex,u)] a.e. in RY. (3.17)

Taking a test function u_, we derive u, = u} > 0. By Harnack inequality [9, Theorem 8.20],
one deduces that ue > 0. Consequently, u, is a positive solution of (3.5) and (i) is proved.

We now assume that |A.,| := {z € RY : u.(z) = a} has positive measure. It follows from
Stampachia Theorem [4] that —Auc(z) = 0 a.e. in Ac,4. (3.17) infers that
V(ex)a € [h(ex, ue()), h(ex, ue(x))] a.e. in Agq. (3.18)
Once that a < b and
Ih(z, 1)) < 20 (3.19)

for all z € R, ¢ € [0, a], it follows from (3.18) that 1 < + , which contradicts to k > 1. Hence
|Acq| = 0, which shows (ii).
Next, we prove (iii). If the conclusion was false, i.e., [{z € RY : u(x) > a}| = 0, then
ue(zr) <a (3.20)

a.e. in RV, This, combining (3.16), (3.19), infers that (1 — ) [luc|[* < 0, which is a contradic-
tion to I¢(uc) = ¢ > 0. Hence ue > 0. O



4. Proof of Theorem 1.1

The following Lemma is very important to show that the solution proved in Theorem 3.1 is
a solution of the original problem (1.2) for a small enough.

Lemma 4.1 If u, is the solution found in Theorem 3.1 for € € (0,€*), then max;>o I (tue) =
I (ue).

Proof We firstly give A : [0,+00) — R the locally Lipschitz continuous function defined by
A(t) = Ic(tue), YVt >0.
It is straightforward to prove that there exist o,ty > 0 such that
A(t) >0, Vt € (0,0) and A(t) <0 Vt > to,

from which it follows that A has a maximum value. Hereafter, set ¢, > 0 be a number where A
attains its maximum, i.e.,

A(ty) = max A(t).

We now claim that the number ¢, is equal to 1. Indeed, noting that A is locally Lipschitz
continuous function, we have that A is a.e. differentiable. Write {2 be the set of these points,
where A" does’t exist, then we derive |Q2| = 0. Now it needs to prove that

(1) A'(t) >0, Vt € (0,1) N QS
(i) A'(t) <0, Vt € (1,400) N Qe

From (i) and (ii) we know that A has a global maximum value at ¢ = 1. Furthermore, ¢t = 1 is
the unique point where the global maximum is attained.

In the following, we firstly prove (i). Without loss of generality, we assume that b < 1. By
the Chain Rule for locally Lipschitz continuous function, we obtain that there exists u; € 9Ic(tu)
such that

Al(t) = (uf, u),

or equivalently, there exists & € OW.(tu) verifying
A(t) = t/ (IVuf? + V(ex)uf?) — / .
RN RN

Thanks to 0 € 0l (u.) and |A¢q| = 0, it follows that

U2 €T U2: €T, U)U
[ 0vuP s vienup) = | b

and so
Alt) = t/ h(ex,u)u — &u.
RN RN

According to Proposition 2.1 and Proposition 2.2, one has

() € [h(ex, tu), h(ex, tu)] ae. in RY,

10



thus, from |A. .| = 0, (g5) and the boundedness of h(ex,u) at u = a, we have

([ e [ et
(oo (570t [ (50700

+/ (u2*_2 _ t2*_2u2*_2> u? VO/ (u — tu))
{u<b} k Jip<u<y
>0, Vte(0,1),

A1)

AV

Y

which deduces that R
A'(t) > 0,Vt € (0,1) N Q°.

(ii) can be proved by the same method as that employed in (i). It follows from (i) and (ii) that
Lemma 4.1 is proved. O
As we know, it is crucial to discuss the problem

{—Au + Vou = (1+8)g(u) +u* !, z € RV, (4.21)

u € HYRY), u(z) >0, Vo € RV,

The energy functional associated to problem (4.21) is defined by

1 1 *
Row) =5 [ Vel + Vo) = (1+8) [ Gl =5 [ o,

where u; = max{u,0}. Then Iy € C'(H'(RM,R)) and

Iy, (u)v = / (VuVu + Vyuv) — (1 + 5)/ g(ug)v —/ ui_*_lv, Yu,v € HY(RY).
RN RN RN

There exists a positive function ug € H'(RY) such that Iy (uo) = 0 and Iy, (uo) = cv,, where
cv, is the Mountain Pass level. Define the Nehari manifold corresponding to Iy,

My ={u € Hl(RN) \ {0} : I(/O(u)u =0},
then ¢y, = infue_ﬁ/vo Iy, (uw) 0O
Lemma 4.2 lim, 4, 5,-0 Ce,, = Cjp-

Proof Firstly, for simplicity, we denote by u, = uc, a,,.6.> In = Le, 00,6, a0d Cn = Cepran 60
where ¢, denotes the Mountain Pass level associated to I,,. Take €,,ay,,d, — 0 as n — oco. For
any p > 0, set n € Cg°(Q) satisfying 0 < n(z) < 1, n(z) = 1 for all 2 € B1(0), and n(x) = 0
for all x € B$(0) CC Q. Moreover, for each p > 1. We denote by 7, and by u, the functions,
np(x) = n(%) and up(x) = np(x)ue(z). It is not difficult to show that u, — ug in H'(RN) as
p — +oo. For each R > 0, there is t, > 0 such that

IVo (tpup) = I{lzagi IVO (tup)7

hence Iy, (t,u,) = 0 and




which means by I, (ug) = 0 that ¢, — 1 as p — oo. Then, we can see that t,u, — ug in
HYRN) and Iy, (t,u,) — Iy, (ug) as p — oo. From a simple computation it follows that there
exists t, > 0 such that I.(t.t,u,) < 0 uniformly for €,a > 0 small enough. Taking (t) = tt.t,u,
for ¢ € [0,1], and from the definition of ¢, we derive

ce < max L(3(t)) < max I.(4(t)) = I(ftpu,)

te[0,1] £>0

for some t = t(e,a,p) > 0. A straightforward computation means that for each given p > 0,
there exist positive constants C; and Cy such that C; < £ < Cs for €,a > 0 small enough. Once
that V(0) = Vp, For any v > 0, there exists ¢y > 0 such that 0 < V(e z) —Vp < v for €, € (0, €p)
and x € Bygp(0). Consequently,

V(en:r)t%u?, < / (Vo + I/)tzuz.

RN RN
Then,
N A t N
cn < In(ftyu,) < Iy, (ftyu,) + u/ t2u’ + 5/ G(tt,u,),
Bar(0) RN
which leads to
limsup ¢, < cy. (4.22)
n—0
We now verify
liminf ¢, > cy;. (4.23)
n—oo

Indeed, we proceed by contradiction, and assume that there is an integer N large and o > 0
small such that
cn <cy, —o forall n> N.

By Theorem 3.1 and the definition of ¢, we derive

cn = In(uy) = I¥1>a§( In(tuy) <cy, — o
for any fixed n > N. From the definition of ¢y, one has that cy, < max;~q Iy, (tue,). Then,
from the fact that, for all given n > N,z € R, Vo < V(epz), (14 6) fon G(u) + o [on u® >
Jan H(ex, u), it follows that

¢V, — 0 > max I, (tuy) > I?fngo (tun) > ey,

which derives a contradiction. Then (4.23) is true. Finally, (4.22) and (4.23) deduce this
lemma. [

Lemma 4.3 Assume the same hypotheses of Theorem 3.1. Let {z,} C My, be such that
Iy, (zn) — ¢y, and z, — 2z in HY(RYN). Then, there exists a sequence {j,} C RN such that
z2n(- + Un) = 20 € My, with Iy, (20) = cy,. Furthermore, if z # 0, then {g,} can be taken
identically zero, thus , for this case, z, — z in H'(RN).

12



Proof Similar as the method used in Lemma 3.1, we obtain that the sequence {z,} is bounded
in H I(RN ), thus passing to a subsequence if necessary, still denoted by {z,}, we can suppose
that there is z € H'(R") satisfying

2y — z in HY(RY).

From the Ekeland’s Variational Principle [12], we can suppose that {z,} satisfying the following
result
Iy, (zn) = v, and Iy, (2,) — 0. (4.24)

Based on (4.24), we divide our proof into two cases: z # 0 and z = 0.
Case 1. z # 0. Using the same argument as in the proof of Lemmas 3.3 and 3.4, we can also
derive that
Vz,(z) = Vz(z) ae. in RY,

22 (z) = 2% (z) ae. in RV,

From the fact that (Iy, (21), zn) = 0, (4.24), it follows that (I}, (2),2) = 0, hence

(4.25)

o < Ty () = T (2) = = (T (2), 2

which infers that

ey < (; - i) /RN(WZP 422 4 (14 6) /RN [ig(z)z - G(z)]

Then, by Fatou’s Lemma

1 1
ey < D < liminf < - ) / (Vzal? + 22) + (1 +5)/
2 S RN

n—oo RN
1 1 *
+ ( - > / Z?L S Cvy -
S 2% RN

lim (|Vzn? + 22) — / (V2| + 22). (4.26)
N RN

n—oo R

It follows from (4.25) and (4.26) that 2, — z in HY(RY).
Case 2: z = 0. For this case, there are p, 3 > 0 and {y,} C RY such that

limsup/ |za]? > 8.
n—=00 JBy(yn)

Indeed, if this case is not true, we have

o)~ G

Consequently,

limsup sup / |za? = 0,
Bo(y)

n—oo ycRN

and by Lions result [21]
lim |zn|? =0 Vs e (2,2%).
RN

n—o0

13



By the above result and the fact that {z,} C .43, we have

/ (V22 + Vo2) = / (4.27)
RN RN

Suppose that fRN 22" — | as n — oco. Using the definition of the constant S, we obtain

2
* 27 *
s(/ ) < [ vals [ vap v = [
RN RN RN RN

which implies that [ > Slzl*, ie, I > S%, which is a contradiction to ¢y, < (% - %) S%.
According to the Sobolev embedding, we have that |y,| — co. Defining v, = z,(x + y»), one
derives

Iy, (vn) = ey, and Iy (vn) — 0.

It is obvious to see that {v,} is bounded in H'(R"), and there is a v € H*(RY) with v # 0 such
that v, — v in H'(RY). Proceeding the same argument as in Case 1, we derive that v, — v in
HY(RN).

We now verify (4.24). From Ekeland’s Variational Principle, it follows that there is a sequence
{zn} C My, verifying

Zn = Up +0n(1), Iy, (zn) — cy, and I(/O(zn) - 'ynJ{/O (zn) = on(1),

where 7, is a real number and Jy;, (z) = [{/0 (2)z, V2 € H'(RN). Then there exists o > 0 such
that
|<J‘,/()(zn)7zn>| > g, Vn € N.

Indeed, by the definition of Jy, and (gb), one has
gl zn) = (140) [ ()3 = gleaen) 420 =2) [ 32
> (2*—2)/}@5{‘ > 0.
Since Iy (2n)2n = 0, (1), we have Ji; (2n)2n = 0n(1), which derives 7, = 0,,(1). Therefore,
Iyy(zn) = ¢y, and Iy, (2,) — 0.
Consequently, without loss of generality, we can suppose that
Iy (zn) = ¢y, and Iy (z,) — 0.

Lemma 4.4 Let {u,} € H'(RY) be a sequence with 0 € 0J, (u,) and Iy, (un) — cy,, where
€nsQn,0n — 0T, Then, there is a sequence {j,} C RN such that w,(x) := un(z + §n) has a
convergent subsequence in Hl(IR{N, R). Furthermore, up to a subsequence €,§n — Yo € A, where
A={zeQ:V(z)="V}.

Proof Lemma 3.1 means that {u,} is bounded in H'(RY). We claim that there exists a
sequence {f,} C R and constants p,o > 0 such that

lim inf / lun|* > o > 0. (4.28)
By(jin)

n—oo

14



Indeed, suppose that (4.28) were false. Then, from Lion’s result (see [21]), it follows that

[ Jut =001

as n — oo, for all 2 < g < 2*, which infers that

G(up) = /]RN Ung(un) = op(1).

RN
Thus 1 v
H(ex,uy,) < / (uh)? + 22 uz + on(1) (4.29)
RN 2 QU{un<a} 2k Qen{upn<a}
and v
/ uph(ex, u,) < / (wh)? + O/ u? + 0, (1). (4.30)
RN QU{un<a} k Qen{up<a}
This, combining 0 € JI, (u,), we conclude that
Vi -
ol =2 [ 2ram= [ (.31
Qen{un<a} QU{un<a}
Set m > 0 be such that
HunHQ—VO/ = m.
k Qen{un<a}

It is easily seen that m > 0. Otherwise, we can derive u,, — 0, which is a contradiction to
ey, > 0. By (4.31), it follows that

/ (ufl)? —m.
QU{un<a}

From the fact that I.(uy,) — cy, and (4.29), one has
m < Ncy,

and thus m > 0. Since

2
2*
Jum 2 — 20 2> 8 wWhH? |
k n n
Qen{un<a} QU{un<a}

passing to the limit in the above inequality, it follows that
2
m > Sm2*,
which deduces that 1
N
(&% Z NS 2,

which is impossible. Hence (4.28) is true, and along to a subseuence

Uy 1= Un (- + Gn) = v # 0 in HY(RY).
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In the following, we take ¢, > 0 such that ¢,v, € A5;. It follows from Lemma 4.1 that

cvy < Ty (tnvn) < nax Ie, (tun) = I, (un) = cy, + on(1),
which means Iy, (t,v,) — ¢y, thus thv, /4 0in H'(RY). Because {v,} and {t,v,} are bounded
in HY(RY) and t,v, 4 0 in H'(RY), the suquence {t,} is bounded. Passing to a subsequence

if necessary, t, — tg > 0, for some tg independent of €,a and §. For €,a and § small enough, if
to = 0, we have t,v, — 0 in H'(RY), which cannot occur. Therefore ¢y > 0, and {t,v,} verifies

Iy, (tpvn) = ¢y, tovn — tov #0 in HI(RN).

It follows from Lemma 4.3 that t,v, — tov, or equivalently, v, — v in H'(RY), with v # 0,
which shows the first part results of this lemma. What is left is to show engn — yo € A. Set
Yn = €nUn and we assert that {y,} has a bounded subsequence. Indeed, if this were false, then
{yn} — co. Take R > 0 such that  C Br(0). We assume that |y,| > 2R, for any & € Bg/., (0),
then |e,2 + yn| > |yn| — |end| > R. Put

(z) 0, if |z|] <R,
€Tr) =
T 1, if 2| < 2R,

and |Vn,(z)| < CR™! for all z € RY. Applying 0 € 91, (uy,), we have

1
Vo(r=g) [ e [ |19en+ (Vi) -2 )ok | e
k RN RN k
= —/ ’UHVURVUn—F/ h(Ei"FynaUn)nR‘i'On(l)'
RN RN

It follows from (h4) that

1 C
1—-— 2nr < =|lvnll® + 0n(1
o (1-7) [ ot < Gl +on(0),

which is impossible as R sufficiently large. This means that {y,} has a bounded subsequence.
Hence, up to a subsequence we derive

Yn — Yo ERN.

If yo & ), we can proceed as above and infer that v, — 0. Therefore, yo € Q.
In order to show that V(yg) = Vj, we proceed by contradiction, and assume that V' (yo) > V5.
Once that t,v, — tov in H I(RN ,R), from Fatou’s Lemma and the invariance of RV, we have

1 1 .
i = olton) <5 [ (Vo) P+ Viwltoo?) = (1+8) [ Gltor) =5 [

n—oo

1 1 .
< liminf | / (Y (o) 2 + V (end + Gin) [tnn]?) / Gltvn) — — / (tm)?

2 RN RN 2* RN
<liminf I, (tpu,) < liminf I, (up) = cy,

which is absurd. Hence V'(yo) = Vp and yo € Q). The condition (V1) means that yo ¢ 92, which
deduces that yg € A. The proof is completed. [

The following Lemma comes from Lemma 3.7 in [5] and it can show that u. obtained in
Theorem 3.1 is a solution of the original problem (1.2).
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Lemma 4.5 Let €, — 07,8, — 07, up := ue, 4,6, be a solution of (3.5) with I, (u,) — cy,.
Then u, € L®(RN) and given 7 > 0, there are R > 0 and ng € N such that

|un‘L°°(BR(gn)c) <7 for all n > ny,
where {§,} is the sequence given in Lemma 4.4.

Proof of Theorem 1.1 Our first goal is to show that there exist € > 0, 6 >0 and a > 0 such
that for all € € (0,€), 6 € (0,0), and a € (0,a), the solution w5, of problem (3.5), given by
Theorem 3.1, satisfies the inequality

|te 6.l oo m\QL) < D- (4.32)

Assume that (4.32) were false, then for some sequence ¢, — 07, §, — 07 and a, — 0T, the
sequence Uy, = Ue, s,,q, Satisfies
’un|Loo(RN\Q€n) 2 b. (433)

From Lemmas 4.4-4.5 and I, (u5,) — cvy, it follows that there exists a sequence {g,} C RY such
that €,9n, — yo € A. Putting r > 0 such that B,(yo) C Ba,(yo) C €2, one has

1
Br/en (yﬂ/en) = :Br(yﬂ) C Qe,.

n

Furthermore, for any & € B, , (9x), there holds

Lo ton()) < 2

€n €n

.~ Yo N~ - Yo
& = = <& = Gnl + [In — =] <
€n €n

for n large enough. For these values of n, B/, (fin) C €&, , from which it follows that RV \ ., C
RN\ B, Jen(Un). On the other hand, applying Lemma 4.5 with 7 = b, there exists ng such that
r/€n, > R and

|t L@@, < [Unlie @B, ., (52)) < UnlLoe @3\ Bp(ga)) <05 Vn = no,

which contradicts to (4.33) and this proves (4.32).

Then from the definition of h and (4.32), we derive that h(ex,u(z)) = f(u(z)) + u? 1,
which proves that u = uc s, is a solution of problem (1.2). In order to study the behavior of the
maximum points of {u,}, it follows from (H1) that there is 7 > 0 such that

h(ex, t)t? < %tz (4.34)

for all » € RY and ¢t < 7. According to Lemma 4.5, there exist R > 0 and {#,} C R" such that
‘un‘L‘X’(BR(gn))c <T. (4.35)
Passing to a subsequence if necessary, we may suppose that

[Un|Loo (B (gn))e = T- (4.36)

Otherwise, we can choose a subsequence such that |uy @~y < 7. Therefore, recalling the fact
that w,, is a solution of (1.2) and (4.34), one derives

\%
[0Vl Valuo) < Junl?, < [ o) < [
RN RN
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which means that |lu,|| = 0, and this makes no sense. Consequently, (4.36) holds.

From (4.35) and (4.36), it follows that the maximum point 7, € RY of u,, belongs to Br(i»),

thus, ¥ = Un + &, with |Z,| < R. This means that

€nln = €nln + €nTn, — Yo € A.

Consequently,

lim V(endn) = V(yo) = Vo,

n—o0

which completes our proof. O
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