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Abstract

In this paper, we mainly study the finite spectrum of Sturm-Liouville problems with n
transmission conditions and spectral parameters in the boundary conditions. For any positive
integer n and a set of positive integers m;,i = 0,1, --- ,n, it has at most mo+m1+---+m, +
2n + 1 eigenvalues. And further we show that these mg + mqy + - - - +m, + 2n + 1 eigenvalues
can be distributed arbitrarily throughout the complex plane in the non-self-adjoint case and
anywhere along the real line in the self-adjoint case. The key to this analysis is an iterative
construction of the characteristic function, the main tool used in this paper is Rouche’s
theorem and iterative construction of initial value.
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1 Introduction

Sturm-Liouville problems (SLPs for short) [1-3] with transmission conditions and spectral
parameters in the boundary conditions have always been an important research topic in mathe-
matical physics. Such a problem connected with many assortment of physics problems, such as
heat conduction and the chord vibration of the boundary on the slider.
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As is well-known, the classic Sturm-Liouville theory [4] states that the spectrum of a regular or
singular, self-adjoint SLP is unbounded and therefore infinite. This result is generally established
under the assumption that the leading cofficient p and the weight function w are both positive.
Atkinson in his book [5] studied that if the cofficients of Sturm-Liouville equation satisfy some
conditions, it may have finite eigenvalues, but he did not elaborate with an example. In 2001,
Kong, Wu and Zettl [1] constructed a class of SLP with finite eigenvalues. In 2011, Ao, Sun and
Zhang [6] obtained that the following regular SLP with a transmission condition

—(py") +qy = wy, telJ,
AY (a) + BY (b) = 0,
CY(c=) + DY (c+) =0

has exactly n eigenvalues, where n is positive integer and n is connected with the partition of
the interval J = (a,c) U (¢,b), A, B,C and D are all matrices, and the coefficients satisfy the
minimal conditions r = ]lj, q, w € L(J, C). Their technique was a combination of the iterative
construction of characteristic function and the fundamental theorem of Algebra. In 2013, by
applying the iteration of the characteristic function and the fundamental theorem of Algebra, Ao,
Sun and Zhang [7] obtained that the following regular SLP with a transmission condition and

spectral parameters in the boundary conditions

—(py) +qy =y, teJ,
AY (a) + ByY (b) = 0,
CY(c=) + DY (c+) =0

has at most m + n + 4 eigenvalues, where m and n are positive integer, and m,n are connected
with the partition of the interval J = (a,c¢) U (¢,b). It is divided into a = ag < a1 < ag < --- <
Ao < Aome1 = ¢, ¢ = by < by < by < -++ < by, < bgp1 = b. Recently, Xu, Wang and Ao [§]
researched that the following SLP with n transmission conditions

— () +qy=Iwy, te
AY (a) + BY (b) = 0,

n+1

has exactly > m; +n + 1 eigenvalues for any positive integer n and a set of positive integers
i=1

m;, 1 = 1,2,--- ,n + 1, where m; and n are connected with the partition of the interval J =

(a,c1)U(er,e2)U-- U (e, b). They used similar tools to [6]. These results indicate the existence of
finite spectrum of SLP. It also should be pointed out that although many excellent achievements
have been made in researches on the finite spectrum of SLP, such as literature [1,2,4,7,9, 13, 14]
and its references, but the conditions involved are relatively simple. It is worth mentioning that
some scholars have done outstanding work on boundary value problems of differential equations
with finite spectrum [4,10-12,15-20]. In addition, for other articles on whether boundary value
problems of differential equations have finite spectrum, please refer to Ao and Sun’s articles [21,22].

Motivated and inspired by the above-mentioned works, in this paper, we consider the following
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SLP

—(py") + qy = Iy, (1)
A\Y(a)+ B,\Y(b) =0, (2)
CY(ci—)+ D;Y(ci+) =0, (3)

where Y = (p?ZJ/)’y = y(t), t € J = (a,¢1) U (c1,¢2) U ... U (¢n,0), —00 < a < b <
+00, ¢ € (a,b), Cl,Dl € Mg(R),det(C'l) = p; > O,det(Dl) = 91 > O,Z = 1,2,"' , M. A/\ =

Aot — oy —dal + « 0 0 .

isfies det ( 04/1 06,2 ) # 0, det ( 6} 53 ) # 0. A is the spectral parameter. The coefficients
;g By B

satisfy the minimal conditions
1
r=-,q, weL(J, C), (4)
p

where L(J, C) denotes the complex-valued functions which are Lebesgue integrable on J. Con-
dition (4) is minimal in the sense that it is necessary and sufficient for all initial value problems
of Eq.(1) to have unique solutions on [a, b]; see [23]. In this paper, we assume that condition (4)
holds and we will prove that SLP (1)~(3) still has finite spectrum.

2 Notation and preliminaries

In this section, we let u = y,v = py’. Then Eq.(1) can be transferred into the following first
order system
u =rv,v" = (g — w)u. (5)

This can be written in the following matrix form
u) B 0 T U
v ) \Lg—Xw 0O v )’

Definition 2.1 By a trivial solution of Eq.(1) on some interval we mean a solution y which is
identically zero and whose quasi-derivative v = py' is also identically zero on this interval.

In this part, we give some related concepts to introduce Lemma 2.1.

Let wuy(t, A\),v1(t, A) be two linearly independent solutions of Eq.(1) on (a,c;) satisfying the
following initial conditions

ur(a, \) =1, (puy)(a, ) = 0,v1(a, \) =0, (pvy)(a, A) = 1.
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Now we can define the solutions w1 (¢, A), vip1(t,A)(i = 1,2, ...,n) of Eq.(1) on (¢, ¢iy1)(Cpi1 = 0)
satisfying the following initial conditions

Uz‘+1(Ci+, )\) gi, 11Uz( Ci— )\) + i, 12(pu )( )\)7
(pUHq)(Crl- )\) = i, 21“2( Ci—, )\) + i 22(pu )( )\)7
Vir1(GiH, A) = ginvi(ci—, A) + gia2(pv;) (ci—, A),
(pvz/'+1>(ci+7 A) = gia1vi(ci—, A) + 92‘,22(]9U§)(Ci_7 A).

For convenience, we let

uy(t, N, t € (a,¢),
UH_l(t,)\), t e (Ci,Ci+1)<i = 1,2, Ny Cpr1 = b),

Uz’—i—l(t; )\), t e (Ciaci—i-l)(i = 1,2, oy Ny Cpr1 = b),

¢12(t, )\) — { Ul(t7 )‘>7 te (a, Cl),

)N, te(aa),

palt)) = { (puip)(t,A), t€ (cicip)(i=1,2,..,m,¢pq1 = 1),
o)A, tE (a,a),

¢22(75,/\) a { (pvngl)(t?)‘)’ te (CiaciJrl)(i =12, n,cpp1 = b)-

Then

P11(t, A)  dra(t, A)
O(t,\) = ( bor(t.N) doa(t. ) > te

So O(t, \) = [pes(t, N](e, f =1,2,t € J) denotes the fundamental matrix of the system (5)
determined by the initial condition ®(a, \) =

Lemma 2.1 The complex number X is an eigenvalue of the SLP (1)~(3) if and only if
A(N) = det[Ay + By®(b, \)] = 0. (6)
Particularly, /\(\) can be written as

A(A) = hit(N)@11(b, A) 4+ hia(X)P12(b, ) + ha1(A) a1 (b, A) + haa(X)daa (b, A), (7)

o hua(N) RN\ 0 Aoy —ar)(ABL+B1) () —an)(AB) + Br)
= ( ) i e v e )



Proof. If X is an eigenvalue of the SLP (1)~(3), then there exists a non-trivial solution

k1u1 + ll'Ul, t e (a, Cl>,
k’QUQ —I— ZQUQ, t € (Cl, CQ),
y(t,\) = (8)

kn+1un+1 + ln+lvn+1> t e (Cna b)

of Eq.(1), where k;,[;(i = 1,2,...,n+ 1) are not all zero. Since y(t, \) satisfies Eq.(2), we have

A\®(a, \) ( ’;1 ) + B\®(b, \) ( ];”“ ) = 0. (9)
1 n+1
From Eq.(3), we get

When ¢ = 1, we can obtain

cv(e- (§1) + Diater (12 ) <o

SO
C1®(c;—, \) M=k g
li — Iy
It means that ky = ko, l; = l5. Using the same method we can get the following results
ki =ko=..=ky1,lh=0L=..=1l,1,

so we have
Ay (a, \) ( ’;11 ) + Byd(b, \) ( ’;11 ) 0. (11)

Since k; and [y are not all zero, then A(X) = det[Ay + By®(b, \)] = 0.

Let A(A) = 0. Then Eq.(11) has non-trivial solution. Now, we consider the next initial value

problem

—(py) +ay= vy, teJ

y(a, \) = Aoy — ag,

(py')(a; A) = day — aa,
we have

y(t, \) = (Aay — ag)d11(t, A) + (Ao — aq)1a(t, N), t € J.

Substituting y(t, A) into Eq.(2), we have

(Aay = ar)y(a, A) + (Aoy — an)(py')(a, A) = (Aaj — 1) (Aah — az) + (=Aay + az)(Aa) — 1) = 0.
Similarly, we can get
(ABL+ By (b, A) + (=ABy — B2)(py") (b, ) = (ABy + B1)(AB + B2) + (=ABy — B2)(ABy + Bi) = 0.

So y(t, \) satisfies Eq.(2). Recalling that the solution y(¢, \) satisfies Eq.(3), it’s means that y(t, \)
is an eigenfunction of the SLP (1)~(3) corresponding to eigenvalue A\. And Eq.(7) comes from a
straightforward computation.



Definition 2.2 The SLP (1)~(3), or equivalently (5),(2),(3) is said to be degenerate if in (6)
either A(XN) =0 for all \ € C or A(N) # 0 for any X € C.

In the derivation of our main results an important role is played by the “Continuity Principle”

established in Kong et al. See [20], which reads.

3 Statement of the Problem

In this section, we assume that there exists a partition of the interval J

for some positive integers mq, mq, - - -

A2k+1
/ (t)dt £ 0,k =0,1,- -

and when ¢(t)

(a:a0<a1<a2<--~

a+=cC1,0< 1< C<---

L Cnt = Cpyo < Cpy1 < Cpyp < v -

Cn1tT =Ch1,0<Cp1,1 < Cp1,2< * >

a2k

C1,24

\ Cny2z

= w(t) = 0, we have

A2k 42
/ (t)dt # 0,k = 0,1, --

a2k+1

C1,2i+2
/ (t)dt #0,i=0,1,--+ ,my

C1,2i+1

Cn,y2z+2
/ ()dt £ 0,2 =0,1,--
Cn,2z+1

C1,2i+1
/ (t)dt #0,i=0,1,---

< Aomy < A2mp+1 = C1—,

< C1yomy < C1y2m+1 = C2—,

(12)

< Cn—152my_1 < Cn—1:2my,_14+41 = Cn—,

< Cns2my, < Cns2mn,+1 = b;

, My, when r(t) = ﬁ = 0, such that

, Mo, te (a2k:7 a2k+1)7

7m17t S (0172i761a2i+1 )7

(13)

y My, t e (Cn722 y Cns2z4+1 )7

mo — 1,t € (agk+1, A2k+2),

—1,t € (c1,2i11 5 C1o2i42 )5 (14)

Myt € (Cry2at1 s Cns2at2 )-



Let
a2k+1
/ (t)dt,k =0,1,---  my,

a2k 41
/ (t)dt, k=0,1,--- ,my,

a2k 42
/ )dt, k=0,1,-- ,mg — 1,
a2k 41

C1,2i+1
QIn / dtl_oala s, My,
C1,24

C1,2i+1
Wy, = / (t)dt,i =0,1,--- ,my,

C1,24

C1,2i+2
rl,zz/ (t)dt,i =0,1,--- ,my — 1,
C1,2i+1

( Cny2z+1
Qnyrz = / q(t>dt72:0717"' y M,

Cny2z

Cny2z+41
wmz:/ w(t>dt72:0717"' y Mo

Cn,2z

Cny22+42
rn,Z:/ r(t)dt,z=0,1,--- ,m, — 1.

\ Cny2z+1

In the following lemma and theorem, we let (12)~(14) always hold.

Lemma 3.1 For each )\ € C,

D(t,\) = [pef(t, N)](t € (a,c1)) denotes the fundamental matriz of the system (5) determined by
b(a,\) =1;

Ui(t, A) = [Viser (L, N](E € (Ciscit1), Cnr1 = b = Cpyomn+1,% = 1,2,...,n) denotes the fundamental
matriz of the system (5) determined by V;(c;+,\) = I (here U, (cl—l—, )\) =V,(ci0,A) = O+, N)).
So we have

(1)

lar, V) = ( do —1)\’wo (1) > ’ (15)
{1+ (g0 — Awo)ro To
(a5 A) = < P21 (as, A) L+ (g1 — Aw)ro ) ’ (16)

where

P21(az, A) = (go — Awo) + (g1 — Adwr) + (go — Awo) (g1 — Awr)7o.
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In general, for 1 < k < my,

1 Tk—1
Qe — A0 1+ (g — AMwg)rr—1

O (agkt1, ) = ( ) O (agk—1,A). (17)

v N = (s s 1) (18)

i 0 —AW;y0

L+ (Giso —Awiy0 )Tis0 7,0
7,(6173 ) >‘) ( wiﬁl (Ci73 , /\) 1+ (Qiyl _)\wz’,I )Tia(] ’ ( 9)

where

Wi (Civzy, A) = (Giso —AWis0 ) + (¢is1 —Awi,1 ) + (Gis0 —AWiy0 ) (Gis1 —AWi,1 )70 -

In general, for 1 <k <my(k =1,7,...,2),

1 Tiyk—1

ileiznrn A) = ( ik —MWiye 14 (Gise =MWk )Tisn1

) Ui (Civan1, A)- (20)

Proof. We can see from the system (5) that u is constant on each subinterval where 7 identically
zero and v is constant on each subinterval where both ¢ and w are identically zero. The result
follows from repeated applications of system (5).

Lemma 3.2 For each \ € C,

O(t,\) = [pef(t, N)](t € (a,c1)) denotes the fundamental matrixz of the system (5) determined by
S(a,\) = 1I;

U, (¢, N) = [Wises (8, N](t € (¢4, €Cix1), Cnp1 = b0 =1,2,...,n) denotes the fundamental matriz of the
system (5) determined by V;(c;+,\) = I.

So we have

(I)(ba )‘) = q]n(ba )\)Gn\]}nfl(cn_> )\)anl\pnf2(cnfl_> )\) T Gl(p(cl_a )‘)7

where
Gi = [gi,ef]gxg(i = 1,2, ., nje, f = 1, 2)

Proof. From the Eq.(3), we know that
Ciq)(ci_a )‘) + qu)(cl+7 )‘) = 07
SO

CI)(CZ'—F, )\) = —Dl_lcz(I)(Cz—, )\) = qu)(ci—, )\),
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where
Gi = [gi,ef]Qx2(i = 1,2, ., nje, f = 1, 2)
When i = 1, ¥y(¢;+, A) = I, combining Lemma 3.1
\Pl(t, )\) = q)(t,A)[qu)(Cl—, )\)]71, a+<t< Co—,
let t = co—, then
\I]1<CQ—, )\) = (I)(CQ—, )\)[qu)((il—,/\)]il,
@(CQ—, )\) == \1]1(02—, )\)qu)(cl—, )\)

When i = 2, Uy(co+, \) = I, we find that condition ®(c;+,\) = —D; 'C;®(c;—, \) = G;®(c;—, A)
always holds, so
\I’g(t, )\) = @(t,A)[Gg@(CQ—, )\)]71, o+ <t < C3—,
let t = ¢3—, then
\DQ(Cg—, )\) = (I)(Cg—, )\)[GQ(I)(CQ—, )\)]_1

(I)(Cg—, )\) = ‘Ifg(Cg—, )\)GQ(I)(CQ—, )\)

By repeated application of the above process, we have

(I)(b, >\) = \Ifn(b, A)Gn‘lln,l(cn—, A)anl‘ljnfg(cnfl—, )\) cee G1<I>(cl—, )\)

Lemma 3.3 For each )\ € C,

D(t,\) = [pes(t, N)](t € (a,c1)) denotes the fundamental matriz of the system (5) determined by
O(a,\) =1;

U, (t, N) = [Wises (8, N)](E € (¢4, Cix1)s Cnp1 = b0 =1,2,...,n) denotes the fundamental matriz of the
system (5) determined by V;(c;+,\) = I.

For ®(b,\), we have the following result

n mo—1 mi1—1 n m;—1
¢ (b, N) = R[[ R T (@ — Mwi) T (ar =Mwra) [T (@i —Awiy )]+ 6410, 0),
i1 k=0 i=1 i—2 j=1
n mo—1 m1—1 n m;—1
i1 k=1 i=1 i—2 j=1
n mo—1 mi1—1 n m;
¢ (b, N) = R][ RG*G™ [ (@ — Mww) T (ari —Mwr) [T [ (s —Awirs )] + 6 (b, A).
i=1 k=0 i1 i=2 j=1
n mo—1 mi—1 n o m;
Pa2(b, A) = RH R,G*G™ H (qr — Awy) H (qryi —Awisi ) H[H(%‘,j —Awi,j )] + ¢y (b, A),
i=1 k=1 i=1 i=2 j=1

where
G = 91,12 (@mg — AWy ) (q1,0 —AW1,0 ) + 91,11 (q1,0 —AW1,0 ) + 91,22 (Gmg — AWy ) + G121

9



G" = H{[Qun +is12 (Gi-13mi_y —AWi—15m; 1 )] (Gis0 —AWis0 )+[gis21 +Gis22 (Gi1m;, —AWiztim, )]}

=2

mo—1 m;—1 n

R = H Tk,Rz’ = H Ti7j7¢/ef(b’ /\) = 0<RHR1)
k=0

=0 i=1
Proof. From Lemma 3.1 we know that
(I)(Cl_7 /\) = q)(aﬂmo-&-l? )‘)

1 rmo—l
= A2mg—15 A
( Qmo - )\wmo 1 + (Qmo - )\wmo)rmo—l ) ( 2mo—1 )

)
_ 1 Tmo—1 1
Gmo — MUy 1+ (Gmg — Mg )Time—1 Gmo—1 — AWppg—1
(I)(a2m0—37 )‘>

[ O O

- ( 821 022 )(I)(GQmo—Sa)\)a
where
(911 =1+ Tmo—l(qmo—l - )\wmo—l)

- Tmo—l(Qmo—l - Awmg—l) + O(Tm0—1<Qm0—1 - )\wmo—l))7

012 = Tmg—2 + Tmo—1 + Tmg—2Tmo—1(Gmo—1 — AMWmy—1)

- Tm0—2rm0—1(Qmo—1 - Au}mo—l) + 0<rm0—2rm0—1(Qm0—1 - )\wmo—l)>7

b1 = (QWo—l - Awmo—l) + (qu - )‘wmo) + Tmo—l(QWo—l - /\wmo—l)(Qmo - /\wﬂm>

- rmofl(qmofl - )\wm()fl)(qmo - )\wmo) + O<Tm0*1<qm071 - )\wmofl)<qmo - )\wmo))7

090 = Tmo—Q(Qmo - )‘wmo) +1+ TmO_Q(qu_1 B /\wm0—1>

+rm071<qm0 - )\wmo) + Tm072rm0*1(qm071 - )\wmofl)(qmo - )\wmo)

- Tmo—QTmo—l(qmo—l - /\wmo—l)(qmo - /\wmo) + O(Tmo—Qrmo—l(QTno—l - )\wmo—l)(qmo - )\wmo))v

and

1 T —
(I)(a2mo—3a)‘) = ( Fmo=3 ) (I)(a2m0—5’)‘)7

Qm0—2 - Awmo—? 1 + (qm0—2 - )\wmo—2)rm0—3

10

]' + (Qmo—l - )\wmo—l)rmo—Q

)



so we have

0, 6
CI)(cl—,/\) - ( 9; 9;2 ) q)(a2m0—37/\)

— ( i "2 ><I>(a2m0_5,)\),

21 722

where

M1 = 011+ (Gmg—2 — AMWmg—2)012
- Tmo—Qng—l(Qmo—2 - A11}7’)7,0—2)(qTrLo—l - A/l'UT)’L()—1>

+0(rmo—2rmo—1(qmo—2 - Awmo—Q)(qmo—l - )‘wmo—l))v

M2 = Tme-3011 + (L + (Gmo—2 — AWing—2)Timg—3)012
= 7amo737'77107271mo*1(C]mO*2 - )\me*Q)(qu*l - )\wmoil)

+O(Tm0—3rmo—2rmo—1(Qmo—2 - AU}WL()—Q)(QW”Lo—l - AU)TTLo—l))?

N1 = 021 + (Gmg—2 — AMWpy—2)022
= Tmo—QTmo—l(qmo—Q - /\wmo—Q)(qmo—l - AU)Trlo—l)(QTrlo - AU)Wlo)

+0(71m0727nm071<qm072 - )\wm072)<Qm071 - Awmofl)(Qmo - )\wmo))a

N2z = Tmg—3021 + (1 4 (@mo—2 — AWmg—2)Tmy—3)022
= rmof?)?nmonerfl(qufQ - )\wm072)(qm071 - )\wmofl)(qmo - )\wmo)
+0(T'mg—3Tmo—2Tmo—1(Gmo—2 = AWmg—2)(Gmo—1 = AMmg—1)(Gmg — AWimy))-

By repeated application of the above method, finally we can get

Bley—, \) = ( gi 22 ) B(ar, N,

11

011 02 1 Tmo—3
Oa1 O Gmo—2 — AWmg—2 1+ (Gme—2 — MUpg—2)Tme—3

) oo



where

mo—1 mo—1 mo—1 mo—1

S = HT’kH qk — Awg) + of HT’kH (e — Awy))
fe1 he1

mo—1 mo—1 mo—1 mo—1

&= [] n H gk — dwe) +o( [] H (qk — Awy))
k=0 k=0

mo—1 mo—1

o1 = HrkH (qr — Awy) + o HT’“H (g — Awy))
k=1 k=1
mo—1 mo—1

§oo = H TkH (e — Awy) + of H TkH Qp — Awy))
k=0 kel im0 kel

And
1 0
(I)<a17>‘) - ( QO—/\UJO 1 ) )
SO
SIRRSE
— O(
@ (521 §20 (a1, A
_ SIRRSE
§a1 & /\wo 1
_ &1+ &2(q0 — )\wo) §12
Ea1 + E22(q0 — AMwg)  Eao
¢11 01—;>\) ¢12(Cl_a/\)
¢21 C1—7)\) ¢22(C1—7)\) '
It means that
mo—1 mo—1 mo—1 mo—1
b11(c1—, A HT‘kH qr — A\wg) + 0 HmH Qk — \wy))
mo—1 mo—1 mo—1 mo—1
br2(c1—, A HTkH Qk — \wg) + o HTkH Qk — \wy))
7:() 01 mok 10 (21>
Pa1(c1—, A HTkHCJk—Awk + of HrkHQk;—Awk
k=0 k=0 k=0 k=0
mo—1 mo—1
Paz(c1—, A HrkHQk_)\wk + o HTkHC]k—)\wk;
k=0 k=0
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and

@/)1,11 C2—

¢1,12 02—

¢1,21 co—, A

¢1722 Co—, A

By repeated application of the above method, then

%711 Cz+1_

wulQ Cit1—

w1721 Cit1—

w1722 Cit1—

1=2,3,---,n.
From Lemma 3.2, we have

O(c,—, A\) =

mi1—1 mi1—1 mi1—1 mi1—1
H 1 H (1171 )\wlaz +0 H T1, H Q1n >\w17’b
mi1—1 mi1—1 mi1—1 mi1—1
H 1y H q1y — )\wlaz +0 H T14 H q1yi — Awln
(22)
m1—1 m1—1
H rl;zH q1yi — )\wln +0 H TlnH q1,i — Awln
m1—1 m1—1
H Tl;zH 1, —Awi,i ) + of H rmH 10 —Awi,; )
m;—1 m;—1 m;—1 m;—1
H Tisg H Qiyj )\wlu +o0 H Tisj H Qiyj )\wwj
ml—l mz—l mz—l m,—l
H Tisg H Qiyj Awla] +o0 H Tisj H Qiyj )\wwj
mz—l ml—l (23)
H Tisg H qisj )\wuj +o0 H Tisg H qisj )\wza]
mz—l m7—1

H TWH Girj —AW;,5) +0 H T“JH Girj —AWisj))

‘I’n—l(cn—7 A)Gn—l\lln—Q(cn—l_y )\) T qu)(cl_v >\)-

In combination with (21)~(23), and

we can obtain

¢11(02—7 )\)
P12(c2—, )
Pa1(c2a—, A) =

(I)(Cg—, )\) = ‘111(02—, )\)Gl(I)(Cl—, )\),

mo—1

mi1—1
= RR,G* H (Qk - ka) H (Ch,i _)\wlai> + ¢/11<C2_’)‘>7
i=1

k=0

mo—1 mi1—1

= RRiG" [ (ar — dwe) T (@1 —Awii) + ¢la(ca—, N,

k=1 i1
mo—1 mi

RR,G" H (qr — Awy,) H(th —Awi,i ) + ¢y (ca—, A),
k=0 i—1
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mo—1 mi

P22(ca—, \) = RR,G" H (qr — Awy,) H(fh,i —Awy,; ) + Pga(ca—, N),

k=1 i=1

where

G = 91,12 (@mg — AWy ) (q1,0 —AW1,0 ) + g1,11 (q1,0 —AW1,0 ) + 91,22 (Gmg — AWy ) + G121

m0—1 m1—1
R= H T, R = H T17i7¢;f(02—,/\) = O(RR1>-
k=0 i=0

Similarly, we know that

(I)(Cg—, )\) = \112(03—, )\)Ggq)(CQ—, )\),

SO
mo—1 my—1 mo—1
¢11(cs—, A) = RR1RyG*G** H (qk — Awg) H (g1, —Awi,i) H (g2 —Awa,;) + ¢y (ca—, A),
k=0 i=1 j=1
mo—1 mi—1 mo—1
Pra(c3—, A) = RRyRyG*G** H (gx — Awy) H (g1, —Awi,i) H (G2,j —Awa,;) + Phalca—, N),
k=1 i=1 j=1
mo—1 mi—1 mo
Par(c3—, A) = RRyRyG*G** H (qx — Awg) H (q1yi —Aw1si) H(Q%j —Awa,j ) + ¢y (c3—, A),
k=0 i=1 j=1
mo—1 mi—1 ma
P22(c3—, A) = RR1RyG*G** H (g — Awg) H (qryi —Awi,;) H(Q%j —Awa,j ) + dha(c3—, A),
k=1 i=1 j=1
where

G = 91,12 (@my — AWy ) (q1,0 —AW1,0 ) + g1,11 (q1,0 —AW1,0 ) + 91,22 (Gmg — AWy ) + G121,

G2* — [92)11 +92712 (thl _Awlﬂnl )](Q%O _)\w270) + [g?;?l +g2)22 (thl _)‘wlam1 )]7
mo—1 mi1—1 mo—1

R = H i, By = H 1y, Ry = H r27j7¢/ef(03_7)\> = o(RR1 Ry).
k=0 =0 Jj=0

Similarly, because

(I)(ba )‘) = \Ijn(ba )\)Gn\]}nfl(cn_> )\)anl\pnf2(cnfl_> )\) T qu)(cl_a >‘)7

we have
n mo—1 mi—1t n m;—1
P11(b,A) = RH R,G*G™ H (gx — Awg) H (15 —Aw1si) H[ H (Girj —Awiy; )] + Ph1(b; N),
i=1 k=0 i=1 i=2 j=1

14



mo—1 mi1—1 n m;—1

12(b, \) = RH R,G*G™ H (qr — Awy) H (qr,i —Awi,;) H[ H (Girj —Awiyi )] + Pa(b, A),

i=1 k=1 i=1 =2 je1
n mo—1 mi—1i n o m;

Pa1(b,A) = RH R,G*G™ H (g — Awg) H (q1yi —Aw1si ) H[H(Qiaj —Awi,j )] + ¢y (b, A),
i1 k=0 i1 i=2 j=1
n mo—1 mi—1 n  m;

¢2(b, ) = R[[ RG*G™ T (@ — Mww) T (arii =Mwro) [T [ (s —Awins )] + o (B, A).
i=1 k=1 i1 i=2 j=1

where

G = 1,12 (Gmy — AWy ) (1,0 —AW1,0 ) + g1,11 (q1,0 —AW1,0 ) + 91,22 (Gmg — AW ) + 91,21,

G = [ [{lgim1 +9in2 (@i-timy =A0im1sm,, )G =Mwiso )+[gis21 +Gi22 (Gimtm,_y —AWimtm,_, )]}

i=2
mo—1 m;—1 n

R = H T, B = H Pisj > @ep(D,A) = O(RHRi)'
k=0 =0 i=1

Therefore, the conclusion is proved.

Theorem 34 L@t m; € N(l = 0, 1, LR ,n), g1,12 9i,12 7é O,Z = 2,3, e, n, and H()\) = (hij()\))QX2
be defined as in Lemma 2.1. Then

(1) If ho1(X) # 0, then the SLP (1)~(3) has ezxactly (mo + my + ma + -+ + m, + 2n + 1)
ergenvalues.

(2) If hot(A) = 0, hir (N wo + [ 11y hoo(A)wiym, # 0, then the SLP (1)~(3) has ezactly (mqg +

my +mg + -+ -+ m, + 2n) eigenvalues.

(3) If ho1(A) = h11(X) = haa(A) = 0, hia(X) # 0, then the SLP (1)~(3) has ezactly (mo+mq +

me + -+ +my, +n+1) eigenvalues.

(4) If none of the above conditions holds, then the SLP (1)~(3) either has k eigenvalues,
ke{l,2,--- ,mo+mqy+---+m,+n} oris degenerate.

Proof. From Lemma 2.1 we know

A(A) = hi1(N)P11(b, A) + hia(N)@12(b, A) + ha1 (X)da1 (b, A) + hao(X)paa (b, N),

and observe that from Lemma 3.3 the degree of A of ¢11(b, A), d12(b, \), d21(b, A), daa(b, A) in A(N)
are mo+msi—+- - -+my+n, me+mi+- - -+mp+n—1, me+mq+- - -+my+2n—1, mg+mq+- - -+my,+2n—
2, respectively. Thus when hg;(A) # 0, we can deduce from Eq.(6) that the characteristic function
A(A) is also a polynomial function of A and with the degree is mg+mq +---+m, +2n+ 1. Hence
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from Fundamental Theorem of Algebra, we know that A(\) has exactly mo+mq+-+-+m,+2n+1
roots, i.e. SLP (1)~(3) has exactly mo +my + -+ + m,, + 2n + 1 eigenvalues. Then we complete
the proof of case (1), and the other cases can be proved in the same way.

Theorem 3.5 Let m; € N(i =0,1,--+,n), g1,12 gisi2= 0,7 = 2,3, -+ ,n, but g1,12 [ [}y(gis11 wiro
+ Gix22 Wim1ym,_, ) # 0. Then
(1) If har(X) # 0, then the SLP (1)~(3) has ezactly (mo+my + - +my+n+2) eigenvalues.

(2) If hat(N) = 0, hy1 (N wo + [Ty hoo(N)wiym, # 0, then the SLP (1)~(3) has ezxactly (mq +
my +mg + -+ +m, + 1) eigenvalues.

(3) If ho1(A) = h11(A) = haa(A) = 0, h1a(X) # 0, then the SLP (1)~(3) has ezactly (mo+my +
ms + -+ +my + 2) eigenvalues.

(4) If none of the above conditions holds, then the SLP (1)~(3) either has k eigenvalues,
ke{l,2,--- ,mog+mqy+---+m,+ 1} oris degenerate.

Proof. The proof is similar to Theorem 3.4.

Theorem 3.6 Let m; € N(’l = 0,1,"' ,Tl), gi,12 = 0, but (g1,11w1,0 +g1,22wm0)g¢,127é O,Z =
2,3,---,n. Then

(1) If ha1(X) # 0, then the SLP (1)~(3) has exactly (mo + my + - - - + m,, + 2n) eigenvalues.

(2) If hoi(A) = 0, hir (N wo + 11y hoo(AN)wiym, # 0, then the SLP (1)~(3) has ezactly (mqg +

my +mg + -+ +m, +2n — 1) eigenvalues.

(3) If ha1(A) = hy1(A) = hoe(A) = 0, h12(X) # 0, then the SLP (1)~(3) has exactly (mo+m +

mo + -+ -+ +m, +n) eigenvalues.

(4) If none of the above conditions holds, then the SLP (1)~(3) either has k eigenvalues,
ke{l,2,--- ,mog+mqy+---+m,+n—1} oris degenerate.

Proof. The proof is similar to Theorem 3.4.

Theorem 3.7 Letm; € N(i =0,1,2,---,n), g1,12= (91,11 W1,0 +91,22 Wiy )Gir12 =0, but (g1,11 W1,0
+ 91,22 wmg)(giall Wi,0 +Gi522 Wi—1ym;_y ) #0,i=2,3,---,n. Then
(1) If ho1(N) # 0, then the SLP (1)~(3) has exactly (mo+my +---+m, +n+1) eigenvalues.
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(2) If ha1(X) = 0, hyqwo + [ 1y hoo(A)w;ym; # 0, then the SLP (1)~(3) has exactly (mg+mq +
mo + -+ -+ my +n) eigenvalues.

(3) If ha1(A) = h11(X) = hao(A) = 0, h1a(X) # 0, then the SLP (1)~(3) has exactly (mo+m +
ms + -+ +my, + 1) eigenvalues.

(4) If none of the above conditions holds, then the SLP (1)~(3) either has k eigenvalues, for
ke{l,2,--- ,mo+mqy+---+m,} oris degenerate.

Proof. The proof is similar to Theorem 3.4.

4 Main Result

Theorem 4.1 Given any v disjoint open sets Ny, N, € C and any =y integers ny(l = 1,2,...,7),
there exists an SLP (1)~(3) with exactly n; + 2 eigenvalues in Nj.

Proof. By constructing the SLP (1)~(3), we assume that (4) and (12)~(14) hold, ¢1,12 gi,12 # 0,
a1 = A = biy = b1y =0, and a;; = )\0/1 — 0,012 = —)\0/2 + g, by = )\51 + B, by = —Aﬁé — .
Let mg+mqi+---+m,+n = 27:0 n;. Then by Lemma 3.3 the characteristic function defined by
Eq.(7),

A(N) = hi1(A)@11(b; A) + h12(N)@12(b; A) + ha1(A)d21(b, A) + haa(A)daz(b, A).

Because the calculation of A(M) is rather tedious, it is omitted here. Then it follows from Rouche’s
theorem that the A(\) has exactly n; + 2 roots in V.

5 A case study

In order to demonstrate the analysis results we have obtained, we consider the following SLP
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with three transmission conditions and spectral parameters in the boundary conditions:

Let n = 2, we choose mg = 1,m; = 1,my = 2,m3 = 2

(—(py) +qy= > wy, teJ=(—6,-3)U(=3,0)U(0,3)U(3,9),
Ay(=6) + (py")(—6) = 0,
3y(9) + (A = D)(py)(9) =0,
—2(py')(—3-) + y(=3+) =0,
§ y(=3=) + (py)(=3+) =0, (24)
— (py')(0=) +y(0+) =0,
2y(0—) + (py)(0+) = 0,
2(py')(3=) + y(3+) =0,
[ —y(3—) + (py)(3+) = 0.

and suppose p,q,w are piecewise

polynomial functions defined as follows:

From the SLP (24

(

3

o= g g o

o=@ g g g g

3

—_

t e (—6,-5),

ey (1. te(—6,—3), (0, te(—6,-5),
,—4), 0, te (=5 —4),
te(—4,-3) 0. tel(=5,-4)
; —3), 1, te(—4,-3),
Le (=3, -2) 1, te(—4,-3),
) ) 3, t e <_37_2)7
17 tE (_37 _2)7
t E <_27 _]—)7 27 t E (—27 —]_)7 07 t E <_27 _1),
te(~1,0), 3, te(-1,0), 1, te(-1,0),
te(0,1), 1, te(0,1), 11, te(0,1),
te(12),  q)=qL te(L.  wn)=q 5 te(l2) (25)
t e (2,3), L, te (273)7 1, te (2,3),
t e (3,4), 0, te(3,4), 0, te(3,4),
te (47 5)7 ]" te (47 5)’ 17 te (47 5)7
t e (5,6), 2, te(5,6), 1, te(5,6),
te(6,7), 0, t€(6.7), 0, te(6,7),
1, te(7,8), 2, te(7,8),
te(7,8), L0, t€(8,9); 0, te(8,9)
‘e (879)’ \ Y, sy J)-
), we have
1 = 0 0
AF(O o>’BA_(3 )\—1>’
0 -2 10 0 -1
Cl—<1 0>’D1_(0 1)’02_(2 0)’
10 0 2 10
D2:<0 1)703:(_1 0)7D3:(0 1)’



and
det(C’l) = det(C’g) = det(C’g) =2>0, det(Dl) = d@t(Dz) = det(Dg) =1>0,

_ 0 2 _ 0 1 _ 0 -2

91,12 = 2 7’é 0, 92,12 = 1 75 0.

We can deduce that the the characteristic function
AN) = —3X% — 2207 +43X° — 15\° — 126" + 138X — 6307 4+ 13\ — 1,
so the SLP (24) has exactly mg + my + mo + mg + n = 8 eigenvalues

A1 = —8.9338, Ay = —1.6971, A3 = 0.2107 — 0.0438z, A\, = 0.2107 + 0.0438z,

A5 = 0.3401 — 0.2543:, Ag = 0.3401 + 0.2543¢, A7 = 1.0979 — 1.1932¢, g = 1.0979 + 1.1932:.

6 Conclusion

By using the construction method of discontinuous function solution, it is concluded that the
the finite spectrum of SLP with n transmission conditions and spectral parameters in the boundary
conditions has at most mg + my + - - - +m, + 2n + 1 eigenvalues. In addition, we show that these
mo +mq + -+ + my, + 2n + 1 eigenvalues can be distributed arbitrarily throughout the complex
plane in the non-self-adjoint case and anywhere along the real line in the self-adjoint case. Finally,
we give a specific example to verify the accuracy of this conclusion.
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