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ABSTRACT. This article is comprised of outcomes on fixed points for almost Matkowski contractions via
locally J -transitive relations. Our outcomes sharpen, unify, enrich and improve many fixed point theorems
of the existing literatures. Several examples are furnished to demonstrate the credibility of our results. By
implementing our outcomes, we ascertain a unique solution for certain boundary value problem.

1. INTRODUCTION

A significant and essential result of metric fixed point theory is classical Banach con-
traction principle (abbreviated as, BCP). In fact, BCP ensures the existence of a unique
fixed point of a contraction in a complete metric space. Additionally, this result provides
an iterative method for calculating the unique fixed point. Throughout the foregoing
century, BCP has been expanded and generalized by numerous authors. A common gen-
eralisation of this finding is to expand the standard contraction to φ-contraction by means
of a proper auxiliary function φ : [0,∞) → [0,∞). A variety of generalisations has been
developed through effectively modifying φ, resulting in a huge number of articles on this
topic. Matkowski [1] invented a new class of φ-contraction, that incorporated the concept
of comparison functions which has been further studied in [2, 3] besides several others.

Alam and Imdad [4] investigated an innovative variation of BCP in relational metric
space. Nowadays, multiple findings regarding fixed points are proven in relational met-
ric spaces through the use of various contractivity conditions, e.g., ([5]-[20]). In these
outcomes, the contraction condition requires to be satisfied with regard to the elements
that are linked through underlying relation. Due to this fact, relation-theoretic contrac-
tions continue to be marginally weaker than ordinary contractions.

The paper aims to establish the fixed point results pursuant to almost φ-contractions
employing a comparison function in the setup of metric space concerning locally J -
transitive. To exhibit utility of our outcomes, we provided two illustrative examples. Our
findings are implemented to ascertain the unique solution of a BVP (i.e., boundary value
problems).

2. PRELIMINARIES

From now on, N, N0 and R will symbolise, respectively, the set of: positive integers,
nonnegative integers and real numbers. Also, F (J ) will denote the set of fixed points of
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mapping J . Any subset of U2 is called a binary relation (or simply, a relation) on the set
U. In this instance, U represents a set, σ denotes a metric on U, Λ continues to be a relation
on U, and J : U → U represents a function. Λ induces a new relation Λ−1 := {(p, q) ∈ U2 :
(q, p) ∈ Λ}, which is named as the transpose of Λ. The relation Λs := Λ ∪ Λ−1 constitutes
symmetric closure of Λ. For a subset E ⊆ U, a relation Λ|E := Λ ∩ E2 constitutes the
restriction of Λ on E.

Definition 2.1. [4] A pair p, q ∈ U constitutes Λ-comparative if (p, q) ∈ Λ or (q, p) ∈ Λ.
Usually, it is denoted by [p, q] ∈ Λ.

Remark 2.1. [4] (p, q) ∈ Λs ⇐⇒ [p, q] ∈ Λ.

Definition 2.2. [4] A sequence {un} ⊂ U verifying (un, un+1) ∈ Λ, ∀ n ∈ N, is called Λ-
preserving.

Definition 2.3. [4] We speak of Λ as J -closed if

p, q ∈ U; (p, q) ∈ Λ =⇒ (J p,J q) ∈ Λ.

Definition 2.4. [5] (U, σ) is known as Λ-complete if any Λ-preserving Cauchy sequence in U
converges.

Definition 2.5. [5] J is referred as Λ-continuous at w ∈ U if for any Λ-preserving sequence
{un} ⊂ U with un

σ−→ w,

J (un)
σ−→ J (w).

Further, any Λ-continuous function at every point of Λ constitutes Λ-continuous.

Definition 2.6. [4] Λ constitutes σ-self-closed if each Λ-preserving convergent sequence in U
admits a subsequence, whose each term is Λ-comparative with the limit.

Definition 2.7. [21] We speak of a subset V ⊆ U as Λ-directed if for any p, q ∈ V, ∃ z ∈ U with
(p, z) ∈ Λ and (q, z) ∈ Λ.

Definition 2.8. [6] Λ is referred as locally J -transitive if for each Λ-preserving sequence {un} ⊂
J (U) (with range E = {un : n ∈ N}), Λ|E is transitive.

Definition 2.9. [22] A function φ : [0,∞) → [0,∞) is called a comparison function if

(i) φ is increasing and
(ii) lim

n→∞
φn(t) = 0, ∀ t > 0.

We’ll symbolize the family of comparison functions by Fcom.

Proposition 2.1. [22] Every φ ∈ Fcom verifies that φ(t) < t, ∀ t > 0 and φ(0) = 0.

Proposition 2.2. [6] J -closedness implies J n-closedness, for each n ∈ N0.

The following fact can be proposed taking advantage of symmetry of metric σ.

Proposition 2.3. For any φ ∈ Fcom and a nonnegative real number L, the following predictions
are equivalent:

(I) σ(J u,J v) ≤ φ(σ(u, v)) + Lmin{σ(u,J v), σ(v,J u)}, ∀ u, v ∈ U with (u, v) ∈ Λ,
(II) σ(J u,J v) ≤ φ(σ(u, v)) + Lmin{σ(u,J v), σ(v,J u)}, ∀ u, v ∈ U with [u, v] ∈ Λ.
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3. MAIN RESULTS

The existence of fixed point for an almost Matkowski contraction mapping in relational
metric space is assured by the following result.

Theorem 3.1. Assuming (U, σ) serves as metric space, Λ as a relation on U while J : U → U
as a mapping. Also,

(i) (U, σ) is Λ-complete,
(ii) ∃ u0 ∈ U satisfying (u0,J u0) ∈ Λ,

(iii) Λ remains locally J -transitive and J -closed,
(iv) U is Λ-continuous, or Λ continues σ-self-closed,
(v) ∃ φ ∈ Fcom and a nonnegative real number L verifying

σ(J u,J v) ≤ φ(σ(u, v)) + Lmin{σ(u,J v), σ(v,J u)}, ∀ (u, v) ∈ Λ.

Then, J owns a fixed point.

Proof. Starting from u0 ∈ U, one can define a sequence {un} ⊂ U verifying

(3.1) un := J n(u0) = J (un−1), ∀ n ∈ N.

By J -closedness of Λ and Proposition 2.2, we find

(J nu0,J n+1u0) ∈ Λ,

so that

(3.2) (un, un+1) ∈ Λ, ∀ n ∈ N0.

It follows that {un} remains Λ-preserving sequence.
Define σn := σ(un, un+1). If σn0

= σ(un0
, un0+1) = 0 for some n0 ∈ N0, then by (3.1),

one finds J (un0
) = un0

. Thus, un0
serves as a fixed point of J and hence the task is

accomplished.
When σn > 0, ∀ n ∈ N0, one uses (v), (3.1) and (3.2) to get

σn = σ(un, un+1) = σ(J un−1,J un)

≤ φ(σ(un−1, un)) + Lmin{σ(un,J un−1), σ(un−1,J un)}

which again employing (3.1) becomes

σn ≤ φ(σn−1), ∀ n ∈ N0.(3.3)

Using monotonicity of φ in (3.3), we have

σn ≤ φ(σn−1) ≤ φ2(σn−2) ≤ · · · ≤ φn(σ0)

so that

σn ≤ φn(σ0), ∀ n ∈ N.(3.4)

Letting n → ∞ in (3.4) and employing property (ii) of φ, we find

lim
n→∞

σn = 0.(3.5)

Choose ε > 0. Then owing to (3.5), we can find n ∈ N0 allow for

σn < ε− φ(ε).(3.6)
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Now, we seek to verify that {un} is Cauchy. Implementing monotonicity of φ, (3.3) and
(3.6), we find

σ(un, un+2) ≤ σ(un, un+1) + σ(un+1, un+2) = σn + σn+1

≤ σn + φ(σn)

< ε− φ(ε) + φ[ε− φ(ε)] ≤ ε− φ(ε) + φ(ε)

= ε.

Implementing monotonicity of φ, locally J -transitivity of Λ, prediction (v), (3.1) and (3.6),
we find

σ(un, un+3) ≤ σ(un, un+1) + σ(un+1, un+3)

= σn + σ(J un,J un+2)

< ε− φ(ε) + φ(σ(un, un+2))

≤ ε− φ(ε) + φ(ε)

= ε.

By easy induction, one finds

σ(un, un+p) < ε, ∀ p ∈ N.

It turns out that {un} continues to be Cauchy and Λ-preserving. Accordingly by virtue of
Λ-completeness of U ∃ w ∈ U, confirming un

σ−→ w.
Finally, we will use prediction (iv) to prove that w ∈ F (J ). Assuming that J is Λ-

continuous. Because of Λ-preserving property of {un}, un
σ−→ w and Λ-continuity of

J , we conclude that un+1 = J (un)
σ−→ J (w). Due to limit’s uniqueness property, one

obtains J (w) = w. Considering that Λ is σ-self-closed. Then ∃ a subsequence {unk
} of

{un} satisfying [unk
, w] ∈ Λ, ∀ k ∈ N. By utilizing (v), Proposition 2.3 and [unk

, w] ∈ Λ,
one obtains

σ(unk+1,Jw) = σ(J unk
,Jw)

≤ φ(σ(unk
, w)) + Lmin{σ(w,J ϑnk

), σ(ϑnk
,Jw)}

= φ(σ(unk
, w)) + Lmin{σ(w, unk+1), σ(ϑnk

,Jw)}.

Using Proposition 2.1 (whether σ(unk
, w) is zero or non-zero) and unk

σ−→ w, one gets

σ(unk+1,Jw) → 0 as k → ∞

yielding thereby unk+1
σ−→ J (w). Due to limit’s uniqueness property, one gets J (w) = w.

Therefore, w ∈ F (J ) in both scenarios. □

The following findings on uniqueness of fixed point is obtained by modifying the al-
most contractivity condition together with two additional hypotheses.

Theorem 3.2. As a supplement to the presumptions (i)-(iv) of Theorem 3.1, if the following cir-
cumstances are met:

(vi) ∃ φ0 ∈ Fcom and a nonnegative real number L0 verifying

σ(J u,J v) ≤ φ0(σ(u, v)) + L0 min{σ(u,J u), σ(v,J v)} ∀ (u, v) ∈ Λ

(vii) J (U) is Λ-directed,
then J possesses a unique fixed point.
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Proof. Using the techniques similar to Theorem 3.1, one can conclude that F (J ) ̸= ∅. Take
u, v ∈ F (J ), i.e.,

(3.7) J (u) = u and J (v) = v.

As u, v ∈ J (U), by hypothesis (vii), ∃ z ∈ U with

(3.8) (u, z) ∈ Λ and (v, z) ∈ Λ.

Denote µn := σ(u,J nz). Using (3.7), (3.8) and assumption (vi), one obtains

µn = σ(u,J nz) = σ(J u,J (J n−1z)) ≤ φ0(σ(u,J n−1z)) + L0 min{σ(u,J u), σ(v,J v)} = φ0(µn−1)

so that

(3.9) µn ≤ φ0(µn−1).

Using monotonicity of φ0 in (3.9), we get

µn ≤ φ0(µn−1) ≤ φ2
0(µn−2) ≤ · · · ≤ φn

0 (µ0)

so that

µn ≤ φn
0 (µ0).(3.10)

If µ0 = 0, then by Proposition 2.1, one gets µn = 0 yielding thereby lim
n→∞

µn = 0. Other-
wise, in case µ0 > 0, using the limit in (3.10) and the property of φ0, one gets

lim
n→∞

µn ≤ lim
n→∞

φn
0 (µ0) = 0.

Thus in each case, one has

(3.11) lim
n→∞

σ(u,J nz) = 0.

Similarly, one can find

(3.12) lim
n→∞

σ(v,J nz) = 0.

By using (3.11) and (3.12), one finds

σ(u, v) = σ(u,J nz) + σ(J nz, v) → 0 as n → ∞
that is, u = v. Therefore, J possesses a unique fixed point. □

4. ILLUSTRATIVE EXAMPLES

With the objective of exhibiting Theorems 3.1 and 3.2, the next few examples are uti-
lized.

Example 4.1. Consider U = [0, 1]∪[4, 5] with Euclidean metric σ(u, v) = |u−v|. On U, consider
a relation Λ := {(u, v) ∈ U2 : u ≥ v}. Then, (U, σ) being complete serves as Λ-complete. Let
J : U → U be a mapping defined by

J (u) =

{
0, if u = 1

1/9, otherwise.

Obviously, Λ is J -closed and J is Λ-continuous. Let φ(t) = t/9. Then φ ∈ Fcom. Now, for any
L ≥ 1/7 and ∀ u, v ∈ U verifying (u, v) ∈ Λ, one gets

σ(J u,J v) ≤ φ(σ(u, v)) + Lmin{σ(u,J v), σ(v,J u)}.
Therefore, the respective premises of Theorem 3.1. Moreover, all the premises of Theorem 3.2 hold.
Consequently, J owns a unique fixed point: w = 1/9.
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Example 4.2. Consider U = [0, 4] with Euclidean metric σ(u, v) = |u − v|. On U, define a
relation Λ = (0, 4] × (0, 4]. Clearly, the metric space (U, σ) being complete is Λ-complete. Let
J : U → U be a mapping defined by

J (u) =

{
1, if 0 ≤ u < 3

4, if 3 ≤ u ≤ 4.

Then, Λ is J -closed. Also, J is Λ-continuous. Also, J satisfies the contractivity condition (v) for
an arbitrary φ ∈ Fcom and for an arbitrary L ≥ 0. Hence, by Theorem 3.1, F (J ) ̸= ∅. Indeed,
here J admits two fixed points, namely: w = 1 and w = 4.

The set J (U) = {1, 4} is not Λ-directed. Thus, this example does not allow for the practical
use of Theorem 3.2, which guarantees the uniqueness of fixed point.

5. APPLICATIONS

Over the course of this section, the existence and uniqueness of the solution of the
following BVP will be addressed.

(5.13)

{
ς ′(δ) = Υ(δ, ς(δ)), δ ∈ [0, a]

ς(0) = ς(a)

where the function Υ : [0, a]×R → R remains continuous. In the sequel, C[0, a] and C′[0, a]
respectively, refer to denote the class of: real valued continuous functions on the interval
[0, a] and real valued differentiable continuous functions on [0, a]. Recall that a function
ς̃ ∈ C′[0, a] constitutes a lower solution of (5.13) (c.f. [23]) if{

ς̃ ′(δ) ≤ Υ(δ, ς̃(δ)), δ ∈ [0, a]

ς̃(0) ≤ ς̃(a).

Now, we present the existence cum uniqueness theorems in order to deliver a solution
for Problem (5.13).

Theorem 5.3. Along with the Problem (5.13), if ∃ λ > 0 and ∃ φ ∈ Fcom satisfying for p ≤ q
(p, q ∈ R) that

(5.14) 0 ≤ [Υ(δ, q) + λq]− [Υ(δ, p) + λp] ≤ λφ(q − p),

then the existence of a lower solution of Problem (5.13) ensures the existence of the unique solution
of the problem.

Proof. A version of problem (5.13) is

(5.15)

{
ς ′(δ) + λς(δ) = Υ(δ, ς(δ)) + λς(δ), ∀ δ ∈ [0, a]

ς(0) = ς(a).

Evidently (5.15) equates to the following integral equation:

(5.16) ς(δ) =

∫ a

0

G(δ, ξ)[Υ(ξ, ς(ξ)) + λς(ξ)]dξ

where G(δ, ξ) remains Green function given by

G(δ, ξ) =

{
eλ(a+ξ−δ)

eλa−1
, 0 ≤ ξ < δ ≤ a

eλ(ξ−δ)

eλa−1
, 0 ≤ δ < ξ ≤ a.
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Set U := C[0, a]. Introduce a function J : U → U by

(5.17) (J ς)(δ) =

∫ a

0

G(δ, ξ)[Υ(ξ, ς(ξ)) + λς(ξ)]dξ, ∀ δ ∈ [0, a].

On U, define a metric σ by

(5.18) σ(ς, ω) = sup
δ∈[0,a]

|ς(δ)− ω(δ)|, ∀ ς, ω ∈ U.

On U, define a relation Λ by

(5.19) Λ = {(ς, ω) ∈ U× U : ς(δ) ≤ ω(δ), ∀ δ ∈ [0, a]}.

It is now necessary to examine all the conditions of Theorem 3.2.
(i) Clearly, (U, σ) is Λ-complete metric space.
(ii) If ς̃ ∈ C′[0, a] remains a lower solution of (5.13), then we have

ς̃ ′(δ) + λς̃(δ) ≤ Υ(δ, ς̃(δ)) + λς̃(δ), ∀ δ ∈ [0, a].

Taking the multiplication with eks, one gets

(ς̃(δ)ekδ)′ ≤ [Υ(δ, ς̃(δ)) + λς̃(δ)]eks, ∀ δ ∈ [0, a]

implying thereby

(5.20) ς̃(δ)ekδ ≤ ς̃(0) +

∫ δ

0

[Υ(ξ, ς̃(ξ)) + λς̃(ξ)]eλξdξ, ∀ δ ∈ [0, a].

Owing to ς̃(0) ≤ ς̃(a), one gets

ς̃(0)eλa ≤ ς̃(a)eλa ≤ ς̃(0) +

∫ a

0

[Υ(ξ, ς̃(ξ)) + λς̃(ξ)]eλξdξ

so that

(5.21) ς̃(0) ≤
∫ a

0

eλξ

eλa − 1
[Υ(ξ, ς̃(ξ)) + λς̃(ξ)]dξ.

By (5.20) and (5.21), one finds

ς̃(δ)ekδ ≤
∫ a

0

eλξ

eλa − 1
[Υ(ξ, ς̃(ξ)) + λς̃(ξ)]dξ +

∫ δ

0

eλξ[Υ(ξ, ς̃(ξ)) + λς̃(ξ)]dξ

=

∫ δ

0

eλ(a+ξ)

eλa − 1
[Υ(ξ, ς̃(ξ)) + λς̃(ξ)]dξ +

∫ a

δ

eλξ

eλa − 1
[Υ(ξ, ς̃(ξ)) + λς̃(ξ)]dξ

so that

ς̃(δ) ≤
∫ δ

0

eλ(a+ξ−δ)

eλa − 1
[Υ(ξ, ς̃(ξ)) + λς̃(ξ)]dξ +

∫ a

δ

eλ(ξ−δ)

eλa − 1
[Υ(ξ, ς̃(ξ)) + λς̃(ξ)]dξ

=

∫ a

0

G(δ, ξ)[Υ(ξ, ς̃(ξ)) + λς̃(ξ)]dξ

= (J ς̃)(δ), ∀ δ ∈ [0, a]

which implies that (ς̃ ,J ς̃) ∈ Λ.
(iii) Take ς, ω ∈ U with (ς, ω) ∈ Λ. By (5.14), one gets

(5.22) Υ(δ, ς(δ)) + λς(δ) ≤ Υ(δ, ω(δ)) + λω(δ), ∀ δ ∈ [0, a].
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Using (5.17), (5.22) and the fact that G(δ, ξ) > 0, ∀ δ, ξ ∈ [0, a], we find

(J ς)(δ) =

∫ a

0

G(δ, ξ)[Υ(ξ, ς(ξ)) + λς(ξ)]dξ

≤
∫ a

0

G(δ, ξ)[Υ(ξ, ω(ξ)) + λω(ξ)]dξ

= (Jω)(δ), ∀ δ ∈ [0, a],

which on using (5.19) implies that (J ς,Jω) ∈ Λ and hence Λ is J -closed.
(iv) If {ςn} ⊂ U remains Λ-preserving sequence converging to ς ∈ U, then conver-

gence theory in R yields that ςn(δ) ≤ ς(δ), ∀ n ∈ N and ∀ δ ∈ [0, a]. Making use of (5.19),
one concludes that (ςn, ς) ∈ Λ, ∀ n ∈ N. Therefore, Λ is σ-self-closed.

(v) and (vi) Take ς, ω ∈ U verifying (ς, ω) ∈ Λ. Then by (5.14), (5.17) and (5.18), one
has

σ(J ς,Jω) = sup
δ∈[0,a]

|(J ς)(δ)− (Jω)(δ)| = sup
δ∈[0,a]

(
(Jω)(δ)− (J ς)(δ)

)
≤ sup

δ∈[0,a]

∫ a

0

G(δ, ξ)[Υ(ξ, ω(ξ)) + λω(ξ)−Υ(ξ, ς(ξ))− λς(ξ)]dξ

≤ sup
δ∈[0,a]

∫ a

0

G(δ, ξ)λφ(ω(ξ)− ς(ξ))dξ.(5.23)

Now, 0 ≤ ω(ξ)−ς(ξ) ≤ σ(ς, ω). Employing the monotonic property of φ, one gets φ(ω(ξ)−
ς(ξ)) ≤ φ(σ(ς, ω)). It turns out, (5.23) converts to

σ(J ς,Jω) ≤ λφ(σ(ς, ω)) sup
δ∈[0,a]

∫ a

0

G(δ, ξ)dξ

= λφ(σ(ς, ω)) sup
δ∈[0,a]

1

eλa − 1

[
1

λ
eλ(a+ξ−δ)

∣∣∣δ
0
+

1

λ
eλ(ξ−δ)

∣∣∣a
δ

]
= λφ(σ(ς, ω))

1

λ(eλa − 1)
(eλa − 1)

= φ(σ(ς, ω))

so that

σ(J ς,Jω) ≤ φ(σ(ς, ω)) + Lmin{σ(ς,Jω), σ(ω,J ς)}, ∀ ς, ω ∈ U satisfying (ς, ω) ∈ Λ

and

σ(J ς,Jω) ≤ φ(σ(ς, ω)) + L0 min{σ(ς,J ς), σ(ω,Jω)}, ∀ ς, ω ∈ U satisfying (ς, ω) ∈ Λ.

where L ≥ 0 and L0 ≥ 0 are arbitrary.
(vii) Let J (u),J (v) ∈ J (U) (whereas u, v ∈ U) be arbitrary. Write ω := max{J u,J v}.

Then we have (J u, ω) ∈ Λ and (J v, ω) ∈ Λ. Hence, J (U) is Λ-directed.
Therefore, by Theorem 3.2, J has a unique fixed point, which equivalently, forms the

unique solution of Problem (5.13).
□

6. CONCLUSIONS

The present article described the metrical fixed point results by means of a locally
finitely J -transitive relation over φ-contraction via a comparison function. It should be
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emphasized that Theorems 3.1 and 3.2 extended, enriched, improved, unified and modi-
fied a number of prior results in the following ways:

• By putting L = 0 in Theorem 3.2, one gets the results of Arif et al. [?].
• In particular for Λ =⪯ and L = 0, our results reduces to the results of Agarwal et

al. [2].
• By adopting φ(t) = ct and 0 ≤ c < 1, the results of Khan [12] can be inferred.

Take note that the locally J -transitivity on the underlying relation is not required
in this case.

• On setting, φ(t) = ct, 0 ≤ c < 1 and L = 0, one deduces the results of Alam and
Imdad [4]. Note that, herein the requirement of locally J -transitivity on underly-
ing relation is relaxed.

• Under universal relation Λ = U2, we get corresponding metrical fixed point theo-
rems under almost φ-contractions.

• Under universal relation Λ = U2 and for L = 0, Theorem 3.2 reduces to classical
Matkowski fixed point Theorem [1].

For future works, some variants of Theorems 3.1 and 3.2 can be proved for almost
Boyd-Wong contractions. Our findings can be extended to a couple of self-maps by inves-
tigating coincidence point results. An application of our results is given to certain BVP.
Further applications of these findings include integral equations and matrix equations in-
volving certain boundary conditions.
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