A PARALLEL TSENG’S SPLITTING METHOD FOR COMMON SOLUTION OF
VARIATIONAL INCLUSIONS AND FIXED POINT PROBLEMS ON HADAMARD
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ABSTRACT. In this manuscript, we propose an inertial forward-backward-forward splitting method for common
solution of variational inclusions and fixed point problems of nonexpansive mappings in the framework of a
Hadamard manifold. Using our iterative method together with a self-adaptive method which generates dynamic
step-size converging to a positive constant, we establish that the sequence generated by our method converges to
a common solution of variational inclusions and fixed point problems. Also, we illustrate a numerical example to
show the performance of our method. The result discuss in this article extends and complements many related
results in the literature.

1. INTRODUCTION

The theory of variational inclusion problems are known to be used as mathematical programming models to study
a large number of optimization problem arising in finance, economics, network, transportation and engineering
sciences (see [11, 13, 15, 18, 30] and the references therein). In real world application, many nonlinear problems
arising in applied areas are mathematically modeled as a nonlinear operator equation and this operator is
decomposed as the sum of two nonlinear operators.

Let H be a real Hilbert space, ¥ : H — H be an operator and ¢ : H — 27 be a multi-valued operator. The
variational inclusion problem (in short, VIP) is to find u* € H such that

0€ (¥+p)(u). (1.1)
If ¥ = 0, then the problem (1.1) becomes the inclusion problem introduced by Rockafellar [27]. One of the most
important method for solving problem (1.1) goes back to the work of Browder [8]. In the framework of real

Hilbert space H, one of the basic ideas in case is reducing the VIP (1.1) to a fixed point problem of the operator
Jy defined by Jy = (I + ¥)~! which is known as the classical resolvent of W. If ¥ has some monotonicity
properties, the classical resolvent of ¥ is with full domain and firmly nonexpansive. This is also applicable to
nonlinear spaces (Hadamard space and manifolds, to be precise). Methods for approximating zero points of
monotone operators in the framework of real Hilbert spaces and based on good properties of the resolvent J,
but these properties are not available in the framework of Banach spaces.

The proximal point algorithm (in short, PPA) introduced by Lions and Mercier [18] has been extensively used
to approximate the solution of VIP (1.1). Owing to fixed point formulation, Lions and Mercier [18] introduced
the following PPA as follows: let wg € H be an initial point and

Wyl = Jf(wk — AU (wg)), VkeN, (1.2)

where A > 0. Several other methods have been employed to approximate solution of the problem VIP (1.1)
including the Tseng method and the forward-backward splitting method. A well-known modified backward
algorithm is the Tseng’s splitting algorithm [31]. In 2018, Gibali and Tseng [16] introduced the following
forward-backward-forward splitting algorithm as follows:

Algorithm 1.1. Mann Tseng type algorithm (MTTA)
Initialization: Given {8*},{6*} C (0,1), A € (0,1) and v* > 0. Let u; € H and set k=1

Tterative steps: Construct {uy} by using the following steps:
step 1: Compute
TR = J;'ok (I — %)y,
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If up, = 1y, then stop and 7y is a solution of VIP (1.1). Otherwise
step 2: Compute
tk =Tk — ’yk(\Ika — \Iluk)
and

Ukt1 = (1 — ,Bk — 5k)uk + (Sktk

Rl _ min{/\lqllzz_grnk, 7’“} if Uuy # Ury,

vk otherwise.

v

Replace k by k + 1 and then go to step 1.

Weak convergence of the above algorithm was established under Lipschitz continuity and monotonicity of the
operator W.

We observed that in the above method, single variational inclusion problem was considered. In many real-world
problems, it is important to find a solution to problems that satisfies multiple constraints as such problems can
be applied in machine maintenance, system reliability in military systems and all engineering system designs
(see [17] and the references there in). These constraints can be reformulated using a nonlinear functional model,
and thus be utilized to solve real-world problems such as signal recovery and image processing problems with
various blurred filters, (see [28, 29] and the references confirmed in).

We now define the common variational inclusion problem, which is to find a point u* € H such that

0€ (¥ + @j)u”, (1.3)

where ¥, : H — H are single-valued mappings and ¢; : H — 2" and multi-valued mappings for all j =
1,2,--- ) N.

Many authors have introduced several iterative methods for solving VIP (1.3). For instance, recently Suparatula-
torn et al. [29] proposed a parallel Tseng’s splitting method for solving VIP (1.3) under the Lipschitz continuity
and monotonicity of ¥;, and maximal monotonicity of ¢; for all j € N. They established a strong convergence
theorem of their proposed method under suitable assumptions and illustrate the applicability of the new method
to signal recovering problem arising in compressed sensing.

Very recently, Mouktonglang et al. [23] proposed the following method to solve VIP (1.3) and common fixed
point problem in a real Hilbert space as follows:

Initialization: Given \; € (0,1) and 'y{ > 0 for all j € N. Select arbitrary element vg,v; € H and set k := 1.
Iterative step: Construct {vs} by using the following steps :

step 1: set
sk = Uk + O (v — vp—1)
and compute
k=T (1= 9;)sk.
step 2: Compute, for all j € N

te =1 = M (Wr — ssk)
and

ui = aiti +(1- a{c)Sjt{

step 3: Compute
Vg1 = argmax{|ul — si| : j € N} (1.4)

and update, for all j € N,

min @b llse—rill j+ j if Uis #W*Tj
15—,y | Tk T Pk ok Ik

k

'Yiﬂ = , (1.5)
Y. + D, otherwise.
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Replace k by k + 1 and then repeat step 1 .

where W; : H — H is L; Lipschitz continuous and monotone mapping, ¢; : H — 2" is a maximal monotone

operator, S; : H — H is p;-demicontractive mapping such that I —S; is demiclosed at 0, {p}.} C [0,00),{q]} C
o0 .

[1,00) such that > pr < oo and klim qr = 1 with {6} C [0,0),{a7.} C (u;,a;) C (0,1), for some 6,a; > 0.
k=1 — 00

They established a weak convergence theorem by using their proposed method.

Let A be a nonempty closed geodisic convex subset of a Hadamard manifold M, T, M be the tangent space of M

of x € M and TM in the tangent bundle of M. The common variational inclusion problem is to find an element

u* € A such that

0e (v, +¢j)u*, forall j=1,2--- N. (1.6)

If j = 1, then problem (1.6) reduces to the variational inclusion problem which is to find a point u* € A such
that

0e€ (¥ +pu”, (1.7)

where ¥ : A — TM is a single-valued vector field, ¢ : A — 2™ is a multivalued vector field and 0 denotes the
zero sector of TM.

Remark 1.2. If ¥ =0 in (1.7), then (1.7) reduces to monotone inclusion problem (In short, MIP) which is to
find:

x € A such that 0 € pu* (1.8)

In 2021, Chaipunya et al. [9] introduced the following iterative algorithm for solving (1.7) in the setting of
Hadamard manifold as follows: Choose zg € A, and define {w*} and {u*} in the following manner:

{wk — JE (exp, (AP (b)),

w1 (1.9)

= exp,r (1 — %) exp;,c1 wh,
for all & € N, where A is a nonempty, closed and geodesic convex subset of a Hadamard manifold M, ¥ is
an a-inverse strongly monotone vector field, where & > 0 and ¢ is a maximal monotone vector field with
(U + )~1(0) # (). They proved that {u*} converges to a solution of (1.7) under the following condition:

(i) 0<y' <" <4*<1, keN
(i) 0 < A< A <2a < o0, k€N,
Very recently, Khammahawong et al. [20] Introduced two Tseng’s methods for finding a singularity point of

an inclusion problem defined by means of sum of a single-valued vector field and multi-valued vector field on a
Hadamard manifold. One of the method employed is defined as follows:

Algorithm 1.3. Initialization: Choose 7° > 0 and \ € (0,1). Let o € M be an initial point

Iterative steps: Given xz* € A, calculate x**1 by
step 1: Compute w”* such that

1
0Ly o6 + U(zk) + p(w) - - exp;,l z*, (1.10)
T

If w* = ¥, then stop and x* is a solution of problem (1.7). Otherwise
step 2: Compute

CU’H_I = €XPyk (Tk(rwk,xkq,(xk) - \Ij(wk)))7 (111)

and

W, T g

. Ad wk,wk .
k+1 _ mm{ I \(Il(;ck)—)\I/(wk)”’Tk} if T o W(2) — T(wh)]| #0,

T (1.12)

Tk otherwise.

Set k =:k+ 1 and return to step 1.
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They established that the sequence generated by Algorithm 1.3 converges to the solution of (1.7).

Iterative algorithms with inertial extrapolations have been of interest due to fast convergence rate brought about
by the addition of inertial extrapolation terms. Note that the inertia is a induced by the term 6% (2% — 2*~1) and
it can be seen as a process of accelerating the rate of convergence (see [0, 25]). Recently, Alvarez and Attouch
[3] employed the heavy ball method which was studied in [25] for maximal monotone operator by the proximal
point algorithm and it is defined as follows:

{yk =2k 4 ek(xk . xk—l)

2 = (4 rh )Ly, k> 1. (1.13)

It was established that if {r*} is non-decreasing and {6*} C [0, 1) with
ZQkak — "% < oo, (1.14)
k=1

then algorithm (1.13) converges weakly to a zero of ¢. It is remarkable that the inertial methodology greatly
improves the performance of the algorithm and has a nice convergence properties(see [3, 5, 16] and the references
there in).

Motivated by the works of Gibali and Thong [16], Suparatulatorn et al. [29], Mouktonglang et al. [23], Chaipunya
et al. [9], Khammahawong et al. [20] and some other related results in literature, we propose an inertial forward-
backward-forward splitting method for approximating a common solution of variational inclusions and fixed
point problems in the setting of Hadamard manifolds. Under suitable condition, we prove that the sequence
generated by our method converges to a solution of common variation inclusion problem. Also, we employ a self-
adoptive procedure which generates dynamic step-size converging to a positive constant. A numerical example
was displayed to show the performance of our iterative method. The result discussed in this article extends and
generalizes many related results in literature.

2. PRELIMINARIES

Let M be an m-dimensional manifold. For x € M, let T, M be the tangent space of M at z € M. We denote
by TM = |J, ey T=M the tangent bundle of M. An inner product R(:,-) is called a Riemannian metric on M if
(y Ve : T:MxT,M — R is an inner product for all z € M. The corresponding norm induced by the inner product
R (-, ) on T,M is denoted by || - || We will drop the subscript  and adopt || - || for the corresponding norm
induced by the inner product. A differentiable manifold M endowed with a Riemannian metric R(,-) is called
a Riemannian manifold. In what follows, we denote the Riemannian metric R(:,) by (-,-) when no confusion
arises. Given a piecewise smooth curve 7 : [a,b] — M joining z to y (that is, v(a) = x and v(b) = y), we define
the length I(y) of v by I(7) := f; |I7/(t)||dt. The Riemannian distance d(z,y) is the minimal length over the set
of all such curves joining x to y. The metric topology induced by d coincides with the original topology on ML
We denote by V the Levi-Civita connection associated with the Riemannian metric [26].

Let v be a smooth curve in M. A vector field X along v is said to be parallel if V., X = 0, where 0 is the
zero tangent vector. If 4/ itself is parallel along v, then we say that v is a geodesic and ||/|| is a constant. If
[I¥/]l = 1, then the geodesic v is said to be normalized. A geodesic joining = to y in M is called a minimizing
geodesic if its length equals d(z,y). A Riemannian manifold M equipped with a Riemannian distance d is a
metric space (M, d). A Riemannian manifold M is said to be complete if for all x € M, all geodesics emanating
from x are defined for all ¢ € R. The Hopf-Rinow theorem [20], posits that if M is complete, then any pair of
points in M can be joined by a minimizing geodesic. Moreover, if (M, d) is a complete metric space, then every
bounded and closed subset of M is compact. If M is a complete Riemannian manifold, then the exponential map
exp, : T;M — M at x € M is defined by

exp, v := v, (l,z) Vv e T,M,

where v, (-, z) is the geodesic starting from z with velocity v (that is, v,(0,2) = z and 7, (0,z) = v). Then,
for any ¢, we have exp, tv = 7,(t,z) and exp, 0 = 7,(0,2) = x. Note that the mapping exp, is differentiable
on T,M for every z € M. The exponential map exp, has an inverse exp, ! : M — T,M. For any x,y € M, we
have d(z,y) = ||exp, ' z| = [|exp,; ' y|| (see [26] for more details). The parallel transport I's () 1(a) : Ty(ayM —
T, »M on the tangent bundle TM along v : [a,b] — R with respect to V is defined by

Ly @) @v = F(y(0), ¥ a,b € R and v € Ty )M,
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where F is the unique vector field such that Vv = 0 for all ¢ € [a,b] and F(y(a)) = v. If v is a minimizing
geodesic joining x to y, then we write I'y, , instead of I, , . Note that for every a,b,7, s € R, we have
—1
L)) © Ty ata) = Ty ate) and T gy oy = Day(a) v)-

Also, T'y(p),~(a) is an isometry from T, )M to T, )M, that is, the parallel transport preserves the inner product
(Cad)v(@) (), Ty ) 1(a) (V) 0y = (V) 5(a), ¥ 1,0 € Ty ) ML (2.1)

A subset K C M is said to be convex if for any two points x,y € K, the geodesic v joining x to y is contained
in K. That is, if v : [a,b] — M is a geodesic such that © = vy(a) and y = (b), then v((1 — t)a + tb) € K for
all t € [0,1]. A complete simply connected Riemannian manifold of non-positive sectional curvature is called an
Hadamard manifold. We denote by M a finite dimensional Hadamard manifold. Henceforth, unless otherwise
stated, we represent by KC a nonempty, closed and convex subset of M.

Next, let H(K) denote the set of all single-valued vector fields U : K — TM such that U(p) € T,M, for
each p € K. Let X(K) denote to the set of all multivalued vector fields V' : K — 27 such that V(p) C T,M for
each p € K, and the denote Dom(V') the domain of V defined by Dom (V) = {p € K : V(p) # 0}.

We state some results and definitions which are needed in the next section.

Definition 2.1. [32] A vector field U € H(K) is said to be
(i) monotone, if
(U(p),exp, ' q) < (U(q),—exp, ' p), V p,q € K,
(ii) L-Lipschitz continuous if there exists L > 0 such that
ITp4U(q) = Up)ll < Ld(p,q), ¥ p,q € K.
Definition 2.2. [10] A vector field V € X(K) is said to be

(i) monotone, if for all p,q € Dom(V)
(u, exp;1 q) < (v, —exp;1p>, VueV(p)and Vv e V(g),
(ii) maximal monotone if it is monotone and V p € K and u € T, M, the condition
<u,exp;1 q) < (v,— expfp>7 YV g € Dom(V) and V v € V(q) implies that u € V(p).

Definition 2.3. [14] Let K be a nonempty, closed and subset of M and {x,} be a sequence in M. Then {z,}
is said to be Fejer convergent with respect to K if for all p € L and n € N,

d((En+1,p) < d(mnvp)'

Definition 2.4. [21] Let V € X(K) be a vector field and xzy € K. Then V is said to be upper Kuratowki
semicontinuous at xq if for any sequences {z,} C K and {v,} € TM with each v, € V(z,), the relations

lim v, = vy imply that vy € V(xg). Moreover, V is said to be upper Kuratowski semicontinuous on K if it is
n—oo

upper Kuratowski semicontinuous for each z € K.

Proposition 2.5. [20]. Let x € M. The exponential mapping exp, : T,M — M is a diffeomorphism. For any
two points x,y € M, there exists a unique normalized geodesic joining x to y, which is given by

y(t) = exp, texp, ty ¥ t € [0,1].

A geodesic triangle A(p,q,r) of a Riemannian manifold M is a set containing three points p, ¢, » and three
minimizing geodesics joining these points.
Proposition 2.6. [20]. Let A(p,q,r) be a geodesic triangle in M. Then

d*(p, q) + d*(g,) — 2(exp, ' p,expy ' r) < d*(r,q) (2:2)
and

d*(p,q) < (exp,, ' ryexp,t q) + (expy ' rexp ! p). (2.3)
Moreover, if 0 is the angle at p, then we have

(exp;1 q, exp;1 ry =d(q,p)d(p,r) cos 8. (2.4)
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Also,
lexp, qll* = (exp, ' g,exp, ' q) = d*(p, q). (2.5)
Remark 2.7. [21] If z,y € M and v € T,M, then
(v, — exp;1 z) = (v,T'y. exp, ly) = (T yv, exp, L y). (2.6)
Lemma 2.8. [19] Let M be an Hadamard manifold and let u,v,w € M. Then
| expyt w — T expy b wl|| < d(u,v).
Lemma 2.9. [21] Let o € M and {x,,} C M with x,, — xg. Then the following assertions hold:

(i) For any y € M, we have expg,jn1 y— exp;o1 T, and exp;1 Ty — exp;1 0,
(ii) If v, € Ty, M and v, — vy, then vy € Ty M,
iii)

)

ii) Given up,v, € Ty, M and ug,vg € TypyM, if un, — ug, then {(u,,v,) — (ug, vo),
For any u € T, M, the function F' : M — TM, defined by F(x) = T'y zou for each x € M is continuous

on M.

(
R

v

The next lemma presents the relationship between triangles in R? and geodesic triangles in Riemannian manifolds

(see [7]).

Lemma 2.10. [7]. Let A(xzy,x2,23) be a geodesic triangle in M. Then there exists a triangle A(ZTy, T2, T3)
corresponding to A(xy, 2, x3) such that d(x;, x; 1) = ||Z; — Tiy1|| with the indices taken modulo 3. This triangle
is unique up to isometries of R2.

The triangle A(Z1, T2, Z3) in Lemma 2.10 is said to be the comparison triangle for A(zq, x2,x3) C M. The points
ZT1, To and X3 are called comparison points to the points z1, o and x3 in M.

A function h : M — R is said to be geodesic if for any geodesic v € M, the composition h o~y : [u,v] = R is
convex, that is,
hoy(Au+ (1 —=Xv) < Mhovy(u)+ (1 —ANhovy(v), u,v e R, A€ [0,1].

Lemma 2.11. [21] Let A(p,q,r) be a geodesic triangle in a Hadamard manifold M and A(p/,ql,rl) be its
comparison triangle.
(i) Let a,B,v (resp. a/,ﬂ,,’y/) be the angles of A(p,q,r) (resp. A(pI,q/,T,)) at the wvertices p,q,r (resp.
p/7q/,r/). Then, the following inequalities hold:
o za, B 2892,
(ii) Let z be a point in the geodesic joining p to q and 2 its comparison point in the interval [p/, q'}. Suppose
that d(z,p) = ||z = p|| and d(z',¢') = ||z = ¢'||. Then the following inequality holds:
d(z,r) < || =]

Lemma 2.12. [2]] Let xg € M and {z,} C M be such that x©, — zo. Then, for any y € M, we have

-1 —1 —1 —1 ..
exp,. Y = €xXp, Y and exp,” Tn — exp, To;

The following propositions (see [14]) are very useful in our convergence analysis:

Proposition 2.13. Let M be an Hadamard manifold and d : Ml x M :— R be the distance function. Then the
function d is convexr with respect to the product Riemannian metric. In other words, given any pair of geodesics
1 :[0,1] = M and 2 : [0,1] = M, then for all t € [0, 1], we have

d(y1(t),72(t)) < (1 = £)d(71(0),72(0)) + td(y1(1),72(1)).
In particular, for each y € M, the function d(-,y) : M — R is a convez function.

Proposition 2.14. Let M be a Hadamard manifold and x € M. The map ®, = d*(x,vy) satisfying the following:
(1) @, is convexr. Indeed, for any geodesic v : [0,1] — M, the following inequality holds for all t € [0,1] :
d*(z,y(t)) < (1 = t)d?(z,7(0)) + td*(z,~(1)) — t(1 — )d*(7(0), 7(1)).

(2) ®, is smooth. Moreover, d®,(y) = —2exp, ' x.

Lemma 2.15. [33] Let {s,} be a sequence of nonnegative real numbers satisfying the inequality;
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Sn+1 S (1 - 'Yn)sn + 'Ynény Vn Z 0;
where {y,} C (0,1) and {6,} C R such that
(i) ZO Yn = OO

(i) limsup §, <0, or > |10n] < co.
n—o0 n=0

Then lim s, = 0.
n—oo

Lemma 2.16. [22] Let {s,} be a real sequence which does not decrease at infinity in the sense that there exists
a subsequence {sp,} such that
Sny, S Snp+1 vk Z 0
Define an integer sequence {T(n)}, where n > ng, by
7(n) == max{ng < k <n:sp < Sky1}.
Then T(n) — oo as n — oo and for all n > ng, we have

max{s:(n); Sn} < Sr(n)+1-
3. MaAIN RESULT

In this section, we present an iterative method for solving variational inclusion problem in the settings of
Hadamard manifolds. We state the following assumptions:
Assumption 3.1. (Al) U, € H(K) is monotone and L-Lipschitz continuous and ¢; € ®(K) is mazrimal
monotone for j =1,2,--- , N.
(A2) U : K — K is a nonezpansive mapping such that F(U) # 0, and Q := F(U)N(¥;+p;)~(0) is nonempty.
(A3) Let h: K — K be a contraction mapping with constant ¢ € (0,1).

Assumption 3.2.  (Bl) {ax} € (0,1) and 0 < liminf oy, < limsup o, < 1,

[ee]
(B2) {nk} is a nonnegative real numbers sequence such that Y, m, < 0o,

k=1
(B3) Let {6x} € (0,1) such that klim 9 =0 and Y 6 = oo,
— 00 k=1
(B4) {ex} is a positive sequence such that e, = o(dy), that is, k]LII;O =0

Algorithm 3.3. Parallel Tseng’s method for common variational inclusion problem

Initialization: Choose By > 0, 1,0 € (0,1) and let zo,z1 € M be arbitrary starting points.

Iterative step: Given x_1, x, and By, choose 0y, € [0,0;] where

€
T e B O SRR (31)
0, otherwise.
Step 1: Compute
vk = exp,, (—0k exp;, 41)

{0 € Fwi,vkq’j(”k) + pj(wl) — ﬁ% exp:uji v, j=1,2,--- N (3.2)

Step 2: Calculate
vi = exp,g (Bu(T Vs (0r) = W5(w}))),j = 1,2, N. (3.3)

Step 3: Find the farthest element from vy among yfc That is

jr = argmax {d(yl,vk) : j = 1,2,--- N}, yp = yj*. (3.4)

Step 4: Calculate
U = exp,, (1 — ag) exp;k1 U(yg)- (3.5)
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Step 5: Cualculate xy 1 and Br41 by

Thit = €XPp(s,) (1= Ok) XDy Uk (3.6)
and
: pel(yks vr) , ; _
oL s Btk s AT, V(o) = Wi(wy)| #£0, j=1,2,--- N,
Br+r =  1SksN { T 0, W3 (0k) = 5 () | o T
Bre + N otherwise.

(3.7)

Stopping criterion If wi = vy for some k > 1 then stop. Otherwise set k := k 4+ 1 and return to Iterative
step 1.

Remark 3.4. (1) Our algorithm (3.3) extends the algorithms in [16, 23, 29] from linear spaces to nonlinear
spaces.
(2) The result in [20] is a special case of our result when j = 1.

Lemma 3.5. Let {x} be a sequence generated by Algorithm 3.3 and the sequence {8y} is generated by (3.47).
T, li = i (L N
hen lim B, = B and § € [lrgn,ggn{ #-,Bo}, Bo + n], where 1) kZ:fO M

Proof. The proof of Lemma 3.5 is similar to the ones in [1, 2], so we omit it. O

Lemma 3.6. Suppose that Assumptions 3.1 holds and let {yi} be a sequence generated by Algorithm 3.3, then

2
2 P
2

Bica

dQ(yi,a) < d*(vg,a) — (1 — p )dQ(Uk,wk) Y ae€Q.
Proof. Let a € Q, then —V,(a) € p;(a),j =1,2,--- ,N. Using step 1 of Algorithm 3.3, we get 5 exp -

ij vk\l’j(vk) S (P](U)i)
By employing the monotonicity property of ¢;,j =1,2,---, N, we have

1 L
(G b =Ty, W00, exp, ) < (<00, — e )
= (W;(a), expy " w). (3.8)
Since ¥;,j =1,2,---, N is a monotone vector field, we have
(j(a), expyt w)) < (—W;(w),exp_ ] a). (3.9)

k

On combining (3.8) and (3.9), we get
1 1 J
<@ eXp,_; Uk ~ Fwi’vklllj(vk),expwi a)y < (—\Ilj(wk),expwi ay,

which further yields

(exp_j v, exp_} a) < BT, W5(vr) — Wj(w)), exp ) a). (3.10)
Now, for & € N. Let A(wi,vk,a) C M be a geodesic with vertices wi,vk and a, and let A(wi,@k,a) C R? be
the corresponding comparison triangle, thus we have from Lemma 2.11 (ii) that d(w}, a) = ||w], — all, d(vg,a) =
||lox — a|| and d(wk, vg) = || @], — x| Also, let Ay}, wy,a) € M be a geodesic triangle with vertices y}, v, and a,
then A(g7],w],a) C R? is the corresponding comparison triangle. Hence, we have d(y!,a) = |7, —al| , d(w], a) =
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@), —al| and d(yi, wi) = |l — Will-
d*(y],a) < ||gi —al®

= |5 — @} + @} —a®
= ||} —all* + |7, — of|I* + 2(g} — @i, @ —a)
= |l(@}, — o) + (o — @)|I* + |17, — @L)* + 25, — o], @} — a)
= |l@} — oll® + lox — al* + |7 — @}||* + 2(f, — oy, vy, — @)
+ 2(w] — @, w], — a) — 2||w}, — a||® + 2(g] — @, @] — a)
+ 2(w], — U, W), — Vi) — 2(W}, — Vg, Wy, — Vg)
= d*(vk, @) — &*(w], v) + |5 — @}|* + 2(w], — vk, @, — @)
+2(gl — @, @], — @) + 2(w], — a, @), — a) — 2d*(w}, a)
= d*(vy,, a) — d*(w],vg) + ||7h — L) + 2(w], — Ty, @], — a)
+2(g — a,w) —a) — 2d*(w}, a). (3.11)

Let 6 and 6 be the angles of the vertices wi and ﬁ/i respectively. By Lemma 2.11 (i), we get that § > 6. Thus,
we obtain from Lemma 2.10 and (2.4) that

(@, — o, @} — a) = [[f, — o] |0}, - al| cos @
= d(wl,vy.)d(a, w]) cos§
< d(wi, vg)d(a, wfc) cos @

= {exp,; vp,exp_; a). (3.12)
Using the same approach as in (3.12), we have
(7 — 0] — a) = (exp; " gl expy ! wi). (3.13)
Hence, we conclude that from step 2 of Algorithm 3.3 that
17— @ < BEIT, ) W () — Wy ()| (3.14)
By substituting (3.12), (3.13) and (3.14) into (3.11), we obtain

d*(y},a) < d* (v, a) = d(wi, o) + BEIIT,q , U5 (0r) — U5(w))?

J
wy, Ve

+ 2(exp 1 vk, exp_+a) — 2d(w, a) + 2(exp; Lyl exp; L wl). (3.15)
Wi W
Using Remark 2.7 and Lemma 2.8 in (3.15), we get

d*(yl,a) < d* (v, a) = d*(wi, on) + BRIT g, W5(o) — W5 (w])|?

2 Vk

—2d*(w}, a) + 2(exp, ' y], — Fa,wi exp;]i vl + me% exp;]i yi, exp, L wi)
-1 -1
+ 2<expwi vk,expwi a)

= d*(vg, a) — dQ(UJi, vg) + BI%Hij

% Vk

U(vp) — @ (wy)|®

— 2d*(w],a) + 2(exp_ } v, exp_J a) + 2(exp, 'yl — T, 0 exp_ ]yl exp, " wi)
k k Tk Wi

+ 2<Fa,w£ exp;g yl,exp, L wi)

< d*(vg,a) — d*(w,vi) + BEIT s o Ws(ok) — Ui (wi)||? — 2d*(w, a)

Wy, »Vk

+2fexpylyl - T, exp;i yl|| || expy t wi| + 2<exp;1 Vg, exp;g a)

a,wy, i

—1,7 —1
= 2(exp,, Yios exp,; a), (3.16)
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this also implies that
d*(y],,a) < d*(vk,a) — d*(w], ve) + BﬁHF 50 i (0r) = Uy (w])|? = 2d°(w], a)

+ 2d?(a, w]) + 2<exp ) Uk exp_, La) — 2<exp71 v, exp71 a)

k

= d*(vy,a) — d*(w}, ‘Uk) + ﬂk\\rwg;,vk‘l’j(vk) (wk)H? +2(exp,; vp,exp ;s a)
— 2(exp Lyl expLa). (3.17)
Wi W
Using the definition of yi that exp ! yi = Bx(T wl e Ui(vg) — 0, (wi)) From the last inequality, we obtain
W
d2(yi7a) < d*(vy,a) — dQ(wi,vk) + ﬂkHij vk\Pj(vk) — \I’j(wj)HQ
+ 2(exp_; ; Vs €XP, 5 ja) — 26k(T g 0, Wi (vk) = ¥ j(wp) exp ) a)

=d? (vk,a) —d? (wk,vk) +,8kHFw{77v U;i(vg) — U, (wk)H —|—2<exp vk,exp >

k

+26u((w]) =T, Wj(0n), exp;i a). (3.18)

On substituting (3.47) and (3.10) into (3.18), we have

d2(yi’a) < d*(vy,a) — d2(wi7vk) —|—,u26ﬂk d2(wk,vk) + 28, (T (w i) - Fwi,vkl:[/j(vk) exp Jl a)
k+1 Wi
_ ZB,C(\IIj(wi) =T iy, ¥j(vr),exp La)
ko wy,
Bi j
= d*(vg, a) — (1 — pi? 5 )P (wi, o). (3.19)
B

Thus, the proof completes. O

Lemma 3.7. Suppose that Assumptions 3.1 holds and let {x}} be a sequence generated by Algorithm 3.3. Then
{zy} is bounded.

Proof. By the property of exp function, we can re-write u; defined in Algorithm 3.3 as ug = (1 — ag), where
¢ 1 [0,1] — Z is a geodesic sequence joining yi to Uyy. Using Proposition 2.13 and the nonexpansive property
of U, we get

dg(um a) = d? (Ve (1 = ag),a)
< (1= ar)d® (7 (0), @) + ard? (732 (1), @) — ag(1 — ax)d (74 (0), 74 (1))
= (1 — o)d®(yx, @) + ard® Uy, a) — ar (1 — o )d* (yx, Uy
< (1 — aw)d?(yw, a) + ord®(yx, a) — (1 — ar)d® (yx, Uy)

= d*(yx,a) — o (1 — ag)d*(y, Uyg) (3.20)
< d*(yx, a) 3.21)
It is obvious from (3.19) and (3.20) that
2 .
d*(ug, a) < d*(vg, a) — (1 — ag)d(ye, Uyi) — (1 — ,ﬂ%)d?(w;,vk) (3.22)
k+1
< d*(vy, a). (3.23)

By considering the geodesic triangles A(vg, zk,a) and A(zg, xx_1,a) with their respective comparison triangle
A0y, Zg,a) € R? and A(Zg, Tr_1,a). Then by Lemma 2.11, we have d(vi, x1) = ||op — Zk||, d(vg, a) = ||og — a|
and d(xg, 2x—1) = ||Tx — Tx—1/|. From step 1 of Algorithm 3.3, we get
ok, a) = o —al
= 1Tk + k(T — Tu—1) —

<@k — all + Okl| Tk — Zr—1]|

6
= ||z — al| + 0% - i”:‘ck — T |- (3.24)
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Since g—:chk — T = g—:d(xk,xk,l) — 0 as k — o0, then there exists a constant Ny > 0 such that
g—’;d(xk,xk,l) < Nj. Thus, we obtain from (3.24) that
d(vg, a) < d(zg,a) + 0, Na. (3.25)
By simple computation, it is easy to see that
d*(vk,a) = ||vi —al®
_ _ N2
< (7 = all* + Okl — 2iall)
= ||z — all® + 20k]|7% — al [|l7% — zi—a|l + 05 l|7% — x|
= |21 — || + Oxler — aia[|2llak — all + Oxlar — zx—al])
< ||z — plI* + Okll#% — w51 ]| N3
< d2(xk,a) +9kd(xk,xk,1)Ng, (326)

where 2d(xy, a) + Ord(xg, xx—1) < N3 for some constant N3 > 0. It can be deduce from (3.22) and (3.26) that

d*(ug, a) < d*(xy, a) + Opd(wy, 11-1) N3 — ar (1 — ar)d (yr, Uyn) — (1 - Qﬁﬁk )d* (wy, vk). (3.27)
k+1
Now, since zj41 defined in Algorithm 3.3 can be re-written as 41 = y2(1 — dy), where 42 : [0,1] — Z is a

sequence of geodesic joining h(xy) to ug, then, we deduce from (3.23) and (3.25) that

d(zx11,a) = d(7(1 = 6x), a)

= 0rd(77(0),a) + (1 = 6,)d(72(1), a)

< Okd(h(zk), a) + (1 — 0k)d(uk, a)

< O (d(h(zg), h(a)) + d(h(a),a)) + (1 — b)d(ux, a)

< Pod(xg, a) + (1 — 0k )d(zk, a) + dxd(h(a), a) + 5k No
= (1= 6x(1 — ¢))d(zk, a) + k(N2 + d(h(a), a))

< max{d(xk,a)’ W}

(1-9¢)

Hence, the sequence {z}} is bounded. Consequently, {vs}, {y]}, {w]} and {u.} are also bounded for all j € I. [J

<0, B OO

Theorem 3.8. Suppose that Assumptions 3.1 and 3.2 holds, then the sequence {xy} generated by Algorithm 3.3
converges to a € ), where a = Poh(a).

Proof. Fork > 1,let s = h(xy),t = h(a) and b :7Uk~ We then consider the geodesic triangles A(s,t,b), A(b,t,5), A(b, t,a)
with their respective comparison A( ,1,0), A(b,t,5) and A(b,t,a). By Lemma 2.11, we have d(s,t) = ||5 — ]|,
d(s,b) = ||5 = b||, d(s,a) = ||5 —al|, d(b,a) = ||barb — a| and d(t,a) = ||t — a||. Thus, the comparison point
Thy1 € R?is Zp1 = 0k5 4+ (1 — 6)b. Let 7 and 7 denote the angle and comparison angle at a and @ in the
triangles A(t, 211, a) and A(f, Tx41,a) respectively. Hence 7 < 7 and cos 7 < cos 7. Then
d*(ps1,0) = | Trir — af)?

= [16c(5 —a) + (1 = &) (b — @) ||*

< 108(5 = ) + (1 = 61) (0 — @)||* + 20 (Thy1 — @, T — @)

< (1 —=6)|1b—al|l® + 0xl|5 — > + 20k || Tk 1 — al| ||f — @l cos 7

< (1 — 8x)d?(b, a) + 6rd*(s,t) + 20 d(zp 11, a)d(t, a) cos T

= (1 = 6)d*(u, a) + 6pd*(h(x), h(a)) + 20xd(xk11,a)d(t, a) cos T. (3.28)
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It is easy to see that d(zx11,a)d(h(a),a) cosT = {exp, ' h(a),exp, * x11), thus on substituting (3.27) into (3.28),
we get
d*(xpy1,a) < (1= 6)d? (ug, a) + 8pd?(h(xy), h(a)) + 26k (exp, * h(a),expy ! Tpy1)
< (1= 6k)d?(zx, a) + (1 = 6p)0d(wp, w—1) N3 — (1 — ax) (1 — 0x)d* (yx, Uy)

(=00 = 2 ) )+ 8 (1), (@) + 25 fxp; ) ex )
k+1
= (1= 0r(1 — ¢))d?*(zk,a) + O g—:d(mk,xk,l)Ng + d?(h(xy), h(a)) + 2(exp, * h(a),exp, ' Tri1)
2 .
— Olk(]. — ak)(l — 5k)d2(yka Uyk) — (]. — 6k)(1 - /1,2 ﬁfk )dz(wff,vk) (329)
k+1
= (1= ¢)d*(xy, a) + o My, (3.30)

where M}, = T ¢) [5 d(zg, 2x—1)N3 + d?(h(z), h(a)) + 2(exp, ! h(a),exp, ! xk+1)] and ¢, = 0 (1 — ).

We now prove that d(zy,a) — 0 by considering the following two possible cases.
Case 1: Suppose that there exists kg € N such that {d(zy,a)} is non-increasing. Since {d(zx,a)} is bounded,
it is convergent and therefore

d(zg,a) — d(xg+1,a) = 0, as k — oo.
From (3.29), we have

2
> Bi
2

Ckk(l — ak)(l — 5k)d2(yk, Uyk) + (1 — 5]@)(]— — U ﬁ
k+1

2 (], ve) < (1= 61 = 6))A(2, 0) — (w41, 0)

+ O ok (xk,xk_l)]\fg+d2(h(xk),h(a))

+ 2(exp, * h(a),exp, * Tp11) |- (3.31)

Observe that 8 — 8, ax € (0,1) and u € (0,1). Thus, there exists m > 0 such that for £ > m,0 < B“Bfl < 1.
Thus

im (1— %%y — (12 ) >0,
k—oo Br+1
Therefore, we obtain from (3.31) that
khrn d(w], vg) = hm d(yi, Uyr) = 0. (3.32)
—00

Also, from step 2 of Algorithm 3.3, we have
d(yy, wy) = || eXp;} Yl = BrllTys o, W5 (vr) — 05 (wp) |

<p B d(w],vg) = 0, k — oc. (3.33)
Bre+1
By replacing a with z in (3.24), we obtain that
d(vg, xy) < O - ?d(l‘k,xk 1) =0, k— oo. (3.34)
k

By applying the convexity of Riemannian distance and the conditions on aj and J;, we obtain
d(uk, yx) = d(vi(1 — ar), yk)
< ard(7(0), yx) + (1 — aw)d(7i (1), yw)
< arpd(yg, yr) + (1 — ag)d(Uyk, yx) — 0 as k — oo. (3.35)
and
(g1, ur) = d(7p (1 = 6k), up)

< Grd(97(0), w) + (1= 8)d(73 (1), )
< Opd(h(xg),ur) + (1 — 0k )d(ug, up) = 0 as k — co. (3.36)
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We obtain from (3.32)-(3.36) that
(
( —
k—o00
o B (3.37)
(

Since {xy} is bounded, there exists a subsequence {wy, } which converges to p € M. Also, from (3.34) and (3.36),
there exist subsequences {vy, } and {wj, } which converges to p € M respectively. From Algorithm 3.3, we get

1 1 ;
Ty, := _Fwil o U, (vg,) — e expwik vk, € @j(wy,)- (3.38)
Hence, using (3.32), we have
1 1 ;
lim — || exp} = lim —d(w] =0
li)m l H expwil Vg, || li{go ﬂkl (wkl ) Ukl) 5
SO
. 1 1
lim —exp ; vk, = 0. (3.39)
l—o00 Dg, Wi,
Since ¥;,j =1,2,--- , N are Lipschitz continuous vector field and vy, — p as | — co. By combining (3.38) and
(3.39), we obtain that
lim Yy = —,(p),j =1,2,---,N. (3.40)
l—o00
Since ¥;,j =1,2,--- , N are Lipschitz continuous vector field, so it is upper kuratowski semi-continuous. Hence

—;(p) € ¢j(p),j = 1,2,---, N, which implies that p solves . Also, since {zy,} is bounded, there exists a
subsequence {xy, } of {zx} which converges to p € M such that

kli_}rr;(expgl h(xy),exp, * zx,) = ligr_lj;p(@(p;l h(a),exp, ' o)
= (exp; ' h(a), exp; " p)
<. (3.41)
Thus,

lim {exp, * h(a),exp,* zx,) < 0.
l— 00

Applying the last inequality and Lemma 2.15 to (3.30), we obtain that d(z,a) — 0 as k — oo. Hence, klim T =
—00

a.

Case 2: Suppose g, = d?(zx,a), then there exists a subsequence {g, } of {gx} such that

Gkt = Gkigrs
for all [ € N. Following this, we can defined 7 : N — N by
7(k) : max{k < j:gr < grt1}-
It follows from Lemma 2.16 that 7(k) — oo and
0 < Grk) < gr(k)+1-
Following the same process as in case 1 by replacing k by 7(k), we can easily show that

1' d J = O = 1. d U .
im d(w! ), vrer) dimd(yr ), Uyr)

T(k)—>oo ( )
Also,
. i W V0= i
i AWy Wry) = 0= Jim dvr (), Trr)-

From (3.30), we get

Gr(k)Ir (k) < Gr(k) = Gr(k)+1 T Pr (k) Mr (i)
< Or(iy Mo (k-
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Since ¢ (k) = 0-(k) (1 — ¢) > 0, we obtain
9r(k) < My,
and

limsup < limsup M) < 0.

7(k)—o00 7(k)—o0

14

It follows from (3.30), that lim = 0. For k > ko, it is clear that g,x) < gr (k)41 if 7(k) # k (that is 7(k) < k),

7(k)—00

since g; > gj41 for 7(k) +1 < j < k. Consequently, we obtain for all k > ko that

0 < gr. < max{gr(k), Ir(k)+1} = Gr(k)+1-

Thus,
li =0.
Pas

We therefore conclude that {zj} converges to a. Hence, the proof completes.

O

Corollary 3.9. In the following result, we consider the common solution of variational inclusion problem only.

Hence, we have the following algorithm:

Algorithm 3.10. Parallel Tseng’s method for common variational inclusion problem

Initialization: Choose Sy > 0, 1,0 € (0,1) and let xg,z1 € M be arbitrary starting points.

Iterative step: Given xz_1, z, and By, choose 0y, € [0, 0;] where

. € .
wn{gts ah g

)
Tk, wk*l)
0, otherwise.

O =

Step 1: Compute

v = exp,, (—0r exp,} xk_.l)
0T, ,, W) +¢j(w]) - grexp jve, j=1,2,-+,N
i k

Step 2: Calculate
vh = exp,g (Bl o, ¥y (on) = ¥5(w}))),j = 1,2, N.
Step 3: Find the farthest element from vy among y{c That is
Jk = argmax{d(yi,vk) 1j=1,2,- N}, yp = yik
Step 4: Calculate xj41 and Biry1 by

Th41 = eXPh(mk)(l — 0k) eXp}:(lzk) Yk-

and
. pd(y], vr,) . i .
min ; P Bk"‘ﬁk P ZfHij\IJj(’Uk)—\I/j(wk)” #07 ] :1727"'
Br41 = § 1<Sk<N { ||Fw;;,u,€‘1’j(”k) — U (wi)l k
Br + Nk otherwise.

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

Stopping criterion If wi = vy for some k > 1 then stop. Otherwise set k := k 4+ 1 and return to Iterative

step 1.
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4. NUMERICAL EXAMPLE

In this section, we give a numerical implementation of our method. The simulation was done on a personal Dell
laptop with 8gig RAM and 256gig ROM with MATLAB 2024.

Let Ryy ={z €R:2z >0} and M = (R4, (-,-)) be the Riemannian manifold with Riemannian metric defined
by (u,v) = Huv, € Ri4, u,v € T, M. The Riemannian distance d : M x M — R, is given by d(z,y) = |In ¥|
for all z,y € M. Let x € M, then the exponential map exp, : T, M — M is defined by exp, tv = ze% for all
v € T, M. The inverse of the exponential map, exp, ! : M — T, M is defined by exp, 'y = xIn Y for all z,y € M.
The parallel transport is the identity on M. Let C' = (0,4+00), ¥; : C — R and ¢; : C' — T'M be defined by
Uz = Iljﬁ and p;z = x(j + Inx), respectively for each j = 1,2,--- , N. Then, the mappings ¥; are maximal
monotone on C' and ¢; are continuous and monotone vector fields on C. It is not difficult to see that w, in
Algorithm 3.3 can be expressed as

J

j Vg \ 7+6k .
wi:(ejﬁk>] k?ﬁk>07]:1727“'7N'

Now, let T': C' — C be defined by Tz = x. Define the mapping h : C' — C by h(x) = § for all z € C. For this
example, we let §,, = n%_l, o = ﬁ, N = kixl/E’ w= %, 0= % and f; = 2.5. We terminate the execution of the
process at B, = d(z,41,%,) = 1073 and make a comparison of Algorithm 3.3 with an unaccelerated version of
it (i.e 8,, = 0). The result of this experiment is shown in Figure ?7.

Case i: zg = 1.8 and z1 = 0.6;
Case ii: 2o = 1.5 and z1 = 0.5;
Case iii: g = 2.5 and 27 = 0.5;
Case iv: zg = 0.7 and z; = 0.6.
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