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Abstract. This paper deals with a diffusive logistic model with birth and har-
vesting impulses, where birth pulses are for increase of population in short time
because of birth, and harvesting pulses are used to describe decrease of popu-
lation by regular harvesting or interventions. Firstly, the principal eigenvalue
depending the impulsive rates, which is regarded as a threshold value, is intro-
duced and characterized. Secondly, the asymptotic behavior of population is
fully investigated and the sufficient conditions for the solution to be extinct or
persist are given. Our results show that the increase brought about by birth, the
decrease caused by harvest, and the intervention timing all have an impact on
the persistence of species.
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1 Introduction

This paper characterizes the dynamics of the diffusive logistic model with impulses

u = dAu ~+ a(t, x)u — b(t, z)uP, tent,(n+7)]U((n+7)" (n+1)], z€Q,
u(t,z) =0, t>0, v e,

u(0, ) = up(x), r € Q, (1.1)
u(n®,z) = (1 + a)u(n,x), r€Q,

u((n+7)t2)=0-Bun+r2), 2€Q n=0,1,2,---,

where € is a bounded and connected domain of RY (N > 1) with smooth boundary 95).
p, T are constants satisfying p > 1 and 0 < 7 < 1. t € (n™, (n + 7)] is expressed that the
equation holds for t € (n, (n+7)], and take its value u(n*, z) instead of u(n, x) at the initial
time of the time interval (n, (n +7)] forn =0,1,2,---,soist € (n+7)*,(n+1)]. u(t, )
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is the density of species at time ¢ and in space x and the positive constant d is the diffusion
rate. The function a(t,z)(€ C%2%(]0,7] x Q) for some 0 < # < 1) is a periodic function
of time with period 1, and denotes intrinsic growth rate of population. It can be negative,
which means that the resources on position z at time ¢ are not conducive to survival. The
positive function b(t,z)(€ C%2%(]0,7] x Q)) is a periodic function of time with period 1,
and 0 < ™ < b(t,r) < bM in [0,7] x Q. Initial function ug(z) satisfies ug(z) € C?(Q),
uo(z) >,% 0 for z € Q and ug(x) = 0 for z € 9Q.

The function (1+ «)u with a > 0 represents birth pulse, and an impulse occurs at every
time t = n (n = 0,1,2,---), while (1 — f)u with 0 < § < 1 is the impulsive function
representing harvesting control, and the impulse occurs at every time ¢t = n + 7 (n =
0,1,2,---). The species grow and diffuse within the successive stages (n, (n + 7)] and ((n +
7), (n 4+ 1)].

Besides growth, death, disperse [17], we are more interested in the distribution and
dynamics of species influenced by impulsive perturbation [2, 10, 13, 16, 20]. Especially,
problem (1.1) has been discussed in [10] numerically.

On condition that @« = § = 0, which means there is no impulse, problem (1.1) has
attracted much attention, see [1, 3, 5, 14] and references therein.

This paper is organized as follows. Section 2 contains global existence and uniqueness of
the solution, and the principal eigenvalue for a periodic eigenvalue problem with impulse is
investigated in Sections 3. Section 4 is devoted to dynamics of the solution to the problem

(1.1).

2 Existence, uniqueness and estimates

The global existence and uniqueness of solution to problem (1.1) with impulses can be
obtained by the bootstrap method.

For n = 0, birth pulse takes place at time ¢ = 0. Then the solution u(t, ) satisfies problem
(1.1) with a new initial value (0", z) over time interval (0, 7]. Recalling that uy(z) €
C?%(Q2), we can deduce that the new initial value u(0%,z) = (1+ a)uo(x) € C?(Q). Hence, it
follows from the classical theory of partial differential equation [12], we have the existence
and uniqueness of solution u(t, ) to problem (1.1) for t € (0%, 7], u(t,x) € C2((0,7] x Q)
and

u(t,z) < max{(1 + a)ud, (a™/b™)V/P"DY < M = (1 + o) max{ud!, (a™ /b)Y P-1)}
since that u(t, ) < w(t) for (t,r) € (0,7] x Q and u(t) satisfies

u = aMu — b, t € (0,7],
u(0) = (1 + a)uy’,

where for any continue function f(x) in Q, we denote f™ = min, g f and M = max, g f.

Similarly, u(r*, z) = (1 — B)u(r, r) becomes a new initial value for ¢ € (77, 1], which also
belongs to C?%(Q). Then, u(t,z) € C?((1,1] x Q) exists uniquely. Moreover,

u(t,z) < M = max{(1 — B)My, (™ /™)YPDY < My, (t,2) € (1,1] x Q)
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since that u(t,r) < w(t) for (t,z) € (7,1] x Q and w(t) satisfies

SI gl

aw —vmwP, t e (1],
= ( B) M.

{

)

Taking n = 1,2,--- and by the same procedures, we can find that, for any n, problem (1.1)
admits a unique solution u(t, z) for ¢ € [0,n], and

u(t,

z) < M, = (14 a)" max{ud!, (™ /b™)Y®DY (¢t 2) € [0,n] x Q.

Therefore, we conclude the following global existence and uniqueness of solution.

Theorem 2.1 Problem (1.1) admits a unique solution u(t,z) for allt > 0. Moreover,

oo

u(t, z) € PCY2((0,+00) x Q) := [|[C**((n,n + 7] x Q)| C"*((n+ 7,0+ 1] x Q)]

n=0

and u(t,x) < M1 for (t,z) € [0,00) x 0.

3 The principal eigenvalue

As in [3, 19], the long-time behavior of problem (1.1) is related to its corresponding periodic

problem

\

Uy = dAU + a(t,2)U = b(t,z)U”, t € (07,7 J(=",1], z € Q,

U(t,z) =0, 0<t<1, z€09,

U0,z) =U(1,z), req, (3.1)
U0, z) =14 a)U(0,z), r€Q,

Urt,z) =1 - pB)U(r,2), r € Q,

and the existence of the positive solution to (3.1) depends on the principal eigenvalue

pa(d; a(t, ), a

, B) of the following periodic eigenvalue problem

(¢ — dAG — alt,2)p = o, te (0 ]U(T*, 1], z € Q,
o(t,x) =0, € [0,1], = € O,
»(0,2) = ¢(1,x), x € Q, (3.2)
o(0%,2) = (1+a)¢(0,2), z€Q,

Lo(rh,z) = (1-B)p(r,2), z€Q.

The existence of p; can be guaranteed by using Krein-Rutman theorem [5, 6] on a Banach
space involving impulse ([21]). We give a sketch here.



To overcome the difficulties induced by different impulses, we consider the following

equivalent eigenvalue problem

(& — dA§ — a(t, z)§ = i, te(0,7], x€Q,
n — dAn — a(t, ) = i, te(r1], z€Q,
&(t,x) =0, te0,7], x €09,
(3.3)
n(t,z) =0, telr1], €09,
£0,2) =1+ a)n(l,x), £(t,x) =&(T,x) ten1],z¢€ g,
77<7—7 I) = (1 - ﬁ)é(ﬂ ZL’), 77(75737) = 77(7_7 .73) te [077—]7 T € )

\

In fact, we can take ¢(t,z) = &(t,z) for t
¢(0%,2) = £(0,z), ¢(0,2) =n(1,2), (77, z)
Now let W be a Banach space,

(0,7], ¢(t,x) = n(t,z) for t € (7,1], and
( =¢(1,x) for x € Q.

W= DY(0,1] xT) = {(6,m) € [C™([0,1] x D : € = = 0 ¥(t, ) € [0,1] x 90
f(t ):f( ZU),tE [T7 1]’ U(t,fﬂ) :77(7,55)7156 [077]’ QS_E Q,
£0,2) = (L+a)n(L, z), n(r,x) = (1 - B)&(7, x) Vo € Q}

with the positive cone
W = closure{(£,n) € W : £(t,x),n(t,x) > 0 V(t,z) € [0,1] x 9O},
and its interior
Imt(W*) ={(&n) e W: &(t,x),n(t,x) > 0V(tx) € [0,1] x 90}

being nonempty, where v is outward unit normal vector of 92 and £ > 0 means that
&(t,x) > 0 for all (¢t,x) € [0,1] x 2 and %(t, x) < 0 for all (t,x) € [0,1] x 02, we normally
call it strongly positive function.

Let M* = 1+ max), .5 |a(t,z)| + In(1/(1 — 8)). For any given (£,n) € W, the linear
problem
€ (0,7], x € Q,
(

te(rl], e,

[ wy — dAw + M*w — a(t, z)w = &,
—dAz+ M*z —a(t,z)z = n,
w(t,z) =0, € [0,7], v € 09,
z(t,x) =0, [7,1], z € 09,
w(0,2) = (1 +a)z(1,2), w(t,z) =w(r,z) te[rl],zeqQ,
z2(r,z) = (1 — Bw(r, x), z(t,z) = z(7, x) €0,7], x € Q

3.4
te|T, ( )

\

admits a unique solution (w, z) satisfying w, z € C1F®/2+([0 1] x Q) W with any 0 <
a < 1 by the classical theory of partial differential equation [12].

Now, define a operator A(&,n) = (w, 2). Since that the imbedding C'!*®)/21+a <y G011
is compact, A is a linear compact operator. Moreover, A is strongly positive with respect
to W by the strong maximum principle and Hopf’s boundary lemma. Therefore, it follows
from Krein-Rutman theorem that there exist a unique o7 := r(A) > 0 and a function
(w,z) € Int(WT) such that A(w,z) = o1(w,2), then py := 1/0y — M* is the principal
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eigenvalue of (3.3) and the corresponding eigenfunctions &(t,x) and n(t,z) are strongly
positive, that is, £(¢, ), n(t,z) > 01in [0, 1] xQ and %(t, ), 2 S2(t, ) < Ofor (t,z) € [0, 1] x0€Q.

Coming back to problem (3.2) with impulse, we have the existence of the principal eigen-
value by equivalence.

Theorem 3.1 Assume that a(z,t) := a(t). Then the principal eigenvalue of problem (1.1)
can be precisely expressed as

1 = —Inf(1+a)(1 — B)] +d\ — /01 a(t)dt, (3.5)

where A\ (> 0) is the principal eigenvalue of —A in ) with homogeneous Dirichlet boundary
condition.

Proof: Let
o(t,z) = f(t)Y(z),

where () is the corresponding eigenfunction of A;, which satisfies the eigenvalue problem

—AY =\
{ oA w et (3.6)
P(x) =0, x € 092
Substituting ¢(t, z) = f(t)1(y) into the reaction diffusion equation in (3.2) yields
ff/((f)) +d\; = a(t) + pa,
then integrating both sides from ¢ € (07, 7] |J(7T, 1], yield
") L) [
St | i = /0 a(t)dt + .
Recalling that
f(0) = f(1),
fO07) = (1+a)f(0),
frT) =0 =8)f(7),
we obtain p; = —In[(1 + a)(1 — B)] + d\; — fo . O

Theorem 3.2 Assume that a(x,t) := a(t). If period 1 is replaced by T, that is, ¢(0,x) =
o(T,x) hold for x € Q in Theorem 3.1, then

1y = —Inf(1 +;¢)(1 — )] CdN

[ a(t)dt
L



Proof: If period 1 is replaced by 7', then the corresponding periodic problem (3.2) is written
as

(61— dA¢ —a(t)p = o, te (0t 7| Jrt 1), zeQ,

b(t.7) = 0, Le[0,T), x € 09,
6(0,2) = o(T, z), x € Q,
d(07,2) = (1 +a)p(0,z), z€Q,

L o(rT,2) = (1= B)o(r,3), z €

By the same method in Theorem 2.1, we obtain

T f/(t) T f/(t) /T
o+ f(t) 0 = alt) |
T
SO Mlzw-l-d)\l— Jo t;ft)dt. .

Before considering the properties of the principal eigenvalue p(d,a(t,z),a, 5) in the
problem (3.2), we first introduce the auxiliary problem

(=7 —dAy* —alt,2)¢" =Mo", te (0F, 7] Jr 1]z e,
¢*(t,x) =0, te[0,1], z € 0%,
1 _
¢*<0+,ZL’) = H——Ong*(o’x)’ T € Q) (37)
() = ﬁw(ﬂ 2), veq,
[ ¢7(0,2) = ¢"(1,2), z e

Lemma 3.3 The principal eigenvalues Ny in (3.7) and py in (3.2) are the same, that is,
A1 = f1.

Proof: Multiplying the first equation in (3.7) by ¢ and the first equation in (3.2) by ¢*,
respectively, we obtain
{ G19" — dAYP* = alt, )P + i de*,
—¢r¢ — dAP* P = a(l, x)99" + Moo,

then abstracting these two equations gives

6+ 616 — d(AdS" — AGB) = (11 — M)de (3.8)
Since
JE T
and

(oo + [L ) (@0 + ¢r)dt

¢(7-7 x)¢*(77 ZL’) - ¢(0+7 $)¢*(0+, Q?) + (b(l? x)(b*(l’ I) - ¢(T+7 $)¢*(T+, l‘)

O(7,2)¢" (1, 2) — (1 + &) 1156(0,2)¢"(0, 2) + 6(0, 2)¢*(0,2) — (1 = B) 150(7, 2)¢*(7, 2)
= ()7



so integrating both sides of the equations in (3.8) over (t,z) € ((07, 7] (7T, 1]) x €, yields

(1 — A)( /0+ / /¢¢dxdt—0

which ends the proof since (fOT+ + f#) Jo d@*dxdt > 0. OJ

Theorem 3.4 The following statements hold:
(1) p1(d,a(t, x), a, B) is nonincreasing with respect to a(t,x) for any given d, o and [3;

(17) pa(d,alt, x), a, B) is strictly monotonic decreasing with respect to o for any given d,
a(t,x) and B;

(13i) pi(d,a(t,x), «, B) is strictly monotonic increasing with respect to B for any given d,
a(t,x)and o;

() pa(d,a(t, z), o, B) is nondecreasing with respect to d for any given a(t,z), o and f3.

Proof: (i) It can be observed directly from the first equation in (3.2) that u;(a(t, z), «, 5, d)
is nonincreasing with respect to a(t, z).

We next prove (ii). ¢ and p; are smooth functions of a € (0,+00), € (0,1) and
d € (0,400) by standard result about perturbation [7]. So differentiating both sides of
equations in problem (3.2) with respect to « yields

¢t dAgb/ - a(t7 x)gb’ = MI1¢ + H1¢/7 te (OJr’ T] U(TJF, 1]a LS Q,

¢ (t,x) = t€0,1], = € 09,
¢ (0%, z) = (O )+ (1+a)¢'(0,2), =z (3.9)
§(rt,2) = (1 - B¢/ (r,2), req

¢ (0,z) = ¢'(1, ), x € Q.

Multiplying the first equation in (3.9) by ¢* asserts

G0" — dAYY" — a(t, x)¢'¢" = 119" + d'd". (3.10)

Recalling the periodicity and impulsive conditions of ¢(t,x), ¢*(¢,z) and ¢'(¢, z), one easily
checks that
A A

= ¢(rz)e"(r,2) = (07, 2)¢" (07, ) + ¢'(1, 2)¢"(L, ) — ¢' (77, 2)¢" (77, z)

- (foi + f71+)¢’¢2‘dt

= ¢/(r,2)¢"(1,2) — [(0,2) + (1 + )¢ (0, 2)] ;556" (0, 2) + ¢/(0, 2)¢*(0, )

- u—ﬁ>¢¢vxwﬁ7x U+ L) orde

= 1:__101 ( ) f0++f7-+ Qy(b;dt

So integrating both sides of equations in (3.10) over (¢,x) € (0%, 7] (7, 1] x Q, we get

e Jo O — (T4 [1) [ (§r — dgf Ag*)dadt
(Jor + fT+ fg ¢/¢* + (" + @' " )dxdt,
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which, together with —¢f — dA¢* — a(t, z)¢* = u1¢* in (3.7), yields

1+a/¢0x og;dg;_m/m / /gbgbdmdt

;i Jo 0(0,2)¢7(0, x)dx
ILL =
1 (Jo+ +f7+ Jo ¢d+dzdt

(iii) can be derived by the same procedure in (ii) and we give the sketches here. Differ-
entiating both sides of equations in problem (3.2) with respect to § yields

thus

(& — dAG — alt, )¢ = jud + o, te (0, 7]UGH, 1], z € 9,
o(t,x) =0, t €[0,1], z € 09,

$ G0, 2) = (1+a)p(0, ), zeQ, (3.11)
¢(7+, x)=—¢(r,z)+ (1 — 5)(&(7, r), x€f.

\ $(0,2) = ¢(1,2), z € Q.

By careful calculations similarly as in (ii), we finally obtain
o000l
- T 1

(f0+ + fﬁ) fQ pg*drdt

since 0 < 8 < 1.

We finally prove (iv). Differentiating both sides of equations in problem (3.2) with respect
to d yields

¢t dAcb’ A¢ —alt,z)¢' = o+ me’, e (07, 71U 1], 2z €,
¢'(t,x) = e (0,1, x € o0,
¢'(0F,z) = ( +a)¢'(0, ), req, (3.12)
(7'+,.CIZ') (1_5)¢ (T,IE), l’eg,
¢ 0,z) = ¢'(1,x), x € Q.

Since . ) ) 1
([ + [swa=—([ + [ oorar

/Q Apo*dr = /Q A¢*ddz,

so multiplying the first equation in (3.12) by ¢* and then integrating both sides of this
equation over (t,z) € (07, 7] (7T, 1]) x Q to conclude

/0+ / / — ¢ ¢ —dAG —dd Ap*—alt, x)¢'¢*)dxdt = /0 / /ulwmw)dxdt.

Recalling (3.7), one easily checks

= Ut J1) JooAgrdide (5. + [ Jo By Godadt
1 (foi + f71+) fQ ¢o*dwdt (foi + f71+ fQ P¢*drdt

where 7 is the outward unit vector of 99Q2. Therefore, u1(d, a(t, z), o, ) is nondecreasing with
respect to d for any given a(t, ), « and f.

and

O



4 The dynamical behavior of the solution

Theorem 4.1 If pi(d, a(t,z), , 8) > 0, then the solution u(t,x) to problem (1.1) satisfies
tlim u(t, x) = 0 uniformly for x € .
—00

Proof: Constructing
u(t,x) = Me™"'(t, x),

where ¢(t,z) (< 1) is a positive eigenfunction of problem (3.2) corresponding to uy, and M
to be chosen later.

Fort € (n™, (n+7)]UJ((n+7)",(n+ 1)] and z € Q, careful calculations yield

U — dAT — a(t,x)u + b(t, z)aP
= Mef”lt[—,ulgb + ¢y — dDNG — a(t,x)gb + b(t7I)(M€fu1t)(pfl)¢p]
= MPb(t,z) (e M1)PHP > (.

Impulsive conditions hold, that is, for z € Q,
a(n, z) = (1+a)i(n, )

and
a((n+7)"2)=(1-Baln+71,z).

Also, a big enough M can be chosen such that @(0,2) = M¢(0,2) > ug(z) in v € Q. It
follows from the comparison principle [18] and [16, Lemma 3.1] that

u(t,r) < a(t,x), € Q, t > 0.

Since tlim a(t,z) =0 by py > 0, it is clear that tlim u(t, ) = 0 uniformly for = € Q. O

—00 —00

Theorem 4.2 Assume that ju;(d,a(t,z), o, 8) < 0, for each uy € C() such that ug > 0
and ug # 0, the following assertions hold:

(i) Periodic problem (3.1) admits a unique solution U(t,x);

(1) the solution u(t,z) to (1.1) satisfies lim,, oo u(t + m,x) = U(t,x) for any t > 0 and
uniformly for x € Q, where U(t, z) is the unique solution defined in (i).

Proof: (i) The main method is to find an upper and lower solution U and U to periodic
problem (3.1), respectively.

By Theorem 3.1, there exists a positive constant K := | In(1+a)(1— 3)|+d\; +a™ such
that
o= dA¢ =My — Ko+ i’

with ,ulA = ,uf(d, a” — K, a,8) > 0. Next, define

Q. ={r e Q: dist (z,00) > e}, xq.(xr) =1forx € Q.and xq_(z) = 0forz € Q/Q.},



and (¢, ufﬁ) be the eigenfunction pair with max, ,)c0.1)xq ¢(t, ¥) = 1, satisfying

pr — dAp = (™ = Kxa.)¢ + i1
Since ,ulA > (, we can choose ¢ sufficiently small such that ,ufa = uﬁs(d, aM—Kxq.,a,3) >0
Now, we define 5
U= Mo,
where M is sufficiently big and chosen to be later. We otain
U, — dAU — a(t,z)U + b(t, z)UP

>Ulpt. — Kxa, + 0" (Mg)®)]

>U[-Kxa. + 0" (M) Y]

>0
provided that M > K/(b™ ming y,.q_[¢® " (t,2)])! 7.

Moreover, we have

U(0%,2) = (1+a)U(0,2) = 0, U(r*,2) — (1 = B)U(r,2) =0,

so U is the upper solution, which satisfies

(

0, > dAU + a(t,x)U — b(t,z)0?, te (0F, 7]U(r, 1], z e Q,
U(t,z) =0, t >0,z €00,
U0,z) =U(1,z), z e,
U0%,z) — (1+a)U(0,2) =0, e,
| Uzt 2) = (1= p)U(r,2) =0, =zl

In what follows, let us consider a lower solution. Define

(6(0, ), t=0, z€Q,
51'i—1/8¢(0+,x), t=0%, 2€Q,

R T
€1+a T ,[L‘7 =T s X s
glplﬁeé‘”qﬁ(t,x), te (0,7 U1, z e,
=

where ¢ is positive eigenfunction related to the principal eigenvalue p; of problem (3.2) with
MAX 1) ef0,1)x32 ¢(t,x) = 1, where ¢ is sufficiently small positive constant. To make sure that
U(0,2) = U(1,z), we have p; = (1 — B)e?, and 0 < p; < 1— 6.

It can be derived that

U, — dAU — a(t, z)U + b(t, z)UP

SUﬁ§+bM@T%Ee?”@W4ﬂ

IA

0.
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Moreover, impulsive conditions satisfy

A

U0t z) —(1+a)U(0,2)
£6(0%,7) — (1 + a)e(0, )
= e25(1+ a)9(0,2) — (1 + a)ed(0, 2)

< e(14+a)p(0,2) — (1 4+ a)ep(0, x)
=0
and .
U(rt,a) = (1= §)U(r,)
= e o(rt ) — (1= Bleiye s "o(r, )
= ep(1 - B)o(r 2)[s — 25e =]
< 0
since ﬁe%” > ﬁ > 11~ Therefore, U(t, z) is a lower solution to periodic problem (3.1).

By defining U©) =

ﬁandUO) —U we have
Q

M(t,2) <U(t,z) <TO(t,2), t >0,z €Q.

We now construct two iteration sequences for {U(} and {U™} satisfying

Ut(n) . d%U(n) + KU(n) — KU(n—l) + a(t’x)U(n—l
—b(t,z)(U"=D)P, te (0t 711U, 1], z € Q,
Qﬁn) — dAU™ + KU™ = KU™ Y 4 q(t, 2)U"Y (4.1)
—b(t, ) (U Ve, te (0, 7]U(rT, 1], = € Q,
L UM(t,z) = U™ (t,z) =0, te|0,1], z € 90

with periodic conditions
U™ (0,2) =0V, 2), U"(0,2) =U"V(1,2), z €, (4.2)
and impulsive conditions
UM 07, 2) = (1+a)0" D (1,2), U0, 2)=1+a)U" V(1,2), 2€Q  (4.3)
and
U™t 2) =1 =)0 V(r+1,2), U (T 2) =1 - U V(r+1,2), z€Q,

where K = max yj,g[—a(t, z) + pb(t,z)UP~'] ensuring the monotonicity of the function
Kz+a(t,x)z — b(t, x)2P with z.
Since

we obtain

lim U® = U*and lim U® = U*

k—o00 k—oo ’
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by limiting in (4.1), we can see that U* and U* are two periodic solutions to periodic problem
(3.1), satisfying

U<U® <yg*) <y <0 <UD < W < 1.

For the uniqueness of the periodic solution, suppose that U; and U, are two solutions of
problem (3.1) and define

S={s¢c0,1],sU, < Uy, t €10,1], z € Q}.

By using the fact that f(u)/u is strictly decreasing with respect to v in [0, max Us|, where
[0,1]xQ

f(v) = a(t,z)u — b(t,x)uP, we can prove that 1 € S by contradiction similarly as in [16,
Theorem 3.4], therefore U; < U,. On the hand, we have U, < U; and we arrive the
uniqueness.

(ii) It follows from the initial iteration in (i) that

Ut z) <wut,z) <TO(tz),t >0,z e
Also,
UY0,2) =091, 2) <u(l,z) <UTO1,z) = U0Y(0,z)
for z € Q.
It is clear by the iteration process that
UD 0", 2) = A+a)UY(1,2) < (14 a)u(l,z) =u(lt,2) < 1+ )T (1, 2) = TV (0T, 2),

and
) (1-— ﬁ)(ﬂ0 <r+1 z) < (1—Bu(t+1,z)

W(r
T+ 12) < (1-BUO(T + L)
(r
)

|
qA =

)

for z € Q. Thus, UM (t,2) < u(t +1,z2) < UD(t,z) holds for t € (07, 7] J(r+ _] and z € Q
by comparison argument, and induction asserts that U W(t,z) <u(t+1,z) g UM(t, x) for
t > 0 and x € €. Similarly, we can conclude that for any m,
UM (t,2) < u(t+m,2) < T™(ta), t>0,2€Q
by iteration. Therefore, lim U™ and lim U™ exist. Also, lim U™ (t,z) = lim U™ (t,z) =
m—0oQ m—0o0 m—0o0 m—0o0

U(t,z) by the uniqueness of the solution to problem (3.1), which ends the proof. O
Combining Theorems 3.2, 4.1 and 4.2 gives the following corollary.
Corollary 4.3 Assume that a(z,t) := a(t) and the period 1 is replaced by T. Let u(t,x) be
the solution to problem (1.1).
(i) If dMT > In[(1 + a)(1 = 5)] + fo t)dt, then hm u(t, x) = 0 uniformly for v € Q;

(27) if dMT < In[(1+a)(1— —1—f0 t)dt, then lim,, ., u(t+mT,x) = U(t,x) for any
t > 0 and uniformly for x € Q, where U(t a:) is the unique solution of the periodic problem

(3.1).

Our result shows that large diffusion rate (d), impulsive timing (7') and harvesting rate
(B) all are unfavorable to the survival of species, while large birth rate («) and habitat
(which means that \; is small) are beneficial for the survival of species.
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