ON THE OPERATORS OF HARDY-LITTLEWOOD-POLYA
TYPE

JIANJUN JIN

ABSTRACT. In this paper we introduce and study several new Hardy-Littlewood-
Pélya-type operators. In particular, we study a Hardy-Littlewood-Pdlya-type
operator induced by a positive Borel measure on [0,1). We We establish some
sufficient and necessary conditions for the boundedness (compactness) of these
operators. We also determine the exact values of the norms of the Hardy-
Littlewood-Pélya-type operators for certain special cases.

1. Introduction and main results

Throughout this paper, for two positive numbers A, B, we write A < B, or
A » B, if there exists a positive constant C independent of the arguments such
that A < CB, or A > CB, respectively. We will write A < B if both A < B and
A= B.

Let p > 1. We denote the conjugate of p by p/, i.e.,
space of sequences of complex numbers, i.e.,

> 1
P = {a = {a}32y ¢ lally = (3 laal?)¥ < 4o},
n=1
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For a = {a,}?2 , the Hardy-Littlewood-Pélya operator H is defined as,

H(a)(m) := Z

< max{m,n}’ "

an

eN.

It is well known (see [13, page 254]) that
Theorem 1.1. Let p > 1. Then H is bounded on P and the norm of H is p+1p'.

Hardy-Littlewood-Pélya operator is related to some important topics in anal-
ysis and there have been many results about this operator and its analogous and
generalizations. The classical results of this topic can be founded in the famous
monograph [13]. In the past three decades, the so-called Hilbert-type operators,
including Hardy-Littlewood-Pdlya-type operators, have been extensively studied
by Yang and his coauthors, see the survey [21] and Yang’s book [22]. For more re-
cent results see for example [20] and [23]. Fu et al. have studied in [9] some p-adic
Hardy-Littlewood-Pdlya-type operators.Very recently, in the work [3], Brevig es-
tablished some norm estimates for certain Hardy-Littlewood-Polya-type operators
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in terms of the Riemann zeta function. Some further results have been obtained
in [4].

In this paper, we first introduce and study the following operator of the Hardy-
Littlewood-Pélya type.

% B—1)—(p'—1)Bv]

H s @)m) =m0 50

[max{me, nf]y T {an )2, m > 1,

where v > 0,0< a, <1, -1 < pu,v<p-—1.

The operator H” ' reduces to the classical Hardy-Littlewood-Pélya operator
H when a = g8 = ’y = 1 p = v = 0. We first study the boundedness of H:"” B
We will provide a sufficient and necessary condition for the boundedness of H""", B
in terms of the parameters 7, u, v and prove that

Theorem 1.2. Letp > 1, v > 0, 0 < o, < 1 and -1 < p,v < p— 1.

Let Hgyﬁv be defined as obove. Then Hg:gﬁ is bounded on IP if and only if

p(y—1)—(p—v)>0.

When p(y — 1) = (n—v) =0, le, v = 1+ 5=, we use ﬁgg to denote the
operator HZZ - That is to say,

| o (B=D=('=1)8]

oo
e {an}yzqy,m > 1.
p

n=1 [max{m®, nA}]

We denote by ||ﬁZZ,H the norm of ﬁgg We will show the following result,
which is an extention of Theorem 1.1.

Theorem 1.3. Letp > 1,0 < a,3 <1 and -1 < p,v < p—1. Let Ijlgg be

defined as above. Then ﬁg% is bounded on IP and

P 1 1
T (et )
apﬂp’ 1% b v

When o = g = 1. From Theorem 1.2, we know that the operator

(1.1) B 51| =

o0 ko _ v

Hﬁﬂa”ﬁ(a)(m):Z[ e

——————ap,a = {ap e, m > 1
— max{m,n}]’ "’ nin=1 ’

is not bounded on [P when v < 1 + %.
On the one hand, We note that

/ tmax{m,n}71<1 - t)'yfldt _ B(max{m, n}’ ’Y) _ P(max{mv n})r(')/)
[0,1)

I'(y 4+ max{m,n})’

for vy >0, m,n > 1.
Here B(-,-) is the Beta function, which is defined as

1
B(u,v) := / =t =) tat, u> 0,0 > 0.
0
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The Gamma function I'(+) is defined as
I(z) = / e 't dt, x> 0.
0
It is known that
I'(u)I'(v)
I'(u+v)

For more introductions to these special functions, see [1].
On the other hand, we see from

B(u,v) =

(1.2) T(z) = V2ra® 2 "[1 + ()], |r(z)] < eTz — 1, 2 > 0,
that
['(max{m,n})['(y) _ 1

= >0 > 1.
I'(y+ max{m,n})  [max{m,n}]’’ R

Hence, in order to make H}"_ to be bounded on I” when v < 1 + E25, we let

A be a positive Borel measure in [0, 1), and consider the following operator

[e.e]

HY (a)(m) =Y men pTy[m,nlan, a = {ap}32y, m > 1.
n=1
Where
(1.3) Ix[m,n] = / gretmm =L (L — ) A (), mon > 1
[0,1)

We will characterize measures A such that I/-\Ifi’; is bounded (compact) on (7.
To state our results, we introduce the notion of generalized Carleson measure on
[0,1). Let s > 0, let A be a positive Borel measure on [0,1), we say A is an
s-Carleson measure if there is a constant C' > 0 such that

A([t,1)) < C(1—1)°

holds for all ¢ € [0,1). Moreover, an s-Carleson measure A on [0, 1) is said to be
a vanishing s-Carleson measure, if it satisfies further that

L ALY) _
t—1- (1 —1t)3

We shall prove the following criterion for the boundedness of IA{’;K

Theorem 1.4. Letp > 1,7v> 0 and —1 < pu,v <p—1. Let X be a positive Borel
measure on [0,1) such that dp(t) := (1 —t)7"1d\(t) is a finite measure on [0, 1),
and H‘;K be defined as above. Then Hﬁ;i is bounded on IP if and only if p is a

1+ %(u — v)|-Carleson measure on [0,1).

For the compactness of ﬁ‘;i, we shall show that

Theorem 1.5. Letp > 1,7 >0 and —1 < u,v <p—1. Let X be a positive Borel
measure on [0,1) such that dp(t) := (1 — )7~ 1d\(t) is a finite measure on [0, 1),
and Hf;:; be defined as above. Then H’;”K is compact on [P if and only if p is a

vanishing [1 + ]%(,u — v)]-Carleson measure on [0,1).
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The paper is organized as follows. Two lemmas will be given in the next section.
We will first prove Theorem 1.3 in Section 3. The proof of Theorem 1.2 will be
give in Section 4. We prove Theorem 1.4 and 1.5 in Section 5. Final remarks will
be presented in Section 6.

2. Two lemmas
We need the following lemmas in the proof of our main results of this paper.

Lemma 2.1. Letp>1,0<a,8<1 and =1 < u,v <p—1. We define

a(l+p)

= nf-1 m P
E(m) = Z = T B 0 M > 1
n=1 [max{m®,nB}"" P &
Bp—1-v)
0 a-1 S
m n P
F(n) = Z 1=y ' atp—1—pw " = 1.
m=1 [max{m® nB} "7 m~ »

Then we have

(2.1) Emn<p<1 T ),mZL

“B\l1+p p—1—-v
1 1
(2.2) Fin)y<? n n>1.
a\l+p p—1—-v
Proof. In view of the assumption, we see that, for m > 1,
a(l+p)
[e9) s—1
Bm) < [ d e
142V B(+v)
0 [max{m* zP} "7 gz »

Consequently, by the change of variables s = 2”, we obtain that

a(l+p)
1 m P

1 o0
S - / pn—v : 1+v
B Jo [max{m®, s}]' T 7 5P

_14v

1 [> tr

1 —
BJo max{1, e}
1/1Jw 1/<>°_]+#_1
/B 0 /8 1
P 1

1
B B<1+u+p—1—V>'

This proves (2.1). By the similar way, we can obtain that (2.2) also holds. The
lemma is proved. O

E(m) ds

Lemma 2.2. Let v > 0,—1 < p,v <p—1. Let A be a positive Borel measure on
[0,1) and Zy[m,n] be defined as in (1.3) for m,n > 1. Set dp(t) = (1—t)7"1dA(t).
Ifpisall+ %(,u — v)|-Carleson measure on [0,1), then

1

(23) Iy [m’ ’I’L] = [max{m, n}]1+%(M—V)
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holds for all m,n > 1. Furthermore, if p is a vanishing [1 + %(u — v)|-Carleson

measure on [0,1), then

1

) , max{m,n} — co.

(24) Dol =o ([max{m,n}]l+fl’(u_y)

Proof. When m > 1,n > 2, or m > 2,n > 1. We get from integration by parts
that

1
s\ [m’ n] _ / tmax{m,n}fldp(t)
0

= p([0,1)) — (max{m,n} — 1) / max{mn} =2, ([0, 1)) dt

1
= (max{m,n}—l)/o gmax{mn}=2 11 1))dt.

If pisa[l+ %(u — v)]-Carleson measure on [0,1), then we see that there is a
constant Cq > 0 such that

p(lt. 1) < Cr(1 )50
holds for all ¢ € [0,1). It follows that

1
Ix[m,n] < Ci(max{m,n} — 1)/ gmaxmn}=2(1 _ t)H%(“*”)dt
0

(max{m,n} — D)T'(max{m,n} — 1)['(2 + %(/L —v))
M(max{m,n}+ 1+ %(,u —v)) '

- 1

By using (1.2) again, we obtain that
(max{m,n} — 1)I'(max{m,n} — 1)I'(2 + %(,u —v)) 1
[(max{m,n} + 1+ %(u —v)) max{m, n}1+%(#—u).

It follows that (2.3) holds for m > 1,n >2orm >2,n > 1.
Next we consider the case m = n = 1, we see from the fact p is a finite measure
on [0,1) that

1
I[1,1] = / dp(t) = p(0,1)) < 1.

Then we get that (2.3) holds for all m,n > 1. Similarly, if p is a vanishing [1 +
%D(,u —v)]-Carleson measure on [0, 1), by minor modifications of above arguments,

we can show that (2.4) holds. The lemma is proved. O

3. Proof of Theorem 1.3
For a = {a,}22, € 1P, m > 1, we have

(=)= ~1)81] ‘

ml(a=D+ax] B
n=t [max{me, n?}]" "

<y {[K(m, n)]¥ 01 (m, ) - [K (m, n)]¥ Os(m, n)} = I(m).
n=1
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Where

1
K(man) = =
[max{me,nf}" " »
BUtv) Py
n pp P Lig1
O1(m,n) = == - m» 7 - ay),
m P
a(p—l—u)_‘_%
m » P 1
OQ(m’ n) = W . np/(ﬁ 1)
n pp

Applying the Holder’s inequality on I(m), we get from (2.1) that

p [Z K (m, n)[Os(m, n)]P’] p

n=1

I(m)

IN

Y K(m,n)[O1(m, n)?

n=1

T =

= [E(m)” [Z K (m, n)[O:(m, n)]P]

n=1

It follows from (2.2) that

~ U e 1
||HZ7,,3aHp = [Z IP(m)]»
m=1

~|
=

P

< (i) ZZK<m,n>[Ol<m,n>}p]

Ln=1m=1

1 ( p P\ [ g
- (2 ) ZF(n)\an!”]
o <1—|—u p—1—-v et

< + ally.
%5§ 1+p p—1—-v P
This means that ﬁgg is bounded on P and

P 1 1
el S g
O[pﬁp’ 24 b v

o o 1 148e
For € > 0, we take a = {a,,}>°; with @, =e»n~» . On the one hand, we have

™

™

(3.1) [HAY| <

o o) 1
laly =e>_ n7' 7 > 6/ e P dr = <
= 1 B

On the other hand, we have

[e.e] o0 1

lalp =e+) n " <e+ s/ v P dr =y 1
o 1 g

Thus, we obtain that

1

(3.2) lally =3

(1+0(1)), e =0T,
6



(3.3) ”ﬁgivaug —c Z mla—D+au LT (m)]?.
m=1
Here
0o L{(B-1)—(p'—1)By]  —1tBe
nr on” T p
J(m) = Z

1 [max{m®, nﬁ}}Hu;V

n
In view of the assumption 0 < < 1,—1 <v < p—1, we have 1 + Sv > 0. Hence
we get that

L3 1)~ r — g - LEIE L Lp gy Lxvte
Consequently,

v

dx

0o o HlB-1)-('-1)pr] -1EPe
J(m) /1 Ip[ x »

max{m®, xﬁ}]H%
_ 14v4e

1 [ s P
= / Y ds
BJr [max{me, s}'+5%

_ 1+v+e

(3.4) = Lt /Oo tor
’ B 1 1=y
e max{l,t}|" " »

Also, for 0 < e <p—1—v, we have

_1+v+te _ 1+4v+e

o0 t p o0 t P mila _14ute
/ . ,”dt:/ 1 uydt—/ o dt
e [max{1, ¢} 5 0 [max{1,¢}]'" 7 0

me

1 1 p _a(p—1-v—¢)
:p —|— — m p
14p p—1—-v—c¢ p—1—v—e¢

(3.5) = L(e) — Q(m).
Combining (3.3), (3.4) and (3.5), we get that

~ U~ £ © 1-a
(3.6) IH, 5ally = 5 Y mT e [L(e) — Q(m)]P,
m=1
for 0 < e < p—1—v. By using the Bernoulli’s inequality(see [17]), we obtain that
BT 1)~ Q) = B [1 -
' - Lie)p—1-v—e) ’

for 0 <e <p—1—v. From (3.6) and (3.7), we obtain that

o0
(13 ot T @L(e)}f’zm—l—%
m=1

2 [e.9]
Ep e Mp=l-v—e)
3.8 — .
(3:8) I T ™ ;
7

m=1



We note that
(3.9) €Zm 1-ae 1+o(1)), e— 0%,

and, for0<e<p—1—v,
> e p=lov—e) n
(3.10) > m P =0(), e—=0".
m=1
It follows from (3.8)-(3.10) that
> Bp(l +o(1) - [L(e)P - [1 —eO1)].
Hence, by (3.2), we get that

[Fevg), o) [EE)] 1 - o)
N H(+ o)

Take ¢ — 0T, we see that

~ P 1 1
3.11 HYY | > < + > :

Combining (3.1) and (3.11), we see that (1.1) is true and the proof of Theorem
1.3 is finished.

4. Proof of Theorem 1.2

We first prove the if part. If p(y — 1) — (u — v) > 0, that is v > 1+ 222 then,

for a = {an}52 4,

o S (B-1)-('~1)Bv] 71(B=1)=(p'~1)pv]

a E —|an|.
[mesc{me, nf}r n=1 [max{m®,nA}] e

m > 1, it is easy to see that

n=1

Consequently, in view of the boundedness of HZ 5> we conclude that H" ’ZZM is
bounded on P when p(y —1) — (. —v) > 0.
Next, we prove the only if part. We will show that, if p(y—1)—(u—v) < 0, then

Hg’ﬁy can not be bounded on [P. Actually, let € > 0, we still take @ = {a,}5>;
1 _ 14pe

with @, = ern~ » . We have

1
(4.1) fally = (1 + o(1)), £ > 0*.
It follows that
> o L[(B-1)—(p'—1)py] —1EBeqP
MV~ p — (04—1)+Oéu ne -n D
Al = Y S
(4.2) = mla—b+ap [R(m)]?
m=1



On the other hand, we have, for m > 1,

/oo Ly l(B-D-('-Dpy] 15
1

. >
(4.3) R(m) > e e P T dx
1+u+5

- 6/ max{ma s}]
1 0o t71+u+5

_ Lo o=+ (1+vte)] P
Bm /1a [max{1,¢}]” di

R LG A CEIAD) / Ly

1

Since p(y —1) = (1 —v) <0, ie, v <1+ £, we get that

S C O l4pte
(4.4) / £ A > / R S
1 1 l+p+e

Consequently, from (4.2)-(4.4), we obtain that

Zm #V)e}]'

We suppose that H“ ’” : [P — [P is bounded, it follows from (4.1) that

L5 L ally

- [5(1+u+6

H’“’ a
poo > IHESTE
fall
15 > (4B )L
(45) > (o) gy Zm

However, by p(y —1) — (1 — v) < 0, we know that p(1—7v)+ (r—v) > 0. Hence,
when & < p(1 —7) + (u — v), we see from p(1 —7) + (u —v) —e := 6 > 0 that

Zma[p(l M+(p—v)—e]-1 _ Zm 1 — 4.

m=1

Thus we get that (4.5) is a contradiction. This proves that Hgg ., can not be
bounded on (P, if p(y — 1) — (4 — ) < 0. Theorem 1.2 is proved.

5. Proof of Theorem 1.4 and 1.5

We first prove Theorem 1.4.

Proof of the if part of Theorem 1.4. By Lemma 2.2 and checking the proof of
Theorem 1.3, we see that Hﬁ:’i is bounded on P, if dp(t) = (1 — t)* " 1dA(t) is a
[1+%(/,L—1/)]—Carleson measure on [0, 1). The if part of Theorem 1.4 is proved. [

Proof of the only if part of Theorem 1.4. In our proof, we need the following well-
known estimate, see [24, Page 54]. Let 0 < w < 1. For any ¢ > 0, we have

(5.1) ch R pep—

(1 —w?)e’

9



For 0 < w < 1. We define a = {a}22, as

(5.2) an = (1 - w)rwr® Y neN.
Then it is easy to see that ||a|, = 1. In view of the boundedness of H57/\’ we

obtain that

L = |HYYalp

00 m 0o p
= Z m# Zann P / t"Ldp(t) + Z apn r / t"Ldp(t)
m=1 n=1 0 n=m+1 0
S m . 1
= (1-w? Z mht pr("fl)nfﬁ / t™Ldp(t)
m=1 n=1 0
0o , 1 p
+ Z u)p(n 1)77,75 / tnfldp@)
n=m+1 0
(I) When 0 < v < p— 1, we see that
P

L= [EalR> (1 —w Zm“

1
prn 2 _P/ t™ dp(t)
0
2 2(n-1) -* m—1 ’
)Zm” pr nor t dp(t)
m=1 n=1 w

(5:3) = <1w2>[p<[w71>>]pZm“wp(m_”[ ) wiw—nn—Z] |

m=1

v

On the other hand, we note that, for any m > 1,
m 2 v 2 v 2 v
Zu);(n_l)n_g >m wp(m l)m_g = w;(m—l)ml—;.

Then we get that

i m,uwp(m—l) [i wi(”—l)n—;] io: ptp(1—2) (p+2)(m 1)
m=1 n=1 m=1
It follows from (5.3) that
1= (1— )P i mATPA=5),, 0 +2)(m=1)
m=1
Then we conclude from (5.1) that
(1= w?)[p(f, 1)) 1 <1
(1— )/H-p(l—*)-i‘l

This implies that

p(lw, 1)) < (1 — w?) 5 for all w € (0,1).
10



(IT) When —1 < v < 0, we see that
p

—_
Y

HH“’/\aHp> (1—w Zm“

2 v 1
Z wr ™Y _P/ " Ldp(t)
n=m+1 0
2 v b
Zm“ Z wr ™! P/ t"Ldp(t)
n=m+1 w

(64) =z <1w2>[p<[w,1>>1PZm“[ 2 w<2+1><”-1>n—z?] |
m=1

n=m-+1

v

Meanwhile, we note that, for any m > 1,

Z w (2+1)(n—1) —g i w(%+1)(n—1)m—;

n=m+1 n=m-+1
L, athm L pthm
-m pl_w§+1 cm’ 1 — w?
Then we get that
o0 oo P 1 0o
Z mt Z wE V-1, =2 - = Z Ml Ve (Pr2m.
m=1 n=m-+1 m=1

It follows from (5.4) that

T sD S
—w

Then, from again (5.1), we see that

1
(1 — 'UJQ)[p([wy 1))]1) (1 — w2)#—y+l)+1 =1
This also implies that

p(lw, 1)) < (1 — w5 for all w e (0,1).

Combining (I) and (II), we see that p is a [1 + %(,u — v)]-Carleson measure on
[0,1) and the only if part of 1.4 is proved. Now, the proof of Theorem 1.4 is

finished. U

We next prove Theorem 1.5. We first show the if part. We assume that p is
a vanishing [1 + 1 5 (1 — v)]-Carleson measure on [0,1). Let 9 € N, we define the

operator H™ as, for a = {a,}°°,

H™ (a)(m) := mr ZTf%I)\[m,n]an,
n=1
when m < 9, and H™ (a)(m) := 0, when m > 99t + 1. Then we see that H™

is a finite rank operator and hence it is compact on [P. By Lemma 2.2, we know
11



that, for any € > 0, there is an M € N such that

Ta[m,n] < ‘

[max{m, n}]"r(=)

holds for all n > 1, m > M. Then, we see from

o0 ) p
B — B ap = S k|3 0T m,nlag|
m=MN+1 n=1
that,
R 00 00 a p
JEY —Halp < 3 m -
" : m:ZEm:Jrl n—1 [maX{manHHE(uw)

when 9t > M. Consequently, by checking the proof of Theorem 1.3, we see that,
for any € > 0, it holds that

IS~ H)al, < efall,,

for all @ € [P when 9t > M. It follows that I:If;i is compact on [P. This proves
the if part of Theorem 1.5 .

Finally, we prove the only if part. For 0 < w < 1. We take a = {a,}°°; as in
(5.2). It is easy to check that {a, }° ; is convergent weakly to 0 on P as w — 17.
Since ﬁg; is compact on [P, we get that

(55) lim[[B%al], 0.

On the other hand, by checking the arguments of the proof of Theorem 1.4, we
have
1

[HNallp = [P([wvl))]p'm~

This yields that

TN 1+ (p—v
p([w, 1)) = |[HYal,(1 — w?) T,

It follows from (5.5) that p is a vanishing [1 + ]l)(,u — v)-Carleson measure on

[0,1). This proves the only if part of Theorem 1.5 and the proof of Theorem 1.5
is completed.

6. Final Remarks

Remark 6.1. We first point out that the assumption —1 < y,v < p—1 in Theorem
1.2 and 1.3 are both necessary. We consider the case a = 8 =vy=1,u =v := 4.
That is to say, we will consider the operator

)

o0 9
s n Pan,

HY () (m) =m» >

1m, a = {an}%o:]_, m Z 1

We will use Hs to denote H(ls’il. We shall show that

Proposition 6.2. H; is not bounded on IP, if 6 < —1, or 6 > p — 1.
12



1 _ 1+te
Proof. For € > 0, we take a = {a,};>; with a, =ern 7 . We see that

oo
lalls=c+ed n' Tt <e+1,
n=2

and

_S+14e P

[Faly = > m [E S

(I) If § < —1, when € < —(5—}— 1), we see from 0 + 1+ ¢ < 0 that, for any fixed
m > 1, it holds that

00 o+1+4e 6+1+a

S+1+4¢
Zmix{mn}>z >Zn1 T — oo

This means that Hs is not bounded on [P in this case.
(IT) If 6 =—1oré >p—1, for all m > 1, we have

0o 5+1+5 6+1+£

Z < max{m, n} rnax{m ;17}

_0+14e
_stl4e [0 ¢ p
= m p —dt
1 max{l,t}
_otide [0 | st14e P _ Stl4e
> m P t r dt=—"—m P
1 1 + ) +ée

Consequently,
p o0
— P 1
Hualp>(—2—) - S ——.
Fsal} > (15 ) 3

On the other hand, we have

oo

1 1
> e =(1+o(1), e 0"

m=1
Therefore, we get that

sl > (—2—) L4 o))
J “\1+d8+¢/) ¢ '

Taking e — 0T, we obtain that |[Hsallb — +oo. This implies that Hy is not
bounded on P when § = —1 or § > p — 1. The proposition is proved. O

Remark 6.3. When v = 1, from Theorem 1.4 and 1.5, we have

Corollary 6.4. Let p>1 and —1 < p,v <p—1. Let X be a positive finite Borel
measure on [0,1) and HY"" be defined as

[e.9]
HAY (a)(m) := Zm%n_%f,\[m,n]an, a={an}peq, m>1.
n=1
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Here

Ix[m,n] = / graxdmn=1ax (), m,n > 1.
[0,1)

Then HY" is bounded (compact) on IP if and only if X is a (vanishing) [1—1—%(#—1/)]-
Carleson measure on [0,1), respectively.

Remark 6.5. We finally consider the Hardy-Littlewood-Polya-type operator acting
on the analytic function spaces in the unit disk D. Let A(D) be the class of all
analytic functions in the unit disk D of the complex plane. These years, for a
function f(z) = >.07,an2" € A(D), the following Hilbert operator H, acting
on the Taylor coefficients of f, and its variants and generalizations have been
extensively studied, see [2], [5, 6, 7, 8], [10, 11, 12], [14], [15], [16], [19].

H((=) =D [Zm;’;gl :

m=0 Ln=0

For v > 0, f = Y2 a"z" € A(D), we similarly define the Hardy-Littlewood-
Pélya-type operator H, as

(=) = Z (Z [max{m fq,n—i- 1}]7) 2

m=0 \n=0

We will investigate the boundedness of ., acting on certain spaces of analytic
functions in D.

Let g be a positive number and X, be a Banach space of analytic functions in
D. For any f € X,, we assume that the norm || f|x, of f is determined by f, ¢
and other finite parameters Sy, 82, -, Br. Here k is a non-negative integer and
k = 0 means that there is no parameter.

We denote by P(D) the class of all functions f = > °  ja,2z" € H(D) with
{an}s, is a decreasing sequence of non-negative real numbers. We say X, have
the sequence-like property, if, for a function f € P(DD), there is a constant Ix =
Ix(q, B, P2, ,Bk) with Ix > —1 such that f € X if and only if

o0
Z(n + 1) al < 4o0.
n=0
We point out that many classical spaces of analytic functions in D have the
sequence-like property. Let f =Y > a,2z" € P(D). For example,
(1) the Hardy space HY(D),1 < g < oo, we know that, see [18, page 127],
f € HI(D) if and only if
[e.e]
Z(n +1)72ad < +oo.
n=0
(1) For 1 < ¢ < o0, let =2 < a < ¢ — 1. It holds that, see [12, Lemma 4],
f € D&(D) if and only if
(e.9]
Z(n 4 1)29737%% < 400.

n=0
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Here DZ(D) is the Dirichlet-type space, defined as
D (D) = {f € HD) : | fllpg = [£(0)]

1
q
+ <+oo}.

(t11) For 1 < ¢ < oo, let —1 < a < ¢+ 2. It holds that, see [12, Proposition 1],
[ € AL(D) if and only if

(a+1) /D (21— [22)°dA(2)

o
Z(n +1)9737%4 < 4oo.

n=0

Here A% (D) is the Bergman space, defined as

AL(D) = {f D) : IflYy = (@+1) [ 1710 - |:Praae) < +oo} .
We obtain that

Proposition 6.6. Let v, g be two positive numbers. Let X, be a Banach space of
analytic functions in D which has the sequence-like property and H. be as above.
Then the necessary condition of Hy : X; — X, is bounded is v > 1.

Proof. We will prove that, H, : X, — X, can not be bounded, if 0 <y < 1.
1+e¢

~ 1 Iy +
Let € > 0 and set fo = 00 (@,2" with @, = (£2)e(n+ 1) Tt is easy

1+e
to see that {a,}, is a decreasing sequence and Y > (n + 1)'Xa@}, < co. Hence
Je € Xq.
We set
= a
by = - , m > 0.
" nz:; [max{m + 1,n + 1}]7 -

We suppose that H, : X, — X, is bounded. Then, by the fact that {b,}72 is
a decreasing sequence, we see that g(z) = Y 2 b,2" € X, and hence

Z(m + 1) b < 4o00.

m=0
That is
[e’e] [ee) Ei q
6.1 > 1)ix n
e : (1)
= 1)Ix
1+€n;)(m+ ) ;:O[max{m—i—l,n—i—l}h



On the other hand, for any m > 0, we have

( 1)_]IX+1+5 _]IX+1+6
n + q n q
6.2 =
(62) nzzo max{m + 1,n + 1}]7 ; max{m + 1,n}]"
Ix+1+e
. _Ix+tide
> / ’ ’ dx
\ ax{m La}
_Ix+ite

o0

Ix+1+e q
_ 1@»./ Y
(m+1) q S [max{L, y}]7 Y

Ix+ite [© Ix+14e
> (i [T,
1

Ix+1+e

= (m+ 1) EBe).
Combining (6.1) and (6.2), we get that

S tm ]

m=0

(6.3) oo > -

[E()]?

If v < 1, when € < ¢(1 — ), we have

o0
Z (m +1)210=171=¢ — 40,
m=0
Thus (6.3) is a contradiction since E(e) > 0. This means that H, : X, — X, can
not be bounded when v < 1. The proposition is proved. O

For v > 0, let A be a positive Borel measure in [0, 1), we define the operator

HyA(F)(2) =) [Z L, \[m, n]an] 2 f=)an2" € AD).
n=0

m=0 Ln=0

Here
(6.4) Lol = [ 00— aa ), mon > 0
[0,1)

When A in (6.4) is the Lesbegue measure in [0, 1), we see that
1

I =
ralm, ] [max{m + 1,n + 1}]7

,m,n > 0.
It is interesting to study

Question 6.7. Characterize the measures A such that H., x is bounded (compact)
from one analytic function space X to another one Y .
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