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for plate equations with delay blurred by multiplicative noise in R™. First of all, we
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1 Introduction

This paper is concerned with the following plate equations with time delay blurred by
multiplicative noise in R™:

Ot + @it + Opgrg (Opu) + Opgaatt + Au + F(z,u(t, x)) = f(z,u(t — p,x))
+g(t,x) + euo %, zeR™ t>r,

ur(s, ) = u(r +s,2) = ¢(s,z), v€R", se[—p,0], (L.1)

Our(s,x) = 0p(s,x), x €R™ s¢€[—p,0],

where 7 € R,z € R, s € [—p,0],€ € (0,1], o, A are positive constants, the time delay p > 0
is a constant, the conditions that F, f satisfying see Section 3, ¢(t,-) € L} (R, L*(R™))
and ¢ € C([r — p,7], H*(R™)), W is a two-side real-value Wiener process on a complete
probability space which will be specified later. The problem (1.1) is understood in the
sense of Stratonovich integration.

Delays in differential systems are used for mathematical modeling in many applications
to describe of the dynamics influenced by events from the past. It is known that differential

equations with delay appears in physics, biology and other disciplines, and the time delay
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are considered in the model of the systems ([5, 8]). Especially, these equations are applied
to mathematical modeling in many applications to describe of the dynamics influenced
by events from the past, see [10, 11, 13]. Most noteworthy is that the attractors of
deterministic differential equations with time delay have been studied in [8], while the
stochastic case has been studied in [4, 18].

For the case p = 0 in (1.1), we derived the existence of results in, see [9, 19]. However, as
far as we know, there is little literature dealing with stochastic time-delay plate equations.
For all we know, in [17], Wang and Ma sudied the existence of pullback attractors for the
non-autonomous suspension bridge equation with time delay.

Motivated by literature above, we study the dynamics of the delay plate equations. The
main features of the work are summarized as follows: (i) We prove that (1.1) generate
random dynamical systems; (ii) We show the existence random attractors for (1.1); (iii)
We obtain the convergence of random attractors for (1.1) as p — 0 or ¢ — 0. A major
difficulty in the proof process is to prove the existence random attractors for (1.1), the
reason is Sobolev embeddings are no longer compact. To overcome it, we use the uniform
estimates and the splitting technique ([15]).

This paper is organised as follows. In the next section, we recall some basic concepts
on the theory of random dynamical systems. We then prove an abstract result for upper
semicontinuity of random attractors for stochastic delay equations. In Section 3, we es-
tablish the continuous random dynamical system for (1.1). Some necessary estimates are
given in section 4. We then prove the existence of pullback attractors for (1.1) in section
5. In Section 6-7, we further prove the upper semicontinuity of attractors when ¢ — 0 and
p— 0.

2 Notations

Now, we recall some notations and proposition on the theory of random dynamical
systems, the reader is referred to [2, 6, 7, 12, 14].
Denote (2, F,P) be the probability space and for t € R,w € €,

Ow(-) = w(t+ ) —w(t).

Let (X, || |lx) be a separable Hilbert space, and let (2, F, P, {6; };cr) be an ergodic metric
dynamical system

Proposition 2.1.([14]) Let D be an inclusion closed collection of some families of
nonempty subsets of X, and ® be a continuous cocycle on X over (Q, F,P,{0:}1cr). Then
® has a unique D-pullback random attractor A in D if ® is D-pullback asymptotically
compact in X and ® has a closed measurable D-pullback absorbing set K in D.

We denote by Cx the space C(]—p, 0], X) with the sup-norm

[ullex = sup Jlullx, ue C([=p,0], X)
Se[fpro]
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Denote by (Y, ]| -]|) a Banach space satisfies that the injection X C Y is continuous, we

also denote by Cxy the Banach space Cx N C'([—p,0],Y) with the norm || - [[¢y ,
T
Y12, = W12, +lulgy, v=(uwv)", uelx, veCly. (2.1)

Denote —A the Laplace operator, A = A? and the Hilbert spaces V,, = D(A%) endowed
with inner product and norm

(U,U),, = (A%U,A%U), || : HV = HA% ’ H
In particular, Vo = L2(R"), Vo = H2(R").
3 Cocycles for stochastic plate equation

In this section, we discuss the assumptions on F, f and g and define a continuous cocycle
in Cy,. 1, (R™) for (1.1). Assume F(z,-) € C*(R), f, g satisfy the following conditions:

F(a,u)| < alu + ¢1(z), ¢ € LARY), (3.1)
F(x,u)u — caF(z,u) > ¢a(x), ¢o € LR, (3.2)
F(x,u) > calul "t — ¢3(x), 3 € LY(R™), (3.3)
’%(xvu)‘ < w, (3.4)
f(JI,O) = 07 and ’f(xvul) - f(x7u2) < lf’ul - U2|, (35>
where @, lf >0, 1 <y < Z—J_rf‘l,ci > 0. It follows from (3.1)-(3.2) that
F(z,u) < c(ul® + |ul"™™ + 6] + o). (3.6)
Assume g satisfies
0
/ e®|lg(-, 5 + 7)|%ds < 00, ¥ T €R, (3.7)
which implies that
lim / / e%lg(-, 8)>dzds = 0, ¥V 7 € R, (3.8)
r—00 —00 |CC|Z’I‘

where o is a positive constant.
For Y = (u,v)" € Oy, v, (R"), set

1Y llev, vy ) = (ulley, + 10l12,,) % = (oll* + (6% + X = o) [|ull* + (1 = 8)|Auf?)z. (3.9)

In addition, we see that [ - [|cy, , (R™) is equivalent to || - [cy, v, &) in (2.1).
Let & = dyu + du, where ¢ is determined by (3.14), then problem (1.1) is equivalent to

G +ou=¢,
Lt (a—0)E+ A%+ (82 + X —da)u+ (1 —8)A%u+ f(z,u) + F(z,u(t,z))
= fla,ult - p,x)) + gla,1) + euo 2, (3.10)
ur(s,z) = u(t + s,z) = ¢(s,z), x €R™ se[—p,0],
f‘r(sa$) = 815925(8,55) + (5(1)(871’), reR" se [*P, 0}
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Consider the Ornstein-Uhlenbeck equation dy(6;w)+ey(6:w)dt = dw(t), and Ornstein-Uhlenbeck
process

yw) =< [ OOO eTw(r)dr.

From [3], it is known that the random variable |y(w)]| is tempered, and there is a f;-invariant set

Q C Q of full P measure such that y(6w) is continuous in ¢ for every w € Q.
Let v(t,7,w) = &(t, 7,w) — ey(Orw)u(t, 7,w), we obtain the equivalent system of (3.10),

du 4 Su— v = ey(Bw)u,

Lt (o= 8)v+ A%+ (82 + X — da)u + (1 — §)A%u + ey(0,w) A%u + F(z, u(t, z))

= flz,ult = p,x)) + g(x,t) — ey(Orw)v — €(ey(Brw) — 20)y(0rw)u, (3.11)
ur(s,x) == ulr + s,x) = ¢(s,x), z€R"™, sé€[—p,0],

vr(8,2) = 0 (s, ) + 0¢(s, ) — ey(O,w)p(s,x) := Y(s,x), = €R™ s¢€[—p,0].

For given 7 € R,w € Q and ¢ € Cy,(R"), ¥ € Cy, (R™), a solution of (3.11) will be written
as (u(-,7,w,d),v(-, T,w,®)). As usual, the segment of u(-,7,w,®) and v(-,7,w, ) on [t — p,t] are
written as u'(-,7,w, ) and v*(-, T, w, 1), respectively; that is,

Ut(5373w7¢) = u(t + S7T7wa¢)7 for all s € [7p3 0]7
ve(s, T,w, ) = v(t + s, 7,w,9), forall se[—p,0].

Under conditions (3.1)-(3.5), one can verify that for every 7 € R,w € Q and ¢ € Cy, (R"), 9 €
Cy, (R™), problem (3.11) has a unique continuous solution (u(-, 7,w, @), v(-, 7w, ¥)) : [T — p, 0] —
Cv, vy (R™), and the segment (-, 7,w, @) of u is (F, B(Cy,(R™)))-measurable in w € Q and con-
tinuous with respect to ¢ in Cy, (R™); the segment v;(+, 7, w, 1) of v is (F, B(Cy, (R™)))-measurable
in w € Q and continuous with respect to 1 in Cy, (R™).

Define @ : RT x R x  x CV27V0 (Rn) — CVQ,VO (Rn) by

(I)(ta T, W, (¢7 w))() = (ut+7(" 7, G—TW’ d))? Ut-i-T(') T, 0—7w7 1@)7 (312)

where (t,7,w, (¢,1)) € RT X R x Q x Cy, v, (R"™), wgsr (8,7, 07w, 0) =u(t +7+s,7,0_,w,¢) for
s € [=p,0]; vegr (8,7, 0_rw, ) = vt + 7+ 8,7,0_rw,¢) for s € [—p,0]. Then ® is a continuous
cocycle on Cy, v, (R™) over (2, F,P, {6, }ier)-

Let D = {D(7,w) C Cy, v, (R") : 7 € R,w € Q} be a family of bounded nonempty subsets of
Cv,.v, (R™) satisfying

Jim e D(r — 1,0-) oy, e = 0, V7> 0, (3.13)
where [|D(T —t,0_w)l|cy, v, &) = sup [(w,v)llov, v, gn)- Let D be the set of all

(u,v)ED(T—t,0_1w)
families D = {D(7,w) C Cy, yy&n) : T € R,w € Q} which satisfies (3.13).
For later purpose, we assume 6 € (0,1) be small enough such that

a—6>0, 2+X—0a>0, 1-6>0. (3.14)

In addition,
1617 + 6(c — 0)?

3.15
0(a—0) (3.15)
Under (3.15), we can define o appearing in (3.7) by
a—30 0 c90
= min{ ——, —, =1, 3.16
o =minf®0, 0 20 (3.16)
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4 Uniform estimates of solutions

We will obtain some necessary estimates of solutions for (3.11) in this section.
Lemma 4.1 Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. Then for every ¢,7 € R,w € Q,
and D ={D(1,w) : 7 € R,w € Q} € D, there exists T = T(1,w, D,s) > 0 such that for allt > T,

1Y (4 5,7 = 4,070, Yo)l2y, o e

L+s
(20 —ec—ec _rw)|?
s [ el P (5,7 = 00 Vo) R o

—t

L+s
+ / efT (20—ec—ec‘y(99—rw)‘2)d9||ArU(7~’ T — t’ H_TQJ’ w)HQdT

—t

<M (1+ Ry(7,w)). (4.1)

where Yy = (¢,9)7 € D(1 —t,0_4w), M is a positive constant depending on \,o,« and &, but
independent of T,w, D and €, and Ry(T,w) is given by (4.16). Moreover, ¢ is uniform with respect
to p in (0, po) for every positive po.

Proof. Taking the inner product of (3.11), with v in L?(R"), we get

1d
5 glIvl” + (@ = 8)(v,0) + (A + 0% = da)(u,v) + (1 = §)(A%u, v)
+ (A2, 0) + ey(0w) (A%u,v) + (F(z, u(t, z)), v) (4.2)
=(f(@,u(t — p,x)),v) + (g(z, 1),v) — ey(bsw) (v, v) — e(ey(brw) — 20)y(6w) (u, v).
By simple calculation, we can get the following estimates for the right-hand side of (4.2):
(u,0) = (u, 5+ 6u — ey(6 ))*lill 12+ 8llull* — ey (B Jul? (4.3)
u,v) = (u, — u—ey(Brwlu) = 5 - flu u ey(Orw)||ul|?, .
(A2u,v) = (A%, 2—1: + ou — ey(brw)u) = %%HAUHQ + 8| Aul|? — ey(6,w) | Aul|?, (4.4)
(P u(t, ), ) = (Fla,ult, ), S+ 6u — (o))
:% F(z,u)dz 4 6(F (x,u(t, z)), u) — ey(Ouw)(F(z, u(t, z)), u). (4.5)
RVI

By (4.2)-(4.5), we get

—(

dt

+2(a — 8)|Jv]|* 4 20(8% + X — Sa)|Jul|* + 26(1 — )| Aul|* + 26(F(x, u(t, x)),u) + 2||Av]||?
=2(f(x, ut — p,x)),v) + 2(g,v) — 2e(ey(B1w) — 26)y(6:0) (u, v) — 2ey(Orw) (A%u, v)

+26(6% + X — 6a)y(0;w) |[ul® + 2¢(1 — §)y(hyw)|| Aul|?

— 2ey(0,w)||v||* + 2ey(0,w) (F(x, u(t, x)), ). (4.6)

d ~
o)1 + (6% + X — da)||ul|® + (1 — &)||Aul|® + 2/ F(z,u)dx)
Rn

By (3.1) and (3.3), we have
2ey(Ouw) (F (2, u(t, x)),u) < 2661|y(9tw)|/ [ul " dz + ely(9,w) |61 1% + ely(Brw)|[[ul®
]Rn

< 2ecicy |y(Ow)| - (F(2,u) + d3(x))dz + ely(0uw)| [ $1]]* + ely(0)] |
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<ecly(Ouw)| | Flz,u)dz + ecly(6:w)] + e|y(0rw) |[u]]?, (4.7)
RTL
where ¢ depends on ¢;, c3', |p3ll L1 (mny and |[@1]| L2 @y
Using Young’s inequality, we obtain
2(g,v) — 2ey(Bw)||v]|? — 2e(ey(Bw) — 26)y(Osw) (u, v) — 2ey(0;w)(A?u, v)
+2€(6% + X — )y (0,w) ||lul|* + 2¢(1 — 8)y(hyw)|| Aul?
15(ac — 0
< %IIWII%CIIQII2 + ecly(@w)| (1 + [y (@) ([l + [o]* + [Aul?) + [[Av]®. (4.8)
By (3.5), we get
4l?- 2 o — (S 2
(f(z,ult = p,2)),v) < Igllult = p)lloll < —llult = p)I" + —=llvlI". (4.9)

By (4.6)-(4.9) and (3.2), we have

d
2 (Il + (6% + A = da) [ul® + (1 = §) | Au]* + 2/ F(x, u)dr)

+ (@ = &) ||Jv||* +20(82 + X — da)|Jul|® + 28(1 — 8)||Aul]® + 25(:2/
2 A Sl? 2
<celgll + ecly(®)| | Flaapdo+ —Lsult=p)l

F(z,u)dz + | Avl?

+ec(L+ [y (Oew) ) (1 + Jull® + [[ol* + | Aull?). (4.10)
By (3.3) and (3.16), we get
dcg F(z,u)dz > 40/ F(z,u)dz + (40 — bcy) o3(x)dx. (4.11)
Rn n R
By (3.16), (4.10)-(4.11) and the norm || - ||y, \, (&) in (3.9), we have
d ~ -
GV ey +2 [ Flaude) +40(1Y I, oy +2 [ Flavu)da)
1
+ [|Av|)* + 55((52 + A —6a)|ul?
813 2 2 2 =
<5 llult = p)lI" + ec(t + |y (@) )Y liEy, v, @ + 2 . F(z,u)dr)
(4.12)

+ c(1+ |lgll* + ely(B:w)]?).

Considering time 7 — ¢ instead of 7, firstly, multiplying (4.12) by efot(m’_ec_“'y(e“")|2)dr, then
integrating over [ — t, 1+ s] for any fixed s € [—p,0] with ¢ > 7 — t 4 p, last replacing w by 0_,w
(i.e., u now denotes u(-,7 — t,0_,w, $) and v now denotes v(-, 7 — t,0_,w, ), we have

Y+ s,7—t60_,w, YO)||%V2’VO ®Rn) T2 /n F(z,u(t+s,7 —t,0_rw, ¢))dz
It o—eo—cely(® )d 2
+ 20 /T_t ef,—( o—ec—ec|y(0o—rw)|”) Q(HY(L—’_SﬂT_t’H*TW’SDO)HCVQ,VO(]R”)

+ 2/ Fz,u(t+ 8,7 —t,0_rw, ¢))dz)
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t+s )
b [ el e O e gy, 1,6 ,0)
T—1
1 e e 0 %)d
+ 56(6* + A — da) / el o meeecyOomr )Ny (r 7 — 1,0_,w, )| %dr

T—1
Sef;—st(2afecfec\y(9g—7w)|2)dQ(HYO||%V2 vo (B™) +2 ﬁ(:c, @)dx)
. R
812 L+s R
f5 / efT (20—€C_€C|y(‘92—‘rw)‘2)(10””(7' —pPT = t7 9—7'0‘}’ (b)szT

a— —t

L+s
b [ el om0 PN oo, ) + ely(Oy—rso) P
T—t

Combining with the proof of Lemma 4.1 in [9], we have the followings:

. l;—st(20'—€c—60‘y(agfrw)‘2)d9(H}/O||20V2‘V0(Rn) + 2/ ﬁ(x,gﬁ)dw) — 0, as t— o0
R"L

t+s
/ el-Comcemecl@or Dy — p, 7 — 1,0_rw0,0)|*dr

—t

L+s5—p .
:/ e :jr_/f(2‘7_60_60“’(99*7“)'2)@||u(7',7' —t,0_,w, ¢)|*dr
T—t—p

—t
_ /T e‘ffiﬁ(QUfecfec‘y(agfrw)F)dQ||u(7«, T—t,0_w,¢)|dr
i

—t—p

L+s—p B

n / efTig(QU—EC—Ecly(gg—rw)Iz)dg||u(/]n7 T—t,0_,w, ¢)||2d7°
T—t

t+s

—r C s o—ec—ec _rw)|?
<pel® )II¢H2cV2<Rn>+/ el WOor )Moy, 7 — 1,0, )||2dr

T—1

and the following integral

t+s
Ri(r,w) = ¢ / o7 Go—cemeely(@o—))do (1 4 |g(r, |12 + ely(0,_rw)[2)dr
T—1

is convergent.
By (4.13)-(4.16) and (3.15) we get

1Y (5,7 = 8,070, YO) |12, 1 oy +2 Fz,u(t+s,7—t,0_.w, ¢))dx

R

t+s
5 (20—ec—ec _rw)|?
*2“/T el Comcemeclv@or)Die (Y (4 4 5,7 — £,0_r0, Yo) |3, . ry

—t
+2/ ﬁ(m,u(L+S,T—t79—rwa¢))dx)

L+s
+/ el7 Qo—ceecly(Oo—r@) e || Ay(r, 7 — t, 0w, )| 2dr

—t
<1+ Ry(1,w).

which along with (3.3) yields (4.1).
Let p : R™ — R be a smooth function such that 0 < p(z) <1 for all z € R”, and

1
plx) =0 for |z| < X and p(x)=1 for |z|>1.

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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For every k € N, let
on() = pla/k), TR
We also assume that for all z € R™ and k € N, |Vpr| < Ley, [Apr| < Ltes, [AVp| < 4

—.C6
k k k9
|A2pk| < T]g:' Cy, where C4, Cs, Co and Cy are positive constants independent of k.

Given k > 1, denote Hy, = {x € R" : |z| < k} and R™ \ Hj, the complement of Hj.
Lemma 4.2 Assume that (3.1)-(3.5), (3.7)-(5.8), (5.14)-(3.16) hold. Then for every T € R,s €
[-p,0l,w € Q, D = {D(r,w) : 7 € Ryw € Q} € D, there exists T = T(r,w,D,n) > 0 and
K =K(r,w,n) > 1, such that for allt > T,k > K,

1Y (7 + 8,7 — £,0_r0, Yo) [ Fr2 o\ 11y x L2 (i) < - (4.18)
Proof. Multiplying (3.11)2 with pi(z)v, we obtain
1d 9 9
L4 @+ (a—0) [ pu(a)olda

+()\+52—5a)/ pk(x)~u-vd$+(1—5)/ pr(z) - v - A%udx

n n

+ / pr(x) - v - A%vdx + ey(@tw)/ pr(x) - v - A%udx + / pr(x) - F(z,u)vdz
n RTL

n

- / () g v — ey(B0) / n(@)lofde + / ou(a) - Jult — pyw) -vda

— e(ey(brw) — 26)y(9tw)/ pr(x)uvdz. (4.19)

n

Using Young’s inequality and interpolation inequality

Vo[l < cflofl + CefAv]l, ¥ ¢ >0,

we have

/n pr(x) - u-vde = /" pk(a:)u(i% + du — ey(Orw)u)dx

1d
:/ pk(sc)(§£u2 + 6u? — ey(Hiw)u?)dx
1d

i | oaluPda 5 [ pu@luds - ey6w) [ pulaufis, (4.20)
2dt Rn Rn ]Rn

/ pr(z) - v - A%ude = A?u - pr(x) - (% + du — ey(frw)u)dx
n R"L

= /n Au - <Apk(x) ~v 4+ 2Vp(x) - Vo + pr(z) - A(% + ou — ey(@tw)u)) dx

cs 2¢cy

>—— |Au - vlde — — |Aw - Vo|dz + li/ pr ()| Aul?dx + 5/ pr ()| Aul?dz

—ey(@tw)/ pr(2)|Aul>dx

]R"n.

> 5 (aul 4+ o)) — 24 Aul(clloll + Cell Aol + & / ()| Auf2dz
=7 % k N ¢ 2dt Jon "

40 [ plduPds - e0w) [ pu(o)sufds
n R’VL
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c c
> = 2 (8ulP + ol]?) — (180l + 262 + 202 Av]?)
1d
o [ m@isude 1o [ pu@lauPds - o) [ puolaas, (4.21)
2 dt RTI, Rn ]Rn
/ pr(z) - v - Alvde = A?v - pi(x) - vdr = Av - Apg(z) - v))dx
n Rﬂ, Rn
= Av - (Api(z) - v+ 2V pi(z) - Vo + pr(x) - Av)dz
R’n

c 2c
> — (A0 + [|o]|*) = == [[Av]|[| Vo] +/ pi(2)| Av[*dx
2% k -
c 2c
> - i(llAvll2 +lvl*) - fllAvll(CHUH + C [ Avl]) +/R pi(x)| Av|*dz
¢ ¢
> - i(llAvll2 +lvl*) - f(HAUH2 +26%||v]* + 202 (| Av||?) +/R pi(x)|Av]*dz, (4.22)
ey(Orw) / pr(x) - v - A%ude = ey(@tw)/ Au - A(pp(x) - v)d
R’!L R’!L
—cy(6) | Au- (Bpu(o) 0+ 29pula) - Vot pu(o) - Av)da
R’!L
Ccs 9 9 2¢4
> — &y (Beo)|(| Al + o)) — 24 ly(Ou) | Au |9

1
1o [ n@lsuds - [ o) aofs
]Rn ]Rn

Cs Cq
> — o ey @)1 Aull + [[0]]*) = - ely(0r) ||y (Bw) | (2] Aul* + <]

2 2y 1 2 2 2
4280l - O [ p@lduPds— [ pia)iabas, (4.23)
/n o (z)F (2, u)vdx = /n pr(z)F (z, u)(% + du — ey(Gw)u)dz
:% /Rn pe(2)F(z, u)dx + 6 o k() F(x, u)udr — ey(fw) /n pr(x)F(x, u)udz. (4.24)

By (3.1)-(3.3), we have

) pr(2)F(z,u)udx > 6 pr(z)F(x,u)dz + & pr(x)d2(z)de, (4.25)
RW, RW, n

ey(Orw) /n pr(x)F(z,u)udx < ecy(@tw)/ pr(x)F(z,u)dzr + ecy(Ow) /n o () |[u)?dz

n

T ecy(Bw) / oe(@)(161[2 + [ d3]) (4.26)

Rn

By (3.5) we get

[ @) sttt = pa))-vdo <1y [ pulute = p)] - folds

RTL
412 -0
f 2 « 2
< — —_— . 4.
a5 /. pr(z)|u(t — p)|°dz + T ox(z)|v|*dx (4.27)
By (4.19)-(4.27), we get

d ~
pn pie(@) (J0]? + (6% + X — da)|ul® + (1 — 6)|Aul® + 2F (z,u))dx + (20 — c|e]
R'ﬂ
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~ (@)l [

SC/ pk(w)(\cﬁz\+|¢3|+|9|2)d96+66(1+|y(9tw)\2)/ pi(@)(|61] + [bs])dz
Rn

812 5(6%2 + X — da
L mtute = ppas - 2= [ @juas
o — Rn 2 R™

+ ;((1 — 5+ ely(0u)) 18wl + (2= 6+ ely (o)) ol + ||Av||2)

pie(@) (Jo* + (6% + X — da)|ul* + (1 — &) |Aul* + 2F (z, u))dz

n

_|_

+ ,2((1 — 6+ €ly(B:w)|) [|Aul|* 4+ 262 (2 — 6 + €|y (Bew)]) [|v]|?
+ (2C2(2 = 0 + ely(Bw)]) + 1) ||Av||2>. (4.28)

As ¢1 € L2(R") and ¢, ¢3 € L' (R™), we know that for given n > 0, there exists K; = K(n) >
1 such that for all £ > K,

/ pk<x><|¢1|2+|¢2|+|¢3|>dz:c/ p(@) (612 + 2] + [s])dx
]Rn

|| >k

<c [ (o + [6a] + foul)do < . (4.20)
|z| >k

By (4.28) and (4.29), there exists Ko = K3(n) > K; such that for all k > Ko,

% / pe(@) ([v]* + (6% + X = da)|ul> + (1 — 0)|Aul® + 2F (z, u))dz + (20 — ce
Rn

— cely(Bw)[?) /Rn pe() (Jo]* + (8% + A — da)|ul> + (1 — &)|Aul® + Zﬁ(z,u))dx

<en(1+ |y(w)[*) + 0/ o lg(t, @) Pdz +n (1+ [|Aul? + [ Av]* + [[o]|*)

812 3624+ \ —da
s L [ ettt pas - X220 [ o), (4:30)
o — (5 R™ 2 Rn

Integrating (4.30) over (7 — t,7 + s) for any fixed s € [—p,0] with ¢t > p, then we replace w by
0_,w in the resulting inequality and use a similar calculation with (4.15), we obtain for all k > Ko,

/ pk(I)(Y(T + §,T — ta 9_7-(4], YO) + 2ﬁ((£, U(T + S, T — ta 9_7-&), QS)))dI‘

<e :;st(20*6€*€C\y(9@—rw)|2)d9/ () (Yo +2ﬁ(m,¢))dw

n

T+s
+ 67]/ ef;(20—60—60\2;(9977@\2)da(1 + |y(Op—rw)|?)dr
T—1

T+s
+C/ ef:(2o—ec—ec|y(9ww>\2>dg/ (g, )| 2dndr

—t |z| >k
T+s
+ ,7/ els (QU—EC—GCIy(ngTw)\2)d9(1 + ||Au(7 +rT—t 0w, ¢)||2
T—t
+ | Av(t + 7,7 —t,0_w, 1/))||2 +|lo(r +r,7—t,0_;w, 1/1)||2)dr

—t —ec—ec w)|?
<celo (27 WOORIe(|15|12,,, o ey + 1012yt 122y + 10N (r— ] 1r2ny))



DYNAMICS OF PLATE EQUATIONS WITH TIME DELAY 11

0
+ 577/ e.fos(QU*EC*ECIy((?Qw)IZ)dQ(l + [y (0,w)[2)dr
—t

0
+C/ ef5<2a—ec—ec|y<9gw)\2>dg/ o+ 7.2)Padedr

—t |z| >k

0
+ n/ ef05(20—50—6c|y(09w)\2)dgdr
—t

T+s
b [ el ee I Pe | Au(r 417 1,6, 6]

—t

+ |Av(T + 17—t 0w, 0)||2 + |[v(T + T —t, 0w, P)||?)dr. (4.31)

Due to (¢,9)" € D(1 —t,0_4w) € D, we know that there exists a positive T = T(r,w, D, n)
such that for all ¢ > T,

(20 —ec—ec w)|?
cejﬂ (2 [9(6ew)] )dQ(HYOH%‘\/z,VO(]R”) + H¢||QC([T—p,7—],H2(]R")) + Hqs”’é‘-g[%——p,r],H?(R"))) <. (432)

By (3.8), we know that there is K3 = K3(7,71) > K, such that for all k£ > Kj,

0
c/ oJi (2o—ec—ecly(6,w)] )dQ/ lg(r 4 7, 2) |Pdxdr < n. (4.33)
2| >k

— 00

By (4.16), we know that the following integral
0
Rafr) = [ elitermeesu0udin(y i 1y(g,))ar (434)
— 00

is convergent.
By (4.31)-(4.34) and Lemma 4.1, we get for all t > T, k > K3,

/ pe(@)(Y (T + 5,7 — t,0_rw,Yy) + 2F (z,u(t + 5,7 — t,0_,w, §)))da

<3n(1+ R(1,w) + Ra(1,w)), (4.35)
where R(7,w) and Ry(7,w) are given by (4.16) and (4.34), respectively. It follows from (3.3) and
(4.35) that there exists Ky = K4(7,n7) > K3 such that for all k > K4,t > T, (4.18) hold. O

For every x € R™ and k > 1, we denote

{a(t, T.w,¢) = pr()ult, 7w, ¢), (4.36)

O(t, 7w, %) = pr(z)o(t, T, w, 1),
where py, = 1—pg. Then, for k > 1,z € R™\Hy, we have u(t, 7, w, a) =0(t, 7, w, zZ) = 0. In addition,
there is some constant ¢ > 0 independent of k > 1, such that ||| g2 gny < cf|ull g2@ny, V]| L2@®n) <
cl|v||z2@n). Accordingly, together with (3.11) and (4.36), we get
48 1 57— 5 = ey(fw)T,

(clei (a = 8)0 + A%5 + (A + 6% — do)a + (1 — ) A% + ey(0yw) AT + P (2) F (, u)

= pr(x)g(z,t) + pr(2) f(z,u(t — p,x)) — ey(Brw)v — e(ey(Orw) — 20)y(Bpw)u
+4AVpr(2) Vv + 6Apg (2) Av + 4VpE (2) AV + vA2pi () + ey(fw)ulZpg(z)

+4(1 = ) AVpr(z)Vu + 6(1 — §)Apg(x)Au + 4(1 — ) Vg () AVu + (1 — §)ulA?pi(x)
+ey(0:w) AV () Vu + 6ey(01w) Apg (x) Au + dey(61w) Vg (2) AV,

ur(s,z) = pp(x)d(s,z),x € R", s € [—p,0]; u-(s,z) =0,z € R* \ Hy, s € [—p, 0],
67-(871') = ﬁz(x)w(svx)vx € Rna s € [7/)’ 0]7 67'(871') =0,z € R™ \Hk,s € [7P’ 0]

(4.37)
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Considering the eigenvalue problem

on
A0 = A in Hy, with a% =4=0 on OHj. (4.40)

It is easy to see that eigenfunctions {e;}ien and eigenvalues {\; }ien of (4.40) satisfy:
A< A< <N < A = F00 (1 400).

For given n, assume X,, = span{ey,---,e,}, Py : L*(H) — X,,.

Lemma 4.3 Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. Then for every 7 € R;s €
[-p,0l,w € Q, and D = {D(r,w) : 7 € Riw € Q} € D, there exists T = T(r,w,D,n) > 0
and K = K(t,w,n) > 1 and N = N(7,w,n) > 1, such that for allt > T )k > K andn > N,

I(I = P)Y (7 + 5,7 — t,0_rw, Yo) 32, ) x 22, ) < 7 (4.39)

Proof. Denote U, 1 = Ppu, Uy = (I —P,)U, Up1 = PV, Uy,2 = (I —F,)v. Multiplying (4.37)1
with I — P,,, we get

Un,2 = t7 + 0lp,2 — €y(Ow)Tn 2. (4.40)
Multiplying (4.37)2 with I — P, then taking inner product with 9, » in L?(Hy), we have
o
2dt Un,2
+ (1 - 5)(A2an,2aan,2) + 6y<0tw>(A2an,2aan,2) + (ﬁ;(.’t)F(.’L‘, u)7 a71,2)
=(pr(x)g + pr(z) f(z,u(t — p,x)) + 4AV R (2) Vo + 6Aps(2) Av + 4V g (2) AV + vA% pi ()
+4(1 = 0)AVpr(2)Vu + 6(1 — 8) Apr(x) Au 4 4(1 — ) Vor(2) AVu + (1 — §)ulA?pg(x)
+ 4ey(0,w) AV D (2) Vu + 6ey(0:w) Apr (x) Au + dey(0;0) Vg (2) AV + ey (0:w)uA?pr (), Un.2)
— ey(0,w)[[Tn,2]1* — e(ey(Orw) — 26)y(0:w) (@ 2, T 2), (4.41)

2 1 (0 = )l[Buall” + 1AB 2l + (6% + A — 60) (.2, Br2)

together with (4.40), we obtain

d ~ ~
u [+ (82 + X = 60) [tn,2]|* + (1 = 6)[| AT )

+2(a = 8)[[Tn2l* +26(5% + A — da)[[tEn 2|* + 26(1 — 6)[| Ay 2

=2(4AVpr(x) Vo + 6Ap5 (2) Av + 4V (2) AV 4+ vA% pi () + 4(1 — §)AVpr(2)Vu
+6(1 = 0)Apr(z)Au + 4(1 — §)Vpr(z) AVu + (1 — §)ul?pi () + dey(0,w) AV g (7) Vu
+ 6ey(0:w) Apr () Au + 4ey(0:w) Vi () AVY + ey(0;0)ulpr(2), T 2)
T 2FR(@)g + Fr() (s ut — ,2)), T z) — 269(01) (A2 2, T 2) — 2ey(040) [
— 2e(ey(0rw) — 28)y(01w) (Un 2, Un2) + 26(62 + X — 5a)y(0pw) ||t 2 ||
T 26(1 - 8)y(040) | AT 2 — 20| ATy ol — 2(75(2) F (1, 0), Tn2). (1.42)

(IIon,2

2

Now, we estimate all the terms on the right-hand side of (4.42) as follows.

(4AVPE(z) - Vo + 6A55(2) - Av + AVEi(x) - AVY + vAZp5(), T o)

deg 1 . 6cs ~ dey -1 ~ c7 ~
<20 sl [l + 2 A0l - 5l + 2 Al 1A+ ol - o
_1 1, . c a—0, ..
<ed, 2y |Av]? + 6||A11n,2||2 + 2 (ol + 140 ]*) + S 5,212, (4.43)
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(1 — 8)(4AVpR() - Vu + 6Apx(z) - Au + 4Vop(x) - AV + uA?pi (), Uy 2)

_1 1. c ~
<eA, 2yl Aul* + 6||Avn,2||2 + %(HUH2 +[|Au|?) + 3 [T 2117,
ey(0;w) (AAV DR () - Vu + 6Apg(2) - Au+ 4V g (x) - AVu + uA?pp(2), Uy 2)

9.2,

_1 1 R c
<ed, 21l Al + gllAvn,zll2 + %(HUII2 + [ Au|?) + 3

— 2ey(04w) (A% 2, U 2) — 2€y(0sw) |5, (ey(Oiw) — 20)y(0:w) (Un,2, Vn,2)
+26(8% 4+ A — 60)y(0yw) [t 2[|* + 26(1 — 6)y(Bsw) | Air, 2 ||

- ~ _ 1
<ec(L+ [y(0:w)[*) ([n 2lI* + (8% + X = de) [T 2|* + (1 = 6)l| At 2]1*) +

2(pr(2)g, Vn,2) = 2((I = Pu)pk(x)g, 0n 2) < o= 0)[Bn2ll? + el (I = P Fr@)g),

4
2
sl 2(t = p, )| [ 2112

2(5;(.’1?)]0(1‘,’11,(15—p,l’)),f}\n)z) < Oé;

By (3.1) and Gagliardo-Nirenberg interpolation inequality, we set 6 = 22— then

4(y+1)°

| — 20 (@) (1), Bn.2)| < 1 / W
fBn.a
+ A Al
Sclmnuu N AB +Anﬁ1||¢1||umn,2n
<A;E1||Am2||<c1v+1||uu 2+ D)

*IIAvnzller 3 Mot (enAE lul e + )2,

§61IIUH7

By (4.42)-(4.49), we get

d ~ ~
2 (IBnall* + (0% + A = da)[n2|1* + (1 = 0)[| Atin 2]*)

+ To([on2]* + (6% + X = 6a)||[dn 2|* + (1 = 6)] %)
<ee(1 + |y(Ow) ) ([Tn2ll* + (6% + X = 60 |[n,2]|* + (1 = 8) [ At 2[1*)
_1 &
+eX B (1A + [ Aul?) + *(IIUIIQ + {1 Aul® + [lo]* + [ Av]|)

+ ol (1 = Po) (r(2)g)II? . 5 Aob(end o llulfe + 112
2

8l ) ~
Lt = )P = S0+ A = 60 [zl

ﬁi(w)IUI”Iﬁn,zld$+/ k() |1 (2)|[0n, 2| de
Rn,

13

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

Therefore, for given i > 0, there exist Ny = Ny(n) > 1 and K7 = K;(n) > 1 such for all n > N,

and k > K17

d, - . ~
27 (IPn2ll + (8% + A = da)[@n ol + (1 = 8) | Atin 2]*)

+ (7o — ec — ecly(0uw) ) ([T 2ll* + (0% + A = ) [ 2[1* + (1 = 6)[| At 2]1*)

<L+ l[ull o ny) + esll( = Po) (Pr()g)|?
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2

8l
f s 2
n t— ) -
+ Ll a(t = o)

5 _
507 4+ A= 60) [ % (4.51)

Integrating (4.51) over (7 — t,7 + s) for any fixed s € [—p,0] with ¢ > p, then we replace w by

0_,w in the resulting inequality and use a similar calculation with (4.15), we get for all n > Ny
and k > Ky,

1Y 2(T + 8,7 = t,0_rw, Yn2.0) 1 Fr2 (51, )« 1211,

<ce L:;‘(70—60—60|y(9@7rw)|2)d9||

T+s s R
4 / o) (To—co—cely(0,—rw) 2)de g,

—t

v 2
Yn72a0||H2(Hk)XL2(Hk)

T+s
+1 / elr (r=cemeclyOor Do |y(r 1,7 — 1,010, 6) | 77s o A1
T—1

T+s
+o / el (To—cemecly@o—r))e|| (1 — P)(Gr(2)g) (r)||2dr

—t

—t 2 S
§cef0 (To—ec—ec|y(6,ow)| )dQHYn,Z,OH%Iz(Hk)XLz(Hk)

0
+n ef(f(7076c755|y(99w)\2)d9dr
—t

T+s )
+ / el To=cemecli@ur) e y(r 11,7 — 1,0 1w, 0) s g dr
T—1

O -
v | eloTo—eemecy@)Dde) (1 — p)(Gr(x)g) (r + 7)||2dr. (4.52)

—t
For the first term in (4.52), there exists Ty = Ty (7,w, D,n) > 0 such that for all t > Ty,

celi ! (To—ce—cely(@o)*)de|| P, |

|2 < L2y 71 (4.53)
By Lemma 4.1 we have
T+s )
n /726 efq— (7U—€C—Ec‘y(99—rw)|2)d9||U(T + r,T — t, 9_7-0.), d))HZZ(]R")dT S nR’Y(T, (,U)7 (454)

where R(7,w) is given by Lemma 4.1.
By (3.7) we see that there exists Ny = No(7,w,n) > Ny such for all n > Ny,

0
S(To—ec—e 2 ~
/ efo (Trcemeclu@u) e || (1 — P,,)(5g) (r + 7)||*dr < n, (4.55)
— 00

which along with (4.52)-(4.55) implies (4.39). O

5 Existence of pullback random attractors.

In this section, we establish the existence and uniqueness of random attractors for problem
(3.11). We can easily obtain the existence of random absorbing sets of ® from Lemma 4.1.
Lemma 5.1 Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. Then for every e € (0,1],7 € R
and w € €, the continuous cocycle ® has a closed measurable D-pullback absorbing set K. =
{Kc(r,w): T € R,w € Q} € D as defined by

Ko(rw) = {Y € Oy vy : Y Iy, @y < Re(r)},
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with Y = (u,v) " and R.(T,w) being a positive number given by

0
R(r,w) =M+ M / eJi Go—cemcey @) Pde(1 4 |g(r + 7, )| + ely(Bpw)P)dr.  (5.1)
—oo

Next, we prove the asymptotic compactness of the cocycle ® in Cy, v, (R™).
Lemma 5.2 Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. Then the cocycle ® is D-pullback
asymptotically compact in Cy, v, (R™).
Proof. For every 7 € R,w € Qand D = {D(r,w) : 7 € R,w € O} € D, we need to prove that the
sequence {Y; (-, 7 — ¢, 0_rw, Yy )} has a convergent subsequence in Cy, v, (R™) whenever ¢,, — 0o
and Yy, € D(7 — tp, 0_rw).

By Lemma 4.1, {Y; (-, 7—ty,0_rw, Yy ) } is bounded in Cy, v, (R™); that is, for every 7 € R,w €
Q, there exists Ny = ]/\71(T,w, D) > 0 such for all n > J/\\fl,

||YT('a T = t7L7 0—7’“’7 YO,H)H%’VQ,VO (R™) < RG(Ta OJ). (52)

-~

In addition, it follows from Lemma 4.2 that there exist k1 = k1 (7,n,w) > 0 and Ny = No(1,D,n,w) >
0, such that for every n > N and every fixed s € [—p, 0],

HY(T + 5,7 —tn, 07w, }/077'7/)||%12(R"\Hkl)XLQ(R"'\Hkl) <7 (53)

Next, by using Lemma 4.3, there are N = N(r,n,w) > 0, ko = ko(7,n,w) > k; and Ny =
N3(7,D,n,w) > 0, such that for every n > N3 and every fixed s € [—p, 0],

(I = Pn)Y (T + 8,7 = tn, 0—7’”7YOm)H%I?(H%z)xLZ(H%Q) <7 (5.4)

Using (4.36) and (5.2), we find that {PyY (7 + 5,7 — tn,0_rw, Yy,)} is bounded in the finite-
dimensional space Py H?(Hay,) x L?(Hay, ), which together with (5.4) implies that {?(T +5,7—
tn,Q,Tw,?o’n)} is precompact in H?(Hay,) x L?(Hag,).

Note that py, (z) = 1 for |z| < %2. Recalling (4.36), we find that {Y (7 +s,7 —t,, 0_rw, Yo )} is
precompact in H?(Hy,) x L?(Hy,), which along with (5.3) shows that the precompactness of this
sequence in Cly, v, (R™) for every fixed s € [—p,0]. This completes the proof. O

As an immediate consequence of Proposition 2.1, Lemma 5.1 and Lemma 5.2, we have
Theorem 5.1 Assume that (3.1)-(3.5), (3.7)-(3.8), (3.14)-(3.16) hold. Then for every e € (0,1],
the continuous cocycle ® associated with (3.11) has a unique D-pullback attractor A, = {A(r,w) :
T E€R,we Q} € D in Cy,y(R"). If, in addition, there exists T > 0 such that g(t) is T-periodic
int € R in L2(R™), then the attractor A. is also T-periodic.

6 Upper semi-continuity of attractors as intensity of noise
approaches zero.

In this section, we establish the upper semi-continuity of random attractors of the plate equation
(3.11) with delay driven by additive noise when € — 0. We write the solution and the corresponding
cocycle of (3.11) as u€, v¢ and P, respectively.

In section 5, we have get that @, has a D-pullback attractor A, € D in Cy, v, (R™) and a closed
measurable D-pullback absorbing set K. = {K.(7,w) : 7 € R,w € 2} with K (r,w) C K(7,w) for
all € € (0, 1], where for every 7 € R,w € Q,

K(rw) = {Y € Cyyyy R : [V 3, 1. ey < ROw)},
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and
0 s 2
Rrw) =M+ M [ efermeet i i g 47,12 + (0
—o00

From Lemma 5.1 we know for 7 € R,w € (Q,

U Alr w) € | Eelw) € K(r, w). (6.1)

0<e<1 0<e<1
As e =0, the random problem (3.11) reduces to a deterministic one:

% +du—v =0,
% +(a—68)v+ A%+ (02 + X —da)u + (1 — 6)A%u + F(z,u(t,z))
= f(z,ult—p,x)) +9(z,t), t>7, (6.2)
ur(s,x) = é(s,x), z€R", se€[—p,0],
vr(s,2) = Opd(s, ) + 0g(s,x) := QZ(S,.I), z €R"™ se€[—p,0].
Accordingly, by Theorem 5.1 the cocycle @y generated by (6.2) is readily verified to admit

a unique Dy-pullback attractor Ay = {Ao(7) : 7 € R} € Dy in Cy, v, (R") and a Dy-pullback
absorbing set Ky = {Ky(7) : 7 € R}, where

Dy = {D = {D(r) C Cruy(®") i 7 €R, I e D(r =)oy, oy =0, ¥ > 0}}

and
Ko(r) ={Y € Cr, v, R") : Y2, ,, &) < Ro(7)}, (6.3)

with Ry (7) being a positive number defined by
0
Ro(t) =M + M/ 275 (1+ |lg(r + 7, 2)||*)dr. (6.4)

Note that Rg(7) corresponds to the number R.(7,w) given by (5.1) with e = 0. By Lemma 5.1,
(6.3) and (6.4) we get that for all 7 € R,w € Q,

limsup R.(7, w) = Ro(7), and limsup ||K.(7, w)| = ||Ko(7)]. (6.5)
e—0

e—0

Now, we will establish the convergence of solutions of (3.11) as € — 0 to obtain the upper
semi-continuity of the D-pullback attractor A..
Lemma 6.1. Let Y€ = (uf,v¢) and Y = (u,v) be the solutions of (3.11) and (6.2) with initial
data Y§ = (¢%,¢°) and Yy = (¢,v), respectively. Assume that (3.1)-(3.5) and (3.14) hold. If

~

lin%)(gbf,v,/ﬁ) = (¢,¢) € Cy, v, (R™), then for everyr e R,w € Q, T >0 and t € [1,7+ T,
e—

Hy;te(" T, W, Y()e) - 1/t('v7—71/0)||Cv2,v0(]R") —0 as e—0. (66)
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Proof. Let (uﬁ(t,T,w,gbﬁ),ve(t,r,w,dﬁ)) be the solution of (3.11) and @ = u® — u, 0 = v — 0.
Then by (3.11) and (6.2) we get that

%‘ + 0t — 0 = ey(Qw)u + ey(Orw)u,

9t (= 6)0+ A%+ (62 + X = da)i + (1 — §)A%a + (F(z,u) — F(z,u))

= (f(z,u(t — p,x)) — flz,u(t — p,2))) — ey(Bw) A%t — ey(biw) A?u — ey(fw)d
—ey(0u)v — e(ey(Bhw) — 20)y(0,0)7 — e(ey(Be0) — 26)y(Byw)u, (6.7)
Ur(s,x) = ¢°(s,2) — ¢(s,z), z€R", s€[-p,0]

(s, ) = ¢(s,x) — Y(s,z), xR, se[—p,0]

Taking the inner product of the second equation of (6.7)2 with @ in L?(R"™), and then using the
first equation of (6.7) to simplify the resulting equality, we obtain

1d ~ .
57 (1917 + (8% + X = da) Jal* + (1 — §)[| Aa?)

+ (= 0)[[9]]* + 6(5% + A — da)[[a]|* + 6(1 — o) [|Aa]? + || Az|?
z(F(x,u) - F(m,ue),ﬁ) + (f(a:,ue(t —p,x)) — flz,ult — p, x)),f})

4 (6% + A — 6a)y(Buw)|[all? + £(62 + A — a)y () (@ w) + e(1 — O)y(G)Ag)? (69
+e(1 = 8)y(Ow) (Al Au) — (ey(Oiw) A% 4 ey(Ow) Au, D)
— ey(0:w)[10]1* — ey(b:w) (3, v) — e(ey(Brw) — 26)y(G:w) (T, u)
—e(ey(bpw) — 26)y(0w) (0, ).
By (3.4), we get
|(F(m,u€) —F(x,u),f/)\ < c|la|* + c|||?. (6.9)
By (3.5), we get
|(f(z,us(t = p,x)) = fz,ut — p,x)),0)| < Iflla(t —p,z)] - [0
<clla(t = p,)||* + ¢l|o]|. (6.10)

Thanks to Young’s inequality, we find the remaining terms on the right hand side of (6.8) are
controlled by ec(1 + |y(9tw)|2)(||ﬁ||§{2(Rn) +|19|1* + ||u||%{2(Rn) + ||v||?) for all € < 1.
Applying Lemma 4.1, there exists a constant ¢o = ¢o(7,w, R1,T) > 0 such that for all ¢t > T,

ull 2 @y + 0117 < co. (6.11)
It follows from (6.8)-(6.11) that
d -2 2 <12 <12
2 Bl + (0% + A = da)Ja]|” + (1 - 8) | Aa|")
<c(|[o]* + (8 + A = da)[[all* + (1 = )| Aall*) + clla(t — p,2)|* + ec(l + [y(Bu)*).  (6.12)
Integrating (6.12) over (7,t) with t € [, 7 + T}, we have

151 + (62 + X = de)a(®)|* + (1 - §)|| Aa(t)|?
<[PPI + (0% + X = dey)[|a(r)||* + (1 — &) ]| Aa(r)|*

+ C/ (I()]* + (82 + A = da)[[a(r)|* + (1 = )| Aa(r)|*)dr + C/ la(r — p,)|*dr
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t
+ec/ (1 + |y(0,w)|*)dr. (6.13)
Note that

t t—p T t—p

/ li(r — p,@)|Pdr = / li(r, 2)|Pdr = / lii(r, 2)|Pdr + / la(r, 2)|2dr

T T—p T—p T

t

<pll6* — Bllow, ) + / la(r, =) |%dr. (6.14)

Therefore, for every t € [,7 + T, it follows from (6.13)-(6.14) that
¢ ¢
Tl ) < €IV = Yol g+ [ IV +cc [ 1+ y(@)P)ar,
which along with Gronwall’s lemma implies that for all ¢ € [r, 7 + T1,
¢

H?(t,T,w, 170)”%"/27‘/0(]1{“) < C||YO€ - YO”%‘VQ,VO(R“) + EC/ (1 + |y(97“w>‘2)dr' (615)

So if lim (¢*, 4) = (¢, ¥) € Cy, v, (R™), then
Y5 = Yollg,, ,,@n) =0 as €0, (6.16)

and hence by (6.15), for all ¢t € [r,7 + T],

sup ||Y(t+ S’T’w’)}o)”%’vz,vo(R") —0 as e—0. (6.17)
—p<s<0
Then (6.6) follows from (6.17) immediately. O

As follows, we establish the uniform compactness of A, in Cy, v, (R™) .

Lemma 6.2 Assume that (3.1)-(5.5), (3.7), (3.14)-(3.16) hold. Then for every T € R,w € Q, the
union |J Ac(7, w) is precompact in Cly, v, (R™).

0<e<1
Proof. Given € € (0, 1]. Firstly, From (6.4), Lemma 4.2 and the invariance of A.(7, w), we know

that for n > 0 and 7 € R, w € Q, there exists o = ro(w,n) > 1 such that

/>k (lu(@)|I* + [Au(@)|* + [[v(@)[|*)dz < n, for all (uv) € () Adlr, w). (6.18)

0<e<1

Secondly, From (6.1), Lemma 5.2, Lemma 4.3 and the invariance of A.(7, w), we know that

there exists k1 = k1(w,n) > ko such that for all k& > kq, the set |J A.(7, w) is precompact in
0<e<1
Cv, v, (Hy), which together with (6.18) implies that |J Ae(7, w) is precompact in Cy, v, (R™).
0<e<1
O

Now, we are ready to prove the upper semi-continuity of the A. as ¢ — 0. In fact, it’s an
immediate consequence of Theorem 3.2 in [16] based on (6.5), Lemma 6.1-6.2.

Theorem 6.1 Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. Then for every T € R,w € Q,

l% dCVQvVO (Rn) ('AG(T7 UJ),A(T)) = 0’

where dc,, .\, (rn) is the Hausdorff semidistance in Cv, v, (R").
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7 Upper semi-continuity of attractors as delay approaches
Zero.

In this section, we establish the upper semi-continuity of random attractors of the plate equation
(3.11) when the delay p approaches zero for a fixed ¢ € (0,1]. We write the solution and the
corresponding cocycle of (3.11) as u”, v” and &, respectively.

For given 7 € R, w € Q, denote

Kp(va) = {Y € CV27V0(Rn) : ||YH%'V21V0(]R") < Rp(va)}? (71)

where RP(7,w) is given by the right-hand side of (5.1). From (7.1) and Lemma 5.1 we know that
Kr ={KP(T,w) : 7 € R,w € N} is a D-pullback absorbing set of ®* in Cy, v, (R™) for all p € (0, 1].
In addition, ®” has a D-pullback attractor A? € D in Cy, v, (R™) for every 7 € R,w € Q,

AP(1,w) C KP(1,w). (7.2)

As p =0, the stochastic delay system (3.11) becomes a stochastic system without delay given by

du
dt
Dt (a—6)v+ A%+ (82 + X — sa)u+ (1 — §)A%u + ey(Ow)A%u + F(z, u(t, z))

= f(z,u(t,2)) + g(2,t) — ey(Brw)v — €(ey(Orw) — 20)y(Orw)u, (7.3)
u(r,z) = ¢(z), =R,

o(,2) = 0ip(x) + 6¢(x) — ey(b,w)(x) := ¥(x), = €R™

+ du — v = ey(Brw)u,

Accordingly, by Theorem 5.1 the cocycle ®° generated by (7.3) is readily verified to admit a
unique D%-pullback attractor A° = {A%(1,w) : 7 € R,w € Q} € DY in H?*(R") x L*(R") and a
D% pullback absorbing set K = {K%(7,w) : 7 € R,w € Q}, where

DY = {D = {D(1,w) C H*(R") x L*(R") : T € R,w € Q,

tliglooe_’%”D(T — If,H,tw)HHz(Rn)XLz(Rn) =0, Vy> 0}}

and
K°(r.w) ={Y € H*[R") x L*(R") : HYHJQLI?(W)xLz(Rn) < R(1,w)}, (7.4)

with R°(r,w) is given by the right-hand side of (5.1).
It follows from (7.1) and (7.4) that for all 7 € R,w € Q,

timsup | K7(7,0) |, vy ze) = 1K (7)o (7.5)
p—

In order to prove the upper semi-continuity of the D-pullback attractor A”, we will establish

the convergence of solutions of (3.11) as p — 0.

Lemma 7.1. Let Y* = (u”,v?)" and Y = (u,v)" be the solutions of (3.11) and (7.3) with

initial data Y{ = (¢°,4?)T and Yy = (¢,) 7, respectively. Assume that (3.1)-(3.5) and (3.14)

hold. If li%sup7p<s<0 Y9 (s) = Yollmzrnyx L2mny = 0, then for every 7 € R,w € Q, T > 0 and
p— ==

telr,T+1T],

sup [[YP(t+s,7,w,Y)) =Y (t, 7,0, Y0) | m2@ryxr2eny = 0 as p—0. (7.6)
—p<s<0
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Proof. For any s € [—p,0] and ¢t > 7, denote by U = v”(t + s) — v(t) and @ = w”(t + s) — u(t),
where v (t, 7, w, ¥P) = OuP (t, 7, w, P*) + dul(t, 7, w, ¢*) — ey(Orw)u (t, 7,w, $?) and v(t, T,w, ) =
atu(t7 T, W, ¢) + 5u(t7 T, W, (rb) - ey(gtw)u(t7 T, W, ¢) with ¢p(5) = at¢p(s) + 5¢p(s) - Ey(atw)¢p(5) for
€ [=p, 0] and ¢(s) = 9;d(s) + 5¢(s) — ey(frw)(s).
It follows from (3.11) and (7.3) that for ¢ > 7 — s and s € [—p, 0],

% + (= 80+ A%+ (62 + X = da)u + (1 — 6) AU + ey(fry o) A%uP (t + s,1)

— ey(0,w)A%u(t, ) + (F(a:, uf(t+ s,x)) — F(x,ult, 1‘)))

:(f(zvup(t +s—p, I)) - f(:z:,u(t,x))) + g(xat + 5) - g(x,t) - ey(et-ﬁ-sw)l}p(t + 57:0)
+ ey(Orw)v(t, ) — €(ey(Ortsw) — 20)y (O sw)ul (t + s, ) + e(ey(Orw) — 20)y(Orw)u(t, x), (7.7)

Taking the inner product of (7.7) with ¥ in L?(R"™), we get

L 12 + (62 + A — a0 ] + (1~ o) i)
+(a = 0)[D]* + (6% + A = da)Ja]]* + 6(1 — §)[| AT + | A
=— (F(z,w’(t+ s,x)) — F(z,u(t,x),0) + (f(z,u’(t + s — p,x)) — f(z,u(t,x)),D)
+ €(6% + X — 8a)y (O 5w)||T]|* + €(6% + X — 0a) (y(Or15w) — y(Bew)) (T, w) (7.8)
+ (1 = 0)y (4 5w) [AT° + €(1 = 8) (y(Or45w0) — y(6:0)) (AT, Au) — ey (B sw) (A%, D)
— e(y(Orrsw) — y(O,w)) (A%, D) + (9(2,t + 5) — g(2.1),7)
— ey(Or+50) [0]1* — €(y(Ors5w) — y(Ow)) (T, 0) — (Ey(9t+ew) — 20)y(0r15w) (v, 1)
— e(y(Orrsw) = y(0:w)) (€(y(Or4sw) + y(Ouw)) — 20) (3,

y (3.4), we get
[(F(z,uf(t + 5,2)) = Fa,ult, 2)),0)| < c|[a]|* + cl[0]*. (7.9)
By (3.5), we get

(s (t+ 5 = p,2)) = Flasu(t,2)),0)] < L ul(t + s — p.a) —ult, )| - 5]
<c|u?(t + s — px) — ult,2) |2 + ]3] (7.10)

In addition, we have

~ 1 1.
(g(gjvt + 5) - g(:l?7t),’l/) < §Hg(f£,t + 5) - g(l’,t)H2 + 5”1}”2 (711)

Thanks to Young’s inequality, we find the remaining terms on the right hand side of (6.10) are
controlled by ecly(fissw) — y(Orw)P([[v]]* + [lull® + [|Aull?) + c(|[D]1 + [[@l* + [|Aa]?) + AV,
which along with (7.8)-(7.11) implies that for t > 7 — s and s € [—p, 0],

d . ~ ~
2 (I + (6% + A = da)[al* + (1 - g)l|Aa]*)
<c([[olf* + (8% + A = da) @] + (1 = O)|ATI*) + cllul (t + s — p,a) — u(t,z)]?
+lg(@,t+ ) — gla, t)|” + ecly(Orrsw) — y(Orw) P([v]|* + [Jul® + | Aulf?). (7.12)
Integrating (7.12) over (7 — s,t) with ¢ € [7,7 + T, we get that

PO + (82 + X = da)[a®)|* + (1 - o) Au(t)|*
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<[[o(r = 8)|I* + (% + A = da)|[a(r — $)* + (1 = §)[|At(r — 5)]”

t t
te / I (r + 5 — py2) — u(r, 2)|dr + / lg(a, 7+ 5) — gz, 7)|Pdr

+ec /7 [Y(0r+5w) — y(Or) P(Jo()I* + l[ur)|? + [ Au(r)|*)dr. (7.13)

Note that for any s € [—p,0] and ¢t € [r,7 +T] with ¢t > 7 — s,

t
/ [P (r+ s — p, ) — ulr,z)|2dr

—S

T+p—s t
= [ Wt pa) )i [ s ps) - ) |Pdr

—s T+p—s
T+p—s

< / " e ry ) — olPdr + 2 / lu(r, ) — ¢Pdr
T—p T

—S

t
4 / [ (r + 5,2) — u(r + p, )| %dr
T—8

T+p—s

= "l a) — olPdr + 2 [ It - olpar
T—p T

—S

t t
w2 [ et sa) - utrPar+2 [ ulr+ p.z) - ulrz) Pdr

T+p—s
<2 swp [~ olP+2 [ " Jutro) — olfdr
—p<s<0 T—s
t t
+ 2/ Hﬂ(r)”zdr + 2/ lu(r + p,x) — u(r, x)Her. (7.14)

Therefore, for every t € [1,7 + T| with t > 7 — s, it follows from (7.13)-(7.14) and (3.9) that
1Y ()12 oy 22 (e

t
<||Y(r - 5)”?{2(R")><L2(]R") + C/ ”Y(r)”%ﬂ(R")xLz(Rn)dr

T+T
+/ lg(z, 7+ s) = g(a,r)[IPdr +cp sup_|[|¢"(s) — ¢|”
- —p<s<0

T+2p T+T
—|—c/ lu(r, z) —¢||2dr—|—c/ llu(r + p,x) — u(r,z)||*dr
+ 60/_ YOy 5w) = y(O0rw) P ([0 () 1P + lulr)|I” + |Au(r)||?)dr. (7.15)

Note that y(f,w) is uniformly continuous in r on [r — T, 7 + T, Therefore, given 1 > 0, there
exists p1 € (0, 1] such that for all p < p1,s € [-p,0] and 7 € [r,7 + T,

‘y(ar—i-sw) - y(erw)IQ § n. (716>

By liI% f:+2p |lu(r,z) — ¢||*dr = 0 we know that there exists pa < p; such that for all p < po,
p—

T42p
/ u(r, z) — ¢||*dr < . (7.17)
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Note that u is uniformly continuous from [r,7 + 1 + T] to H2(R") we get that there is p3 < po
such that for all p < p3 and r € [r,7 + T,

[u(r + p, ) —ulr,z)[| <. (7.18)

Since g € L? (R, L2(R™)) we get

loc
T+T
lim lg(z,r + s) — g(x,7)||*dr =0, (7.19)

s—0 r

which means that there exists ps < p3 such that for all p < ps and s € [—p, 0],

T+T
/ lg(a, 7+ 5) — glz, ) |2dr <, (7.20)

It follows from (7.15)-(7.20) that

t

HY(t)”%I?(R")xL?(R") Sc/

T—

”Y(T)H%IQ(R")XLQ(R")dr +Y(r - S)H%IQ(R")XL?(]R")

+ep sup [¢P(s) = ¢l* + . (7.21)
—p<s<0
Accordingly, we have
1Y ()32 @myx p2 ey < CllY (7 = 8) 372 @y 2 () + P sup_ 67 (s) — &> + en, (7.22)
—p<s<

In addition,

IV (7 = ) 3r2nyx 22y = 1Y(1) = Y (7 = )22 oy L2y
=[[v(7) = v(r = $)|I* + (6% + X = 8 [u’ (1) — u(r — 5)|* + (1 = &) A(u’(7) = u(r - )|
<2[0”(7) = 9 [1* + 2llv(r = 5) = D[|* +2(8* + A = da)([[u”(7) = SII* + u(r — 5) — ¢|*)
+2(1 = 8)(|AW’ (1) = )| + | Alulr = 5) = 9)]?),

which along with (7.18) shows that there exists ps < p4 such that for all p < p5 and s € [—p, 0],
1Y (7 = )32 gy x 2 @y < € sup_ Y5 (s) = Yol mr2 mnyx 2 @ny + cn. (7.23)
—p<s<

It follows from (7.22)-(7.23) that for all p < ps, t € [7,7 +T] with t > 7 — s and s € [—p, 0],
[YP(t+s,7,w, YY) =Y (t, 7,0, Yo)lm2mnyxr2@n) < ¢ sup  [[YF(s) — Yol m2mn)xL2@ny + en,

—p<s<0
(7.24)

from which one can easily deduce the desired result (7.6). g

Lemma 7.2 Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. If p, — 0 and Y,, € A" (1,w),
then there exists a subsequence {Y,, } of {Y,} and Y € H?(R™) x L?(R") such that

lim sup 0 HYnm (S) - Y||H2(R1L)><L2(RTL) = O7 (725)

m—00 —Pny, <s<

where Y = (u,v)".
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Proof. Let {¢,}52; be a sequence of numbers with ¢, — oo and n — oco. By the invariance of

=~

AP there exists Y, € AP (1 —t,,0_;, w) such that
Y, = O (b, T — by, 0y, w, V). (7.26)

By (7.2), we have Y, € Krn (T —tpn,0_¢,w). Since all uniform estimates of solutions established in
Section 5 are uniform with respect to p € (0, 1], by the arguments of Lemma 5.2, we can verify the
following:

(i) @ (tn, T — tn,H,tnw,?n)(()) is precompact in H?(R") x L?(R").
(ii) Given any n > 0, there exists N7 > 1 such that for all n > N; and s € [—p,, 0],

197" (b, 7 =ty 0,0, V) (5) = (s T = s 04,0, ¥ ) (O) 2 22y < 7
By (i) we find that there exists Y € H?(R") x L?(R") such that, up to a subsequence,
B (b, T — tn, Oy w, Y,)(0) = Y in H2(R™) x L2(R™).
Therefore, there exists No > Nj such that for all n > Ns,
B (tny T = by 01,0, Y ) (0) = V|| 2 mny x L2y < 7. (7.27)
By (ii) and (7.27) we get, for all n > N and s € [—p,, 0],

||(bp" (tn, T — tn, 9,,5”0.), 17“)(8) — Y||H2(R7L)><L2(]Rn)
<N @P" (L T — O, 0, Y )(8) = B (tny T — by 01,60, Y2 ) (0) || 12 (o e 12 )
(D77 (s T — by O—p, 0, Y )(0) = V|| g2 mny x L2y < 2. (7.28)
which along with (7.27) implies that ||Y,, — Y| g2@n)xr2@r) < 27 for all n > Ny and s € [—pp, 0]
as desired. O

We are now in a position to prove the upper semicontinuity of attractors as p — 0.
Theorem 7.1 Assume that (3.1)-(3.5), (8.7), (3.14)-(3.16) hold. Then for every T € R,w € Q,

lim dprz gy x p2@n) (A (1, w), A%(1)) =0, (7.29)

p—0
where dp2rnyx r2(rn) is defined for any subsets E C Cy, v, (R™) and S C H*(R™) x L*(R™) by

d n »y(F,S) = sup inf su s)—x n ny.
a2 @) x 2 (B, S) @e%mes_pgfgouw( ) — x| g2 Rr)x L2 (R7)

Proof. Let p, — 0asn — oo, Y™ € Cy, v, (R") and Yy € H*(R")x L2(R™) with  sup  ||[Y{"(s)—
—pn<s<0
Yol rr2(mryx L2(mny — 0 as n — oo. It follows from Lemma 7.1 that for any 7 € R,w € Q and t > T,

sup [ (¢, 7,w, Y§")(s) — ®°(t, 7, w, Yo) || 2 (rn)x p2(Ry — 0 as n — oc. (7.30)
—pn<s<0

By (7.4), (7.5), (7.30) and Lemma 7.2 we get (7.29) from Theorem 2.1 in [18] immediately. O
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