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1. Introduction

In recent years, there has been an increasing interest around the impulsive differ-
ential equations because of their numerous applications in various fields such as
medicine, physics, biology and control theory. From the perspective of the duration
of action, the impulses are divided into instantaneous and non-instantaneous im-
pulses, which were first proposed by Milman-Myshkis [24] and Herndndez-O’Regan
[18], respectively. More details on these two types are available in [3]. To date, many
methods have been used to investigate the differential equations with impulses,
such as fixed point theory, theory of analytic semi-group, upper and lower solutions
method, topological degree theory, and variational approach [4,9,11,12,14-18,29].

Recently, the study of the fractional differential equations (FDEs for short)
with instantaneous and non-instantaneous impulses using variational methods and
critical point theory has attracted much attention. In [30], Zhang-Liu first consid-
ered a class of FDEs with instantaneous and non-instantaneous impulses and used
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variational approach to obtain at least one classical solution. Based on [30], Zhou-
Deng-Wang [34] considered a class of FDEs involving the p-Laplacian operator with
instantaneous and non-instantaneous impulses:

D3, (§ Dfy(1) + 9y (P ~2y(t) = £t y(),  tE (s i), 5=0,1,.om,
AGDE 0, DEy)(t) = L(y(t). §=1,2,..,m,

D710, (§ D) (1) = 1 DT 0 (G DPY)(E)),  tE (ty,55], 5 =1,2,.,m,

(D7 (6 D) (s)) = D7 @y (§ DY) (sy), G =1,2,m

y(0) = y(T) =0,

(1.1)
where p € [2,400), o € (;1),1}, 0 =50 <t1 <81 <tg < 89 < oo <ty <

Sm < tmy1 = T, §Dg and ;DS denote the left Caputo and the right Riemann-
Liouville fractional derivative of order «, respectively, f; : (s;,tj41] X R — R are
continuous, I; : R — R are continuous, there exists j € {1,2,...,m} such that
Ii(y(t;)) # 0, g € L*([0,T]). Authors obtained the problem (1.1) admits at least
one classical solution via the critical point theory. Since then, there are many
works that study the FDEs with instantaneous and non-instantaneous impulses by
applying variational methods. We refer the readers to [22,25,31,32].

On the other hand, Kirchhoff-type equation is an extension of the classical
D’Alembert’s wave equation. It was first presented by Kirchhoff [21] in 1883. Vari-
ous problems of Kirchhoff-type are usually called non-local problems and have been
extensively investigated up to now. However, there are relatively few studies on
Kirchhoff-type impulsive differential equations in recent ten years. More precisely,
n [2,8,13], Heidarkhani-Afrouzi-Moradi, Caristi-Heidarkhani-Salari, and Afrouzi-
Heidarkhani-Moradi all considered second order Kirchhoff-type differential equa-
tions with instantaneous impulses on the half-line. Authors obtained at least one,
two, three and infinitely many weak solutions by the virtue of variational methods.
More recently, Wang-Tian [28] considered a class of Kirchhoff-type FDEs involving
the (p, g)-Laplacian with instantaneous impulses:

Ma([lyll2) (D7 (p(2) @ (CD?y(t))) + Ry () P2y (t))
= Fy(t,y(t), z(t)) + AGy(t,y(t), 2(t)), t #t;, a.e. t €[0,T7],
Mp(||2]1) (: D (v() ® (CDO‘ () + o(t)|2(t)|7722(1))
= F,(t,y(t), 2(t)) + AG, (¢, y(t), 2(t)), t #t}, a.e. t €[0,T7,
A(Ma(lly(t)I1R)e D7~ (p(t;) @, (§ DRy(t;)
A(Mp([l2(t)15)e D () g (§ D 2(#)))
y(0) = y(T) = 2(0) = 2(T) = 0,

(
);
) Dj(y(tj)), j: 1,2,...,m

) =
)= Li(2(t}), i=12,..n,

(1.2)
where p, g, ¥ € (I,+00), a € (L,1], 8 € (1,1], ®o(s) = |s|"2s (s # 0) is
a ¥-Laplacian operator, A € (0,400), 0 = tp < t1 < ... < bty < tppy1 = T,
O=thy<ty<..<t,<th ,=T,§D¢§ ¢D? and , D3, tD denote left Caputo and
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right Riemann-Liouville fractional derivatives, respectively. F(t,y,z), G(t,y,z) :
[0,7] x R? — R are C! functions, Fs, G are the partial derivatives of F, G with
respect to s, D;, L; : R — R are continuous, M, Mg : R(J{ — RT are continuous.
Authors proved that the problem (1.2) admits at least two non-trivial solutions and
infinitely many non-trivial solutions by mean of variational methods.

To our best knowledge, there are no published papers concerning the Kirchhoff-
type FDEs with p-Laplacian operator and instantaneous and non-instantaneous
impulses. To this end, our work aims to fill this gap. We shall apply variational
methods to study the multiplicity of solutions for the following Kirchhoff-type frac-
tional Dirichlet boundary value problem:

M(|lyl2) (:Dg(h(t)®, (§ Diy(1)) + a(t) @y (y(t)))
= Mt y), t € (sj,tj41], 5=0,1,...,m,
A (M (lyEn)lR)e DT (W) @y (§ Dy (t)) = nli(y(t;), §=1,2,....,m,
M(|lyll2)e DT (h(£)@,(§ DR y(1)))
= M(|ly(t])12)e D3~ (h(t))Pp(§ DRy(E]), t € (8, 55), 5 =1,2,.0,m,
M(|ly(sHIIE)eDG (h(s]) @, (S Dey(s)))
= M(|ly(s;)IR):Dg " (h(s; ) @p(§ DRy(s7 ), 5 =1,2,....,m,
y(0) =y(T) =0,

(1.3)
where p € (1,400), a € (%,1}, D,(y) = [yP2y, 0 =50 < t1 < 81 < oo < 8y <

tmy+1 =T, A\, p are two positive parameters, OCD? and ;Dg denote the left Caputo

and the right Riemann-Liouville fractional derivative of order o, respectively, f; :

(sj,tj+1] x R — R are continuous, [; : R — R are continuous. M : [0,4+00) — R

is a continuous function satisfying mo < M(s) < my for all s > 0, where mg

and m; are positive constants. h(t) € L>([0,7]) with hg = essinf,c[o ) h(t) > 0,

a(t) € C([0,T]) with 0 < ag = min_a(t) < a(t) < a’ = max a(t). The norm [|y||a
te[0,T] te[0,T]

s s

is specified later. The instantaneous impulses suddenly start to jump at the points
t; and the non-instantaneous impulses continue in the finite intervals (¢;, s;].

A (M(lly(t)115)eD5 (h(t;)@p(§ DRy (t:)))
=M (ly(t)15)e Dy (W) @p(§ DRy (E]))) = My (t)IR)e DT (h(t]) @y (§ DYy (7)),
M ([ly(E)15)e D5 (h(t5) @y (§ DRy (t7))) = i M ([lyl1&)e D7~ (), (5 Diy(1))),

M([ly(s)1I%)e DT (h(s7) (6 D y(s7))) = tljn,li M(|lyll5): D3~ (h(£), (5 D y(1)))-
The new contributions that we give are as follows. Firstly, a new class of

Kirchhoff-type FDEs is presented and some new results on the multiple solutions are

established depending on two real parameters p and A. Secondly, some results from

the existing literature are extended. In fact, if M = 1, the problem (1.3) becomes

the usual FDEs of p-Laplacian with instantaneous and non-instantaneous impulses,

such as [22,25,34]. Tt is obvious that the problem (1.3) is much more complicated

than the problems studied in [22,25,34] because of the appearance of non-local term
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M. Furthermore, if M =1, p =2 and t; = s;, j = 1,2, ..., m, the non-instantaneous
impulses become the instantaneous impulses, and the problem (1.3) becomes the
usual FDEs with instantaneous impulses, such as [1,7, 10,26, 33]. Based on the
above assumptions, if o = 1, the problem (1.3) will become the usual integer or-
der differential equations with impulses. In brief, our main results generalize and
supplement some previous results.

2. Preliminaries

In this part, we first recall some necessary definitions, lemmas and theorem which
will be used later.

Definition 2.1 ( [20]). Let y be a function defined on [b,d]. Then the left and
right Riemann-Liouville fractional derivatives of order a € [0, 1) are defined by

WD) = D20 = gy ([ € uos) ee

and

d
tDgy(t) = —% DG y(t) = _I‘(l)jt </t (s — t)_ay(s)ds> , tebd.

Definition 2.2 ( [20]). Let a € (0,1) and y € AC([b,d], RY), then the left and right
Caputo fractional derivatives of order « for the function y, denoted by Z?Df‘y(t) and
“D3y(t), are respectively defined by

1

FDY0) =D () = e [ (=97 (s, te b,

1 1 ¢
£ DGy(t) = =Dy~ 1y (t) = T a) /t (s — )" (s)ds, te[bd].

Remark 2.1. If the Caputo fractional derivatives { Dfy(t) and § DSy(t) and the
Riemann-Liouville fractional derivatives , D'y (t) and D5 y(t) all exist, the following
relationships hold (see [20]):

EDEU0 = D) ~ s (60t b

y(d)

“Dgy(t) = Dyy(t) — m(d— t)~, telbd.

In particular, if @ = 0 or 1, then $D%(t) = DYy(t) = y(t), SD}y(t) = y'(t)
and € Diy(t) = —y'(t). T y(b) = y(d) = 0, then ¢ DFy(t) = (Dgy() and
b Diy(t) = o Di'y(t). (2.1)

Definition 2.3 ( [19]). Let o € (0,1] and p € (1,400). The fractional derivative
space Eg°P is defined by the closure of C§°([0, 7], RY) with respect to the norm

T T P
||1/=</0 oCD?y(t)lpdt+/0 Iy(t)”dt> :



Kirchhoff-type fractional differential equations 5

Since h(t) € L*(]0, T]) with hg = essinfycjo 7 h(t) > 0 and a(t) € C([0,T])
with 0 < ap < a(t) < we can obtain that ||y| is equivalent to the following

: T T
[Yllop = (/0 h(t) (?D?y(t)\de/O a(t)ly(t)l”dt>

Definition 2.4 ( [23, Palais-Smale condition]). Let X be a real reflexive Banach
space. For any sequence {y,} C X, if {Ix(y,)} is bounded and I(y,) — 0 as
n — 00 possesses a convergent subsequence, then we say that I satisfies the Palais-
Smale condition.

Lemma 2.1 ( [20]). Ifa € (0,1] and y € AC([b,d],RN) ory € C([b,d],RY), then

vDy “(§ Dity(t)) = y(t) — y(b) and D3*({ Dgy(t)) = y(t) — y(d).

Lemma 2.2 ( [19]). Let o € (0,1] andp € (1,+00). The fractional derivative space
ES" is a reflexive and separable Banach space.

Lemma 2.3 ( [19]). Let a € (0,1] and p € (1,+00). For ally € Ey°?, if 1 —a >

1

or a > 7, we have ||yllrer < F(a+1 ||0D ylloe, where ||yl = (fo ly(t ‘Pdt)

=

1
P

Lemma 2.4 ( [20]). Let a € (0,40), p, q € [1,+00), ,_,_ <l+aorp#1,
¢#1, 2+ 1 =1+a. IfyeLr(bd,RY), we LI(b,d},RY), then

d d
/ (oD; (1) (1)t = / (D3 w(t))y(t)dt.
b b

Lemma 2.5 ( [19]). Let o € (0,1] and p € (1,+00). Assume that o € (%,—l—oo)
and the sequence {y,} converges weakly to y in Eg'*, i.e., y, = y. Then y, =y
in C([0,T],RN), i.e., |yn — Yllooc = 0 as n — .

Lemma 2.6 ( [6, Theorem 2.1]). Let X be a reflexive real Banach space, let
¢, 1 X — R be two Gateaux differentiable functionals such that ¢ is sequentially
weakly lower semi-continuous, strongly continuous and coercive, and ) is sequen-
tially weakly upper semi-continuous. For every r > infx ¢, let

( i 1/’(y)> —¥(y)
(r):= _inf yeg~(I=o0,r])
’ yee =l =eorrl r—9(y)

~v:=liminfp(r), and 6:= lminf o(r).

r—+00 r—(infx ¢)*
Then the following properties hold:
(a) If v < +o0, then for each X\ € ]0, % [, the following alternative holds: either

(a1) I := ¢ — M possesses a global minimum, or
(a2) there is a sequence {yn} of critical points (local minima) of I such that

lim $(yn) = +oc.

n—-+oo
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(b) If § < 400, then for each X\ € ]0, % [, the following alternative holds: either

(b1) there is a global minimum of ¢ which is a local minimum of I, or

(bo) there is a sequence {yn} of pairwise distinct critical points (local minima)
of In which weakly converges to a global minimum of ¢, with lirf d(yn) =
n—-+0oo

iIle (b
Theorem 2.1 ( [5, Theorem 3.2)). Let X be a real Banach space and let ¢, v : X —

R be two continuously Gateauz differentiable functionals such that qﬁ is bounded from
below and ¢(0) = ¥(0) = 0. Fizr > 0 such that SUD, € 51 (] oo 7,)1/1( ) < 400 and

assume that, for each A € ]O, z ~ {, the functional I = (;NS— /\{Z;
SUPy G —1(1—oo,r) ¥(¥)

satisfies the Palais-Smale condition and it is unbounded from below. Then, for each

A€ |0, z ~ , the functional I admits two distinct critical points.
SUPy 51 (| oo,rp) V(¥)

Let the space E"" equipped with the norm

=

Iola={ [ 10 DEut |pdt+z 3 OO

Lemma 2.7. For y € Ey'?, the norm ||ylla,p and the norm |y||o are equivalent,
that is, there exist constants ms > mg > 0 such that

ma|[yllap < lylla < msllylla.p-

Proof. It is clear that [|y|la < msl||ylla,p for mg = 1. On the other hand, by

Lemma 2.3 and (2.1), we can derive
T T
ol = [ WIS DEwOPat+ [ el

</ ChOE Do+ (rr) |/ Ch)I§ DRy P
<(v+f (ram) ) it

0 o P\ 7w .
Take mo = (1 + i (%) ) ", we obtain ma||Yllap < 1Ylla- O

Lemma 2.8. Fory € E;?, pe (1,400), a € (1 +oo) and 1+1 =1, there exists

a constant K > 0 such that ||y]|e < KHwa where lylloo = ma)%] ly(t)].
0

Proof. For any y € E;'", by Lemma 2.1 and the Holder’s inequality, we have

b
I(a)

Sﬁ (/Ot(t— s)(o‘_l)qu); (/OT 6 DRy (s )I”d8>

()] oD (S Dgy(#))] < / (t— 51 § D2y(s)ds

T =
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T“*%h*; »
. h(t)|S Dy (s)|Pds
Sr(oa)((cu—l)qﬂ : </ PloDrvte) )

a_7h0
- T(a)((@=1g+1)s

r[[ylla

1

T Ph7

I'(a)((a— 1>q+1>%

Lemma 2.9. We say that y € EG" is a weak solution of the problem (1.3), if the
following identity holds.

Thus, we can choose K := such that [|y|lec < Kllyl|a- O

M(Jly]) (/ h(t) (S Dy (1))§ D dt+Z / ))w(t)dt)

tjt1

iy Ti(y(t)w(ty) = AZ/ fity@)w(t)dt, Vw e Eg?.
j=1 j=0"5;
(2.2)

Proof. For any w € Ey’?, from Lemma 2.4, we have

T
| sl D3 009, § Deve))w e
T
= [ Ml G605 (02,6 D) it

=- i M) D3 ()0, (€ DY) w(t)at
a i dt

—Z M (Il&) (Da (1), (5 Dyy(1))))w(t)dt

jt+1

|t_
i
S5

=— Z M(|ly|%)e D~ (h(6)®p(§ Diy (1)) Jw(t)
j—O

+Z [ it ey D

- Z M(|lylI)e Dg" (h(H)®, (5 Dy(8))w(t)[ 1

J

S

+Z M([ly]12) D8 (1)@, (§ Dy (8)) ) (£)dt
ZMZIj(y(tj))w(tj) + 3 M(Jyl) / " h()®,(§ Dy (0)o D ! (t)dt
j=1 =0 55

+ZMHyII’” / h(t)®,(§ Dy ()0 De~ ! (t)dt

J
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m m

03 Lyt)wt) + 3 M(ll2) / " h(t) 2, (§ DRy (1)S Dy ()t
Jj=1 j=0 S5

+ZM(HyII’.§)/ ()@, (§ Dy ()5 Dy w(t)de
j=1

S
tj
m

T
= Li(y(t)w(ty) + M(IlyHi)/o h(t)®,(§ D y(1)§ Dffw(t)dt. (2.3)
j=1
On the other hand,
T
/O M([lyl%)e DF-(h() @y (§ D y(1)))w(t)dt

:Z/ i+ M(|ly|2): D3(h(£)®, (S Dy () yw(t)dt
j=0"5i
3 [ i) g € D i

S / Ml at) @, (y(6)w(ydt + A S / ). (2.4)
j=075%3 j=0"%;

Thus, combining (2.3) and (2.4), we can obtain (2.2) holds. O
Define the functional I : E;"? — R as follows:

1) = MUl -2 [ Bt n Y )
b i=07% j=1

where M(y) = [} M(s)ds, F;(t,y) = [} f;(t,s)ds and J;(y) = [ I;(s)ds. Due to
the continuity of M, f; and I;, we can easily obtain that the functionals ¢ and
are Gateaux differentiable at any point y € Ej"P and

Bww) =21(ll2) | [ a2, GRS DRuar+ Y [ att®, )i

Y / " )+ S L) ().
j=0""%i j=1
(2.5)

Obviously, the weak solutions of the problem (1.3) are the critical points of Ij.

3. Main results

Our main results are obtained by using Lemma 2.6 and Theorem 2.1 in this section.
Put

¢ e Pl B 4 (s = 1) | (T = s) (max{t; (T = 5) 7 — t°})"
- pIP(1-a) (I—aj (I—a)
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+ e
il (tjy1 —
p =0
>ico ;7“ mixF (t,y)dt
J
Ay := — liminf lvl< ,
mo r——+00 xP
—1 prtj+a
S [T Fy(t, ) dt
B*® := — limsup ——% .
mo z—+oo xP

Theorem 3.1. Assume that

(H1) Fi(t,y) >0 for all (t,y) € ([0,t1] U [sm,T]) x RT;
(H2) Ay < B>.

PmlCKp

Then, for every A\ € A := }mT}Bio , m[ and for each continuous function I,
j=1,2,...,m such that

y
—Ji(y) = —/ Ii(s)ds >0, Yy=>0 (3.1)
0
and .
1 2= max(=J;(y)
J* = — limsup Y < 400, (3.2)
mo z—+oo P
if we put
1
= ]-_ KPAAOO 9
K prJOO( b )

where pjx = +oo when J* = 0, the problem (1.3) has an unbounded sequence of
weak solutions for each p €10, pyA[ in Eg°P

Proof. Define the functionals ¢, : Ej"? — R as follows:

00) = M), vl Z/ Bt 0= 5 3t

then Ix(y) = ¢(y) — A(y).

In order to prove the theorem, we use Lemma 2.6(a). By standard arguments,
¢ is sequentially weakly lower semi-continuous, strongly continuous and coercive.
Moreover, we can also get that v is sequentially weakly upper semi-continuous.

Pick A € A. Since X\ < m, we have

1
= ———(1-pKP"),,
[ prJoo( p )>0

First, we prove that A\ < 1. Let {z,} be a real sequence such that lim z, =
v n—-+4oo

400 and

m tit1
> =0 s |II|13;< Fy(t,y)dt

- A

— lim -
mg n—+oo In
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Put r, = n;;ffb for every n € N. For any w € Ej"? with ¢(w) < ry,, by Lemma

2.8, we have ¢(w) > ¢ |wl|h, = J7& [|wl|%, so that

— «, a, mo mol‘p
670 = ,ra) =(w € B w) < 1) € {w € B s T ui, < ok

={we Ey"? : |w|eo < xpn}.

Since 0 € ¢~ (] — 00, 7,[) and ¢(0) = 1(0) = 0, we get

( sup ¢(w)> —¥(y) sup Y(w)
. wep=1 (]—00,rn) wep=1(]—o00,rn)
nf <

Tn) = 1 <
#(ra) y€p1(]—00,rn[) T — ¢(y) Tn
m tit1 m
iz Js, nax F;(t, y)dt Mijl ‘;rllgn(—afj(y))
< pK” b + = 0
moTn A moTn

Therefore, from (H2) and (3.2), one has

.. P M oo
v < BQF;}T o(ry) < pKP(As + )\J ) < +oo. (3.3)

Taking into account g € |0, pg, 5[, we have

1—-pKPAA
vngp(Aoc+§J°°)<prAoo+7p/\ .
Hence,
1 1
= . .4
4 pEP A + FpEAA =5 (34)
According to (H2), (3.3) and (3.4), we can obtain
1
velol]
Y
Next, we verify that Iy is unbounded from below for A € A. Since % < m&?go ,
there exist a real sequence {7, } and 7 > 0 such that liI_P Nn, = +00 and
n—-+0o0
m—1 ptj+1 m—1 .
1 2= Jy, o Byt ma)dt 1 trea
- mo 1 Za=1 Js; . J = > Z / F;(t,n,)dt (3.5)
A m1( mo n m1(nn =1 s

for each n € N large enough. Let {¢,} : [0,7] — R be a sequence in E;"* given by

", t € [0,t1],
Sn(t) == < np, t € [t1, Sm], (3.6)
Tﬁ—zm(T —t), t€lsm,T],
Clearly, one has
™, t € (0,t1),
6 (t):==<0, t € (t1, Sm),

— ot € (s, T),
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and
§ D%, (1) -t /t(t —8) % (s)ds
0 t Sn _F(l _ O[) 0 Sn
X ot t€[0,t1],
= n" tia t e [tl S ]
1 > yOm]s
F(l — O[) N _ (t—Sm,)lia
1— (t T_i‘%) 5 te [Sm,T],
so that
?(sn)
m
<l =" ( [ n@ls Dz o + Z / (Dlsu(6) P
(bl (BT s =) | (T = ) (et (7 = 5,) 7~ 157))"
“\pl'?(1—a) (1—a)p (I1—-a)p
m1a0 i P
Z(tj+1 - Sj) "
=0

On the other hand, by (H1), we deduced that

m

ve) =Y [ B+ Y- di ) 2

j=0"v5%i j=1 j=1"%;

It follows from (3.5), (3.7) and (3.8) that

7+1
In(sn) < malnh — X Z / L (t, ) dt < myCnP (1 — A7)

for each n € N large enough. In view of A7 > 1, we have

nglfoo I)\(Cn) =%

which implies that I does not possess a global minimum. Hence, applying Lemma
2.6(a), Iy admits a sequence {y,} of critical points such that lir_ir_l lynlla = +o0.
n—-+0oo

O
Remark 3.1. Assume that A, = 0 and B> = +o00. According to Theorem 3.1,
the problem (1.3) has an unbounded sequence of weak solutions in E;"? for every
A>0and p € }0, pK,)JOC [ Furthermore, if J°° = 0, The conclusion is still valid
for every A > 0 and pu > 0.

Remark 3.2. Assume that f;, j = 0,1,...,m are non-negative continuous func-
tions. Then, condition (H1) holds, and (H2) becomes
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m tibl g
(H2) Al = L liminf Zizoli _BODE me poo
0 mo 75 {0 P pm1CKP

In this case, the condition (H2)’ ensures that the problem (1.3) possesses a sequence

mlC
mOBm,pKPA, and p €

of weak solutions which is unbounded for every A €
0, W(l —pKPAAL)| in Ej°P.

Corollary 3.1. Suppose that f;, j = 0,1,...,m are non-negative continuous func-
tions such that

Fi(x ~ Fi(x
lim inf () =0 and 0< B* :=limsup () < 400,
r—+oo P z—4o00 T
where Fj(z) = [y fi(s)ds for x € R.
Then, for every X > ———"15 for every non-positive continuous func-
2ty (tiy1—s;) B>

tion I;, 7 =1,2,...,m such that

~ 1 -5 Ji(x
J> ::—limsupiz]_1 (@)

< 00,
moy z—+oo P

and for each p € ]0 { the problem (1.3) possesses an unbounded sequence

’ KPJ
of weak solutions in Ej’

Next, we present a special case of Theorem 3.1 with A = 1.
Corollary 3.2. Assume that (H1) is fulfilled and

1
A < —— d B*® > —.
pK? o mo

Then, for each continuous function I;, j = 1,2, ...,m such that (3.1) and (3.2) hold,
and for each p €]0, puj[ where

1
pKPJ>®

= (1-pKPA),

the problem (1.3) possesses an unbounded sequence of weak solutions in E5™

Furthermore, by utilizing Lemma 2.6(b) and arguing as in the proof of Theorem
3.1, put

dito St?“ max F;(t,y)dt

1 <z
Ay := — liminf lvl< ,
mg z—0+ xP
1 S [ (@)t
B := — limsup J ,
Mo -0+ xP

the following result will be obtained.

Theorem 3.2. Suppose that (H1) holds and

7 0
(H3) Ag < o0 BC.
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Then, for every A € A = }leéo,m[, and for each continuous function I,

j=1,2,....,m such that (3.1) holds and

> ey max(—J;(y))

1 x
J% := — limsup = < +o00,
Mo g0+ xP
if we put
1
~ _ pKP
Han = T (1 —pKPAAy),

where fijx = +oo when J° =0, for each pu € 10, fyx[, the problem (1.3) possesses a
sequence of pairwise distinct weak solutions, which strongly converges to 0 in Eg™*.

Proof. Analogous to the proof of Theorem 3.1, we can obtain A < % and A C

. 0
]O,%[. In view of% < Tr?i‘ ,

(3.6), and 7 > 0 such that liIE Np, = 07 and
n—-+oo

there exist a real sequence {,} with 7, defined in

m—1

1 ti+1
> [ B

p
ml@?n j=1 Y 5i

1<A<
- <7
)

for each n € N large enough. Obviously, the sequence {g,} strongly converges to 0
in Eg°P. Similarly to Theorem 3.1, we also can obtain I(s,) < 0 for each n large
enough. Taking I5(0) = 0 into account, we get that I does not possess a local
minimum at 0. Therefore, by Lemma 2.6(b), there is a sequence {y,} in Ey"" of
critical points of I such that nll)rfoo lynlla = 0. O

Remark 3.3. Using Theorem 3.2, we also can obtain analogous results to Corol-
laries 3.1 and 3.2. The discussions are omitted here.

Theorem 3.3. Assume that
(H4) There exist constants C1 >0, £; > p and p < t; < ¥, such that
0< Eij(tay) < yfj(tay)a fOT’ te (sjvtijlL |y| > Cl? .7 = Oa 17 ceey M,

and
0 <yli(y) < Ji(y), foryeR\{0}, j=1,2,...,m,

where { = min {{;} satisfies {mg —pmy > 0.
0<j<m

P

Then, for A € ]0, Tog

—
pKP Z;":O fS;'H max|y|<, Fj (t,y)dt
at least two distinct weak solutions.

[, the problem (1.3) with u =1 has

Proof. Define the functionals ¢, 1) : Eg? — R as follows:

30) = M) + 3o 5wt S0 = [ o)

j=1 j=0"%i

Clearly I(y) = d(y) — M(y).
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Becasuse 0 < J;(y), y € R\{0}, one has
~ 1 » i 1 p mo »
oly) = S Mllylla) + > Jiy(ty) = S MUlE) = = lylla, (3.9)
j=1

which implies that a is bounded from below.

Now, we show that I, satisfies the Palais-Smale condition. Let {y,} C Ej"*
such that {I\(y»)} is a bounded sequence and I}(y,) — 0. Taking into account
(H4), one has

LI\(yn) — <I:\(yn) Yn)

,M (lynll2) —&Z / 56 O+ €31

Ml b2+ / 15 )O3t = 3 108501
émo
>(%0 )~ AZ [ 0 B 0]

which implies that {y,} is bounded in E;°?. By (2.5), we have
(I\(yn) — - )

M(lynl2) / (0@, (5 Dy 0) = (6 DEU(E))5 Df (0 1) = (0l
T
+ (M) = M) [ 18,6 DEw()F D () = i)

M) Y [ a0 ) = @00 ane) - o

+ (M(lyal2) - M(lyIR)) Z / T 0)(un () — y(t))dt
-y / () — £ty () (1) — ()t
j=0"%i
SO ) — L)) (alt) — y(ty). (3.10)
j=1

According to Lemma 2.5 and the boundedness of M (||y,||2) — M (|ly||2), we have

(M (llynlle) = M([lylE)) Z/ @, (§ DRy(1)5 Df (ya(t) — y(t))dt — 0,
(3.11)

(M(lyall?) - M(lyIR)) Z / D)(un(t) — y()dt 0, (3.12)
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3 / i) — £y ) (8) — y(©)dt — 0, (3.13)
j=0"53
> — L)) (yn(ts) — y(t;)) — 0. (3.14)

Since y, — y and I} (y,) — 0, one has

By [27, Eq (2.2)], there exist constants c,,d, > 0, such that

Ml ) [ B, § D) = (5 DEY(E))T D (1) = wle)
M) [ a0y (00(0) = Bl ) om0 = 0

M(||yn|I5, tfo (|5 Dftyn(t) —§ Dgy(t)|Pdt
+Z] of”l () lyn (t) — ()lpdt) p>2,

KIS Dy (1) DE y(1)]?
dpM (lly=12) (o <|0Dt°yn<tq“§|+|§m et

J+1 M
250 LT Gt 4 1<p<2.

(3.16)

If p > 2, it follows from (3.10)-(3.16) that ||y, — ylla — 0 in E5*.
If 1 < p < 2, based on the proof of [31, Lemma 3.4], we can obtain that
T
| 101 D)= DEytear

o=t (1 OIEDR0 =6 DO ()" e
< (CDa ()|+‘0Da (t)|)2—p Ynlla Ylla s
0 oYt Yn o MVeY

(3.17)

and
" alt)lyn(t) — g0t

»HE-—p i tit+1 n - 2 2—p)p
o (Z/ |yn<|3§|(+)|y<ty>|(§g|—”dt) e el

(SIS

(3.18)

J
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It follows from (3.16), (3.17) and (3.18) that

M([lynll2) (/ h()(®,(§ Dfyn () — @,(5 Dy ()5 DF (yn (1) — y(t))dt

[ZEE

+ZO/ a(t)(®p(yn(t)) — @, (1)) (yn (t) — y(t))dt

> S ([Tl g - D P
2 g+ Iyl \ e

Ay (t) — ()Pt

dpM([lynl&) yn — yll2

— (»p—=1)(2—p)

P max{2%71, 1} (lynlla + llylla)?=P

2
P

3

(3.19)

In view of (3.10)-(3.15) and (3.19), we obtain that ||y, — y|la — 0 in Eg", ie.
{yn} strongly converges to y in E;"".
On the other hand, from (H4), there exist v;, A;, x;, Bj > 0, such that
Fi(t,y(t) = vily| — 4; and  J;(y) < x;lyl" + B;.

Let ||y|la = 1, it follow that

m

1<zy><M<||%y||p AZ/ wloel — At + 3 (o loaals + By)

Jj=1
mq » bt 0. s
S*H%yHa—)\Z le%yl -7dt+ZXJ\%y| J
p j=0"5i j=1
m m
+AY Aj(tie =)+ ) B,
§=0 j=1
mi oL [l 0, . . .
<l =AY [ vl Y GK al
p j=0v5i j=1
m m
+AD At —s5)+ > By
7=0 j=1
my m tit1 m
:7;{?42%%@/ lyl“dt + > x (K )"
p j:O Sj j:l
m m
+>\ZAJ(tj+1 8])+ZBJ
7=0 j=1

Since £; > p, p < t; < Land f;”l ly[%dt > 0, we get I(scy) — —00 as s — +00.
27
Thus, I, is unbounded from below.
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Put r = ”;}’(Qp . By Lemma 2.8 and (3.9), we have ||y]|o < 0. So

J+1
sup < Z/ maXF t y)dt < +00.
yed—1(]—o0, r] s; WIS
Therefore, by Theorem 2.1, for every A € ] m“’p , I
pKP Zmofj max|, <, Fj(t,y)dt
admits two distinct critical points, that is, the problem (1. 3) with y = 1 possesses

at least two distinct weak solutions. O

4. Examples

Example 4.1. Let a = £, h(t

l<t=f<sm=2<t=1p=3 My =3+%2 () = ~Ly? and
0= :2

Ir(y) = —e7Y. Then my = 1, my and
Foo 1 —Ji(z) — Jao() st loet 1
e T s T

Put
2nl(n+2)! -1 B 2nl(n+2)1+1

m — = 7 . N1 v N’
Ant A(n 1 1) ne

n -—

and consider the non-negative continuous functions f; : R - R, j =1,2,

32(n+1)12((n+1)!3—n!3) 1 n!(n+2) 2 ~ 7
fily) = ™ 6+ — (y - %) » Y € [an, bal,

0, Y 7 Unen|an, bn).
One has
B'Il
fily)dy = (n+1)1* —nl3 vneN.
Then
Q, . Fi(b,
lim —Z ) =0, lim JA( ) —8.
n—+o0o  Q n—+00 b%
So
F; ~ F.
lim inf E@) =0, B =limsup (@) =8.

rT—+oo T T—+00 x3

Through direct calculation, we obtain that ( ~ 2.1854, K = 1.4217. Hence, from
Corollary 3.1, for every A > 6.5563 and p €]0,1.7401[, the problem (1.3) possesses
an unbounded sequence of weak solutions in Ej°".

Example 4.2. Let « = 0.6, h(t) = a(t) =T = m = 1, p = 3. Consider the
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following problem:

M(|lyll3.6) (DY (®3(5 DY Cy(t))) + 3(y(t)))

=Mt yt), te(sjtjw], =01,
A (M([ly(t)[13.6)eD7 " (@3(5DYSy(t1)))) = i (y(tr)),
M(|lyli§6)e D1 (@3(5 DY Oy(1)))

= M([ly(tN)[13.6)e D1 (@3(6 DY Py (), t € (tr,51],
M([ly(sD§.6)e D7 " (@3(5 DY Oy(s7)))

= M([ly(s)I§.6)e D1 " (@3(5 DY Oy(s1))) 5
y(0) =y(1) =0,

Where0:50<t1:%<81:§<t2:1, M(y):5+ﬁforally€R+,
fit,y) =v°, Li(y) = y>. Obviously, mg =5. If {; =5 and ; = %, we can obtain

(4.1)

5 .
0< gyﬁ =(;Fi(t,y) <yfi(t,y) =4° =01,

9
0<y'=yh(y) <uhly) = gy"
Thus, (H4) holds. Let ¢ = 1. By direct calculation, mog”

PEP Y, f:}j“ max|y | <, Fj(t,y)dt -
7.9261. Applying Theorem 3.3, for each A €]0,7.9261[, the problem (4.1) possesses
at least two distinct weak solutions.
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