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Abstract. In this paper, the solvability of boundary value problems for a class of nonlinear
Hilfer fractional differential equations at resonance in R" is studied. In the past, research on matrix
boundary value problems has consistently been conducted within the context of linear differential
equations. The main contribution of this paper is the extension of linear problems to nonlinear
ones. We begin by defining two Banach spaces endowed with appropriate norms and constructing
suitable operators in these Banach spaces. Subsequently, by using the extension for the continuous
theorem, certain sufficient conditions for the solvability of the problem are obtained. Finally, an
example is provided to verify the effectiveness of our main results.
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1 Introduction

This work considers the solvability of the following nonlinear Hilfer fractional matrix boundary
value problems in R™:
Dyt g (D§ P u(t)) = F(tu(t), DiFPu(t), 0 <t <1,
Dy u(0) = DR *u(0) = -+ = DiF "u(0) =0, (1.1)
u(l) = A [ u(t)h(t)dt,
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where 0 < a1 <1, m—1<ay <m,0< B,02 <1, 72 =a2+mpPa—azfa, p>1, ¢,(¥) = [9[P~249,
u = (U)nx1, A = (@ii)nxn, @iz < 0, myn € Ny, h(t) >0, f € C([O, 1] x RQ”,R”), 0 is the zero
vector in R™ and Dg‘f represents the Hilfer fractional derivative operator.

Fractional differential equations are widely used in physical and biological fields, such as elas-
tomers, vibration and diffusion systems [1-14]. Fractional boundary value problems have been
extensively studied, and numerous results regarding their solvability have been obtained. For ex-
ample, Seal et al. [15] analyzed the convergence of solutions of fractional differential equations with
integral boundary conditions by spline approximation method. In [16], Zaky discussed the exis-
tence, uniqueness and stability of solutions to nonlinear tempered fractional generalized boundary
value problems. Furthermore, the method of singular spectrum collocation for obtaining the numer-
ical solutions of these equations has been developed and analyzed. In [17], Azouzi et al. obtained
the existence of solutions for generalized fractional boundary value problems by using the Mawhin
continuation theorem. Moreover, Wang et al. [18] derived the existence of triple positive solutions
for a class of fractional boundary value problems at resonance. Some new height functions and
spectral theory are also used to solve the positive solutions. The main method used is the fixed
point index theorem.

Mawhin’s continuation theorem [19] is a classical method often used to study the existence of
solutions for differential equations of the form Lx = Nz under resonance conditions, where the
operator L is an irreversible linear operator. Ge et al. [20] first generalized the result of Mawhin
in [19], in which the existence theory of solutions was obtained for the non-invertible nonlinear
operator L. Furthermore, Jiang [21] considered the following nonlinear problem with integral

boundary conditions in one-dimensional space:

DY, (p(Dg,2))(#) + f(t,a(t), DY a(t), Dy, a(t) = 0,

(1.2)
2(0) = DY, x(0) = 0, z(1) = [ g(t)x(t)dt,

where p > 1,0 <6 < 1,1 <v <2, pp(p) = |pP~2p, D§, denotes the Riemann-Liouville derivative
operator. The author improved the results in [20] and proved the existence of the solution to the
problem (1.2). Obviously, the problem (1.2) is a particular case of the problem (1.1) when n =1,
m =2 and 1 = 2 = 0. Subsequently, Wang et al. [22] considered the solvability on the half-line at
resonance for the case n =1 and 1 = 2 = 0 in the problem (1.1). Baitiche et al. [23] also studied
the boundary value problem similar to one of [22] by using upper and lower solution approximation.

Recently, Feng et al. [24] have discussed the solvability of linear fractional boundary value problems



in R™ without the p-Laplacian operator in the problem (1.1).
We should mention the main results obtained in [21,24-26], which prompts us to consider the
problem (1.1). In [25], Phung et al. first researched the following second-order linear boundary

value problem:
u’(t) = g(t,u,u'), 0 <t <1,

where 6 is a zero vector in R™, 0 < £ < 1 and A is an n-order square matrix satisfying one of the

(1.3)

following two conditions:

A% = I (I stands for the unit matrix), (1.4)
A2 = A '
By using Mawhin’s continuation theorem, the solvability conditions of the problem (1.3) were ob-

tained. Then, Phung et al. [26] studied the following Riemann-Liouville fractional linear boundary

value problem:
DFu(t) = g(t,u(t), D*u(t)), a.e. 0 <t <1, (1.5)
uw(0) =6, DF1u(1) = ADF1u(8),

where 1 < p < 2, D* is the Riemann-Liouville differential operator of order p.

In general, the highlights of this paper can be summarized as follows.

e On the one hand, compared with the linear problems (1.3) and (1.5), the nonlinear term ¢,
is introduced in the problem (1.1), which makes it more complicated to study the existence
of solutions. It is worth noting that we also extend the nonlinear boundary value problem
(1.3) to n-dimensional Euclidean space. (To the best of the author’s knowledge, this is the

first study on nonlinear boundary value problems in R™).

e On the other hand, the boundary condition of the problem (1.1) is presented as an integral
form with a coefficient matrix, and the constraints on the coefficient matrix A have been
weakened. It is no longer required the idempotent or involutory matrices in (1.4). This can

be regarded as a generalization of the boundary conditions in the problem (1.3).

e In addition, the Hilfer fractional derivative in the problem (1.1) covers both Caputo and
Riemann-Liouville derivatives, and can be regarded as a generalization of these two types of
derivatives. Therefore, the research in this paper is not only an extension of the nonlinear
boundary value problem but also provides an interesting case for the application of Hilfer

fractional derivative in the field of calculus.



The rest of this paper includes the following sections. In Sect. 2, some definitions and lemmas
are introduced, and two Banach spaces are constructed. In Sect. 3, we first give some preliminary
results that on needed in the proof of our main theorem. Based on the extension for the continuous
theorem, we then prove the existence of the solution of the problem (1.1). In Sect. 4, the main

results are illustrated by an example. A conclusion is introduced in Sect. 5.

2 Preliminaries

Definition 2.1. [20] Suppose thatY and Z are two Banach spaces with norms of || - ||y and |- ||z
respectively. If the continuous operator F': domF NY — Z satisfies the following conditions :

(a) KerF :={u € domF NY : Fu=0} is linearly homeomorphic to R",

(b) ImF := F(domF NY) C Z is a closed,

where n < 0o, domF' is the domain of the operator F'. Then the operator F is called quasi-linear.

Definition 2.2. [21] Assuming N, : Q@ — Z,k € [0,1] is a bounded and continuous operator, let
Y ={x €Q: Fx= Ny}, KerF =Y1. Suppose furthermore that at least one vector space Z1 C Z
satisfies dimY1 = dimZy. If there exist operators P, R and Q satisfying the following conditions
for any 0 <k < 1:

(a) Ker@Q = ImF,

(b) QNz =60 < QNx =0,

(¢) R(-,0) is the zero operator, and R(-, k) |s.= (I — P) |s,.,

(d) FIP+ R(,, k)] = (I - Q)Nx
where P :'Y — Yy is a projector, R : Q x [0,1] — Y3 is a continuous compact operator, and
Q : Z — Zy is a continuous bounded operator satisfying Q(I — Q) = 0. Then the operator N, is

called F-quasi-compact in ).

Definition 2.3. [27] Suppose the function u(t) is defined on the interval (a,b), andn—1 < p <mn,
n € N*. The left Riemann-Liouville fractional derivative and integral of order p are defined as:

dn

D5+u(t) = @

" _ b t —Hr1Ly,
(I u)(e) and Tyute) = s [ (0= u(@ga

Definition 2.4. [28] Suppose the function u(t) is defined on the interval (a,b), andn—1 < p <mn,
n € N* 0<6<1. The left/right Hilfer fractional derivative of order u and type ¢ is defined as:

DEPu(t) = ()10 L (00w, ).

dgn



Remark 2.5. /28]

S(n—p) D’Y

(1) The differential operator Dgf can be equivalently expressed as Dgf = 1,4 ats V= M+

nd — uo.
(2) The Riemann-Liouville derivative is equivalent to the Hilfer derivative when 6 = 0, that is,
Dgi = ijf .

(3) The Caputo derivative is equivalent to the Hilfer derivative when & = 1, that is, © Dl = Dgi

Lemma 2.6. [21] Assuming Y and Z are two Banach spaces with norms || - ||y and || - |z,
respectively, and € is a bounded non-empty open subset of Y. Suppose furthermore that the operator
F:domFNY — Z is quasi-linear, and N, : Q — Z, k € [0,1] is F-quasi-compact. If

(a) Fx # Ny, for all x € domF NOQ and k € (0,1),

(b) deg{ KQN,QN KerF,0} #0,
holds, where K : ImQ — KerF is a homeomorphism with K(0) = 0. Then there ezists at least one

solution for the abstract equation Fx = Nx in domF N (.

Lemma 2.7. [29] Assume m —1 < u < m, m € N*, Suppose furthermore that u € L*(0,1) and
Iy Hu e AC™(0,1], then
(B ()

Ity Dgyu(t) = u(t) = )
j=1

D(p—j+1)

Lemma 2.8. [29] Suppose pu >0 and § > 0, then

D = 1“(1/;(?5) par
Lemma 2.9. [30] For any x and y with x,y > 0, the following inequalities hold:
(1) ep(z +y) < 227%(gp(x) + 0p(y), P22,
(2) ep(z +y) < @p(x) +9p(y), 1<p<2,

where pp(z) = |z|P~%2.

Next, we define several Banach spaces and operators. By |lu|x = max{||u| oo, HDg‘j’BQuHOO}
we denote the norm of u in the space X = {ulu, Dg}r’ﬁlu € C([0,1];R™)}, where [ullc =
maxe(o,1] Maxi<i<n |i(t)|. Furthermore, by |y[|«c We denote the norm of u in the space Y =

C([O, 1]; ]R”). The operators L : domL N X — Y and Ny : X — Y are defined as follows

Lu(t) = Dy o, (D§Z2u(t), t € [0,1], (2.1)



Nyu(t) = Af(t, u(t), DSPu(t)), € [0,1], (2.2)
where
domL = {u|u € X, D3P, (DS2P2y) € Y, D§2%2u(0) = D2 2u(0) = - -- = D2 ™u(0) = 0,
u(1) = A/Olu(t)h(t)dt}. (2.3)

Therefore, we can write the problem (1.1) as Lu = Nu, u € domL.
Let T =1— Af01 h(t)t2~1dt and T+ be the Moore-Penrose pseudoinverse matriz of T. It is
necessary to give the following conclusions in [31] for our subsequent research:
(a) Im(I —T*T) = KerT;
(b) ImT*T = ImT;
(c) TTHT =T,;
(d) TTTTT =TT,
In addition, throughout this paper, we always suppose that det (I — Afol h(t)ﬂ?_ldt) = 0.

3 Main results

In this section, we will prove that the problem (1.1) has at least one solution. To make the

proof process clearer, six lemmas and one theorem will be given respectively.

Lemma 3.1. Suppose the condition det (I — Afol h(t)t'Y?_ldt) = 0 holds, then the operator L

defined in (2.1) is quasi-linear.
Proof. 1t is not difficult to obtain that
KerL = {u € domL|u(t) = 7l ce KerT}, (3.1)
where T'= 1T — Afol h(t)t2~1dt. Now, we prove
ImL ={yeY|py € ImT}, (3.2)

where ¢ : Y — R"” is a linear operator defined by

1
¢y = Ig%eq(I51y(t)],—, — A/O h(t) 15t pq(Ioty(t))dt, Vy €Y. (3-3)



In fact, for each y € ImL, there exists a function vector u € domL such that
D™ ep(D33 2 u(t)) = ().
By Lemma 2.7 and Remark 2.5, we obtain
Dt u(t) = pq(I51y(t) + cot™ ),

where y1 = a1 + 1 — a1B1, ¢ = ;B Since DOO‘JQF’BZU(O) = Dgf:Qu(()) == DJZ"u(0) = 0, we
can get

u(t) = Igjgpq(lgj_y(t)) + et ¢ e R

From u(1) = Afol h(t)u(t)dt, it can be deduced that

1

1
It Igu®)l = A [ WOTze, o)+ (1= 4 [ noeea)e 0. @4

Consequently,
ImL C {y € Y|py € ImL}. (3.5)

On the other hand, let u(t) = I§2¢oq(Igly(t)) + &2, € € R™, and assume that y € Y satisfies
(3.4). By simple calculation, we can infer that u(t) satisfies the boundary conditions of the problem

(1.1) and

Lu(t) = D3t oy (D2 (152 04 (I52y(1) + €6°7Y) ) = DEL P (u IELy(0) = y(0):

Thus,
ImL 2 {y € Y|py € ImL}. (3.6)

Combining (3.5) and (3.6), we can get
ImL ={yeY|py € ImL}. (3.7)
Clearly, ImL C Y is closed. Thus, the operator L is called a quasi-linear operator. ]

The operator P : X — KerlL is defined as

tr2—1

D2 u(0). (3.8)

(Pu)t) = (I = T*T) 55 D

It can be derived by simple calculation that P?u = Pu and ImP = KerL, then KerP®&KerL = X.

Hence, P: X — KerlL is a projector.



The operator @ : Y — R” is defined as

Qy =c, (3.9)
where ¢ satisfies

1

e, 0o

| — )y (r) — eldr |ds
ey = 1) - dar s+ ¢

_ A/Ol Fh((og) /Ot(t — 5)021%(“;1) /08(5 — e y(r) — C]dT>det _e

(3.10)
It can be proved that ¢ is the unique constant vector satisfying (3.10). In fact, let
F(e) = 1 /1(1 —s)2 1y (1 /8(8 — ) y(r) — c]dT) ds +T¢
I(a2) Jo 4 INGERI
1 t s
h(t) / 1 1 / 1
—A/ t— )2 — s—T1)M T) — c|d7 )dsdt 3.11
e 0 (i | (=)™ ) - dla) (311)
for all y € Y. Since
1
T=1- A/ h(t)t2dt
0
1 an [y h(t)t=—tdt
1 ass [ h(t)t2~1dt
1 ann [y h(E)2 At
1—an [ h(t)t21dt
1 — ags [} h(t)t2~1dt
1 — any [y h(t)2~dt
we have
1-— k:all

&1 51(1 - kall)

1-— k‘CLQQ §2 fg(l — kagg)

: (3.12)
1- kann gn

where k = fol h(t)t72~1dt. Substituting (3.12) into F(c) = (F;(c))
obtain

En(1 — kany)

Lxp, defined in (3.11), we can
xXn

) 1=l (1) — ¢;]dr | ds (1 — kaj;
(s [ =077 ) — clar Jas + 601 - k)



g [ [ o [ - mm ) - elar)asar

Obviously, Fj(c) is continuous and strictly decreasing in R. Define a cone A in R" as

A={(A, Mg, A) T A > 0,0 €R G =1,2,-- ,m}. (3.13)
Take
b; = min y;(t) + m;, d; = max y;(t) + m;, i =1,2,---n,
te€[0,1] t€[0,1]
where m; = &il—hai)pq(L(ar+ 1)l (az+arg—ai+1) , biyd; € R.If by = mingg(o 1) 9i(t) + m;, then

D(a1g—a1+1)(1—az [y h(t)to2+e19-1dt)

Fi(b) >0 — FZZ) /01(1 - s)aﬂ@q(m;) /Os(s - T)a11d7> ds

- mil'(a1(g —1) +1) miazT(a1(q — 1) + 1) [ h(t)teztera—endy
0q(l(on + 1))I'(ag +ai1(g—1) +1) oa(T(ar + 1) (ag + a1(g — 1) + 1)

+ & (1 — kaij)

_ m;l(ai(g—1) +1) (1 — ay fl h(t)ta2+a1q7a1dt) | )
o 0q(T(ar + 1)) (a2 + (i]l(q —1)+1) +&i(1 — kay;)

=—&(1 — kay) + &(1 — kay) = 0.

Similarly, if d; = max,e(o1)¥i(t) + m;, then Fj(d) < 0. It is not difficult to see that F'(b) € A and
—F(d) € A, where b = (by,by,--- ,by) ", d = (dy,ds,--- ,d,)". Hence, there must be a unique ¢
satisfying ¢ —b € A and d — ¢ € A, such that F'(¢) = 0. In addition, the boundedness of Q(2) can
be deduced from the fact that space Q C Y is bounded.

Remark 3.2. By the definition of @ in (3.9), it is not difficult to conclude that @ is not a projector
but satisfies Q(I — Q)y =6 for ally € Y.

Lemma 3.3. The operator Q by (3.9) is continuous in Y .

Proof. For any g,y € Y, suppose Qg = d, Qy = b, where b,d € R". Since ¢, is strictly increasing,
if di —b; > maXseio,1] (gz(t) - yz(t))7 L= 17 27 e, then

0= /01(1 - (r(im f =) - di]dT) dods +&(1 ~ has)
_%/01 h(t)r(;) /Ot(t—s)‘m_l(pq(r(;l) /Os(s—r)al—l[gi(f)—di]d7>dsdt
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1 — s ag—1 s
:/0 (1 = ) ©q <F(1 | /0 (s =) M(wi(r) = bi) + (9i(1) — 9i(7)) — (di — bi)]d7> dsdt

(12) a1

1 t s
+&(1 — kay;) — aii/o h(t)r((lm) /0 (t—s)*"lp, <F((111) /o (s = 1) (i) — bi)

+ (gi(7) — wi(1)) — (di — bz‘)]dﬂ') dsdt

1 s
<F(i¥2) /O (1 - S)OQ_l(pq <F(1)/0 (S - T)al_l[yz'(T) - bl]dT> ds + 51(1 - k:am)

—aii/ol h(t)r(;) /Ot(t—s)”_lcpq(F(;) /08(3—7')0‘1_1[%(7')—bi]d7>dsdt:0.

This is a contradiction. Conversely, if d; — b; < minyc(o17(gi(t) — vi(t)), then

_ 1 1 a1 L SS_Tal_l () — d.1dr s ) ks
O_r(ag)/o(l s) %0q<p( )/0( ) gi(r) — dild >d dt + &(1 — kay)

[ M [ =9 (s [ =m0 o) — dar s
> / sy, <F(1) / (s — ) a(r) - bi]df) dsdi + &(1 — kas)

062)
Qg

0
/o1 h(t)l“(iaz) /Ot(t =) e <r(;) /08(5 — 1) yi(r) — bi]d7'> dsdt = 0,

the contradiction appears. Consequently,

i . s <d —b; < . — s .
Jmin (9:(t) — wi(t)) < d; bl_tren[% (gi(t) — wa(t))

Then, it can be concluded that @ : Y — R" is continuous. ]

Lemma 3.4. The definition of the operator R : X x [0,1] — X3 is

R(u, M) (t) = 15204 (I (Nu(t) — QNxu(t)) — THo(Nau(t) — QNa()£2 ", (3.14)

where ¢ is defined in (3.3), KerL @ Xo = X. Then the operator R : Q x [0,1] — Xy is continuous

and compact, where  C X is an open bounded set.

Proof. Obviously, R is continuous. Next, we show that R is compact. In fact, for any v € Q,
by the boundedness of f on a bounded closed domain and the boundedness of (), we obtain
that there exist constants k; > 0, kz > 0 such that max .1 ] Xﬁ\f(t,u(t),Dgi”BQu(t))] < ky,
1Qf (t,u(t), D™ u(t))| < ka, then

RN O] =[ s [ =90 (s [ =7 aatr) — Qutolar s
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~ TFo(Nau(t) — QNyu(®))1>~"|

e o ky + k
<F(a2)/0(t_8) 180q(r(;1+21))ds+HTJFH*W(NAu(t)—QN,\u(t))‘

< T
—r(a2+1)%<r(a1 +1)> =T
1
— A [ hOT3 0, (I3 Nut) — QN
0
oo btk ), T, ki + ks
“Tlaz+ 7N\ Tlar + 1)) " Tz + 1) 79\ T(aq + 1)
1Tl All k1 + ko /1
h(t)dt
F T +1) P\ Tz 1) f, "

k1+ko

! SDQ(r(mH))
<(14|T"|. + T+*A*/ htdt>
<(THITH L+ Il [ aan) T

15t g (I((ﬁ [Nyu(t) — QN)\“(t)]) ‘t:l

and
asg,B2 2(n—a 2 ag k k
D52 Rlw N (0] = 15" DI RGu V(0] = oy (52 Nu(®) = QNau(t))| < (M)

where || - ||« stand for the max-norm of matrices, |x| = maxz{|x;|,7 = 1,2,---n}. Therefore, R is

bounded.
ForanquQ,Og)\glandOStl < tg <1, there are

R, M) (t2) = R(u, N)(1)]

[T Jy 7Y ‘Pq(r(al)/o (s = 1)~ (Nau(r) = QNyu(r)dr )d
1 t1 e, (1 SS_Talil wlr) — wr N dr ) ds
B F(az)/o =) %(r(al)/o (s = 1)~ (Nyu(r) = QNyu(r)dr )

o [Igisoqu&l INyu(t) — QNxu(t)])]ees

1 ! ? — g)x2l 1 Ss—ro‘rl u(r) — w(r)|dr)ds 72-1
—a [ ha) s [ =9 e [ (= nm () - QNu(rjand dtz]t2

L [I(S’isoq(fgi Nyu(t) — @QNyu(®)])]ms

1 1 " — g)2—1 71 Ss—ro‘rl u(r) — u(r)]dr)ds f2—1
—a [ g [ =9 e [ = nm T N - QNu(jnd dtl]tl

: ' BT = (i —s)™T 53—7“0“_ u(r) — u(r)]dr)ds
SF(CW)‘/O [(t2 = 5)*27" = (t1 = 5) 1]%(F(a1)/0( )41 [ Nyu(r) — QNyu(r)]dr)d
to 1

+/t (t2 — s)azflwq(r(al) /OS(S — T)Oélfl[N)\’U,(’r) — QN)\U(T)]dT‘)dS
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_|_

Tt ke + k _ _ THA|, [ h(t)dt _ ki + k
” H QDq 1 2 (t’zyg 1 - t’lyg 1) + H H fO ( ) (t’2yg 1 _ t’lyg 1)%0(1 #
F(OQ + 1) F((Xl + 1) F(ag + 1) F(Oq + 1)

1 ki + ko
< 15?2 — 2
—F(a2+1)§0(1<1—1(a1+1)>(2 1 )
k1 + ko

. \ ' 1 el e
+ (I + 1Al [ h(t)dt)r<a2+1)¢q<F(al+1))(t; e

and

1

| D2 R(u, N)(t2) — DG R(u, \(t)| = wq(m /O (2 — )™ L (Nyu(s) - QNxu(s))ds )

- ‘Pq(r(il) /Otl(tl — 5)"1 N (Nyu(s) — QN)\U(S))dS)

Since
1 ” — $) N Nyu(s) — u(s S—L " — 5) L (Nyu(s) — u(s))ds
T (2= 9 () — QNyu(s)ds = e [ (= )™ (Vule) - QNu())a
1 t o a1—
" T(ar) /0 [(t2 — )™ 1 = (t1 — ) (Nau(s) — QNxu(s))ds
+ /t 2(t2 — 5)M T H(Nyu(s) — QNyu(s))ds
k1 + ko t1 _ gyl _ _ g)1—1ds 2 — g)ui—1g,
ey | 1977 = +/tl 2= s)d
ki +k o a
_ﬁ(h — ),
t (t— S)m—l k1 + ko
|| R ¥ute) - QNu()as] <

and ¢4(¥) is uniformly continuous on [ — F’z;rﬁ), F]Eé:ﬁ)] Consequently, {R(u,\) | (u,\) €

Q x [0,1]} and {D(O)‘i’62R(u, A) | (u,\) € Qx[0,1]} are equicontinuous. In view of the Arzela-Ascoli

Theorem, it yields that R : Q x [0,1] — X5 is compact. O

Lemma 3.5. Suppose that 2 is a bounded, open subset of X. Then the operator Ny defined in
(2.2) is L-quasi-compact in .

Proof. 1t is not difficult to deduce that dimKerL = dimIm@Q, Ker@Q = ImL, R(-,0) =6 and
QNyu(t) =60 < QNu(t) = 0. Then (a) and (b) of Definition 2.2 hold.
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For each u € ¥y = {u € Q | Lu = Nyu}, there is Nyu € ImL = KerQ, so QNyu = . It follows
from Nau = Lu(t) = DSV, (DS u(t)) and R(u,0)(t) = D52 R(u,0)(t) = 0 that
R(u, A)(t) =152, (Ig (Nxu(t) — QNyu(t)) — T*¢(Nau(t) — QNu(t)) 72
=I520q (I (Nyu(t)) — TTo(Nyu(t)) !

_[6:2_ q(IgiIgi(l a1)D“/1 (ng.ﬂQU( )) _ T+¢(N>\u(t))t72_1

PPN 1 e -1 w1,
=u(t) e )D7 (O)+T+TF(72>DO 2 u(0)
—u(t) — _ 7+ et 72 1

=u(t) = (I = T* T < D u(0)

=(I — P)u.

Consequently, (¢) in Definition 2.2 is satisfied.

For any u € Q, there is

L{Pu+ R(u, N)(t) =Dy ™, (D52 (pu(t) + R(u A)()))

(vi2
a1,51 p[ 0‘2’62 T+T)WD’YZ 1“(0)
(7

+ D2 (15204 (IEL(NAu(t) = QNyu(1))) = T o(Nyu(t) — QNyu(h) ")
=D oy (D62 120, (IS (Nau(t) — QNxu (1)) )
=(I = Q)Nxu(t),
then (d) of Definition 2.2 holds. Thus, the operator Ny is L-quasi-compact in €. O

Next, we will give the main theorem.

Theorem 3.6. Suppose the following conditions hold:
(H1) There exists a constant M > 0 such that for every u € domL, if [t'™2u(t)] > M, t € [0,1],

then either
(1) (72w, Qf) > 0 or (2) (', Qf) <0, Vte[0,1]
holds, where (-,-) is the scalar product in R™.
(Hg) There exist three non-negative functions a,v,s € C[0,1] such that
[7t0.9)] < alt)ey () + v(Dp(]) +5(0), 0<t<1,

where max{1, 2172} [, (|[¢]|o0) + 228082)] < 5 (D (0 +1)).

Then there exists at least one solution in X for the problem (1.1).
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To prove Theorem 3.6, the following lemmas are first established.

Lemma 3.7. Assume that (Hy) and (Hz) hold. Let Q1 = {u € domL|Lu = Nyu, X € (0,1)}, then
Q1 is bounded in X.

Proof. For any u € 1, we have Lu = Nyu, Nyu € ImL = Ker@, then QN u(t) = 0. It is known

from (H;) that there exists tg € [0, 1] such that ‘t(l]_wu(to)’ < M. Since Lu = Nyu, there is
u(t) = I§2og (Mg} Nu(t)) + 6677, (3.15)
and then by (Ha), it follows that

1— 1—
(€1 <[to u(®)] + [to " Ig g (Ig Nu())]

1—v2  pto . 1 § o — az,fB2
ﬁ”*ﬁ@gllmrw> %Armnﬂ<&—@ £ (0, u(0), D7 ™ ule))lde)ds

1— B
bt B[t (lelallele) (1062 ) Ll
I'(ag2) Jo [(ag +1)

| max{l, 292} [pg(Jlalloo) [ull 0 + @a(l¥llo0) 1065 ™ ttllow + 4(lslloo)]
[(ag + 1)¢g(T(a1 + 1)) '

<M

Since
D52 u(t)| =|Dy2 2 152 0 (AGENu(t)) + D22 et 271
_max{1, 272} o (lafloo) [ulloo + 24 (llslloc) + Pall$lloo) 1 D63 * 1 oo]
- pq(I'(a1 +1)) 7
we can get
max{l,2972 a Ul oo + S
Dssiy, < ™00l 2 pa(lale) e+ ¢lslo)] 3.16)
pq(I(a1 +1)) —maz{1, 2972 }oq([[¢]|oo)
Therefore,

maz{1, 2972} oq (J|alloo) [ ulloc + @q(lIs]lso)]
(a2 4+ 1)pq(T(ar + 1))
n maz{1, 297} ([|¥[loo) [pq ([|alloo) [1ulloo + ©q(lIs]loo)]
[z + 1)g(I(en + 1)) [pg(T(ar + 1)) = maz {1,297 g ([[¢]|s0)]
maz{1,297*}p4(C(a1 + 1)) [@g([lalloo) [[u]loo + @q([slloo)]
(g + 1)pg(D(ar + 1)) [ (D(ar + 1)) = maz{1, 292}, ([[¢[|o0)]

€| <M +

Bring the above inequality into (3.15) to get

[u(®)] <II53 (MG Nu(®)| + |&727
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maz{2, 29 oy (F (a1 + 1)) [@q(llalloo) [1ulloc + @q(llsloo)]

“T(ag+1)pg(T(ag + 1)) [cpq(F(Oq + 1)) — max{1, 2q_2}g0q(||1/1||oo)] M

Then,
lul _maz{2, 27 g (([<]loe) + MT (a2 + 1) [pq (e + 1)) = maz{1, 272 }pg (1]l oo)] (3.17)
~ T(oa+ 1) [g(T (a1 + 1)) — maz{1, 2972 }oq(|[9)]loc)] — maz{2, 297 }pg([lalloc)
Hence, together with (3.16) and (3.17), it can be deduced that €; is bounded in X. O

Lemma 3.8. Assume that (Hy) holds, then Qo = {u|u € KerL, QNu = 0} is bounded in X.

Proof. Let u € Qg, we have QNu(t) = 6 and u(t) = ct’~!, ¢ € R". According to (H;), there exists
to € [0, 1] such that ‘té_wu(to)‘ < M. Thus we get that |c| < M, then Qj is bounded in X. d

The following is the proof of Theorem 3.6.

Proof. Let @ D (Q1 U QU {z|z € X, |z|| < M}) be a bounded open subset of X. Lemma 3.7
implies that Lu # Nyu, u € domL N 0f), while Lemma 3.8 leads to the conclusion that QNu # 6,
u € KerLNOSY. Let H(u,¢) = pCu+(1—¢)JQNu, where u € KerLNQ, ¢ € [0,1], J : ImQ — KerL
is a homeomorphism with Jn = #7271, and
1, if (Hy) (1) holds,

=1, if (H1) (2) holds.
Given any u € KerL N 0Q, there are u(t) = not?"?~! and H(u,() = pCnot"? ™1 + (1 — O)(Qf)t2L.
If ¢ =1, then H(u,1) = pnot?2~1 £ 6.
If ( =0, then H(u,0) = (Qf)t"2~1 #0.
If 0 < ¢ < 1, suppose H(u, () = 0, then p{not"?~t = —(1—)(Qf)t72~1. So thereis ny = —%.
It follows from (Hp) and |no| = [t!772u(t)| > M that

(M0, m0) = —1_CC<7707pr> <O0.

This is a contradiction. Hence, H(u,() # 0, for all u € KerL N 98, ¢ € [0,1]. The homotopy
property of degree yields the result that
deg(JQN |kerr, QN KerL,0) = deg(H(-,0),Q2N KerL,0)
=deg(H(-,1),QN KerL,0)
=deg(pl,Q2N KerL,0) # 0.

Combining Lemmas 3.1-3.5 and applying Lemma 2.6, we conclude that the problem (1.1) has at

least one solution in X. The proof is completed. ]
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4 Example

Example 1. We consider the following boundary value problem at resonance in R:

,

ol
Nl

Dof’lwg(DO?%ul(t)) - fl(t,ul(t),UQ(t),Dof 1u1(t),D(§j€u2(t)), 0<t<l,
Déf@g(DE’Eui(i)) = fz(taul(t17 Uz(t)aDoifgl(t)aDg@W(t)), 0<t<1, (4.1)
Dg?u1(0) = D u2(0) = 0, Dgyui(0) = Dgy uz(0) =0,

ui(1) = =2 [t~ Tug ()dt, ua(1) = =3 [ ¢~ Tua(t)dt,

where a1 = %, B = %, Qg = %, B2 = %, Yo=4, p= %, h(t) = t*%, f:[0,1] x R* — R? are defined

as

w2z — €0 fug| + |z +e3)T

.
f(tu,2) = (fi(t,ur, ug, 21, 22), fa(t,ur, ug, 21, 22)) = ( 20 : 0

for any t € [0,1] and u = (u1,us) ",z = (21,22)" € R2.

-2 0 ) 2
Clearly, A = , T = [, h(t)t2dt =
0 -3 0 5

Now we prove that the conditions of Theorem 3.6 hold. Choose nonnegative integrable functions

1
. Let £ = , then T¢ =
2

ot O

ed

5o, then there is

a:w:%andgz

|F(t,u, 2)| < a()gp(|ul) + ¥ (t)pp(l2]) + ().

After some simple calculations,

2

Tay 5 1y Polllallec)] ~ 06505 > 0

pq(L(a1 + 1)) — maz{1, 297} [og(|[9 ]| o) +

can be obtaind. Therefore, (Hs2) is satisfied.

In order to check (Hy), let M =3, ¢ = (|| filloo + 5.8997, || f2|loo + 12.6422) T, then c satisfies
(3.10). If ‘t[l)_”u(to)‘ > M = 3 hold for any t € [0,1], then (t!™72u, Qf) = (t'772u,c) > 0. Hence,
the condition (H;) holds. From Theorem 3.6, it can be obtained that the problem (4.1) has at least
one solution.

To intuitively illustrate the existence of solutions for the problem (4.1), we conducted numerical

simulations using MATLAB. Figures 1 and 2 depict the cases for p = 2.5 and p = 1.5, respectively.
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8 3
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Fig. 1: State u(t) of the system (4.1) when p = 2.5. Fig. 2: State u(¢) of the system (4.1) when p = 1.5.

5 Conclusion

In this paper, we investigated the nonlinear Hilfer fractional boundary value problem at reso-
nance in R”. By using the extension for the continuous theorem, the conclusion that the problem
(1.1) has at least one solution in X was obtained. To achieve our main results, we defined two
Banach spaces with specified norms and construct the appropriate operators P, ) and R within
these Banach spaces. Subsequently, we proved the necessary requirements before applying Lemma
2.6. It is worth noting that the variables in the n-dimensional Euclidean space are represented as
vectors or matrices, and we cannot assume a direct size relationship. The cone in (3.13) is skillfully
defined, effectively resolving existing issues. Finally, we provided an example to verify the validity

of our conclusion.
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