ARTICLE

Iterative algorithms and fixed point theorems for set-valued
G-contractions in graphical convex metric spaces

Lili Chen?, Yunyi Jiang® and Yanfeng Zhao®

aCollege of Mathematical and System Sciences, Shandong University of Science and
Technology, Qingdao

ARTICLE HISTORY
Compiled May 7, 2024

ABSTRACT

In this article, we present a series of fixed point results of the Ishikawa itera-
tive algorithm and the SP iterative algorithm in graphical convex metric spaces.
First, we introduce the Ishikawa sequence and the SP sequence in the above space.
Furthermore, we study the existence and uniqueness of fixed points for set-valued G-
contractions in graphical convex metric spaces. Finally, by providing an example, we
demonstrate the hypotheses of the existence theorem of fixed points for set-valued
G-contractions in G-complete graphical convex metric spaces are sufficient but not
necessary.
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1. Introduction

The fixed point theory has always been a crucial branch of functional analysis, which
occupies a crucial position in the field of mathematics. Besides, it is also an important
component of nonlinear functional analysis, which is closely related to many branches
of modern mathematics. Especially, it plays an important role in establishing the ex-
istence and uniqueness of solutions to various equations. The fixed point theory can
be applied to many fields, namely variational inequalities, initial and boundary value
problems of differential equations, financial mathematics, biology, computer science,
physics and other fields. For example, in 2022, Zoto et al. [1] certified the existence and
uniqueness of solutions for a class of nonlinear integral equations. In 2023, Younis et
al. [2] demonstrated the existence of a solution to a fourth-order two-point boundary
value problem for elastic beam deformations by using the fixed point results studied.
In 2023, Mani et al. [3] used fixed point theory to solve the integral equation and
fractional differential equation. The research on it not only helps to solve the theoret-
ical problems, but also helps to solve some practical application problems. In recent
years, the fixed point theory has been widely developed [4]. Among them, Banach’s
fixed point theorem is of great significance in solving many nonlinear analysis prob-
lems and other mathematical fields [5-10]. Since Banach’s fixed point theorem was
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presented, fixed point problems have attracted the attention of many scholars at home
and abroad. Later, they also proposed a series of generalized concepts of contractive
mappings and fixed point theorems on this basis. In [11], Nadler extended Banach’s
fixed point theorem to the case of set-valued mappings, which led many researchers
to study fixed point problems of set-valued mappings [12-16].

Mann iterative algorithm, Ishikawa iterative algorithm, and Halpern iterative al-
gorithm are the basic iterative algorithms for solving fixed point problems of non-
expansive mappings. In recent years, a great deal of researchers constructed many
different algorithms to approach fixed points of different types of nonlinear mappings,
such as SP iteration [17], Normal-S iteration [18], Agarwal iteration [19] and so on.
On the one hand, iterative algorithms can be chosen to approach the fixed points for
nonexpansive mappings. On the other hand, iterative algorithms can also be used to
solve the existence of solutions of some equations related to fixed point problems [20].
Recently, there have been some new developments in iterative algorithms. In [21], a
new high-order and efficient iterative technique was constructed to solve a system of
nonlinear equations. Garodia and Uddin [22] constructed a new iterative algorithm,
and showed that the convergent rate of the new iterative algorithm is faster than many
existing iterative algorithms by giving an example. Furthermore, they used the pro-
posed algorithm to find a solution of a delay differential equation and prove that the
sequence generated by the proposed algorithm converges to this solution. Yuanheng
Wang et al. [23] proposed a new hybrid relaxed iterative algorithm to solve the fixed
point problem and the split feasibility problem involving demicontractive mappings.

In 2008, Jachymski [24] introduced the concepts of graphical metric spaces, pop-
ularizing some important fixed point theorems. Later, some researchers in the study
of fixed point theorems combined with graph theory [25-30,44-46]. In recent work,
there have been some new developments in the combination of fixed point theory
and graph theory. For example, Ahmad, Younis and Abdou [31] developed a new
space—graphical bipolar b-metric space. Monica-felicia, Liliana and Gabriela [32] gave
some existence and stability results for cyclic graphical contractions in complete metric
spaces. Shukla, Dubey and Shukla [20] proposed the notions of graphical cone metric
spaces on Banach algebra. In addition, they proved some fixed point results of a class
of special contractive mappings which are defined on this kind of spaces.

In [33], the concept of the set-valued mapping was extended to graphical metric
spaces. In 2013, a more general definition of the set-valued contractive mapping was
given in the above mentioned space by Dinevari and Frigon [34].

A natural generalization of the Banach contractive mapping is the nonexpansive
mapping. In 1970, the concepts of convex structures and convex metric spaces were
proposed by Takahashi [35]. And he also gave the fixed point theorems of nonex-
pansive mappings in convex metric spaces. Besides, Goebel and Kirk [36] researched
some iterative procedures of nonexpansive mappings in hyperbolic metric spaces in
1983. Nonexpansive iterations were proposed in hyperbolic metric spaces by Reich
and Shafrir [37] in 1990. Actually, the Picard iterative algorithm has been widely
used to study different kinds of fixed point theorems in graphical metric spaces. But
because the graphical structure itself does not have a linear structure, the graphical
metric spaces are more complex than the general metric spaces. So other iterative
algorithms are difficult to be directly generalized to this space.

Based on the above related research, in this article, we present a series of fixed
point results of the Ishikawa iterative algorithm and the SP iterative algorithm in
graphical convex metric spaces. And the structure of the article is as shown below:
Section 1 mainly introduces the history and research status of fixed point theory and



iterative algorithms. And set-valued contractions and graphical convex metric spaces
are introduced step by step. Section 2 introduces some elementary notations, concepts
and results. Section 3 proposes the Ishikawa iterative algorithm. Furthermore, some
results of fixed points theorems of the Ishikawa iterative algorithm for set-valued G-
contractions are given in G-complete graphical convex metric spaces. And by providing
an example, we demonstrate the hypotheses of the existence theorem of fixed points for
set-valued G-contractions in the above space are sufficient but not necessary. Section
4 proposes the SP iterative algorithm. Likewise, we also give the fixed point results of
the SP iterative algorithm.

2. Preliminaries

First of all, we enunciate some elementary notations, concepts and basic results which
are helpful for this article.

Let the set of positive integers be represented by Z*. And in the following study, we
presume that the graph G = (Q(G), Z(G)) does not have parallel edges. Among them,
Q(G) represents a set containing all vertices and =(G) represents a binary relation on
Q(G), where the elements in Z(G) are said to be edges. We can say G is a directed
graph when every edge of it has a direction. On the contrary, an undirected graph is
every edge of G has no direction.

By reversing the direction of edges of a graph GG, we can obtain the inverse of a
directed graph G, which is denoted by G~!. Therefore, we have

[1]

(GY={(f,h) e M x M: (h, f) € 2(G)}.

We let a directed graph with symmetrical edges be denoted by G. And it is defined
as follows:

(1]

(G) = E(G)UE(G™Y),

so we can see that G is symmetrical. If all loops are contained in Z(G), for every f €
Q(G), thereis (f, f) € Z(Q), then the directed graph G is called reflexive. Furthermore,
if the following condition is satisfied,

(f;h) € 2(G), (h, s) € E(G) = ([, 5) € E(G),

for all f,h,s € E(G), then G is said to be transitive.

Moreover, if the each edge of G is allocated by the distance between its edges, then
G can be viewed as a graph with weights assigned to it. And in this paper, we presume
the directed graph G is symmetric, reflexive and transitive.

Definition 2.1. [28] Let m,n € Q(G). A path (or directed path) of length h € Z*
between m and n in G is defined as a sequence { fk’}Z:O of vertices with m = fg, n = f,
and (fx—1, fr) € Z(G) for k =1,2,..., h.

In [28], they also defined



[m]g ={n € Q(G): there exists a path directing from m to n having length h}.

Definition 2.2. [28] There is a relation R on Q(G) satisfing (mRn)¢q if there is a
path directing from m to n in G and ¢ € (mRn)¢ if ¢ is contained in (mRn)q. For all
i € ZT,if { f;} satisfies (fiRfi+1)q, then the sequence { f;} € Q(G) is called G-termwise
connected (G —TWC).

Definition 2.3. [38] Let d: Q(G) x Q(G) — [0, 00) be a mapping and G be a graph,
if

(1) dim,n) =0 <= m =n for all m, n € Q(G),

(i1) d(m,n) = d(n,m) for all m, n € Q(G),

(73i) for (mRn)g, ¢ € (mRn)qg, we have d(m,n) < d(m,() + d({,n), where m, n,
¢ € QG).

Then we can say the space (G,d) is a graphical metric space.

Definition 2.4. [28] In a graphical metric space (G, d), a sequence { f;} is called:
(1) a convergent sequence <= there is a € G making lim;_,~ d(f;,a) = 0 hold,
(i1) a Cauchy sequence <= lim; ;oo d(fi, fj) = 0. Namely, for any € > 0, there
is ig € ZT making d(f;, f;) < € hold for all j, i > io.

Definition 2.5. [28] If every G — TWC Cauchy sequence converges in G, then we
can say the (G, d) is G-complete.

Definition 2.6. [40] Choose a graphical metric space (G, d). Besides, we also select
two sets D, E C Q(G). Then by:

(1) If D and E contain an edge, then (D, E) C =Z(G) for some v € D and v € E,

(73) If D and E contain a path, then there exists a path between some u € D and
ve Ll

Moreover, we mean DRE by the relation R if and only if there exists a path between
two sets D and E. In addition, if the relation R on Q(G) satisfies the following:

DRE,ERF = DRF,

then R is said to be transitive.

Definition 2.7. [41] Let ¥ be a set of all nonempty closed sets on a sphere V. For
any X, Y € ¥, let

H(X,Y)=inf{r;X CY,,Y C X,,}.

Then H(.,.) defines a distance called Hausdorff distance. And we say (¥, H) is a
Hausdorff metric space.

Definition 2.8. [39] Let (M, d) be a metric space. Then we can say I': M — 2M\ {()}
is a set-valued contractive mapping when there is k € (0, 1) such that

H(I'(f),I'(h)) < kd(f,h), f,h € M,

where H(X,Y) represents the Hausdorff distance between two elements X and Y.

Definition 2.9. [33] Define a set-valued mapping I" on (G, d), where (G, d) is a graph-
ical metric space. If



(i) there is k € (0,1) making H(I'(f),T'(h)) < kd(f,h) hold for all (f,h) € E

(i7) there is k € (0,1) making d(m,n) < kd(f,h) hold for each (f,h) € E(G),
m € I'(f) and n € T'(h), one has (m,n) € Z(G).

Then we can say I' is a set-valued contraction in (G, d).

Definition 2.10. [34] Define a set-valued mapping I' on (G,d), where (G,d) is a
graphical metric space. Then the mapping I' is said to be a G-contraction if there is
k € (0,1) such that for all (f,h) € Z(G) and m € I'(f), there is n € I'(h) such that

(m,n) € 2(G) and d(m,n) < rkd(f,h). (1)
Remark 2.11. [25] From the above definition, we can acquire that
H(T(f),(h)) < rd(f, h)

holds for all (f,h) € E(G).

Definition 2.12. [35] Let (M, d) be a metric space and U = [0, 1]. A mapping W: M x
M x U — M is called the convex structure on M if for each 7 € M and (f,h;¢) €
Mx M xU,

d(Tv W(f: h‘; ¢)) < ¢d(7’, f) + (1 - (Z))d(’f, h)
Then we can say (M, d, W) is a convex metric space.

Definition 2.13. [28] If for any G — TW C sequence {z,,} which converges to some
a € Q(Q), and there is mg € Z* such that (x,,,a) € Z(G) for any m > my, then we
can say the property (P) holds on (G, d).

Definition 2.14. [25] Let (G,d) be a graphical metric space and U = [0,1]. If a
mapping W: Q(G) x Q(G) x U = Q(G) satisfies

d(t,W(f,h;0)) < (1—=0)d(r, )+ od(r, h), (2)

for all f, h, 7 € Q(G) and o € (0,1), then we can say (G,d, W) is a graphical convex
metric space. And in the following discussion, we will use GCM S to represent this
space.

Meanwhile, a set is defined as follows:

L(Q(G)) ={¢ C Q(G) : £ is a closed subset of Q(G)}.

Definition 2.15. [25] If for any (f,s) € 2(G) and h = W(f, s;0), we have (f,h) €
=Z(G) and (h,s) € E(G), then we can say the property (Q) holds on (G, d, W).

Then, by introducing the concepts of I'-Ishikawa sequence and I'-SP sequence, the
Ishikawa iterative algorithm and the SP iterative algorithm of set-valued mappings
are extended to a graphical metric space.

3. Fixed point theorems of I'-Ishikawa sequences

First of all, in [25] , an example is given to prove that the property (P) and the property
(Q) are both satisfied in a G-complete GCM S.



Next, the fixed point theorems of I'-Ishikawa sequences will be given in the above
mentioned space.

Definition 3.1. Suppose I': Q(G) — L(Q2(G)) is a set-valued mapping on a GCMS.
Presume fy € Q(G) is the initial value. Then { f,} is said to be a I'-Ishikawa sequence
if it satisfies

{hn = W(fnasn;en)’ (3)

fn+1 - W(fnu Slnv pn)a

where s, € T'f,,, 5, € Thy,, and pyp, e, € (0,1).

Theorem 3.2. Let I': Q(G) — L(2(G)) be a G-contraction mapping on G-complete
GCMS satisfying properties (P) and (Q). Suppose that {p,} and {e,} satisfy 0 <
1—(1=kK)(pn+Kpnen)+2ke, < 1—60 where 6 € (0,1), {p,} and {e,} are monotonous.
If

Er ={f € Q(G): thereis h € I'f such that (f,h) € E(G)}
is nonempty, then the mapping I' has a fixed point in G.
Proof. There is sg € I'fy making (fo,s0) € E(G) hold for any fy € Ep. Let hy =

W ( fo, s0; €0), according to the property (Q), we have (fo,ho) € Z(G) and (hg, o) €
Z(G). From Definition 2.14, we can obtain that

d(ho, s0) = d(W (fo, 505 €0),50) < (1 — eo)d(fo,s0)-

Since I" is a G-contraction and (fo, ho) € Z(G), for so € T fo, there is 56 € I'hg such
that
(s0,50) € E(G) and d(so, sg) < xd(fo, ho).

And by the transitivity of G, we can also acquire (hg, sy) € Z(G) and (fo, s9) € Z(G).

Let f1 = (fo,so,po) by using the property (Q), we have (fo, f1) € Z(G) and
(f1,80) € Z(G). Thanks to Definition 2.14, we can infer that

d(fo, f1) = d(fo, W (fo, s0: p0)) < pod(fos so),

and

d(f1,s0) = d(W (fo, 593 p0), 59) < (1 — po)d(fo, 5¢)-

Since (fo, f1) € E(G) and (fo, ho) € E(G), we can obtain (hg, f1) € Z(G). And since
I is a G-contraction and (hg, f1) € E(G), for 50 € hyg, there is s1 € I'f1 such that

(50,51) € Z(G) and d(sy, s1) < kd(ho, f1).

By using the transitivity of G, we claim (s1, fi) € E(G) and (sp,s1) € Z(G).
And by induction, we can acquire sequences {f.}, {hn}, {sn} and {s,}, where
B = W(fu,snien)s fos1t = W(fn,8n:pn), 5n € I'f, and s, € T'h,. We still get
that (fn,s,) € Z(G) and (f,,s,) € Z(G). From the property (Q), we can see that
(fn: ) € E(G), (hn, su) € E(G) and (fu, fat1) € Z(G), (fat1,5,) € E(G).

Thanks to Definition 2.14, it is not hard to see



d(fm hn) = d(fm W(f’l’b? Sn; en)) < end(fm Sn)y
d(hn, sn) = d(W (fn, snien), sn) < (1 — en)d(fn, sn),
d(fm]fn—l—l) = d(fn, W(fmslnipn)) < pnd(fnas;z)7,
d(fn-i—h Sn) = d(W(fnv Sn;pn)a Sn) < (1 - pn)d<fn7 3n)7

and
(snas;z) € E(G) ) d(sn,s;l) < “d(fnv hn)7
(Sps Snt1) € E(G) , d(s,,, Sn+1) < kd(hn, fat1)-

Moreover, we also notice that {f,} is G — TWC. Subsequently, we proclaim
{d(fn,sn)} is decreasing. Actually, we can acquire

A(frt1s 8n+1) < d(fat1, 8,) + d(sp, Spt1)
AW (fn, $p3 pn)s 5n) + d(y,, Sns1)
(1= pu)d(fu, 5,) + K, frs1)
(1= pu)d(fuys0) + (1= pn)d(sn, 5,) + (P, frr1)
(1 = pn)d(fn, sn) + £(1 = pn)d(fn, he) + Kd(n, frs1),

VAN VARVAN

and

d(hn, fn+1) W(fn73n§€n)vw(fn73;z§Pn))

W (fnssnien), fn) + d(fr, W(fn, 8;1; Pn))
nd(fr, 8n) + pnd(fn, S;’L)

en + pn)d(fns $n) + prd(sn, Sln)

en + pn)d(frs $n) + Kpnd(fn, hn)

en + pn)d(frs $n) + £pnd(fr, W(fn, snien))
Pn + en + Kpnen)d(fn, sn).
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It follows

d(for1,8n41) < (1= pp)d(fn, sn) + Ken(1 — pp)d(fn, $n) + K(pn + en + Kpnen)d(fn, sn)
(1 — pp + Ken — Kppen + Kpp, + Ken + HQpnen)d(fn, Sn)
[1—(1—=K)(pn + kpnen) + 2ken|d( fr, Sn).

Since 0 < 1 — (1 — K)(pn + Kpnen) + 2ke, < 1 — 6 where 0 € (0,1), which indicates
{d(fn, Sn)} is decreasing.
Let t, =1 — (1 — k)(pn + Kpnen) + 2key, so we have
tn € (0,1) and d(frn+t1, Sn+1) < tnd(fn, sn)-
And we also find



d(fn, frn+1) = d(frs W(fn, S;ﬁ Pn))
< pnd(fn, 8;1)
< pnd(fn, Sn) + pnd(sn, ;z)
< pnd(frs $n) + Kpnd(frs hn)
= pnd(fns $n) + 5pnd(fr, W (fn, Snien))
< pnd(frs $n) + Kpnend(fn, sn)
= (pn + Kpnen)d(fn, sn).

Let p, + Kkpnen = Yn. Furthermore, for any ¢ € Z™, we can infer

d(fm fn-i—q) < d(fm fn+1) + d(fn-i—la fn+2) + -+ d(fn-i—q—la fn—‘rq)

< 'Ynd(fm Sn) + ’7n+1d(fn+1a 5n+1) + et '7n+q*1d(fn+qfla 5n+q71)
n—+q—2

n—1 n
S('YnHti‘i"Yn-i-lHti +'7n+q 1 H t anSO
1=0 =0

n+j—1
Let Dyyj =Y+ [l ti,j=0,1,2,...,9 — 1. Then we obtain

=0
d(fna fn—i—q) S (Dn + Dn+1 + -+ Dn—&-q—l)d(fO, 50)-

Since 0 < 1 — (1 — K)(pn, + Kpnen) + 2ke, < 1 — 60 where § € (0,1), {pn} and {e,}
are monotonous, we can get that

n+j
D Tnj+1 [ i
I n+j+1 . i=0
im sup———— = lim sup—————
j—oo n+j j—oo ntj—1
Yntj I ti
=0
— lim sup7n+]+1 n+j
J—oo Yn+j
Prtj+1 + KPntj+1€ntj+1
= lim sup - — = [1 - (1 H)(anrj + ’ipn+jen+j) + 2’i€n+j]
J—roo Prtj t KPntjCnti
< 1.

According to the virtue of D’Alembert’s test, we deduce Z}io Dj is convergent.
Thus, we can draw a conclusion lim,, oo d(fr, fntq) = 0 which indicates that {fy,}
is a Cauchy sequence. Since G is G-complete, we can find a ¢ € Q(G) that makes
limy, 00 d(fn,q) = 0 hold. According to the property (IP), for large enough n, we can
acquire (fy,q) € Z(G), thus there is g, € I'g such that

d(fnv Qn) < ﬁd(fm Q)a

which implies d(f,, gn) — 0 as n — oo. Let n — 400, then



d(gn,q) < d(gn, fn) +d(fn,q) — 0,

which indicates ¢ € T'q since I'q is closed. O

Next, we will give an example to prove that it is sufficient but not necessary for the
assumptions of the above theorem.

1
Example 3.3. Consider M = [0,1], X = {3—71 nezZtu{0}}, Y ={
ZT U {0}}. For any f,h € M, we define

341 " €

|f =hl, f#h,

d(f’h):{o f=h

Next, we give further consideration to G with Q(G) = M and
E(G)=AUBUC,

where

A={(f,h)ye M xM: f,he X or fhe M\ X},
B={(f,hye MxM: feX\Yandhe M\ X,orhe X\Y and fe M\ X},
C={(f,h)yeMxM: fe M\ X and heY,

2
orfEYandheM\X,then%fﬁhorhggf}.
For any p € (0,1) and f,h € M, we define W (f, h; p) = (1 —p)f + ph, so we can see
(G,d, W) is a GCMS. Subsequently, it will be demonstrated (G, d, W) does not have
the property (P) and the property (Q).

Factually, we choose irrational number sequences {f,} and {u,} for any n € Z*
in Q(G), then we can obtain (fy, un) € A, that is (fn, un) € E(G), so the sequences

{fn} and {pu,} are G — TWC'. Furthermore, for some ng € Z*, let f = Eoen

we choose the irrational number sequence {f,} in Q(G) with f,, > f for every n € Z*
which converges to f. Therefore, we can acquire (f,, f) ¢ A and (f,, f) ¢ B. For

any n, since f, > f, we have f, > §f And for large enough n, we have f,, < §f

and

Consequently, we can obtain (f,, f) ¢ C. Hence, from the above analysis, we can get
that (fn, f) ¢ Z(G), that is, (G,d, W) does not have the property (IP). Moreover, we

1 2
take f = EoEsE h = 0. And we choose p making W(f,h;p) = (1 —p)f > §f and

W(f,h;p) €[0,1] \ X. Then we can acquire (f, W(f, h;p)) ¢ =(G). This is equivalent
to saying that (G, d, W) does not have the property (Q).
Furthermore, we let I be a set-valued mapping which is defined as follows:

1 1

{W7W}) f:WQYy
I'f =19 {o}, f= g €X\Y,
{0}, feM\X.



1
Now we say I' is a G-contraction with x = 3 namely, for all (f,h) € Z(G) and
a € T'f, there is b € T'h making (a,b) € Z(G) and d(a,b) < kd(f,h) hold. In the
following, we will give the consideration to several cases:
1
Case (1): Choose f, h € X and f = FEESE h = FoEE without loss of generality,
presuming m > n, we can obtain

1

2y and Th = {32m+3’ 32m+5}

L'f = {32n+3’ 32n+5

1
We take b = ———, then

32m+5’
1 1 1 1 1 1 1
(W’ W) =3 (W’ W) < Hd(Ww W) = rd(f,h),
and
1 1 1 1 1
d(32n+5’ 32m+5) 3 (32n+1’ 32m+1) < ’%d(.ﬂ )
1

Case (2): Choose f, h € X and f = 320 h= , then we get

32
I'f = {0}, Th = {0}

and
0 = d(0,0) < kd(f, h).
1 1
Case (3): Choose f, h € X and f = FPIERE h = 2 then we acquire
1 1
f = (g gores ) T = 0
and
1 1 1 1
d(W7O) = ?d(W7O) < d(32n+37 ) = 37.)6

If m < n, then we obtain

1 1 1 1 1 1
/’id(f, h) = /ﬂ?d(32n+17 32m) = 532m<1 — 32(n_m)+1> Z :‘iw(l — g) = ?f > 372.](‘

If m > n, then we obtain

1 1 1 1 1 1
rd(f,h) = ’Qd(W’ 327m) = N3 (1- 32(m—n)—1) = R 3ontt (1- g) = 37f > ?f‘

Therefore,
1
1 1
Case (4): Choose f, h€ X and f = 3o h = ot this case is similar to Case(3).

Case (5): Choose f, h € M\ X, then we deduce
I'f={0}, Th ={0}
and
0=4d(0,0) < kd(f,h).
Case (6): Choose f € X, he M\ X and (f,h) € E(G).

10



If f= then we acquire I'f = {0}, I'h = {0} and 0 = d(0,0) < kd(f, h).

1
3o
1
If f= EoE then we acquire
1 1
S = g gaws b Th = 0
and

1 1 1

d(WaO) < d(wﬁ) = ﬁf-

2
Since (f,h) € Z(G), f € Y and h € M \ X, so we have gfghorhggf.

3
When if < h, we get that

1
wd(f ) = glf — bl = 5= )2 5 x 3 > 5.
When h < %f, we get that
1 1 1 1
“d(fah):§|f—h‘ (f h) > g gfzgﬁfo
Thus

Case (7): Choose f € M \ X, h € X, this case is similar to Case(6).
1
Hence, I' is a G-contraction with k = 3" And there is no doubt that we have 0 € T'0,
which indicates 0 is a fixed point of T'.
Remark 3.4. In the proof procedure of Theorem 3.2, we can also gain
limy, o0 d(fn, sn) = 0 and lim, o d(frn, hn) = 0.
Proof. Thanks to the definitions of {f,} and {h,}, we can get
A(fns hn) = d(fn W (fu 505 pn)) < pnd(fn; 5,)

< puld(fns sn) + d(sn, 5,,)]
< pnd(fn’ Sn) + ﬁpnd(fna hn)

Since &, p, € (0,1), we can acquire

d(fn,hn) < Pn d(fn, 5n)-

_1_5/)71

Thus, from the above analysis, we only require to demenstrate lim,,_,c d(fp, $n) = 0.
From the proof of Theorem 3.2, it can be found that

n—1

d(fn,sn) < [ tid(fo, s0),

11



which indicates limy, oo d(fpn,sn) = 0 since t; € (0,1). Furthermore, we can get
lim, 00 d(frn, b)) = 0. O

Theorem 3.5. Presume all assumptions of Theorem 3.2 hold, and set

hn = W(fna Sn; en)7
f’fH-l - W(fna Slnvpn)a

where s, € T'fy, 5, € Thy, and pp, e, € (0,1), and

Xn = W(Mmgn; Tn):
pn1 = W(ktn, 93 ¥n),

where g, € Tpn, g,, € T'xn, and 7y, 1, € (0,1). In addition, {f,} and {u,} are gener-
ated from the above iterative process where {f,} converges to f and {u,} converges
to p, the sequence {v,} satisfies lim, oo ¥, = 1 # 0. Then f = p provided that
(fn, ttn) € E(G) for large enough n € ZT.

Proof. According to Theorem 3.2, it follows f and p are fixed points of I'. Since I'
is a G-contraction, (fn,un) € Z(G) and (fn, hn) € Z(G), for all s, € T'f,, there are
gn € T'uy and s/n € I'h,, such that

(80, 9n) € E(GQ),d(8n; gn) < Kd(fn, pin),

and

/

(Sn, s,,) € E(G), d(sn, sln) < kd(fn, hn).

From Remark 3.4, we deduce that lim, o d(fn, hn) = 0, limy 00 d(fin, Xn) = 0
and limy, o0 d(fpn,Sn) = 0. Combining the conditions lim, . d(fn,f) = 0 and
limy, 00 d(pin, ) = 0, we can get limy, o0 d(hy, f) = 0 and lim, o0 d(xn, 1) = 0.

By using the property (P), we can acquire that (f,, f) € E(G), (un,n) € E(G),
(hn, f) € 2(G) and (xn, 1) € Z(G) for large enough n.

From Theorem 3.2, it can be concluded that (f,, fui1) € Z(G) and (fn, s,,) € Z(G).
Since (fn, fr+1) € 2(G), (fn, hn) € Z(G), we can obtain (fr+1, hyn) € Z(G). Similarly,
we also have (fin+1,Xxn) € Z(G). Combining with (fp41, tint1) € E(G), we can get
(fnt1,Xn) € E(G). And we also draw a conclusion that (hy, xn) € Z(G) due to the
transitivity of G.

Because I' is a G-contraction and (hn, x») € Z(G), thus for any s, € Th,,, there
exists g, € I'y,, such that

’

(snvg;L) S ‘E(G) and d(s;ug;l) S K (hn-;Xn)

d
Since (fn,5,) € Z(G), (51, 9,) € E(Q), (fn, tin) € Z(G), according to the transitiv-
ity, we can acquire that (fy,g,) € Z(G) and (s, ) € Z(G).
Notice that

d(f7 :u) S d(f> fn+1) + d(fn+17 MnJrl) + d(}unJrl’ M)v (4)
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and

d(frt1, pny1) = AW (fn, S;ﬁ pn)s W (4in, g;ﬁ Vn))
< (1= pn) (1 = ¥n)d(fr, pin) + (1 = pn)l/}nd(fmg;z)
+ pn(1 — wn)d(s;m fn) + pn@bnd(s;m g;z)
< (1= pn) (1 = ¥n)d(frs pin) + (1 — pp)tbnld(fa, 5;1) + d(s;wg;@)]
+ pn(1 — ¢n)[d(5,n> fn) +d(fn, pn)] + prﬂ/}nd(S;w Q;L)
= (1 = ¥n)d(fn, tin) + [Pn + ¥n — 2ppn]d( fa, S;z) + wnd(s;w g;z)
< (1= n)ld(fn, ) + d(f, ) + d(p, pin)]
+ [on + ¥n — 20000 [d(fr, $n) + d(sn, S;L)]
+ K5¥nld(hn, f) + d(f, 1) + d(p, Xn)]
< (1= ) [d(fa ) + (gt 110)] + 2[d(f 50) + d(sn, 5,)]
+ Khn[d(ha, [) + d(ps Xn)] + (1 + 590 — Pn)d(f, p)
< d(fn, ) + (s, p1n) + 2d(f, 50) + 2d (50, 5,) + K[d(hn, )
+ d(p, xn)] + (1 + Kbn — thn)d(f, ). (5)

Combining with (4) and (5), we can obtain

(1 - K)wnd<f7 ,U/) < d(f7 fn—f—l) + d(fna f) + d(,Uw Mn) + Qd(fna Sn)
+2d(sn, 8,) + K[d(hn, £) + A, Xn)] + A(pnss p)-

Letting n — oo, we have (1 — k)yd(f, ) < 0. Since k € (0,1), limy, o0 ¥, = ¢ # 0,
we can acquire d(f,u) =0, that is f = p. O

4. Fixed point theorems of I'-SP sequences

Next, on a G-complete GCM S, the fixed point results related to I'-SP sequences will
be presented.

Definition 4.1. Suppose I': Q(G) — L(Q(G)) is a set-valued mapping on a GCMS.
Presume fy € Q(G) is the initial value. Then {f,} is said to be a I'-SP sequence if it
satisfies

Sp = W(fnvﬂmcn)a
hn - W(Snavn; en)a (6)
fn+1 = W(hnagonapn),

where p, € I'fy,, vy, € I'sp, @n € Thy, and py, ep, ¢, € (0,1).

Theorem 4.2. Let I': Q(G) — L(2(G)) be a G-contraction mapping on G-complete
GCM S satisfying properties (P) and (Q). Suppose that {p,}, {e,} and {c,} satisfy
{pn}, {en} and {c,} € (0,1), {pn}, {en} and {c,} are monotonous. If the set

Er ={f € Q(G): thereis h € I'f such that (f, h) € E(G)}

13



is nonempty, then the mapping I' has a fixed point in G.

Proof. There is ug € I'fy making (fo, o) € E(G) hold for any fo € Ep. Let s9 =
W ( fo, 10; o), according to the property (Q), we have (fo,s0) € Z(G) and (sg, o) €
Z(G). From Definition 2.14, we can obtain that

d(fo,s0) = d(fo, W(fo, to; co)) < cod( fo, to),

and

d(s0, o) = d(W (fo, ko; co), o) < (1 — co)d(fo, po)-

Since I' is a G-contraction and (fy, so) € E(G), for ug € T fo, there is vy € I'sg such
that

(0, v0) € Z(G) and d(p0,vo) < kd( fo,s0)-

Moreover, by the transitivity of G, we can also acquire (fo, o) € E(G), (so,v0) €
2(G) and (fo,v0) € E(G).

Let hg = W(sg,v0;€0), by using the property (Q), we have (so,hy) € Z(G) and
(ho,vo) € Z(G). From Definition 2.14, we deduce that

d(So, ho) = d(SO, W(So, Vo3 60)) S eod(SQ, ’Uo),

and

d(hg, ’Uo) = d(W(So, Vo3 60), Uo) § (1 — 60)d(80, Uo).

Since (so, o) € Z(G) and (sg, ho) € Z(G), we can obtain (hg, po) € Z(G). Since T’
is a G-contraction and (sg, ho) € Z(G), for vy € I'sp, there is ¢y € T'hy such that
(vo, o) € Z(G) and d(vo, o) < Kd(s0, ho)-

By using the transitivity of G, we also claim (sg,v9) € Z(G), (ho,p0) € Z(G),

(50, %0) € E(G), (fo,p0) € E(G), (1o, ¥o) € E(G) and (fo, ko) € E(G).
Let f1 = W (ho,@o;po), by using the property (Q), we have (hg, f1) € Z(G) and
(f1,%0) € Z(G). From Definition 2.14, we deduce that

d(h’oa fl) = d(h07 W(ho, ©o; PO)) < pod(ho, SDO)a
and
d(f1,v0) = d(W (ho, ¢0; po), vo) < (1 — po)d(ho, o).

Since (so,ho) € E(G) and (ho, f1) € Z(G), we can acquire that (so, f1) € Z(G).
Similarly, we can also get (ho, o) € Z(G), (f1,v0) € Z(G) and (f1, 1o) € Z(G).

Since T" is a G-contraction and (hg, f1) € E(G) and (sg, f1) € Z(G), for ¢g € Thy,
there is p1 € I'f; such that

(:ula (100) € E(G) and d(:ula 800) < K;d(fla h0)7
and for vy € I'sg, there is u € I'f1 such that

(11,v0) € E(G) and d(p1,v9) < kd(f1,80)-
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By the transitivity of G, we claim (i1, f1) € 2(G), (11, o) € Z(G) and (p1, ho) €
Z(G). And by induction, we can acquire sequences {f,}, {hn}, {sn}, {tn}, {vn} and
{(Pn}a where s,, = W(fn:ﬂmcn)v hy = W(SnvvnQ en)a fn+1 = W(hna Wn?pn)7 Pn € an
and v, € I's,, and ¢, € Thy,. We still get that (f,, un) € Z(G), (sp,vn) € E(G) and
(hn,©n) € E(G). From the property (Q), it follows (fy, sn) € Z(G), (Sn, pun) € Z(G),
(snahn) € E<G)7 (hmvn> c E(G), (hnv fn-‘rl) € E(G)7 and (fn—f—la (Pn) € E<G)

Thanks to Definition 2.14, it is not hard to see

d(fns8n) = d(frs W (fns ttn; en)) < cnd(fa, pin),
d(Sns ftn) = AW (fn, tins cn), pn) < (1= cn)d(fn, pin),
d(8n, hn) = d(sp, W (8n,Un;€n)) < end(sn, vn),
d(hn,vn) = d(W (80, Vn;€n),vn) < (1 — en)d(sn,vn),
d(hns fng1) = AW (hny @0 pn)s Bn) < pad(hn, @n),
d(fas1,0n) = AW (hn, ©n; pn), o) < (1 — P )d(hy, on),

and

(Mna Un) ( ) and d(Mna Un) < "Jd(fm Sn)a
(Vn, on) € E(G) and d(vn, pn) < Kd(hn, sn),
(Hn+1,0n) € E(G) and d(pnt1, n) < Kd(frr1, bn),
(tn+1,vn) € E(G) and d(pin+1,vn) < Kd(fat1, 50)-

Moreover, we also notice that {f,} is G — TWC. Subsequently, we proclaim
{d(fn, tn)} is decreasing. Actually, we can acquire

[I] [I]

(f’fH—la ‘Pn) + d(‘vpn’ ,un—i-l)

d(W (h, on; pn), on) + d(Pns int1)
(1 = pn)d(hn, on) + Kd(fat1, hn)
(1 = pn)d(hn, on) + Eppd(ha, n)
= [1+ £pp — puld(hn, o),

(fn—i-l, Mn+1)

IAIN

and

d(hnsn) < d(hn,vn) + d(Vn, @n)

= d(W(Sm Un; en) Un) + d(vm (Pn)
1 —en)d(sn,vn) + £d(hy, $pn)
1 —en)d (Sm Vn) + Kend(Sn, vn)
d(Sp,vn)
[d(sna .Un) + d(ﬁ‘na Un)]
(1 = en)d(frs pin) + K(1 + ke — €n)d( fns Sn)

( - Cn)d(fnv ,LLn) + K&Cn(l + K€p — en)d(fna /«Ln)

1+ kep —en)(1+ ken — en)d(fr,y tin)-

en)
)
1+ krep, —ep)(1
)(1
)

It follows

< (1 + kpn — pn)d(ha, ©n)
< (14 kpn — pn) (1 + Ken — en) (1 + ke — cn)d(fn, tin)
< (fnnun)y

d(fn+17 ,unJrl)
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which indicates the sequence {d(fy, tn)} is decreasing.
Let t, = (1 + kpn — pn)(1 + Ken, — en)(1 + Kep — ¢), so we have
ln € (07 1) and d(fn—&-lvﬂn—&—l) < tnd(fnnu'n)
And we also find

d(fr, frt1) = d(fr, W (hn, on; pn))
(frs ) + prd(fis on)
(frs W (Snsvnsen)) + pnd(fns on)
1 —en)d(fnssn) + (1 = pr)end(fn, vn) + prd(fn, on)
1 — en)end(frs pin) + (1 = pn)en[d(fn, pin)
d(pin, V)] + pld(frs pn) + d(pin, vn) + d(vn, @n)]
= pn)(1 = en)end(fr, pin) + (1 = pn)end(fn fin)
K(1 = pr)encnd(fr, fin) + pnd(frs tin) + Kpncnd(fr, fin) + Kpnend(sn, vn)
(1= pn)( en)Cnd( frs ) + (1 = pn)end(fn, pin)
(1 = pn)encnd(fn, pn) + prd(fn, tin) + Kpncnd(fn, pin)
+ Kpnenld(sn, pin) + d(ftn, vn)]
< (1= pn)(1 = en)cnd(fr, pn) + (1 = pn)end(fn, pin)
+ K51 = pr)encnd(fn, fin) + pnd(fns tin) + Kpncnd(fn, pin)
+ kpnen(l — cn)d(fr, pn) + “2pnencnd(fm fin)
= [pn + en + Cn + Epnen + Kpncn + Kencn + prencn

— Pn€n — PnCn — EnCp — 2’€pn6ncn]d(fna ﬂn)-

d
<(1-pn)d
=(1—pn)d
(1= pn)(
(1= pn)(
(

IN + IAN + A A

enc
1—

n

+
x

Let PntentcntrpnentKpncrtrencn+pnenCn—pPnen—PnCn—EnCn—2KPn€nCn = Yn.
Furthermore, for any g € Z*, we can infer

d(fm fn-i—q) < d(fna fn-i—l) + d(fn-i-ly fn+2) + -+ d(fn—i—q—la fn+q)
< Vnd(fry tin) + Yne1d(frsts tngr) + -+ '7n+q—1d(fn+q—1> Mn+q—1)

n—1 n n+q—2
< (7n Hti + Yn+1 Hti + - +7n+q 1 H t anMU)
=0 =0 =0

n+j—1
Let Dptj =Ynt5 I ti, j=0,1,2,...,9 — 1. Then we obtain
=0

d(fns frtq) < (Dn+ Dpg1 + -+ - + Dpgg—1)d(fo, to)-

Since {pn}, {en} and {c, } are monotonous, we can get that {~,} is also monotonous.
Furthermore, we can acquire that
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n+j
Yatj+1 I ti

. Dyyji1 . i
lim supﬂ = lim supiz.o
j—00 n4j j—00 ntj—-1

Yotj 1 ti
i=0
— lim supLnHitlinti
J—00 Tn+j
= lim supi%ﬂ tl [(
j—ro0 Yn+j
< 1.

1+ KpPn+j — pn-l—j)(l + Keéntj — en-i-j)(l + KCn4j — Cn-f—j)]

According to the virtue of D’Alembert’s test, we deduce Z;’;O Dj is convergent.
Thus, we can draw a conclusion lim, o d(fn, fntq) = 0 which indicates that {f,}
is a Cauchy sequence. Since G is G-complete, we can find a ¢ € Q(G) that makes
lim, 00 d(frn,q¢) = 0 hold. According to the property (IP), for large enough n, we can
acquire (fn,q) € Z(G), thus there is g, € I'p such that

d(fn; Qn) < "fd(fnv Q)a

which implies d(f,, gn) — 0 as n — 0o. Let n — 400, then

d(qn,q) < d(qn, fn) + d(fn,q) = 0,

which indicates g € I'q since I'q is closed. O

Remark 4.3. From the proof process of Theorem 4.2, we can also gain

limy, 00 d(fm ,Un) =0, limy, d(fna hn) =0,

and
lim,, 00 d(fna Sn) =0, lim, 00 d(hn> Sn) = 0.
Proof. Thanks to the definitions of {f,} and {h,}, we can get

d(fm hn) = d(fna W(Sm Un; en))

; (1 = en)end(fn, pn) + enld(fa, pin) + d(tn, vn)]

< (1 - en)cnd(fna Mn) + end(fna Mn) + Hend(fm Sn)

< (1 = en)end(fr, ptn) + end(fr, pin) + Kencad(fu, pin)
= len + Cn + Kencn — encnld(fr, tin)-

From the proof of Theorem 4.2, it can be found that

n—1

d(fn: pin) < [ t:d(fo, o),
i=0

which indicates lim,, o d(fn, sn) = 0 since t; € (0,1). Furthermore, we can acquire
that limy,—eo d(fpn, hy) = 0.
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From the definitions of {f,} and {s,}, it follows

d(f’m Sn) = d(fm W(fm Hn; Cn))
S Cnd(fnmun)’

so we can obtain lim,_, o d(fp, $n) = 0.
From the definitions of {h,} and {s,}, we have

d(h, s) = d(W (8, vn; en), W (fn, tin; cn))
< d(W (sn, vn; €n), fn) + d(frs W (fns tins cn))
< (1 —en)d(fn,sn) + €nd(fr,vn) + cnd(fn, tin)
< (1 = en)end(fns pin) + €nld(fn, sn) + d(Sns pin) + dfin; vo)] + cnd(fr, fin)
< (1 = en)end(fas pin) + encnd(fn, pn) + €n(1 — cn)d(fn, fin)
+ Kcnd(fns pn) + cnd(fis pin)
= [en + 2¢, + Ken, — encn]d(fr, tin),

then we can acquire limy, oo d(hy, s,) = 0. O

Theorem 4.4. Presume all assumptions of Theorem 4.2 hold, and set

Sn = W(fnaﬂn;cn)u
hn = W(Sn,’l)n; en)a

fng1 = W(hm ©Pn; Pn)a

where p, € T'fy,, v, € U'sp, ©n € Thy, pn, €n, ¢n € (0,1), and

dy, = W(anu Tn; 577,)7

bp = W(dm &Ens Wn)y

ant1 = W(bn, gn; An),
where 7, € Tay, &, € I'dy, gn € T'b,, and A, wyp, 6, € (0,1). In addition, {f,} and
{a,} are generated from the above iterative process where {f,} converges to f and

{an} converges to a, the sequence {\,} satisfies lim, oo Ay = A # 0. Then f = a
provided that (f,,a,) € E(G) for large enough n € Z*.

Proof. According to Theorem 4.2, it follows f and a are fixed points of I'. Since I'
is a G-contraction, (f,,a,) € E(G) and (fp, hy,) € E(G), for all u, € T'f,, there are
Tn € Lay, wn € I'hy, such that

(Hna'rn) S E(G), d(#naTn) < K'd(fnaan),
and

(/Lna SOn) € E(G)v d(ﬂna @n) < Kd(fna hn)

Similarly, for (an,b,) € Z(G), we have that for all 7,, € T'a,, there is g, € T'b, such
that

(Tn, gn) € Z(G) and d(7y, gn) < kd(an, by).
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From Remark 4.3, we deduce lim, ,oo d(fn,hn) = 0, lim, o0 d(an,b,) = 0
and limy, oo d(fn, tn) = 0. Combining the conditions lim, o d(fn, f) = 0 and
lim;, 00 d(an,a) = 0, we can obtain lim, o d(hy, f) = 0 and lim,,_~ d(by,a) = 0.
By using the property (P), we can acquire that (f,, f) € E(G), (an,a) € E(G),
(hn, ) € 2(G), (bp,a) € Z(G) and (fp, tn) € Z(G) for large enough n. By the transi-
tivity of the graph G, we also draw a conclusion that (hy,,b,) € Z(G), (hn, gn) € Z(G),

(‘Pmbn) € E(G) and (¢n, gn) € Z(G).
Notice that

d(f7 a) S d(f, fn+1) + d(fnJrl, anJrl) + d(an+17 a)a (7)

and

d(fnt1, an+1) = AW (hny @05 pn)s W (bn, gns An))
< (1= pu)(1 = Al bu) + (1 = p) A, )
+ pn(1 = An)d(#n; bn) + prAnd(Pn, gn)
< (1 =pn)(X = Xn)[d(han, fr) + d(fn, an) + d(an, a) + d(a, b)]
+ (1= pu)An[d (b, fr) + d(fr, i) + d(pin; 7)) + d(T0, gn)]
+ pn(1 = A)[d(@n, pin) + dpin, fn) + d(fn, an) + d(an, a) + d(a, by)]
+ prAnld(Pns fin) + d(pin, Tn) + d(7n, gn)]
= (L= pn)d(hn, fn) + (1 — An)[d(fn; an) + d(an, a) + d(a, by)]

o~
—

L= pn)d(hn, fn) + (L = An)d(fn; an) + (1 = An)[d(an, a) 4 d(a, by)]
= Pn)An + Pn )‘n)] (frs fn) + KA [d
_pn) (hns fn (1 = A)[d(fn, ) + d(f,a) + d(a, an)]
— Ap)[d(an, a) + d(a, bn)] + [(1 = pn)An + pn(1 — An)]d(fn, pn)
Mld(fn, f) +d(f,a) + d(a, an)] + kAp[d(an, a) + d(a, by)] + Kkpnd(fn,
n) +

(
(
= (14 &pn = pn)d(fn; hn) + (1 + £A0 = An)[d(fn, ) + d(f, @) + d(a; az)]
(1
(
(1

/'\

(
)+
(1
)+

+ 4+ IAN+ N+

+ KA [d(an,a) + d(a,bn)] + (Pn + An = 200 2n)d(frs pin)

pn)d
An)
1+ fpn = pn)d(fo, hn) + (14 £Ay = A)[d(f, £) + d(a, an)]

)

(8)

Combining with (7) and (8), we can obtain

(1 = K)And(f,a) < d(f, fo1) + (L+ Epn — pn)d(fn, hn) + (1 + £An — An)[d(fn, f) + d(a, an)]

+ (1 4+ &Ap — A)[d(an, a) + d(a, by)] + 2d(fn, pin) + d(an+1, a).
Letting n — oo, we have (1 — k)Ad(f,a) < 0. Since k € (0,1), limy 00 Ay, = XA # 0,
we can acquire d(f,a) = 0, that is f = a. O
5. Conclusion

In this paper, by using the convex structure, we extended the Ishikawa iterative al-
gorithm and the SP iterative algorithm to grapgical metric spaces. We obtained the
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+ KAy — )\n [d(an,a) + d(a,by)] + 2d(fn, pn) + (1 + &A, — A\p)d(f, a).

— Pn)An + pn(l — )] (fn:,un) + A [d<ﬂn77n) + d<7'm (Pn)] + Pnd<80na Mn>

(fm an) + d(ana bn)] + Kpnd(fm

hy,)

hy,)



existence and uniqueness of fixed points for set-valued G-contractions in the above
space. And an example was explored to demonstrate the hypotheses of the existence
theorem of fixed points for set-valued G-contractions are sufficient but not necessary.

Open Problems

eCan the condition that GCMS in Theorem 3.2 and Theorem 4.2 satisfies properties
(P) and (Q) be weakened? If this condition is weakened or even removed, can the
corresponding conclusions still be reached?

eln the paper, the example is given without the conditions of Theorem 3.2, that is,
GCMS satisfies properties (IP) and (Q), and the theorem can still be established. Then,
can we find an example that satisfies the conditions of Theorem 3.27

Use of Al tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation
of this article.

Acknowledgments

This research was funded by Shandong Provincial Natural Science Foundation (Grant
No. ZR2022-LLZ003) and National Natural Science Foundation of China (Grant No.
12371173); The Introduction and Cultivation Project of Young and Innovative Talents
in Universities of Shandong Province, China.

Disclosure statement

No potential conflict of interest was reported by the authors.

References

[1] K. Zoto, I. Vardhami, D. Bajovié, Z. D. Mitrovié, S. Radenovié, On Some Novel Fixed
Point Results for Generalized F-Contractions in b-Metric-Like Spaces with Application,
CMES-Computer Modeling in Engineering & Sciences., 2023, 135(1), 673-686.

[2] M. Younis, H. Ahmad, L. L. Chen, M. A. Han, Computation and convergence of fixed
points in graphical spaces with an application to elastic beam deformations, J. Geom.
Phys., 2023, 192, 104955.

[3] G. Mani, R. Ramaswamy, A. J. Gnanaprakasam, A. Elsonbaty, O. A. A. Abdelnaby,
S. Radenovié, Application of Fixed Points in Bipolar Controlled Metric Space to Solve
Fractional Differential Equation, Fractal Fract., 2023, 7(3), 242.

[4] L.Y. Shi, T. Ling, X. L. Tong, Y. Cao, Y. S. Peng, Fixed Point Theory and Applications:
Recent Developments, Springer Nature, 2023.

[5] L. L. Chen, C. B. Li, R. Kaczmarek, Y. F. Zhao, Several fixed point theorems in convex
b-metric spaces and applications, Mathematics, 2020, 8(2), 242.

[6] L. L. Chen, L. Gao, D. Y. Chen, Fixed point theorems of mean nonexpansive set-valued
mappings in Banach spaces, J. Fixed Point Theory Appl., 2017, 19, 2129-2143.

20



[7]

8]

[31]

A. K. Mirmostafaee, Fixed point theorems for set-valued mappings in b-metric spaces, J.
Fixed Point Theory Appl., 2017, 18(1), 305-314.

A. C. M. Ran, M. C. B. Reurings, A fixed point theorem in partially ordered sets and
some applications to matrix equations, Proc. Am. Math. Soc., 2004, 132, 1435-1443.

D. Mihet, A Banach contraction theorem in fuzzy metric spaces, Fuzzy sets syst., 2004,
144(3), 431-439.

L. B. C/ilrié7 A generalization of Banach’s contraction principle, Proc. Am. Math. Soc.,
1974, 45, 267-273.

S. B. Nadler, Multi-valued contraction mappings, Pac. J. Math., 1969, 30, 475-488.

O. Popescu, G. Stan, A generalization of Nadlers fixed point theorem, Results Math.,
2017, 72, 1525-1534.

A. Pansuwan, W. Sintunavarat, V. Parvaneh V, Y. J. Cho, Some fixed point theorems
for (a, 0, k)-contractive multi-valued mappings with some applications, J. Fixed Point
Theory Appl., 2015, 2015, 132.

H. Yingtaweesitikul, Suzuki type fixed point theorems for generalized multi-valued map-
pings in b-metric spaces, J. Fixed Point Theory Appl., 2013, 2013, 215.

O. Popescu, A new type of contractive multivalued operators, Bull. Sci. Math., 2013, 137,
30-44.

S. Reich. Fixed points of contractive functions, Boll. Un. Mat. Ital., 1972, 5, 26-42.

W. Phuengrattana, S. Suantai, On the rate of convergence of Mann, Ishikawa, Noor and
SP-iterations for continuous functions on an arbitrary interval, J. Comput. Appl. Math.,
2011, 235, 3006-3014.

D. R. Sahu, A. Petrusel, Strong convergence of iterative methods by strictly pseudocon-
tractive mappings in Banach spaces, Nonlinear Anal-Theor., 2011, 74, 6012-6023.

R. P. Agarwal, D. O’Regan, D. R. Sahu, Iterative construction of fixed points of nearly
asymptotically nonexpansive mappings, J. Nonlinear Convex A., 2007, 8, 61-79.

S. Shukla, N. Dubey, R. Shukla, Fixed point theorems in graphical cone metric spaces
and application to a system of initial value problems, J. Inequal. Appl., 2023, 2023, 91.
R. Behl, E. Martinez, A new high-order and efficient family of iterative techniques for
nonlinear models, Complexity, 2020, 2020, 1-11.

C. Garodia, I. Uddin, A new fixed point algorithm for finding the solution of a delay
differential equation, Mathematics, 2020, 5(4), 3182-3200.

Y. H. Wang, B. Huang, B. N. Jiang, T. T. Xu, K. Wang, A general hybrid relaxed CQ
algorithm for solving the fixed-point problem and split-feasibility problem, Mathematics,
2023, 8(10), 24310-24330.

J. Jachymski, The contraction principle for mappings on a metric space with a garph,
Proc. Am. Math. Soc., 2008, 136, 1359-1373.

L. L. Chen, N. Yang, Y. F. Zhao, Z. H. Ma, Fixed points theorems for set-valued G-
contractions in a graphical convex metric space with applications, J. Fixed Point Theory
Appl., 2020, 22, 88.

M. Younis, D. Bahuguna, A unique approach to graph-based metric spaces with an ap-
plication to rocket ascension, Comput. Appl. Math., 2023, 42, 44.

M. Younis, D. Singh, I. Altun, V. Chauhan, Graphical structure of extended b-metric
spaces: an application to the transverse oscillations of a homogeneous bar, International
Journal of Nonlinear Sciences and Numerical Simulation, 2022, 23, 1239-1252.

M. Younis, D. Singh, A. Goyal, A novel approach of graphical rectangular b-metric spaces
with an application to the vibrations of a vertical heavy hanging cable, J. Fixed Point
Theory Appl., 2019, 21, 1-33.

A. K. Mirmostafaee, Coupled fixed points for mappings on a b-metric space with a graph,
Math. Vesnik, 2017, 69(3), 214-225.

A. Hanjing, S. Suantai, Concidence point and fixed point theorems for a new type of
G-contraction multivalued mappings on a metric space endowed with a graph, J. Fixed
Point Theory Appl., 2015, 2015, 171.

H. Ahmad H, M. Younis, A. A. N. Abdou, Bipolar b-Metric Spaces in Graph Setting and

21



34]
35]
36]
37]
38]
30]
[40]
1]
42]
43]
44]
5]

[46]

Related Fixed Points, Symmetry, 2023, 15(6), 1227.

M. F. Bota, L. Guran, G. Petrusel, Fixed points and coupled fixed points in b-metric
spaces via graphical contractions, CARPATHIAN J. MATH., 2023, 39(1), 85-94.

A. Nicolae, D. O’'Regan, A. Petrusel, Fixed point theorems for singlevalued and multival-
ued generalized contractions in metric spaces endowed with a graph, Georgian. Math. J.,
2011, 18, 307-327.

T. Dinevari, M. Frigon, Fixed point results for multivalued contractions on ametric space
with a graph, J. Math. Anal. Appl., 2013, 405, 507-517.

W. Takahashi, A convexity in metric space and nonexpansive mappings, I. Kodai Math.
Semin. Rep., 1970, 22, 142-149.

K. Goebel, W. A. Kirk, Iteration processes for nonexpansive mappings, Contemp. Math.,
1983, 21, 115-123.

S. Reich, I. Shafrir, Nonexpansive iterations in hyperbolic spaces, Nonlinear Anal., 1990,
19, 537-558.

S. Shukla, S. Radenovié¢, C. Vetro, Graphical metric space: a generalized setting in fixed
point theory, RACSAM, 2017, 111(3), 641-655.

H. Covitz, S. B. Nadler, Multi-valued contraction mappings in generalized metric spaces,
Isr. J. Math., 1970, 8, 5-11.

A. Sultana, V. Vetrivel, Fixed points of Mizoguchi-Takahashi contraction on a metric
space with a graph and applications, J. Math. Anal. Appl., 2014, 417(1), 336-344.

D. C. Sun, Hausdorff metric space, JOURNAL OF SOUTH CHINA NORMAL UNIVER-
SUTY (NATURAL SCIENCE EDITION), 2002, 2.

S. S. Chauhan, N. Kumar, M. Imdad, M. Asim, New fixed point iteration and its rate of
convergence, Optimization, 2022, 72(9), 2415-2432.

X. P. Ding, Iteration processes for nonlinear mappings in convex metric spaces, J. Math.
Anal. Appl., 1988, 132, 114-122.

M. Younis, D. Singh, L. L. Chen, M. Metwali, A study on the solutions of notable engi-
neering models, Math. Model. Anal., 2022, 27(3), 492-509.

M. Younis, D. Singh, A. A. N. Abdou, A fixed point approach for tuning circuit problem
in dislocated b-metric spaces, Math. Meth. Appl. Sci., 2022, 45(4), 2234-2253.

M. Younis, D. Singh, M. Asadi, V. Joshi, Results on contractions of Reich type in graphical
b-metric spaces with applications, Filomat, 2019, 33(17), 5723-5735.

22



