A BOUNDARY VALUE PROBLEM WITH IMPULSIVE EFFECTS AND
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ABSTRACT. In this paper, we study a fractional impulsive differential equation with mixed
tempered fractional derivatives. We justify some fundamental properties in the variational
structure to fractional impulsive differential equations with the tempered fractional derivative
operator. Finally, we study the existence of weak solutions with critical point theory and
variational methods for the proposed problem. To prove the effectiveness of our main result,
we investigate an interesting example.

1. INTRODUCTION

In applied science such as biology, physics, control theory, economics and mechanics among
other areas processes are frequently simulated using fractional differential equations, for details,
see [12,22,23,29,30,48] and the references therein. The theory of fractional differential equations
has consequently attracted a lot of attention in recent years. For example, existence and
stability are studied in [, 5], and several resolution strategies are in [33,36,41]. In [13] the
authors studied the nonlinear time-fractional gas dynamics equation. On the other hand,
in [28], it is proposed an impulsive nonlinear differential equation with fractional derivative
with interesting applications to pest management and, besides, some contributions to the
study of option price governed by a Black-Scholes equation with a time-fractional derivative
can be found in [8]. Some recent important applications of fractional differential models are
those about time-fractional Schrédinger equation [16], Schrédinger equation with fractional
Laplacian [18], fractional wave equations [11], fractional damped dynamical systems [4] and
fractional Euler-Lagrange equation modeling a fractional oscillator [6]. Some other recent
application, these such equations are important and are considered as a novel subject in
the theory of fractional differential equations. Using analytical methods such as fixed point
theory, there have many results dealing with the existence of solutions to nonlinear fractional
differential equations in this subject. For instance, we name here critical point theory and
variational methods [3, 20, 21,47, 49, 51, 52|, topological degree theory [19], Leray-Schauder
nonlinear alternative [55], and so on.

The tempered fractional calculus is the generalized version of fractional calculus. The
tempered fractional derivatives and integrals are obtained when the fractional derivatives and
integrals are multiplied by an exponential factor [27,43]. Recently, it has been observed that
the use of tempered fractional derivatives, which leads to the so-called truncated Lévy flight,
exhibits some important advantages compared to the usual fractional derivatives, especially
with regard to the spatial moments [15,24,45,54]. In this context, it should be noted that
solutions obtained for the tempered fractional derivative contain those for the untempered one
as a special case. Therefore, the truncated Lévy process can be seen as a generalization of the

2010 Mathematics Subject Classification. Primary 26A33; Secondary 34B15, 35J20, 58 E05.
Key words and phrases. Riemann-Liouville and Caputo tempered fractional derivatives, impulsive effects,
tempered fractional space of Sobolev type, variational methods.
Corresponding author: César E. Torres Ledesma, ctl_576@yahoo.es.
1



2 HERNAN A. CUTI GUTIERREZ, NEMAT NYAMORADI, AND CESAR E. TORRES LEDESMA

conventional untempered one. Tempered fractional differential equations have been applied in
different fields of physics such as in geophysics, statistical physics, plasma physics or in the
context of astrophysics [10,32,46,54]. Apart from the physics field, the tempered fractional
derivatives have also been applied in finance for modeling price fluctuations with semi-heavy
tails [45]. Recently, Almeida and Morgado [2] studied variational problems where the cost
functional involves the tempered Caputo fractional derivative.

Differential equations with impulsive effects arise from many phenomena in the real world
and describe the dynamics of processes in which sudden, discontinuous jumps occur. We refer
to [9,17,25,26,44, 53] for some monographs and papers including relevant information about
this topic. In [7,34,35,42], it is proved the existence and multiplicity of weak solutions for a
class of Dirichlet’s boundary value problems for fractional differential equations with impulses
by using a critical point theory. More precisely, in [50], the authors studied the existence of
weak solutions by using new linking theorem due to Schechter included in [38].

The used method in this paper is standard, but its configuration and relations of variational
methods in the present paper is new. The obtained results in tempered fractional derivatives
are new and contribute to this new research topic concerning the study of positive boundary
value problems.

Motivated by these previous works, we would like to study variational structure for the
tempered fractional derivative operator and we have justified some fundamental properties in
the variational structure. Also, we deal with the following tempered fractional boundary value
problem

D7 (DY u(z)) = f(z,u), = #x; ae xe(0,T)
(1.1) u(0) = u(T) =0,
A (L2705 () = Liu(zy)), G=1,2.m,
where a € (3,1) and o > 0,
O=z0<21<23< - < Ty < Tpy1 =1,

ALZ*7ODY ) (z)) = lim I-*7Du(z) — lim IL-"7CDe7u(a),

T " S

f:0T)xR = Rand I; : R - R, j = 1,2,---,n are continuous functions satisfying
some suitable conditions. More precisely, we assume that I;(s) and f satisfy the following
hypotheses:

(F1) There exists a constant 1 > 2 such that f(z,u) = o(|u|") as |u| — oo and f(z,u) =
o(|u|) as |u| — 0 uniformly for z € [0, T].
(F3) There exist constant v > 2 and ¥y > 0 such that

0 <~F(z,u) <uf(x,u), forevery (z,u)€[0,T] xR, |r|>dp.

(I1) There exists a constant 1 < w < 7 — 1 such that I;(u) = o(|u|¥) as |u| = oo and
Ii(u) = o(|u|) as |u| — 0.
(I2) There exist constant 0 < ; < 2 and ¥ > 0 for any j = 1,...,n, such that

.
0< %’/0 Ij(s)ds < Ij(7)7, for every 7 €R, |r[>47.

Our main results read as follows:

Theorem 1.1. Assume that the conditions (F1), (Fs), (I1) and (I2) hold. Moreover, I;(t) and
F(xz,t) about t are evens. Then problem (1.1) has infinitely many weak solutions.
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If we choose o = 0, problem (1.1) reduce to the following boundary value problem
D¢ (°D%u(2)) = f(z,u), z#z; ae x€(0,T)
(1.2) u(0) =u(T) =0,
A (I’jl“jaCDgl-‘ru) (x]) = Ij(u(x])), ] = 17 27 e, N,
where Dy u and CD2‘+U are the right Riemann-Liouville fractional derivative and the left

Caputo fractional derivative respectively. As a consequence of Theorem 4 we have the following
result.

Theorem 1.2. Assume that the conditions (F1), (Fs), (11) and (I2) hold. Moreover, I;(t) and
F(x,t) about t are evens. Then problem (1.2) has infinitely many weak solutions.

Remark 1. We recall that in Theorem 1.1 and Theorem 1.2 we just consider the case
a € (%, 1), because, in this case we can consider the classical Dirichlet boundary conditions
and we have the following characterization of our fractional space

HY 7 (a,b) = {u € L*(a,b) : C]D)zfu € L*(a,b) and u(a) = u(b) = 0}.

The case a € (0, %) is an open problem yet.

2. SOME PREVIOUS RESULTS

Let (a,b) be a bounded interval. For a € (0,1), o0 > 0 and a suitable function u, the left
and right Riemann-Liouville tempered fractional derivatives of order « are defined as

d _
(2.1) D7 u(x) = <da: + 0) I[(lﬁa’gu(m), x> a,
and
;o d l-a,o
(2.2) D> u(r) = — i L= u(r), = <b.

respectively, where 17:7u, ;" are the left and right Riemann-Liouville tempered fractional

integrals of order « defined as

1 x
(2.3) I u(z) = F(a)/ (. — 5)*Le 7@y (s)ds, = > a,
and

1 b
(2.4) L% u(x) = I‘(a)/ (s — ) Le Dy (s)ds, = <b,

respectively. An alternative approach in defining the tempered fractional derivatives is based
on the left-sided and right-sided tempered Caputo fractional derivatives of order «, defined,
respectively, as

_ d
(2.5) C]D)Z‘fu(x) = ]I(lﬁa’” <dm + 0) u(z), x> a,
and
_ d
Cma,o _ l1—-a,o
(2.6) D> u(r) = —I, - <d:13 - 0) u(z), = <b,

respectively. Note that, if u € AC[a, b], then the following identities holds for Riemann-Liouville
and Caputo tempered fractional derivatives

(2.7) D u(z) = e 7% Dye’u(z) and Dy7u(x) = e’ Dye " u(x),
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and
(2.8) CID)Z‘fu(:E) = e %.OD%%%y(z) and Dy u(x) = 7 - CDre %y ().

In what follows we consider some properties of tempered fractional operators which are know
in the literature.

Lemma 2.1. [52] Let a > 0, 0 > 0 and u € ACl[a,b]. Then I)7u,1;""u are well defined.
Moreover

(2.9) I u(x) = Ggl(fzzl)y(a, olx —a))+ 00‘1}@«) /ac y(o,o(z —t)u'(t)dt,
and

w b
(2.10) ]Il?fu(:c) = Ual(fz)a)fy(a, ob—1x)) — 00‘1}@«)/ (o, o(t — z))u' (t)dt,
where

x
Y(a, ) = / t* e tat
0
is the lower incomplete Gamma function.

Remark 2. The incomplete Gamma function has the following bounds

« .:UOC

2.11 T < < —.
(211) e <q(an) < Z

Moreover, for each n € N and —n < o < —n + 1, using integration by parts and induction, we
obtain

$ n— 1(
(2.12) (e, x) :/0 et <6_t Z ) dt + Z —I—k T ath,

k=0

This equality can be used to extend the definition of fy(oz,a:) to negative, non integer values of
a. For example, if a € (—1,0) and x > 0, then

1 1

(2.13) Y(a,z) = —y(a+ 1,2) + —x%*.
a «

For more details the reader’s can see [1/].

Theorem 2.2. [52] Let o € (0,1), 0 >0, p € [1,00|. Then, the tempered fractional integrals
of Riemann-Liouville 1727, ;"% : L?(a,b) — LP(a,b) are bounded. Moreover

Y(a,0(b—a
214 Il < DD s,
and
a,0 ’}/(Oé,O'(b— a))
(2.15) H]Ib, UHLP(a,b) < Wnu”lﬂ’(a,b)-

Lemma 2.3. [37] For aj,as >0, 0 > 0 and for all u € LP(a,b) with p € [1, 00| we have
IV 102 %u(z) = I %u(z)  and T30 - 102 %u(z) = [ TO27u(2).

Theorem 2.4. Let a € (0,1), 0 >0, p € (1,00), g € (1,00) and

1 1
-+ -<1+40.
b q
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If u € LP(a,b) and v € LY(a,b), then

b b
(2.16) /Hgfu(:r)v(:):)dx—/ u(x)27v(z)d.

Now we consider some smoothness properties of the Riemann-Liouville tempered fractional
integrals

Theorem 2.5. [52] Let o € (0,1), 0 > 0 and u € Cla,b]. Then the tempered fractional
integrals of Riemann-Liouville ]iju,ﬂbaf are continuos on [a,b] and

(2.17) xlglrllJr [*7u(x) =0 and mliril_ L% u(z) = 0.
Moreover

I oo < a0 (6= o)) o
and

570l < oy (6= o)l

The following result were considered by Torres et al. [52, Theorem 3.9]. More precisely,
assuming that o € (3,1), 0 > 0 and u € L?(a,b), then Torres et al. proved that
[*7u,[""u € Cla,b]. We note that under a carefully analysis we are able to prove that the

Riemann-Liouville fractional tempered integrals ]Igfu, ]Ig‘fu are Holder continuous with order

o — % To state our result we need the following inequality: For any x1 > 9 > 0 and ¢ > 1
(2.18) (r1 — 22)? < 2 — 24,

1,
Theorem 2.6. Let « € (3,1) and o > 0. Then, for each u € L*(a,b), I97u € H, 2 (a,b)
(Defined in Section 3) and

Jim I37u(z) = 0,

_1
where Hy 277 a,b) denotes the Holder space of order oo — 1 > 0.
0 2

Proof. Let a < x1 < z1 < b and u € LP(a,b), then by Holder inequality
(2.19)
L u(an) - I u(as)

SlA
+ /x Tz (2 — s)ale"(““Mu(s)yds]
(1a) (/:1 2d5>1/2 < /a B yu(s)|2d3> v
* F(la) (/: (z2 — 8)2“_26_2"(”‘3)ds> . </:2 \u(S)Pds)l/z.

Doing the change of variable ¢t = 20(x2 — s) and using (2.11) we get

T2
/ (x2 o S)Qa—Qe—Qo(a:z—s)dS _

1

(1'1 _ S)a—le—a(azl—s) _ (3:2 _ S)a—le—o(mz—s) |u(s)|ds

a—1_—o(x—s) _

(1 —5)" e (29 — 5)* Leo(@279)

IA
5

(.%2 _ $1)2a71
WW(QQ —1,20(z2 — 1)) < T oa1
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Hence

z2 1/2 1 )
(220) </ (=T2 _ 8)2&—26—20($2—s)d8> < (7 B :El)a_ﬁ.

(22
) 200 — 1)1/2
On the other hand, the change of variable ¢t = ﬁ yields that

T )
/ (21— S)Cyileia(xlis) — (z9 — S)afle*a(azz—S) ds
(2.21) @ -

_ (1:2 _ z1)2a_1 /x2—$1
0

So, if 2= <1, by (2.18) we derive

toz—le—crt(;cg—:vl) . (1 + t)a_le_a(l""t)(x?—ﬂﬂl) 2 dt.

] —a

/zzzl y
0

1
< / ‘taflefat(zgf:pl) - (1 + t)aflefa(lth)(zgfwl) 2
0

aflefot(:rgfxl) - (1 + t)aflefa(H»t)(wgfxl) 2 dt

dt

1
< / (t2a726720t(a¢2711) o (1 + t)2a726720(1+t)(x2711)) dt
0

e —1;]51)]2@1 (27(204 —1,20(zs — 21)) — (20 — 1,40 (20 — xl))),

Now, note that by (2.11) we obtain
20 (22 — a1)]** 7!

20 — 1,2 — <

and a1
e—do(za—21) [40('7;2 - 1'1)} -

200 — 1

<7(2a —1,40(z2 — 71)),
consequently

20 (z — @)

2v(2a — 1,20(x2 — 1)) — 72 — 1,40(x9 — 1)) < 5o 1
a—

(2 - 220&716740(127$1)> )
Therefore, replacing in (2.19) we obtain

2
(1:1 o S)Cvflefo(mlfs) o (3:2 . S)aflefa(ngs)

1
/ ds
(2.22) “
(g — x)* ! ( 2a—1_—40(xa— 2 -
e 2 (9 _92a o(z2 501))< . 2a—1
2 — 1 ¢ S Ga o2
On the other hand, if ;21__;1 > 1, then
.’1}17(1
/mzzl taflefat(:mle) - (1 + t)aflefcr(l%»t)(xzle) 2 dt
0
1 2
— / taflefat(ngxl) - (1 + t)aflefa(lth)(:rgfxl) dt
0

(2.23)

z1—a

T —T]
+
1
z1—a

2 z3=21
<
~ 2a—-1 +/1

ta—le—at(xg—azl) o (1 + t)a—16—0(1+t)(x2—m1) 2 dt

2
dt

taflefot(ngxl) o (1 + t)a71670(1+t)(9027:1:1)
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The mean value theorem and the change of variable A = 20t(x2 — 1) yield that

fl‘l*a 2
/mgzl ta—le—ot(ngxl) o (1 + t)aflefo(l+t)(ngx1) dt

1
r]—a 2
_ /mwl <(1 _ a)Ta_Qe_Ut(IQ_Il) + 0’(.1‘2 _ xl)toz—le—at(xz—azl)> dt
1
1517(1 .’1/‘17(1
< 2(1 _ a)Q /1211 t2a—4672at(a¢27$1)dt + 20_2(1,2 B xl)z /zzu t2a—2€720t(:v2721)dt
1 1

21 — )2 20(xz1—a) 252 20(x1—a)
:;¥?3@2—xg&4a/i AM—%—%Q+-2§klu2—x@&4a/“ NP2,

( U) 20(x2—x1) ( J) 20(x2—x1)

Note that, integrating by parts the first integral of the last expression we get

20(z1—-a) (20.)2(1—3
)\20174 7/\d>‘ = 5. o _ g)2e 3, 20(z1—a) _ . 2a—3 —20(x2—x1)
/20(90211) ¢ 200 — 3 ((.731 a) € («TQ JI1) e )

(20.)2a—2 20—2 —20(z1—a) 200—2  —20(x2—x1)
@a—&@a—%(wl_w ¢ (e — w7 e )

1 20(@1-a) )\204—2 —)\d)\
'*@a—m@a—3y£ ¢

o(r2—x1)

+

Consequently, replacing in the last inequality we derive

1?17(1
/1211 taflefgt(gm—xl) . (1 + t)aflefa(lﬁ‘/)(mzfxl) 2 dt
1
2(1 — @)? 390 (27 a4 a 20° 390 (P77 9aa a
< ——— (19— 1) O‘/ AT AN+ ——— (22 — x3) O‘/ A TFe TN A
(20—>2a 3 20 (za—x1) (20)2(1 ! 20(x2—x1)
2 2a—3
— 2(21 )_2;‘_)3 ( 5 — x1)3—2o¢ [(20) 2 ((131 _ a)2a—36—20’($1—a) _ (x2 _ x1)2a—36—2a(z2—$1))
g o —
(20)211—2

_ N\2a—2_ —20(x1—a) _ . 2a—2 _—20(x2—2x1)
+@a—@@a—2)0”"” ¢ (w =)™ e ﬂ

202 2(1 — a)? 3290 (77 saa s
— @ A% d\
+ (@ + o ) e L R
2(1 — a)?
< (2a 3) (LUQ _ x1)372a (($1 _ a)2a736720(117a) _ (1U2 _ x1)2a736720(227w1))

202 2(1 — a)? 3 9% 20(@1-0) 20—2 —\
— d\.
* ((zcr)?al T (20)2 (20— 2)(2a 3)) (w2 = 23) / AT e

o(z2—x1)

By other side, (2.11) yields that
20(z1—a)
/ AN2727AN = (20 — 1,20 (21 — a)) — (2 — 1, 20 (20 — 21))
2

o(x2—x1)
920)20-1 N 2a-1
< (22)_ 17(1'2 — xl)Qa—l ((xx;_ xal> — e 20(m2—m1) |
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2
dt

9 203
< 2(1 — a) T —a “ 6_20(:]01_&) _ 6_20(:102—11)
2a0— 3 T2 —T1

202 8(1 — a)?0? Y z1 —a 2! L 90(ma—m1)
+<2a—1+(204—1)(204—2)(204—3)>($2 z1) <<x2—$1> c ‘

Finally, combining (2.21) with (2.23) and (2.24) we derive

(2.25) / B

where

20—3
oo 2 20 —a)? ([ 21 —a ™ o-20(z1-a) _ ,~20(zz-a1)
20— 1 200 — 3 To — T

20’2 8(1 — a)202 2 1 —a 2ot 20 (z2—21)
+<2a—1+(204—1)(204—2)(204—3))($2_$1) <<x2—x1> c '

Therefore, by (2.19), (2.20), (2.22) and (2.25) we get

12 uer) — 12 u(s)|

< F(la) (/axl 2ds>l/2 </:1 |u(3)|2d8> 1/2
rig ([ ([ o)

omL/2 1

a—1 a_l
< Tay 2 =) 2l G iy (72— )" el

1 1/2 1 -
T I(a) (m 7+ (%4—1)1/2> 1wl 2(ap) (T2 — 21) 2,

_1
which implies that " u € H, 27 (a,b).
To finish with the proof, note that for any u € L?(a,b) and Hélder inequality we get
1

o,0 < v _ o—1_—o(xz—s)
L u(e) < o [ (@ ="t

1 [v(20 — 1,20 (x — a))]'/?

toz—le—ot(acg—xl) - (1 + t)a—le—a(l—i-t)(atg—xl)

2
a—le—cr(ml—s) o (562 o S)a—le—a(mg—s) ds < mt(l‘Q - x1)2a—1’

(x1—5)

(1‘1 - S)a—le—a(m—s) - (1,2 - s)a—le—a(xz—s)

< Ul 12 .
< i g [l 22a )
Furthermore, (2.11) yields that
a—2 . . 1/2 a—1
efa(xfa) 2972 (.%' - a)afé < (’7(204 1) 20’($ a))) 2972 (.73 o a)a é7

-_ <
(2cc — 1)1/2 e ~ (2 —1)1/2
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which implies

00 L2 —a)
z—at 0-0‘*%

So, combining this limit with the last inequality we get

lim I%7u(x) = 0.

r—a™t

0

Considering the Riemann-Liouville and Caputo tempered fractional derivative we have the
following result

Theorem 2.7. Let a € (0,1), 0 >0 and u € AC[a,b]. Then

(2.26) Tu(r) = F(th(f)a)(x —a) %ol 4 ‘D u(z),
and

2.27 DM u(x) = ﬂ b—z) % =) L Oy (g).
(2.27) ule) = s b + OB u()

The following result are the fundamental theorem of calculus for Caputo tempered fractional
derivative

Theorem 2.8. For a € (0,1), 0 > 0 and u € AC|a,b], we have
(1)
‘DY 1% u(z) = u(z),
C]D)Z‘_U L%u(z) = u(x).
(2)
17 - CDu(z) = u(z) — e 7" u(a),

L - CDbafu(:U) = u(z) — e 7@ Dy ().

In our next result we are dealing with the integration by parts theorem for Riemann-Liouville
tempered fractional derivative.

Theorem 2.9. Let o € (0,1), 0 > 0 and u,v € AC|a,b|, then
(2.28)

’ 1 1
/ u(z)Dyv(x)de = lim w(z)[,Z*7v(z) — lim w(z)[,Z"7v(z) + / D u(z)v(z)dz.

z—at T—b~ a

Proof. Note that, as in Lemma 2.1 we can show that, if ¢ € AC[a,b], then ISy, If'¢ €
ACla,b). Hence, ,I, “e~"v € AC[a,b] and then

d
II=e=%y(z) € L'a,b].

WDie " 0(w) =~ 1]

Consequently
b b
/ ]]DO“T )|dx = / |e?® . Dite” "% v(z)|dx < e"b/ |- Dffe” " v(x)|dz < oo.
By other side, as u € AC|a, b], then u € C[a, b]. Therefore

b b b
/ u(z)Dyv(x)de < / u(x)Dy v (z)dr| < ]uHOO/ D, v(z)|dx < oo.
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Now we are going to show (2.28). In fact, by using integration by parts and Theorem 2.4 we
get

b b b
d
/ u(a:)D?LUv(x)da::/ u(z)e’yDyre” 7Pv(x)dr = —/ u(a:)e”d—szl_o‘e*‘”v(x)dx
a a a x

b

=— {u(:r)ﬂ;_a’av(x) — /ab[e”u(x)]'mlg_ae_(’xv(x)d:r]

a

z—at z—b—

b
= lim u(x)ﬂzfa’av(x) — lim u(q:)]lll)_a’gv(:v)+/ CID)qu(:z:)v(x)daz.
O

3. TEMPERED FRACTIONAL SPACE OF SOBOLEV TYPE

In this section we introduce the tempered fractional space of Sobolev type Hy? (a,b) defined
as

HG? (a.8) = G, D) ",

where

(3.1) ]| a0 = (/ u(z)| da:—i—/ “DY u()| dm>1/2,

and endowed with the inner product

b b
(3.2) (U,v>a,a=/ uvdm—i—/ D u D vd,

H? (a,b) is a Hilbert space. In fact. Let (up)nen be a Cauchy sequence in H*? (a,b). Then
(Un)nen and (CID) 7Un )nen are Cauchy sequences in L?(a,b) and there are u,v € L?(a,b) such
that

up — u and Cszun — v in L%(a,b) as n — oo.

Let ¢ € C§°(a,b), then by Theorem 2.4 and definition of Caputo tempered fractional derivative
we have

b b
| eatunptyn = [ (e CD2e () pla)do

a ab
:/ I Uy (2)) e 7% p(x)dx

b
:/ (e7Tup(2)) L I e " p(z)dx

Ilfae—a.t

= €7 U (T)y p(z)

a dzr

b b d
- / e (v) 41} e " p(z)dw

b b
= / U, (2)D57 p(2)d — / “p(x)dr = / ‘D u(z)p(z)dz,
a a
as n — oo. Then u € Hy" (a,b), “D%7u = v and
llun, — ulja,e = 0 as n — oo.
Considering this function space, we have the following properties.
Lemma 3.1. For any u € Hy? (a,b), we have

7 CID)QU () = u(x), a.e. in (a,b).
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Proof. By definition, there exists (¢n)nen C C3°(a,b) such that
Jim {lu = @nllae = 0.
Hence
(3.3) lim |lu — @nll2(ap) =0 and hm HC]D)O‘ 7 (u— ¢n)llL2(ap) = 0.
n—oo
Fatou’s Lemma yields that

b b
/ Ju(x)|?de < lirginf/ |on(x)]Pdz < 0o and
(3.4) “

/ “Du(x)|?dz < hnrgiogf/ D% ()] 2dz < +o0.

a

By other side
(3.5)
17D u—ul| o (g py < 107D (=)l L2 (a,p) TS - D 0n—@nll L2 () +€n—ull L2(ap)-

Since ¢, (a) = 0, Theorem 2.8 implies that

Hjﬁ C]D)a+ on(T) = pn(z),

next
(3.6) 1857 DY on — @nllr2(ap) = 0 ¥n € N.
By other side, Theorem 2.2 yields that
, , 7(057 U(b - CL)) y
(3.7) Hﬂfff ) CDZT(U - (pn)HLQ(a,b) < WHCDZT(U - SOn)”B(a,b)-

Therefore, by (3.3), (3.6), (3.7) and (3.5) we obtain that
107 - C DY w — | p2a ) = 0,
which implies the desired result. O

As an immediate consequence of this result we have the following version of Poincaré
inequality

Corollary 3.2. Let o € (0,1), 0 > 0. Then,

Y(a,0(b—a)),c
(3.8) [l £2(ap) < T()H Dl 2(0,)5

for any u € Hy*’ (a,b).

Remark 3. By Corollary 3.2 we can endowed H{° (a,b) with the norm

b 1/2
full = ( / rCD;*fu<x>|2d:c) |

which is equivalent with || - ||a,c. In fact, note that

lull < llullae-
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By other side, Corollary 3.2 yields that

b b
lul2, = / () Pdz + / OD*Cu(z) Pda
a a

Therefore, we get the desired result.

In the following result we are able to show that Hg'?(a,b) is continuously embedded into
C'(a,b), more precisely we have:

Theorem 3.3. Let a € (1,1) and o > 0, then H{? (a, b) is continuously embedded into C(a, b).
Proof. Let u € Hy? (a,b), Lemma 3.1 yields that u, “D:"u € L*(a,b) and
u(z) =107 - C]D)zfu(:v) a.e. x € (a,b).

Hence, by Theorem 2.6 we obtain

lulloo = T3 - “DEY oo
1
< mh@a —1,20(b = a)]"“D5 | 120y
1
= W[ y(2a = 1,20(b — a)]"?||ul,
which implies the desired result. U

The following compactness result will be crucial for our purpose.
Theorem 3.4. Let o € (%, 1) and 0 > 0. Then the embedding
HY 7 (a,b) < C(a,b)
18 compact.

Proof. Let B be a bounded subset of H’(a,b), then we need to show that B is relative
compact in C'(a, b). By virtue of the Arzela-Ascoli theorem, the conclusion will be achieved by
proving that B is equibounded and equicontinuous in C(a,b). In fact, by the previous theorem
H{? (a, b) is continuously embedded in C(a,b), and

_ D20~ 1,20(b — a))]?

(3.9) llul|oo < |lu||, for every u € B.
h (20)*72T(a)

Hence, the set B is equibounded in Cm. Moreover, by Theorem 2.6 and Lemma 3.1 there
is a positive constant I such that
Ju(@) = u(y)| = 17 - Dy u(e) = 17 - “Dyu(y)|
< KDy y* 2,
which implies the equicontinuity of B. This completes the proof of Theorem 3.4. O

Remark 4. If a € (%, 1) and o > 0, then for every u € Hg(a,b), there exists (¢n)nen C
C°(a,b) such that

lim [|u — ¢,| = 0.

n—oo
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Combining this limit with Theorem 3.3 we arrive to

ula) = |ula) — a ; o — gl\0—a 1/2’LL* as n Q.
0 < u(a)| = hu(a) = (@) € o2 =1, 2000 = )] =)l 0 a3

Consequently u(a) = 0. Similarly we can obtain that u(b) = 0.
By other side, Lemma 3.1 yields that

CDZ‘fU € L*(a,b).
Therefore, Hy? (a,b) can be rewritten as

HY 7 (a,b) = {u € L*(a,b) : C]D)Z‘fu e L*(a,b) and u(a) = u(b) = 0}.

4. PROOF OF THEOREM 1.1

In this section we are going to give the prove of Theorem 1.1. In this direction, in what
follows we consider ¢ = 0, b =T and

O=zg<r1<T2< - <y <Tpyp1=1.

Hence, for u € Hy? (0,T) next

(.1
| s @) D el = / DG u() (=77 - § DY () da
0 0

T
| e ompu@ o (e pl)) da

T
=, A7 (€77 DG u()) (7 p(x)) da
. it -« e o C'ma,o ox /
= Ik OB u(a)) (™ p(x)) da
j=0 "%

3

h

( lim Hl @7 ODY u(z)p(x) — 11m+]IlT @7 ODS u(x )<p($)+/xj D57 (DS u(z)) cp(x)da:).
=0 14)93 x
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Note that

+

Z( lim Hl “e C]D)O+ u(z)p(z) — lim ]I1 »e C]Daa (as)cp(x))

]:0 J:_)$]+1 J:_>l'

= lim ¢z )]I1 @7 ODY u(z) — lim_o(x )]I1 7. ODY u(z)
T, T—xt

+ lim go(a:)ﬂgp__a’a-cl]])gfu(:c) — hm o(x )]I%F__OC’U-CDSTU(@
T x—)xo

—i—Z( lim ]Il e CDSTU(J?)SO(J?)— lim ]I%,, 7 CD0+ u(x )‘P(@)

+
T—T 1 fE—)iE

= — lim p(z )]11 7 ODSu(z) + lim p(x )]I1 7 ODS u(x)

x%xn T—T]

+i< lim L7 DS u(z)p(z) — lim 177 - CDSu(z )w(@)

+
T—T 1 I—)I

= —Z ( hm ]I1 e CID)O‘U (z)p(x) — lim Hl it C]DO+ u(z )go(x))

a:—)a: $—>J}

Combining this equality with (4.1) we derive

/0 DL u(a) DY e = | D2 (ODECu(z) dm—iA(l 7 CDg) () ().

Now we introduce the notion of solutions that we consider in this paper.

Definition 4.1. A function

Tjq1
E{UGAC[O)T]:/J |CD0+u( )|2d$C<OO, ]:0,,n}

J

is said to be a classical solution of problem (1.1), if w satisfies the equation a.e. on
(OaT) \ {101,962, ce ,xn}, the limits

. l—-a,0 Cmno,0 l-a,o0 C
hm+ L, "Dyfu(z) and  lim I_ Dy u(x)

exist and satisfy the impulsive condition A ( ; w7 O]D)O“T ) (zj) = Ij(u(z;)) and boundary
condition u(0) = uw(T") = 0.

Definition 4.2. A function u € Hy?(0,T) is said to be a weak solution of problem (1.1), if
for every ¢ € Hy? (0,T), the following identity holds

/OCDO+U() DG e(x daH"ZI u(z;))e(z;) /fxu pla)da.

As in [7, Lemma 2.1] we can show the following result.

Lemma 4.1. The function v € Hy°(0,T) is a weak solution of (1.1), if and only if u is a
classical solution of (1.1).
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Note that the problem (1.1) has a variational structure and its solution are critical points of
a suitable functional I defined on the fractional space Hg?(0,7) as follows

u—luz— ! T, ulxT X n U(IJ)
(4.2 Iw) = gl = [ Flau(o)a +g/0

To prove our main result we need the following lemma:

Lemma 4.2. ( [40, Theorem 9.12]). Let X be an infinite dimensional real Banach space and
® € CYHX,R) be even, satisfying the (PS)-condition and ®(0) = 0. If X = X1 ® Xo with
k= dim X9 < 0o and ® satisfies the following conditions:

(i) There exist constants p,o > 0 such that ®|pp,nx, > 0;

(13) For each finite dimensional subspace V- C X, there is an R = R(V') such that ®(u) <0 for
every u € V with ||u|| > R.

Then ® has an unbounded sequence of critical values.

Proof of Theorem 1.1. We shall apply Lemma 4.2 to I. We know that H{?(0,7T) is a
Banach space and I € C*(Hg?(0,T),R). We can easily that, I(0) = 0 and [ is even. Next, we
prove that I satisfies the (PS)-condition. Assume that {u,} is a (PS)-sequence of I such that
{I(uy)} is bounded and I'(u,) — 0, as n — 0.

By (I3), we have

’Yj< (T) RV

fo o

By integrating the above relations respect to 7 on [19, 7] and [, —¥], respectively, one can get

1 Jo Li(s)ds
s fo
v f
Y ln— >In=0
’ fo

/OT i(s)ds > <19)% /Oﬁlj(s)ds, V>0,

/OT (s8)ds > ( 5 )% /Oﬁlj(s)ds, V< 9.

So there exist constants mj =m;(vj,9) > 0 such that [ I;(s)ds > my|7|%, for all [7| > 9. By
the continuity of fo s)ds, there exist positive constants K, such that

)ds

Consequently,

.
/0 Ii(s)ds > —Kj > my|t|V7 —m0 — K;, V7] < 9.
Therefore, we get
(4.3) / Ii(s)ds > mj|T|"" —m;, V1 eR,
0

where m; = m;9% + Kj.
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Suppose that {I(uy)} be a bounded sequence and I’(u,) — 0 as n — oo. Hence

So, by straightforward calculation, for some positive constant Cy > 0, we obtain

1 1

) 2 (5= 2 ) Tl + 210 () sy ] + Con

Since {I(uy)} is bounded then the sequence {u,} C Hy?(0,T) is bounded. Since H*?(0,T) is
a reflexive Banach space and so by passing to a subsequence (for simplicity denoted again by
{un}) if necessary, by Theorem 3.4, we may assume that

(4.4) up — u,  weakly in Hg?(0,7),
' Up, — u, strongly in C(0,T).
So, we get
un —ul® < (I'(un) = I'(w),un — u)
T
~ [ (# o) = @ u(e) () @) ) do

(45) + 3 [1un(@) = ()| (unly) = ().

j=1
For any j = 1,...,n, we have that u,(z;) — u(x;) as n — oo. Thus it follows from the
continuity of all I; that
(4.6) > [ una)) = L) | () = ule;)) — 0 as n— .

j=1

By (4.4), we have

T
(4.7) /0 (f(z,un(z)) — f(z,u(x)))(up(z) — u(z))de — 0, as n — oco.

Since I'(u,) — 0, then by using (4.5), (4.6) and (4.7), we have that ||u,, — u| — 0, which
means that I(u) satisfies the (PS)-condition.
On the other hand, by (F1), for any € > 0, there exists Cp(e) such that

(4.8) F(z,u) <elul® + Co(e)|u|™™, V (x,u) € [0,T] x R.
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In view of (3.9), (4.3) and (4.8), we get

1 n
ex1w) = ghPE+Y [
j=1

u(z;)

T
Ij(s)ds—/o F(z,u(x))dz

> Ll 3 Y _ o g 2 n+1
> llul? + 3 mlu(e = @)~ [ Elul? + Cofe)ul)da
j=1 0
>l = 3 (myllull — ng) — T full%, ~ ColT 25
j=1
a—1,20(b—a))]l/? 2
(o)
N - [7(204—1’20(5—@)]1/2)% | 3 s
= ( amtr ) MR
o —1.90(b — a1/ n+1

By (4.9) and ([2), one can get

T n u(:l?])
fw) = gl = [ P+ Y [ s
j=1

v

1 T
sl = [ Plau(e)is

1 —eT [7(20‘ -1 20’1(b — a))]l/Q i HuHZ
2 (20)°"3T(a)

n+1
(4.10) —Co(e)T <[7(2a— 1,20(b—a))]1/2> ”anﬂ_

v

(20)°720(a)
Let

il (wa —1,20(b a>>11/2>‘2
(20)°7 2T (o) ’

_ (2 — 1,20 (b — a))] /2 p+1\ o7
p= (86’0(5)T< i )

and B, = {u € E* : |ju||,, < p}. Therefore,

1
(4.11) IloB, = gpQ =0 >0.

H?(0,T) has a countable orthogonal basis {e;}. Set Yy = span {e1,es,...ex} and Zy = Vb
Then Hy?(0,7) = Yy @ Zj. Hence,
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Furthermore, for any finite dimensional subspace V' C HS"U (0,T), there is a positive constant
m such that V C Y,,. Since all norms in a finite dimensional space are equivalent, then there
is a constant p > 0 such that

(4.13) lully = ollull,  Vu € Y.
By similar method in (4.3) and (F»), we can get
(4.14) F(z,u) > m|u|” —m, ¥ (z,u) € [0,T] x R.

From (I;), for any € > 0, there exists C(¢) such that
(4.15) / I(s)ds < eluf® + C1()[ul+!, Vue R,
0

In view of (3.9), (4.15) and (4.14) , we have

T " ru(zy)
I(w) = ;HUHQ—/O F(:p,u(:v))dx—i—Z/O I(s)ds
j=1
< Sl + S ) + @) —m [ @+ @
- 2 = / ! 0
a—1,20(b— a))]'/? ’
e +m(h(z 5 01),5_ ;;(Q)m ) ul?
(e~ 1,200 — a2\ "
(4.16) +C(e)n (20)0‘_%I‘(o¢) [l —mo"||jul[Y + mT,

for all u € Y,,. Since 2 < w + 1 < + then there is a large r; > 0 such that I < 0 on V\B,,.
Consequently, there is a point e € Hg?(0,7) with |e||, > p such that I(e) < 0. By Lemma
4.2, I possesses infinitely many critical points, i.e. the problem (1.1) has infinitely many weak
solutions. O

Example 1. Let a = %, oc=1and n =T = 1. Consider the boundary value problem of
the fractional differential equation with impulsive effects

D (ODi u(x)) = f(z,u), x4z, ae € (0,1)
(4.17) w(0) = u(T) = 0,
A (ﬂ}ja’”omgfu) (z1) = L (u(z1)).

Let

o) = (x+2)\u|8 lu| > 1,
Fle,u) {@+3KWF—WP)MLSL

and I1(t) = t*. we have that (F) holds with v = 7 and ¥y = 1. By choosing n = 9, (F}) holds.
Also (I7) and (I2) hold by choosing @ = 5 and 9 = 1. Hence, Theorem yields that the problem
(4.17) has infinitely many weak solutions.

CONTRIBUTION
All authors contributed equally to this work.



TEMPERED FRACTIONAL DERIVATIVE 19

CONFLICT OF INTEREST
This work does not have any conflicts of interest.

DATA SUPPORTING
The manuscript has no associated data.

ACKNOWLEDGEMENTS
The author warmly thanks the anonymous referees for their useful and nice comments on the

paper.

REFERENCES

[1] N. Abdellouahab, B. Tellab, K. Zennir, Ezistence and stability results of A nonlinear fractional integro-
differential equation with integral boundary conditions, Kragujev. J. Math. 46, 685-699 (2022). 1

[2] R. Almeida and M. Luisa Morgado, Analysis and numerical approzimation of tempered fractional calculus of
variations problems, Journal of Computational and Applied Mathematics 361, 1-12 (2019) . 2

[3] C. Bai, Ezistence of solutions for a nonlinear fractional boundary value problem via a local minimum theorem,
Electron. J. Differ. Equ. 2012 (176), 1-9 (2012). 1

[4] K. Balachandran, V. Govindaraj, M. Rivero, J.J. Trujillo, Controllability of fractional damped dynamical
systems, Appl. Math. Comput. 257, 66-73 (2015). 1

[5] T. Bentrcia, A. Mennouni, On the asymptotic stability of a Bresse system with two fractional damping terms:
Theoretical and numerical analysis, Discret. Contin. Dyn. Syst. Ser. B 28, 580-622 (2023). 1

[6] T. Blaszczyk, M. Ciesielski, Fractional oscillator equation transformation into integral equation and numerical
solution, Appl. Math. Comput. 257, 428-435 (2015). 1

[7] G. Bonanno, R. Rodriguez-Lépez and S. Tersian, FExistence of solutions to boundary value problem for
impulsive fractional differential equations, Fractional Calculus and Applied Analysis 17, 717-744 (2014). 2,
14

[8] W. Chen, X. Xu and S-P. Zhu, Analytically pricing double barrier options based on a time-fractional Black-
Scholes equation, Comp. Math. App. 69, 12, 1407-1419 (2015). 1

[9] B. Dai, H. Su, D. Hu, Periodic solution of a delayed ratio-dependent predator-prey model with monotonic
functional response and impulse, Nonlinear Anal. 70, 126-134 (2009). 2

[10] D. del-Castillo-Negrete, Truncation effects in superdiffusive front propagation with Lévy flights, Phys. Rev.
E 79, 031120 (2009). 2

[11] K. Deng, M. Chen, T. Sun, A weighted numerical algorithm for two and three dimensional two-sided space
fractional wave equations, Applied Mathematics and Computation 257, 264-273 (2015). 1

[12] K. Diethelm, The analysis of fractional differential equations, Springer-Verlag Berlin Heidelberg 2010. 1

[13] A. Esen, O. Tasbozan, An approach to time fractional gas dynamics equation: quadratic B-spline Galerkin
method, Appl. Math. Comput. 261, 330-336 (2015). 1

[14] B. Fisher, B. Jolevsaka-Tuneska and Et. Adem KiliCman, On defining the incomplete gamma function,
Integral Transforms and Special Functions, 14, 4, 293-299, 2003. 4

[15] J. Gajda and M. Magdziarz, Fractional Fokker-Planck equation with tempered a-stable waiting times:
Langevin picture and computer simulation, Phys. Rev. E 82, 011117 (2010). 1

[16] R. Garrappa, I. Moret, M. Popolizio, Solving the time-fractional Schrédinger equation by Krylov projection
methods, J. Comput. Phys. 293, 115-134 (2015). 1

[17] P.K. George, A.K. Nandakumaran, A. Arapostathis, A note on controllability of impulsive systems, J. Math.
Anal. Appl. 241, 276-283 (2000). 2

[18] T.X. Gou, H.R. Sun, Solutions of nonlinear Schridinger equation with fractional Laplacian without the
Ambrosetti- Rabinowitz condition, Appl. Math. Comput. 257, 409-416 (2015). 1

[19] M. Izydorek, J. Janczewska, Homoclinic solutions for nonautonomous second order Hamiltonian systems
with a coercive potential, J. Math. Anal. Appl. 335, 1119-1127 (2007). 1

[20] F. Jiao, Y. Zhou, Ezistence of solutions for a class of fractional boundary value problems via critical point
theory, Comput. Math. Appl. 62, 1181-1199 (2011). 1

[21] F. Jiao, Y. Zhou, Ezistence results for fractional boundary value problem via critical point theory, J. Bifur.
Chaos. Appl. Sci. Eng. 22, 1250086 (2012). 1

[22] A. Kilbas, O. Marichev and J. Trujillo. Theory and Applications of Fractional Differential Equations, North-
Holland Mathematics Studies, vol 204, Amsterdam, 2006. 1



20 HERNAN A. CUTI GUTIERREZ, NEMAT NYAMORADI, AND CESAR E. TORRES LEDESMA

[23] D. Kumar and J. Singh. Fractional calculus in medical and health science. CRC Press, 2020. 1

[24] A. Kullberg and D. del-Castillo-Negrete, Transport in the spatially tempered, fractional Fokker-Planck
equation, J. Phys. A: Math. Theor. 45, 255101 (2012). 1

[25] V. Lakshmikantham, D.D. Bainov, P.S. Simeonov, Theory of Impulsive Differential Fquations, Series in
Modern Applied Mathematics, 6, World Scientific, Teaneck, NJ, 1989. 2

[26] H.-L. Li, Y.-L. Jiang, Z.-L. Wang, C. Hu, Global stability problem for feedback control systems of impulsive
fractional differential equations on networks, Neurocomputing 161, 155-161 (2015). 2

[27] A. Liemert and A. Kienle, Fundamental solution of the tempered fractional diffusion equation. Journal of
Mathematical Physics. 56(11), 2015; 113504. 1

[28] Z. Lin, J.R. Wang, W. Wei, Fractional differential equation models with pulses and criterion for pest
management, Appl. Math. Comput. 257, 398-408 (2015). 1

[29] R. Magin, Fractional calculus in bioengineering, part3. Critical Reviews™ in Biomedical Engineering
32.3&4 (2004). 1

[30] J. Machado, F. Mainardi, and V. Kiryakova, Fractional calculus: Quo vadimus?(Where are we going?).
Frac. Cal. Appl. Anal. 18.2 (2015): 495-526. 1

[31] J. Mawhin, M. Willem, Critical point theory and Hamiltonian systems, Berlin: Springer-Verlag; 1989.

[32] M. Meerschaert, Y. Zhang, and B. Baeumer, Tempered anomalous diffusion in heterogeneous systems,
Geophys. Res. Lett. 35, L17403 (2008). 2

[33] A. Mennouni, L. Bougoffa,A.M. Wazwaz, A new recursive scheme for solving a fractional differential
equation of ray tracing through the crystalline lens, Optical and Quantum Electronics 54, 373 (2022) 1

[34] N. Nyamoradi, R. Rodriguez-Lépez, On boundary value problems for impulsive fractional differential
equations, , Applied Math. Comput. 271, 874-892 (2015). 2

[35] N. Nyamoradi, R. Rodriguez-Lépez, Multiplicity of solutions to fractional Hamiltonian systems with
impulsive effects, Chaos Solit. Fract. 102, 2017, 254-263 (2017). 2

[36] N. Nyamoradi, Y. Zhou, Bifurcation results for a class of fractional Hamiltonian systems with Liouville- Wely
fractional derivatives, J. Vib. Control 5, 1358-1368 (2014). 1

[37] P. Pandey, R. Pandey, S. Yadav and O. Agrawal, Variational Approach for Tempered Fractional Sturm-
Liouwille Problem, Int. J. Appl. Comput. Math 7, 51 (2021). 4

[38] A. Qian, C. Li, Infinitely many solutions for a robin boundary value problem, Int. J. Differ. Equ. (2010)
doi:10.1155/2010/548702 2

[39] P. Rabinowitz, Minimaz method in critical point theory with applications to differential equations, CBMS
Amer. Math. Soc., No 65, 1986. 15

[40] Rabinowitz, P.H.: Minimaz methods in critical point theory with applications to differential equations.
CBMS Regional Conference Series in Mathematics, vol. 65. Washington DC, USA: American Mathematical
Society; (1986). 15

[41] G. Rajchakit, A. Pratap, R, Raja, J. Cao, J. Alzabut, C. Huang, C. Hybrid control scheme for projective lag
synchronization of Riemann Liouville sense fractional order memristive BAM neural networks with mized
delays, Mathematics 7, 759 (2019). 1

[42] R. Rodriguez-Lépez, S. Tersian, Multiple solutions to boundary value problem for impulsive fractional
differential equations, Fract. Calc. Appl. Anal. 17 (4), 1016-1038 (2014). 2

[43] S. Saifullad, A. Ali, A. Khan, K. Shah and T. Abdeljawad, A Novel Tempered Fractional
Transform: Theory, Properties and Applications to Differential Fquations, Fractals, (2023),
https://doi.org/10.1142/S0218348X23400455 1

[44] A.M. Samoilenko, N.A. Perestyuk, Impulsive Differential Equations, World Scientific, Singapore, 1995. 2

[45] F. Sabzikar, M. Meerschaert, and J. Chen, Tempered fractional calculus. J. Comput. Phy. 293 (2015): 14-28.
1,2

[46] A. Stanislavsky, K. Weron, and A. Weron, Diffusion and relazation controlled by tempered a-stable processes,
Phys. Rev. E 78, 051106 (2008). 2

[47] H.R. Sun, Q.G. Zhang, Existence of solutions for a fractional boundary value problem via the mountain pass
method and an iterative technique, Comput. Math. Appl. 64, 3436-3443 (2012). 1

[48] V. Tarasov, Handbook of fractional calculus with applications. Vol. 5. Berlin: de Gruyter, 2019. 1

[49] C. Torres Ledesma and N. Nyamoradi, (k,)-Hilfer variational problem, J. Elliptic Parab. Equat. (2022)
doi:10.1007/s41808-022-00173-w. 1

[50] C. Torres Ledesma and N. Nyamoradi, (k,)-Hilfer impulsive variational problem, Rev. Real Acad. Cienc.
Exactas Fis. Nat. Ser. A-Mat. (2023) doi:10.1007/s13398-022-01377-4. 2

[61] C. Torres Ledesma and J. Vanterler da C. Sousa, Fractional integration by parts and Sobolev-type inequalities
for W¥-fractional operators, Math Meth Appl Sci. 2022; 1-22. 1



TEMPERED FRACTIONAL DERIVATIVE 21

[52] C. Torres Ledesma, H. Cuti Gutierrez, J. Avalos Rodriguez and W. Zubiaga Vera, Some boundedness results
for Riemann-Liouville tempered fractional integrals, preprint 2022. 1, 4, 5

[63] Y. Wang, Y. Li, J. Zhou, Solvability of boundary value problems for impulsive fractional differential equations
via critical point theory, Mediterr. J. Math. 13, 4845-4866 (2016). 2

[64] Y. Zhang, Moments for tempered fractional advection-diffusion equations, J. Stat. Phys. 139, 915-939 (2010).
1,2

[65] S.Q. Zhang, FEuzistence of a solution for the fractional differential equation with nonlinear boundary
conditions, Comput. Math. Appl. 61, 1202-1208 (2011). 1

(Herndn A. Cuti Gutierrez)

FCA RESEARCH GROUP, DEPARTAMENTO DE MATEMATICAS,
INSTITUTO DE INVESTIGACION EN MATEMATICAS, FCFYM
UNIVERSIDAD NACIONAL DE TRUJILLO

Av. JuaN PaBro II s/N. TRUJILLO-PERU

Email address: hcuti@unitru.edu.pe

(Nemat Nyamoradi)

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCES

RAZ1 UNIVERSITY

67149 KERMANSHAH, IRAN.

Email address: nyamoradi@razi.ac.ir

(César E. Torres Ledesma)

FCA RESEARCH GROUP, DEPARTAMENTO DE MATEMATICAS,
INSTITUTO DE INVESTIGACION EN MATEMATICAS, FCFYM
UNIVERSIDAD NACIONAL DE TRUJILLO

Av. JuaN PaBro II s/N. TRUJILLO-PERU

Email address: ct1_576@yahoo.es


mailto:hcuti@unitru.edu.pe
nyamoradi@razi.ac.ir
ctl_576@yahoo.es

	1. Introduction
	2. Some previous results
	3. Tempered fractional space of Sobolev type
	4. Proof of Theorem 1.1
	References

