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Abstract: In this paper, an inverse source problem for the Sobolev equation with fractional Lapla-
cian is investigated. We prove that this kind of problem is ill-posed and apply the Quasi-boundary
regularization method and fractional Landweber iterative regularization method to solve this inverse
problem. Based on the result of conditional stability, the error estimates between the exact solution
and the regularization solution are given under the priori and posteriori regularization parameter se-
lection rules. Finally, three examples are given to illustrate the effectiveness and feasibility of these
methods.
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1 Introduction

Let Q be a bounded domain in RY (N > 1) with sufficiently smooth boundary 9Q. In this paper, we
consider the following initial-boundary value problem for Sobolev equation with fractional Laplacian [1]

wi(z,t) — alAuy(z,t) + (=A)Pu(x, t) = F(z), ze€Q,te(0,T],
u(z,t) =0, z € dte(0,T], (1.1)
u(x,0) =0, x € Q,

where a > 0 is the diffusion coefficient, F'(x) is the source function and u(x, t) describes the distribution

of the temperature at position xz and time ¢. The parameter [ is the fractional order of Laplacian
operator with 1 < 8 < 2.
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Problem (1.1) is a forward problem when the function F'(x) is given appropriately. If the source
term F'(z) is unknown, use the additional condition

u(z,T) = g(x), v € Q, (1.2)

to identify the unknown source F'(x). This is an inverse problem. In practical applications, the input
data g(z) is given by measurement and the measured data ¢°(z) satisfies

lg() — g°C)Il < 6, (1.3)

where || - || is the L?(2) norm and & > 0 is the measurement error.

Fractional order Sobolev equations have been the subject of extensive research in recent years [2-9].
The researches in this field have focused on various aspects, including nonlinear problems [10,11], appli-
cations [12], and the properties of the fractional Laplacian operator [13]. The study of these equations
have numerous applications in various fields, including physics, biology, and finance. The fraction-
al Laplacian operator, an important operator that arises in fractional order Sobolev equations, has
been the subject of recent research, with a focus on understanding its spectral properties, relationship
to other fractional operators, and applications in various fields. The direct problem of fractional-
order Sobolev equations has garnered substantial attention from a host of researchers in recent times.
In [14], the authors tackled the initial-boundary value problem of Sobolev-type equation. In [15], the
authors set forth foundational criteria for the approximate controllability of nonlinear impulsive delay
integro-differential systems of Sobolev type, specifically within the fractional order range of 1 < g < 2.
Notably, their exploration extends to showcase the exact null controllability of identical systems under
the stipulated conditions. However, research on the inverse problems of fractional-order Sobolev e-
quations have been scarce. Therefore, this study will employ two regularization techniques for solving
this equation and validating the effectiveness of the methods through corresponding numerical exper-
iments.

The inverse problem is solved by the regularization method, such as the Tikhonov regularization
method [16], the modified Tikhonov regularization method [17], the Landweber iterative regularization
method [18], the fractional Landweber iterative regularization method, the Quasi-boundary regular-
ization method, the Quasi-inverse regularization method and so on. In [19,20], X.T. Xiong et al.
used a modified Tikhonov method to solve a cauchy problem of the fractional diffusion equation.
In [21,22], T. Wei et al used the boundary element method combined with generalized Tikhonov
regularization method to identify the unknown source and diffusion coefficient of fractional diffusion
equation. In [18], Y.X. Gao et al. used the the fractional Landweber iterative regularization method
to study the inverse problem of the time-fractional Schrodinger equation. In [23,24], F' Yang, et al.
used three regularization methods(Landweber iterative regularization method, fractional Landweber
iterative regularization method, Quasi-boundary regularization method) to identify the initial value
of homogeneous anomalous secondary diffusion equation. In [25], Jian-Ming Xu et al. used the modi-
fied Quasi-boundary regularization method to identify the initial value of fractional pseudo-parabolic
equation.

This paper is divided into six sections. In Section 2, we give the solution of the problem (1.1) and



the result of conditional stability. In section 3, we use the Quasi-boundary regularization method to
obtain the regularized solution of the problem (1.1). In Section 4, we give the fractional Landweber
iteration regularization method, Landweber iteration regularization method and their convergent es-
timations. Several numerical examples are given in Section 5. In the final Section, we give a brief
conclusion.

2 The solution of the problem (1.1) and the result of
conditional stability

In this section, we mainly give the uncertainty analysis, the solution of the problem and the result of
conditional stability (1.1). Let A, and y, be the Dirichlet eigenvalues and eigenfunctions of —A on
the domain €, satisfy [26]

{ Axn(x) = =Apxn(z), x€Q,
0,

Xn(z) = x € 01, (2.1)

where 0 < A\p < Ag < -+- < Ay < -+, liMypy00 Ay = +00 and xy,(z) € H2(Q) N HL(Q), then {x,}>,

can be normalized as the orthonormal basis in space L?(2).
For any p > 0, we define the space

H(@) = {6 € LX) D NI(6, xa)l < o0}, (2:2)
n=1
where (-, -) is the inner product in L?(2), then HP((Q) is a Hilbert space with the norm
= 2
Il = (D2 A1, xn)?) . (2:3)
n=1

The solution of problem (1.1) is obtained by using characteristic functions, variable separation method
and Laplace transformation

oo YA t
Fp(1 — e Tennt)
u(w,t) =Y ; , (2.4)

n=1
where F,, = (F(z), xn(x)) is the Fourier coefficient. Using u(z,T) = g(z), according to (2.4)
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o0 _>‘7TLT
F,(1—¢e ™aXn™)
g(z) = Z = \P . (2.5)
n=1 n
So
Y
Fo(1 — ¢ Taw 1)

; (2.6)
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where g, = (9(z), xn(x)) is the Fourier coefficient. So we get the exact solution of the problem from
(2.6)

o0 8
)= 3 (@), (27)
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n=1 1 —e 1+arn

Lemma 2.1. If0 < A < X <o < Ay < -+ then the following inequality holds:

8
G LTy, (2.8)
PEEDY |
R
where C; =1 — e aed™ |

Proof: Consider the following function
Z/B

@ =
(2) 1+az’

z > 0.

We take the derivative of the function ®(z)

BT 4 a(B—1)
N (1+ az)?

d'(2) , 2> 0.

So the function ®(z) is strictly monotonically increasing, so we have

A Al
< ,n> 1.
Ttan ~1tan,
Therefore, we get
A
Gl e, (2.9)
PRV

Lemma 2.2. Foranyp >0, u>0,T >0, and 0 < A\ < s, the following inequality holds:

A(s) =

pus' % _ ) G, 0<p<
03/*’/7 p 2 27

(@=nC1y1-3

(2,_Tp)01+c1 ’

1
Cy=—1,.
CiAg

where Cy =
Proof: When 0 < p < 2, due to lims_,0 A(s) = 0 and lim,_,» A(s) = 0, then we obtain

As) < sup A(s) < A(s"),

s>\



(2-p)C1

where s* is the root of equation A'(s) = 0 and its value is s* =

PH
Therefore
(2—p)C1y1-2
( P )2 P
A(s) < A(s") = £ =: Cyuz2. 2.11
() < A6 = o 2.11)
When p > 2
ps'=3 m 0
(=) us + Ch (u3+01)3g_1 01)\}% ( )
Lemma 2.3. For anyp >0, u>0,T >0, and 0 < A\; < s, the following inequality holds:
1-2-p 2
Bs)= 1 < Capz, 0<p<2, (2.13)
Cr+ ps Csp,  p 22,
2—p
((2—p>01 o |
p+2
where Cy 1= W’ Cs = o
Proof: When 0 < p < 2, due to lim,_,¢g B(s) = 0 and lims_,~, B(s) = 0, then we obtain
B(s) < sup B(s) < B(s"),
s>\
where s* is the root of equation B'(s) = 0 and its value is s* = ((21;7’2))(/’; L Therefore
2—p
((2—27)01 ) TMQTTP
B(s) < B(s*) = ~ 2 o = Cap' &' (2.14)
Cr+ 553
When p > 2,
2-p )\%’
4
Bls)=t"1 < H Mo (2.15)

Oy s Clsp%z Cy

Define operator K : f(-) — g(-), then problem (1.1) can be transformed into the following operator
equation: K f(z) = g(x), z € Q, where K satisfies K f(z) = g(z) = > o2, )\,_Lﬁ(l —ef%T)ann(x).
Obviously, K is a linear self adjoint operator, and its singular values are: o, = Ay A (1-— e_lﬁﬁT).
Due t0 gn = Fy, - An” (1 — 6_%71), thus F,, = 0,,! - g,. Therefore, we have

B
)= 3 (@), (216)
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From(2.16), we can infer that F'(z) — oo, when n — oco. Therefore this problem is ill-posed. In
order to discuss the error convergence, the conditional stability of the exact solution f(x) is given.
Here we assume that f(z) satisfies the following priori bound conditions:

1

IEOllne) = (X XMFIF )" <E, (2.17)

n=1

where E and p are both positive constants.

Theorem 2.1. If f(x) satisfies the priori bound condition || f(-)||gr(q) < E, then we obtain

1
1P| < €7 B7ez |g()]|72, p>0, (2.18)

where Cy = #
1

Proof: According to the formula (2.7), Lemma 2.1, and the Holder inequality, we have

IFC)? = Z Mngnn (@ 12
(1 —e 1+aAnT)
_ i A2 g2
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where Cy = # Then we have
1

2. 2
IO < Erzlg(- )II”“’-

Therefore, we complete the proof of Theorem 2.1. O

3 Quasi-boundary regularization method and its conver-

gence estimation

In this section, we will use the Quasi-boundary regularization method to obtain the regularized so-
lution of the problem (1.1). At the same time, we give the Holder type error estimates between the
exact solution and the regularization solution of the problem. The main idea of the Quasi-boundary
regularization method is to add a penalty to the final data of the original problem to obtain an ap-
proximate solution to the original problem (1.1), i.e., ui(m, T) + ,uFl‘f(x) = ¢(x) is used to instead of
u(z,T) = g(x) to get the regularization solution of the problem (1.1), that is, to solve the following
equation

rupat) aAauig;@ + (=AY (2, 8) = Fi(x), z€Qte(0,T),

ud(z,t) = xr€0Q,tec(0,T], (3.1)
Z( 0) = x €,

ub(z,T) + MF(;( ) =g(z), z€Q,

where p > 0 is the regularization parameter. Similarly, the separation of variables method and the
Laplace transform can be used to obtain solution ui(:v, t) of formula (3.1)

(z,t) = Z

n=1

According to ui(m,T) + qu(x) = g(x), we obtain ui(w,T) =>>, (gfl(x) - M(Fg(x))n)xn(:c),
ui(az,T) =5, (gg(x) — u(Fg(x))n>Xn(a:) is derived from the (3.2) formula when ¢ = 7. So

A
(@) 3’1 —e ") = gi(a) = u(F(x))n, thus

A8

ok )X (). (3.2)

(Fj(:c)) = A”%"( z) . (3.3)
"1 e Ty Nl

Thus, we get the Quasi-boundary regularization solution with error and regularization solutions with-
out error

)\ngn
= g N Xn (), (3-4)
- ——2n_T B
n=1 (1 — e 1tain ) + “)\n



8
Fu@)=Y" Angn X (). (3.5)

n=1 _%T B
(I—e ™) + pdy

To recovery the source item F'(z), we need to solve the following integral equation:
(K F)a) = [ Ko OF(©)dE = gla),

where the kernel function is:
> _iT
k(2,8) =Y A (1= e s )y (@) xn ()
n=1

Next, we will give the convergent estimates between the exact and regularization solutions under
the a priori regularization parameter and a posteriori regularization parameter.

3.1 The convergent error estimate with an a priori parameter choice
rule

Theorem 3.1. Assuming a priori bound (2.17) and a noise assumption (1.3) hold, then there are

(1)If 0 < p < 2 and the regularization parameter p = (%)P% 1s selected, then there s
IF2() = FOI < (14 Co)Brragae; (3.6)

(2)If p > 2 and the reqularization parameter y = (%)% is selected, then there is

[

IFS() = F()|| < (1+ C3)E263. (3.7)

Proof: By means of a triangular inequality, we have
IEZ () = FOI < IFRC) = EuOll + [Fu() = FC)I- (3.8)

Let us first give an estimate of the first term. Through (3.4), (3.5), (1.3) and Lemma 2.1, we
obtain

> )\TIBL s — n
IFI0) - B2 = |30 2t =) o
n=1(1— ¢ Tawml) 4 pAo

:i< Aﬁ(gi—gn) )2

>‘n
L (1 —e T 7)) + pl




Then
1)

6 .
£ .

- F.Ol <

(3.9)

Now let us estimate the second term of equation (3.8). Using (2.13), (2.17), (3.5) and Lemma 2.2,

we can deduce
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n
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o0
- 9n 2 1% 2
_Z N o N o )
n=1 APl —e ) APl e T
fe'e) ) 2
9n AP H A PP
Z /\5 n /\g n
n=1 X\ P(1— e e T) MNP — e Ty 4
o0 B(1-2)
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<> ) ()
n=l (1 e 1+ HAn
2
< E*(swpAn)) .
n=1
where
_D
i
A(n) = 22—
Cl + ,U)\n
Applying Lemma 2.2, we obtain
AR 5% Cop¥, 0<p<?2
An)= £ _F < { R p=2 (3.10)
pA +C1 ps+ Cy Csp,  p=2.
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Therefore, we have

CLEpz, 0<p<2,
F,()—FO| < 3.11
1Ea() — EC) {CSEM, o (3.11)
Combining (3.9) with (3.11), we obtain
5 CoEpz, 0<p<?2
FO()—F()| < = ’ ’ 3.12

NI

2
By choosing the regularization parameters pu = (%)W(O <p<2)and u= (%)
following results.

(p = 2), we have the

2 P
14+ Co)Ert2ir2, 0<p <2,
1) - Py < (ETODET p (3.13)
(1+Cy)E253,  p>2.
The proof of Theorem 3.1 is completed. O

3.2 The convergent error estimate with an a posteriori parameter
choice rule

In this section, discrepancy principle is used to select a posteriori regularization parameter p. The
posteriori regularization parameter satisfies the following equation:

ln(E + ) HKE() = g° ()l = 76. (3.14)

Lemma 3.1. Let p(p) := |]u(K+M)_1(KF3(-) — () If |¢°]| > 76 > 0, we obtain
a) p(p) is a continuous function;

b) im0 p(p) = 0;

&) ity o0 (1) = 16° ()

d) p(p) is a strictly monotone increasing function for any u € (0, +00).

Proof: The proof of this Lemma is obtained by the expression of

M)\g 47 6\2\%
o) = (O ( = IRCADER
=l (1= e el T) 4 g

The following lemmas will be used in the proof of a posteriori convergent estimate.

Theorem 3.2. If expressions (1.3) and (2.17) hold and p satisfies the regularization parameter selec-
tion rule, then
(1)If 0 < p < 2, then the following convergent estimate is obtained

2
(Co)"\ %) pre st (3.15)

|20 = PO < (Colr + )75 + (5

10



(2)If p > 2, then the following convergent estimate is obtained
(C5)?

IFS() — FO) < (Col(r +1)7 + (+22-)2E363, (3.16)

B
—_

where Cg = 6%1 .
Proof: By means of a triangular inequality, we have

IFRC) = FOI < NELC) = FuOll + I1Fu() = FC)II- (3.17)
Let us start by proving the first term of the theorem, which applies (3.9)

IF3() = Fu()] < Z (3.18)

Using formulas (3.14) and formulas (1.3), we have

B
| M )
) Z - lﬁinT)jLM)\g) InX (:U)‘
n B
I el S e e

\5+J.

A priori boundary condition (2.17) can be used to obtain

oo B
PR
T ) T
n=1 (1 —¢ T l) 4 By
N:
__
= H i( IU)\ﬁ )2((1 —e ltain ) 1 )\ggn )\%X (CU)H
Y )\/3 Bp A8 n An
n=1 (1 —e 1+a)\n ) + MAQ n A2 (1 —e 1+u.)\nT)
< Esup(B(n))?,
n=1
Y 1
Y 1—e THFadn 1)) 2
where B(n) = ‘ig -<( = v )) : éf—"
(1—e” THaxn T8 An
Applying Lemma 2.1, we have
N
B(n) = B ,((1—6 1+a*"T)>5. 1
e _ngp B A %
(1—e Tasal) 4 M3 " An
B _
pAn 11 g Ag(%ﬁ)

SO M A .)\?_M)\Q—FCI

11



Applying Lemma 2.3, we have

pt2
B(n)<{04u47 0<P<27

Csp, p = 2.
So
ﬁ—n5<{(@PEf?’o<p<Z
(C5)2Eu?, p=2.
Therefore,

(G Fe grragire, 0<p<?2,

T—1

(Clyipas-3, p>2

T—1

Substitute (3.21) to (3.18), we have

FO()—F,()| <
1F,() — Fu()ll Bbsh. P32

<{ ((04)2)%Ep+2(51)+2 O<p<27

(3.19)

(3.20)

(3.21)

(3.22)

Now let us estimate the second term of formula (3.17), from (3.5), Lemma 2.1, Lemma 2.3 and the

priori boundary condition of F'(x), we obtain

B
—pFR A
[1Fu() = FO) —HZ o Xn ()]
_ A7 8
L1 —e ™™ ) 4+ pudn
A8
T T B

[MiS]

( M)‘TL )1—

[MiS]

—HZ ploe T )

b
(1—e 1+a>\n run  (a—e D)+ s

)\TF
L (@)
(1—67ﬁT)§
g 2
UA (1 —e THaxn™) p_
<HZ P Faxn(@)]|772
n

R R

> )\7F 2
ol Z N Xn(z)[[7F2

(]_ —e 1+a/\n T)%
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=l ; Vg XX (@77 S A2 Foxn ()77 CF
n=1

An
(1-— efmT) + M)\ﬁ

- ,W\g 2 5
<(1> 7 )7 (gn — gn)xn (@)
n=1 (1 — ¢ Trasn 1) + p\2
[e%¢} B —
UA » 2 =P
+1D e V2gbhxn(@)])) 742 B72 O
n=1 (1 — ¢ TFaxnl) + p\i
<Y gt
1
Therefore, we have
1 . » p_ 2 p
[Fu() = FCI < (5)7#2 (7 + 1)pH2 Evi26p+2, (3.23)

C1
Combining (3.17), (3.22) and (3.23) formulas, we obtain

(04)2 2 2
b2 p_ ( JpR2Ert2dr+2 0<p<2
FO()—FO)| < Cs(r +1 PHE [ i § 742 + 71 ’ 3.24
IESC) = PO < Colr +1) it s (3:24)
where Cg = C%, the proof of Theorem 3.2 is completed. O

In the Quasi-boundary regularization method, we can find the saturation effect by using the formula
(3.7) and (3.16), so in the next section, we use the fractional Landweber iterative regularization method
and Landweber iterative regularization method to effectively avoid this problem.

4 Fractional Landweber iteration regularization method,
Landweber iteration regularization method and their
convergent estimations

In this section, we first give the regularization solution of the problem, then give the rules for selecting
the priori regularization parameters and the posteriori regularization parameters, and discuss the
Holder type error estimation rules for exact solutions and regularization solutions under these rules.
To identify the source term F'(z), we need to solve the following integral equation:

(KF)(x) = /Q k(. €)F(€)de = g(x), (4.1)

where the kernel function is:
o0 ~ )\5 T
k(w,6) = > AP (1 — e Tom )y () xn (6)-
n=1

13



Because k(z,§) = k(&,z), so K is a self-adjoint operator. According to Theorem 2.4 in Ref. [23], if
F € L?(Q), then g € H%(Q). It is easy to know that K : L%(Q) — L?(f) is a compact operator.
Since xn () is a set of orthonormal bases in L?(), it is easy to know

Aﬁ
on =Nl —e FenT), n=1,2,-- (4.2)

is the singular value of compact operator K. Next, we use the fractional Landweber iterative regular-

ization method to obtain the regularized solution of the problem (1.1), which is denoted as F™9(z).
1 -1

Replacing KF = g with F' = (I — a(K*K)%)f +a(K*K)™2 K*g has the following iteration format:

FO9(z) =0, F™(2) = (I—a(K*K)"2 )F" Y (2) +a(K*K)" T K*¢®(x), m=1,2,3,---, (4.3)

where I is a unit operator, m is the iterative step number and is also selected as the regularization

parameter, a is called the relaxation factor and satisfies 0 < a < T 1%\\2' Since K is a self-adjoint

operator, we denote operator R,, : L?(£2) — L*(§2) as follows
Rn=aY (I —al(K*K)% )"(K*'K)T K*,0<v<1, m=123,-

Remark: When v = 1, R, is defined as follows:

m—1
Rm=ay (I—a(K*K)"K*, m=123/". (4.4)

n=0

As can be seen from the literature [23], formula (4.4) is a Landweber iteration regularization operator,
which is recorded as

mi1—1
ml—az I —a(K*K))"K*, my=1,2,3 . (4.5)
Through calculating, we get

Fd(z) = mgn—az I —a(K*K) 5 ) (K*K)'Z K*g)(2). (4.6)

Using (4.3) and the singular value o, of operator K, we get the fractional Landweber iteration regu-
larization solution

B
m, X 1 — (1= a(MP(1 = e e T)yrlym
F™(z) =3 — N b " 5 (@), (4.7)
n=1 )\ ﬁ(]__e 1+a,)\nT)

Ao
where g0 = (¢°(z), xn(z)). Because o, = An”(1 — e Taxa ') is the singular value of operator K and

A8
0<a< IIK\W“’ we can get 0 < a()\, 5(1 I v v ))“/Jrl <1
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4.1 The convergent error estimate with an a priori parameter choice
rule

Theorem 4.1 Suppose (1.3) and (2.17) hold. The exact solution of problem (1.1) is formula (2.7) and
the corresponding fractional Landweber reqularization solution is given by (4.7). The regularization

2(y+1)
parameter is chosen by m = [b], where b = (? P*¥2 Then we obtain the following convergent error
estimate:
2
|F™() = FO)Il < CrEmrawie, (4.8)

where [b] denotes the largest integer less than or equal to b and Cr7 := (ﬂ% + Cs s positive constant.
Proof: By applying the triangular inequality, we can get

IF™ () = FC)N < I[F™ () = F™ Ol + [IF™ () = F()]- (4.9)
For the first part on the right side of equation (4.9), using equation (1.3) and Bernoulli inequality, we
have
DY
L- (1 - a1 = e e Ty
|79 — ) = Z = gixn(@)
An a—elmmﬁ
N
) B +1\ym
1—(1—=aM"(1—¢e" 1+aAn v 2
_Z ( i DD gnxn(x)H

An
NP1 — e e T

ﬂ
_H Z L (- e (1 - e T )y (95 — gn)xn(:v)Hz

)\,3
n=1 An (1 —e 1+a/\"T)
N
G (I1-(1—-aM"(1—¢e" 1+a>\T’Y+1m2
:Z ( N ) (Qg_gn)z
n=1 (An (1 —e 1+a>\nT))2
& (-1 —a(A(1—e ek Yrymy e ,
_Z A2 2 (gn - gn)
n=1 (An B(l — e Tain ))m(v-&-l)
A 2
> 1— l—a)\n 1—e 1+a)\n ’Y+1mﬁ
Oy
n=1 (- e‘ﬁT))ﬁ(wrl)

A2
3 (amOs TR )

N
n=l (AP (1 — e T 7)) 0D
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<ar Imi+ 6.
So, we obtain
|F™3() — F™ ()|l < a7 m+16. (4.10)

On the other hand, using (2.17), we obtain

2\B
- © a(\n ﬂ(l —_ 6_‘1+anTnT))v+1)m 1
[F™ () = F()|I” = Z N GnXn(T) — X (@)l
n=1 A1 — e ) AP (1 — e ey
B % 1
1= (1—a(X (1—el+axn Tyyrtym) — 1
= Z B gnxn(2)|1?
n=1 (1 — e
ﬁ
(1 —a(A (1 — e e Tyyrttym
— Z ( ) ) ann(x)HQ

NG
An 6(1 —e 1+a*nT)

B
s e e

9n
)\ B 1-— 1+Aa6>\ Tyy2
(An" (1 —e Tt )

B
—Z (1= a(0 (1 = e TS TR (0) P (A)

— 52T
o (1-— a(w))wl)zm

o . [2)\06p
S < XBP > FnAn
n=1 n
< sup(D(\,))? - F2)\0p
< n}g( (An)) Z:: 7 An
< sup (D(A\n))*E?,
n>N
T (1 a(fﬁ))7+l)
where C7 =1 —¢e T+e, D(),) 1= —2—
A2
—a(ET))r+1ym
Let G(s) := (1o 3%))7 "= .
S

Suppose sq satisfies G/(so) =0, we have

( P )
aCy 7 (p 4 2m(1 +)) '

S0 —
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—
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3
[N4S]

. ez
aCs ™ (p+2m(1 + 7))
[/ N 1
= (

) (— )™
aCyt? P+ 2my +2m

)3

p
where Cg = (aczl’ﬂ)?(lﬂ).

Therefore, we have

|[F™(-) = F(-)|| < D(An)E < G(S)E < Cs( )T E.

Yy+m

Combining (4.10), (4.11) and (4.12), if the regularization parameter m = [(

- 12 P 2 p_ 2 p_
|E™°() — F(1)|| < a7+ T Evt2§p2 + CgEv20rt2 = CoErt2§pt2,

where Cy = a#l + Cs.
The proof of Theorem 4.1 is completed.

(4.11)

2(14)

L "2 1 is selected, then

(4.12)

O

4.2 The convergent error estimate with an a posteriori parameter

choice rule

In this section, we give the posteriori error estimation and the selection criteria of posteriori regular-

ization parameters should be satisfied:
IKE™ () = ¢°()]| < 76,

when m = m(6) first appears, the iteration stops, where ||¢°|| > 74.

(4.13)

Lemma 4.1. Let p(m) = |[KF™%(:) — ¢°(-)||, then we have the following conclusions

a) p(m) is a continuous function;

b) limy,—0 p(m) = 0;

¢) limy, s 400 p(m) = [|9°];

d) p(m) is a strictly increasing function for any m € (0, +00).

Proof: The proof of this lemma is obtained by the following expression:

N
00 —ﬁT %
plm) = (1= (=== gl?)

n=1
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Remark 4.1. According to the Lemma 4.1, the uniqueness of m is selected by the method of formula
(4.13).

Lemma 4.2. Assume the priori condition (2.17) and the noise assumption (1.3) hold. For fized T > 1,
if we choose the regularization parameter by using Morozov’s discrepancy principle (4.13), then the
reqularization parameter m = m(0) satisfies

L (o _pr2 By (4.14)

T—1 2a70¥+1 0

m < (
Proof: Due to (4.7), we obtain

N ,
o 1— (1 —a<1fe‘mT)7+ )m

An
Rng = Z N InXn(T) (4.15)
n=1 1—e THasn T
An
and
o0 ,%T
1 — e 1+ain
IKRmg —gl>=> (1- G(A—g)”“)mgﬁ- (4.16)
n=1 n

8
Due to |1 — a()‘i’;ﬁ)wﬂ < 1, we obtain ||[KR,,—1 — I|| < 1. On the one hand, it is not difficult
l—e TFaxn ©
to find that m is the minimum satisfying || K R,ng° — ¢°|| = | K f™° — ¢°|| < 76. Therefore,
1K Rin-19 = gl = |KRn-19 — KRn-19° + KRm-19" — ¢° + ¢° — g
> |KRm-19" = ¢°ll = (K Ry = I)(9° — 9)I
76 — | K Ryt — I||0

4.17
S (4.17)
>716—90=(1—1)d

On the other hand, by using (2.17) formula, we obtain

o0 Ag T
]_ — 6_ 14+aln

| Rag =gl = 13 (1= (1 - a(Ag)W“)m‘l)gnxn@) - ignmx)u?

n=1
e 1 *%T +1 1
— e +ain Yy m—
=1 (o) ) )@l
n=1 n
> -t 1 1\ 2 -t 2
_ ((1 _a(l—e ;ﬂmn )'y+ )m— ) <1_e ;+a)\n ) Fg)\gp)\;ﬁp
oyt An An
< SUPH2()‘n)E27
n>1
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B
~ A\ 41\ m—1 Mg —Bp
B 1—e” TFaxn T\ 1—e” TFaxn 5
where H() = (1 - a 1= S8 YT (T
From Lemma 2.1, we can obtain

Cr\vHI\m=1 —5(E+1)
H(\) < (1 - a()\g) ) A .
+1\ m—1
Set L(s) := (1 — a(C’ls)7 ) sETD 5= 27
Suppose sq satisfies L/(so) = 0, we obtain

1

s0 = < p+2 )m
(2(m = 1)(y +1) + p + 2)aC]™!

Then we have

L(s) <L(so)

+ 2 T\ Ml
:<1_a<01((2(m1)(’yf1)+p+2)a0¥+1) ) )

(o 222 by
1

2(m — 1)(y+1) + p+2)aC]™

Bla—= .

“\\@2(m —1)(y+1) +p+2)aC]

p+2 p+2

<(—PT2 o5y,

<Gamyery )™
That is

(r—15 < (—PF2 b, i E, (4.18)

2ay(Cy )7
From the formula (4.18), we can get

1 264 p+42 E 26+1
+2 p+2

1" 2ay(Cy)7 1 6

m < (

The proof of Lemma 4.2 is completed. O
Theorem 4.2 The exact solution of the problem (1.1) is given by (2.4), the fractional Landweber
iterative reqularization solution F™°(x) is given by (4.7). The regularization parameter m = m(8) is
obtained by the iteration stop criterion (4.13), then we obtain

|F™5() = FO)|l < CroB7287%2, (4.19)
2(y+1) 2

1 =P . L
where Chg := ((Tiil) p+2 W)wl + (Ch)P+2 (T + 1)7+2 is positive constant.
Proof: Using the triangle inequality, we have

IE™0() = FO < NE™ () = E™ Ol + ™ () = F()II. (4.20)
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From Lemma 4.2 and (4.10), we have
1)
[E™20) = E™C)l
< aﬁm#lé
1 2(~/+21) p+2

1 2 P
— ) 2 —— 3+l Fpt2jpt2,
T—1 2a7(01)7+1)

<amr((
For (4.20) the second term on the right side has
K(F™(-) = F())

N
[ee] —_—n T
1 — e T+ain
= > (-l ae)
B
e 1 —e 1+)\a>\nT

n=1

=> (- a(T)'y“)m(g — gn)xn(@) + Z

According to (1.3) and (4.13), we can get
[E(F™ () = FC)I < (74 1)é.

Due to

A
= | =TT

1™ () = FOllaey = (Q (1= (=5

n

= )\nﬁg%,
<O AP )

n=1 (1— e*mT)Z

= (Y APF2):
n=1

< E.

[NIES

Using Theorem 2.1, we obtain
= p 2 p
IF™() = FOIl < (@7 (r + 1) B2,
Combining (4.20), (4.21) and (4.24), we obtain

| F™9() = F()|| < CioE726747,

2(y+1) 1 p
where C1g := ((=1) #72 W) (Cl)p+2 (T +1)p+2,

20

)’Y+1)2m

B
]_ —e 1+>\a>\nT
An
)\2592 1
)2

(1—e 1+AaAnT)2

Y

(4.21)

™ g0 xn ().

(4.22)

(4.23)

(4.24)

(4.25)



5 Numerical implementation

In this part, we use three numerical examples to prove the effectiveness and feasibility of Quasi-
boundary regularization method and fractional Landweber iterative regularization method. Let 2 =
(0,1), T =1, a = 0.5. First of all, we obtain the final data g(z) by solving the following forward

problem
ug(z,t) — aluy(z,t) + (=A)Pu(x,t) = F(x), =€ Q,te(0,T],
u(z,t) =0, z € dte(0,T], (5.1)
u(x,0) =0, x €,

with the given data F'(z). We define
t.=21(2=0,1,...,N), xj=jh(j=0,1,---, M), (5.2)

where 7 = % is the step size of temporal direction and h = ﬁ is the step size of spatial direction.
Next we will use the finite element difference method to carry out numerical experiments. First,
the forward Euler scheme for the u; is as follows:
oul  uktl b

? 7 ?

ot T

The Laplace operator difference scheme of one-dimensional integer order is as follows

k+1 k+1 k+1 k k k
A(ulf”)t _ upy — 2u;" tu ) — Ui+ 2u —ug g
h2r '

The difference format of a one-dimensional fractional Laplace operator is as follows [28]

(—=A)'U = Cy.2,BU,

where C1 5 = %, B is a strictly diagonally dominant and symmetric positive definite matrix.

B2 (h)M=! "and

i,p=1"

—(Z1(i,p+1) + Zo(i,p)) =, 1<p<i-—2,

Coe o p’
Iy N _3_728_22(7’77’_1)7 p:/L_]-a
1,p h72s .. .
_2_728—Z3(Z,Z+2), p:l+17
—(Zs(i,p+1) + Zu(i,p)) 35, i+2<p <M,
and h;; satisfies
h—2s Z4(i,M+1 .
M 325 + %\/f(lﬂ—i L=,
hig+ Y hip—Yi(i) = Ya(i) = ¢ Al ZGMED -y < < pp 1,
p=1,p#i h=2 + 461
2—2s 7 ’ y
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where Zy(i,k) = 7% [2% (zp —y) (v —y) " dy, Zo(i k) = 5 [T5 (y — 1) (i~ y)"2dy, Z3(i, k) =

Tr—1 Tr—1

% o (k= y) (g — @) dy, Zu(i k) = g [ (g — o) (y—2i) 2 dy and Vi) = [° o smmgy

$k 1 Tr—1

= [ gy dy-
(y—zs) 1 H2e
Through sunple calculation, there are the following results

Z1(i,p+ 1) + Za(i, p) = Z3(i,p + 1) + Za(i,p)
—2s . —2s . —2s . —2s
_ (25_]})(2_25) [2|Z —p|2 2 — (Jd —p\ - 1)2 28— (‘Z —p|+ 1)2 2 ] , 8 # 0.5,
#=2li = pln(i = pl) + (|i = p| + 1) n(li = p + 1) + (Ji = p| = 1) In(]i — j| — 1)], s = 0.5.
h—2s 2—2s

__h* (3 959 .

Zoliyi—1) = Zy(i,i+2) = Z5-DE2) (3-2s ),s#05,
72In2—1],s =0.5.

2s _9s . _9s 1—2s
mney [ = (= 127 — (2 25)i' %] s £ 0.5,

Z1(i,1) = Ell[(l_z)ln( >+1] s=0.5.

Zy(i, M +1)

m[(‘]\/‘[—‘_l )2 25—(M—i)2_25—(2 28) (M + 1 — )1 23] s # 0.5,

l[(z‘—M)]ln<M“ 1)+1} s = 0.5,

h
i) = vl = g
Arrange the above formulas to get the matrix B.

It is worth noting that the difference format of the fractional order Laplace operator is for the
difference format of order 0-1, but when studying the error estimation, the differential format can
converge to the (3 — 23) order, so in the later numerical experiments, we give numerical simulation
results of order 1.1, 1.2, 1.3.

Therefore, we establish the difference format corresponding to the equation (5.1)
(A+B)U™ = AU + F,
where Ut:= (ul, ub, u, - - -,ué\/l+1),i =0,1,2,---M, F:=(F(x1), F(x2), F(x3),- -, F(zp+1)),

0
1—1
An+1)x(m+1) = 'A(Mfl)x(M71) :
0
0
Bvrs1yx(m+1) = Bv—1yx(M—1) 7
0
in which
1 2
7T # 177222
a a a
I T ae T
Aupeiatn = bt ,

T Th2

a1 4 2a
T Th2 T+Th2
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By differentiating the function, we can get the numerical solution of the function through the following
iterative format,

(A+B)U = AU+ F,2<i <N,
(A+B)U' =F

On the basis of the above iterative format, the numerical solution corresponding to the function and
the value of the g(x) function can be obtained by using Matlab software. For the inverse problem, when
applying the Quasi-boundary regularization method and fractional Landweber iterative regularization,
we need to obtain a matrix K that satisfies Kf = UN = ¢%, i.e.,

K'=(A+B),
K'=(A+B) Y (K" '+I), n=2,--- N,
K=KV,
Finally, the Quasi-boundary regularization solution is obtained by the following formula:

1
FO () — 5

and the fractional Landweber iteration regularization solution is obtained by the following formula:
5 m—1 J41N T 41 5
Fm :a§:<1—auﬁK)z)(Kﬁoz K*g’.
n=1

By adding random perturbation to noise data g(x) , the data with errors are obtained,
¢° = g + ¢ - rand n(size(g)),

where the function randn() produces a list of random numbers with a mean of 0 and a variance of 1.
The priori regularization parameter is based on the smooth conditions of the exact solution, which
is actually difficult to give in practical problem. The following examples demonstrate the validity of
the the Quasi-boundary regularization method and the fractional Landweber iteration regularization
method based on a posteriori regularization parameter selection rule.

For the selection of parameter u, we have given it in (3.14) with 7 = 1.01. For the parameter
selection corresponding to the fractional order Landweber iterative regularization method, we select
~v = 0.1, and the selection of the iteration step m is also given by formula (4.13). Select M = 100,
N = 50. We give the following three examples.

Example 1. Consider the piecewise smooth functions

Flz) = {4:E,

VA

1
29
1

ININ

x
T

|
B~
—
8
|
—
SN—
o~ O
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The exact solution F(x) and its approximations
The exact solution F(x) and its approximations

(a) . (b) .

The exact solution F(x) and its approximations

]
() .
Figure 1. The comparison of the exact solution F(z) and its Quasi-boundary regularization method approximation solution Fm‘5(z) of Example 1
with 8 = 1.1(a), 1.2(b), 1.3(c) for e = 0.01, 0.005, 0.001.

‘The exact solution F(x) and its approximations
The exact solution f(x) and its approximations

The exact solution F(x) and its approximations

°

() -
Figure 2. The comparison of the exact solution F(z) and its Quasi-boundary regularization method approximation solution Fm";(x) of Example 2
with 8 = 1.1(a), 1.2(b), 1.3(c) for & = 0.01, 0.005, 0.001.

Example 2. Consider a non-continuous function

0, 0<z<1,
RO R T<x<3,
(.CU)— 1 3
07 §<x<17
-1, 3<z<l
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jon F(x) and its approximations

The exact solution F(x) and its approximations

The exact sol

The exact solution F(x) and its approximations

3
(c) .
Figure 3. The comparison of the exact solution F(z) and its Quasi-boundary regularization method approximation solution Fm‘a(z) of Example 3
with 8 =1.1,1.2,1.3 for e = 0.01, 0.005, 0.001.
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(a) - (b) .

The exact solution F(x) and s approximations

() "
Figure 4. The comparison of the exact solution F(z) and its fractional Landweber iterative regularization approximation solution Fm"s(z) of
Example 1 with 8 = 1.1(a), 1.2(b), 1.3(c) for e = 0.01,0.005, 0.001.

Example 3. Consider the smooth function

F(x) = sin(3mzx).

The exact solution F(x) and its approximations
The exact solution F(x) and ts approximations

(a) * (b) x
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Figure 5. The comparison of the exact solution F(x) and its fractional Landweber iterative regularization approximation solution F’""s(z) of
Example 2 with 8 = 1.1(a), 1.2(b), 1.3(¢) for e = 0.01, 0.005, 0.001.

(e)
Figure 6. The comparison of the exact solution F(z) and its fractional Landweber iterative regularization approximation solution Fm";(z) of
Example 3 with 8 = 1.1(a), 1.2(b), 1.3(c) for € = 0.1,0.005, 0.001.

Figures 1 — 3 show the error between the exact solution F(x) and the Quasi-boundary regu-
larization approximation solution F) l‘f (z). Figure 1 shows the exact solution F'(x) and the Quasi-
boundary regularization approximation solution F 3 (z) of Example 1 for the relative error levels
e = 0.01,0.005,0.001 with various values f = 1.1,1.2,1.3. Figure 2 shows the exact solution F'(z)
and the Quasi-boundary regularization approximation solution F/ 3 (z) of Example 2 for the relative
error levels € = 0.01,0.005,0.001 with various values 8 = 1.1,1.2,1.3. Figure 3 shows the exact
solution F'(z) and the Quasi-boundary regularization approximation solution Fg (z) of Example 3
for the relative error levels ¢ = 0.01,0.005,0.001 with various values g =1.1,1.2,1.3.

Figures 4 — 6 show the error between the exact solution F(x) and the Fractional Landweber
iterative regularization approximation solution F™?°(z). Figure 4 shows the exact solution F(z) and
fractional Landweber iterative regularization approximation solution F™°(z) of Example 1 for the
relative error levels € = 0.01, 0.005,0.001 with various values 8 = 1.1,1.2,1.3. Figure 5 shows the ex-
act solution F'(x) and the fractional Landweber iterative regularization approximation solution F9(z)
of Example 2 for the relative error levels € = 0.01,0.005,0.001 with various values g = 1.1,1.2,1.3.
Figure 6 shows the exact solution F'(z) and the fractional Landweber iterative regularization approx-
imation solution F™9 (z) of Example 3 for the relative error levels € = 0.01,0.005,0.001 with various
values § =1.1,1.2,1.3.
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From above six figures, we find that for the same example, the smaller £ and «, the better the
fitting effect between the exact solution f(x) and the regularization solutions. For different examples,
the fitting results of functions with better smoothness are better than those with worse smoothness.

With the same error, fractional Landweber iterative regularization fits better than Quasi-boundary
regularization method for non-smooth functions and piecewise functions, and Quasi-boundary regular-
ization method gets better fitting results than fractional Landweber iterative regularization for smooth
functions.

In addition, limited by the difference format of the fractional order Laplace operator, the smaller
the order of Laplace, the better the numerical fitting effect, and the author will look for a better
differential format of the fractional order Laplace operator in the next study.

6 Conclusion

The problem of inverting the source item of Sobolev equation with fractional Laplacian is studied.
The regularization solutions are obtained by Quasi-boundary regularization method and Fractional
Landweber iteration regularization method. Based on the conditional stability result, the correspond-
ing error estimates are obtained under the rules for selecting a priori regularization parameter and
a posteriori regularization parameter. Three numerical examples are given to demonstrate the ef-
fectiveness, stability and superiority of our proposed regularization method. Moreover, through the
error estimation of the two methods, we find that the Quasi-boundary regularization method has a
saturation effect, while the fractional Landweber iterative regularization method can avoid the sat-
uration effect. In terms of numerical simulation, the Quasi-boundary method can obtain numerical
results more quickly, but the corresponding results are poor, while the Landweber method needs to
be continuously iterated to obtain better simulation results, and the numerical results are better than
the boundary method.

Disclosure statement

No potential conflict of interest was reported by the author.

References

1] D. P. Nguyen, T. N. Van and L. LeDinh, Inverse source problem for Sobolev equation with frac-
guy ) r . q .
tional Laplacian, J. Funct. Space., 2022, 2022(1), 1-12.

[2] M. O. Korpusov, A. A. Panin and A. E. Shishkov, On the critical exponent ’instantaneous blow-
up’ versus ‘local solubility’ in the Cauchy problem for a model equation of Sobolev type, Izv. Math.,

2021, 85(1), 111-144.

27



3]

[11]

[12]

[13]

[14]

A. A. Zamyshlyaeva and E. V. Bychkov, The Cauchy problem for the Sobolev type equation of
higher order, Bull. South Ural State Univ. Ser. Math. Model. Program. 2018, 11(1), 5-14.

M. T. Mohan, On the three dimensional Kelvin-Voigt fluids: global solvability, exponential stability
and exact controllability of Galerkin approximations, Evol. Equ. Control The., 2020, 9(2), 301-339.

K. M. Gamzaev, Inverse problem of unsteady incompressible fluid flow in a pipe with a permeable
wall, Bull. South Ural State Univ. Ser. Math. Mech. Phys., 2020, 12(1), 24-30.

D. E. Shafranov and N. V. Adukova, Solvability of the Showalter-Sidorov problem for Sobolev
type equations with operators in the form of first-order polynomials from the LaplaceCBeltrami
operator on differential forms, J. Comput. Eng. Math., 2017, 4(3), 27-34.

D. E. Shafranov, On numerical solution in the space of differential forms for one stochastic
Sobolev-type equation with a relatively radial operator, J. Comput. Eng. Math., 2020, 7(4), 48-55.

J. Banasiak, N. A. Manakova and G. A. Sviridyuk, Positive solutions to Sobolev type equations
with relatively p-sectorial operators, Bull. South Ural. State Univ. Ser. Math. Model. Program.,
2020, 13(2), 17-32.

A. A. Zamyshlyaeva and A. V. Lut, Inverse problem for sobolev type mathematical models, Bull.
South Ural State Univ. Ser. Math. Model. Program., 2019, 12(2), 25-36.

J. Wang, On a nonlocal problem with critical Sobolev growth, Appl. Math. Lett., 2020, 99(0),
105959.

A. C. Natal and S. Anala, Three solutions for a monlocal problem with critical growth, J. Math.
Anal. Appl., 2019, 469(2), 841-851.

A. Favini, G. Sviridyuk and M. Sagadeeva, Linear Sobolev type equations with relatively p-radial
operators in space of Noises, Mediterr. J. Math., 2016, 13(6), 4607-4621.

D. Mehdi, S. Nasim and A. Mostafa, Application of spectral element method for solving Sobolev
equations with error estimation, Appl. Numer. Math., 2020, 158(0), 439-462.

M. K. Beshtokov, Numerical analysis of initial-boundary value problem for a Sobolev-type equation
with a fractional-order time derivative. Comput. Math. Math. Phys. 2019, 59(2), 175-192.

H. M. Ahmed, M. M. El-Borai, H. M. El-Owaidy and A. S. Ghanem, FExistence solution and
controllability of Sobolev type delay nonlinear fractional integro-differential system, Mathematics,
2019, 7(1), 79.

M. Vauhkonen, D. Vadasz, P. A. Karjalainen, E. Somersalo and J. P. Kaipio, Tikhonov reqular-
ization and prior information in electrical impedance tomography, IEEE T. Med. Imaging, 1998,
17(2), 285-293.

28



[17]

18]

[19]

[20]

[21]

[24]

[25]

[26]

[27]

28]

A. N. Tikhonov and V. Y. Arsenin, Solutions of ill-posed problems. Math. Comput., 1977, 32(144),
491-491.

Y. Gao, D. Li, F. Yang and X. Li, Fractional Landweber iterative reqularization method for solving
the inverse problem of time-fractional Schré dinger equation, Symmetry, 2022, 14(10), 2010.

X. T. Xiong, L. Zhao and Y. C. Hon, Stability estimate and the modified regularization method
for a Cauchy problem of the fractional diffusion equation, J. Comput. Appl. Math., 2014, 272,
180-194.

X. T. Xiong, X. M. Xue and Z. Qian, A modified iterative reqularization method for ill-posed
problems. Appl. Numer. Math., 2017, 122(1), 108-128.

Y. S. Li and T. Wei, An inverse time-dependent source problem for a time-space fractional diffu-
sion equation, Appl. Math. Comput., 2018, 336(0), 257-271.

T. Wei and Y. S. Li, Identifying a diffusion coefficient in a time-fractional diffusion equation,
Math. Comput. Simulat., 2018, 151(0), 77-95.

F. Yang, H. Wu and X. Li, Three reqularization methods for identifying the initial value of
homogeneous anomalous secondary diffusion equation, Math. Method. Appl. Sci., 2021, 44(17),
13723-13755.

F. Yang, H. Wu and X. Li, Three reqularization methods for identifying the initial value of time
fractional advection-dispersion equation, Comput. Appl. Math., 2022, 41(1), 1-38.

F. Yang, J. M. Xu and X. X. Li, Regularization methods for identifying the initial value of time
fractional pseudo-parabolic equation, Calcolo, 2022, 59(4), 47.

F. W. Liu, V. V. Anh, I. Turner and P. Zhuang, Time fractional advection-dispersion equation,
J. Appl. Math. Comput., 2003, 13(1), 233-245.

G. 1. Barenblatt, Y. P. Zheltov and I. N. Kochina, Basic concepts in the theory of seepage of
homogeneous liquids in fissured rocks, J. Appl. Math., 1960, 24(5), 1286-1303.

Z. 7. Zhang, W. H. Deng and H. T. Fan, Finite difference schemes for the tempered fractional
Laplacian, Numer. Math. Theory Method. Appl., 2019, 12(2), 492-516.

29



	Introduction
	The solution of the problem (1.1) and the result of conditional stability
	Quasi-boundary regularization method and its convergence estimation
	The convergent error estimate with an a priori parameter choice rule
	The convergent error estimate with an a posteriori parameter choice rule

	Fractional Landweber iteration regularization method, Landweber iteration regularization method and their convergent estimations
	The convergent error estimate with an a priori parameter choice rule
	The convergent error estimate with an a posteriori parameter choice rule

	Numerical implementation
	Conclusion

