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RELATIONAL GERAGHTY CONTRACTIONS
WITH AN APPLICATION TO A SINGULAR
FRACTIONAL BOUNDARY VALUE
PROBLEM*
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Abstract In this article, we present some results on fixed points employing
relational Geraghty contractions in the setting of metric space endued with
a class of transitive binary relations. Our results complement, sharpen and
improve several fixed point results of literature. By means of our findings,
we discuss an existence and uniqueness theorem regarding the positive solu-
tions of certain boundary value problems associated with a singular fractional
differential equations.
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1. Introduction

Banach Contraction principle (abbreviated as: BCP) is one of the fundamental and
powerful results of metric fixed point theory. Within the foregoing centaury, this
key result has been generalized by various authors employing different approaches.
In 1973, Geraghty [17] obtained a natural extension of BCP by introducing a new
family of test functions. Following Geraghty [17], & will indicate the collection of
functions « : [0,00) — [0,1) verifying

at,) > 1=1t, = 0.

Typical examples of such functions are a(t) = €' and a(t) = 1/(1+1t). Using above
family, Geraghty [17] proved the following variant of BCP.

Theorem 1.1. [17] If (Z,0) remains a complete metric space, T : Z — Z is a
map and 3 o € S verifying

o(Tz,Tu) < alo(z,u)o(zu), VzuclZ,

then T possesses a unique fixed point.

Alam and Imdad [1] presented a new variant of BCP in the framework of rela-
tional metric space. Afterwards, lots of fixed point results are obtained by many
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researchers (cf. [2-5,9,12,16]). In such results, the underling contractions are de-
sired to satisfy for only comparative pair under the given binary relation. Because
of the limiting nature, such results can be utilized to determine the unique solu-
tions of special types of matrix equations, integral equations and ordinary differ-
ential equations, whereas classical fixed point theorems cannot be utilized. Several
authors also studied for finding the unique solutions of certain fractional differen-
tial equations (abbreviated as: FDE) employing the certain fixed point theorems,
e.g., [6,10,11,18,21].

The goal of the present paper is to prove the fixed point results for relational
Geraghty contractions and to utilize these results in solving a boundary value prob-
lem (abbreviated as: BVP) associated with a FDE satisfying certain additional
conditions. Intending to explain our finding, we incorporate an example.

2. Preliminaries

Throughout the paper, the set of: real numbers and natural numbers will be repre-
sented by R and N, respectively. Moreover, we’ll write Ng := NU {0}. Given a set
Z, any subset of Z? is named as a binary relation (or, a relation) on Z. Suppose
that Z remains a set, 7 : Z — Z is a map, S remains a relation on Z and o is a
metric on Z. We call that:

Definition 2.1. [1] The elements z,u € Z are S-comparative if (z,u) € S or
(u,z) € 8. Such a pair is often denoted by [z,u] € S.

Definition 2.2. [20] The relation S71 := {(z,u) € Z%: (u,2) € S} is inverse of S.
Definition 2.3. [20] The symmetric relation described by S* ;== SUS™! is sym-

metric closure of S.

Definition 2.4. [3] S is locally T-transitive if for any S-preserving sequence
{zn} C T(Z) (having the range Y = {2, : n € N}), S|y remains transitive.

Definition 2.5. [1] A sequence {z,} C Z satisfying (2, 2n+1) € S, V n € N, is

S-preserving.

Definition 2.6. [1] S is T-closed if for all z,u € Z verifying (z,u) € S, we have
(T2,Tu) €S.

Definition 2.7. [13] Given z,u € Z, a subset {wop,w1,...,we} C Z is a path with
length £ in S between z to u if wyg = z, wy = v and (wj,wit1) €S, 0<i<Ll—1.

Definition 2.8. [3] The set Y C Z is S-connected if any two elements of Z joins
a path in S.

Definition 2.9. [13] Given Y C Z, the relation S|y on Y is the restriction of &
on Y, whereas
S|Y =8NY?2.

For every fixed zg € Z, the set O (zp) := {T"% : n € N} is termed as the orbit
of zo. If T is known, then we write O(zp) instead of O7(zp). A sequence is referred
as a T-orbital sequence if its range is O(z) for some z € Z (c.f. [9]). In what follows,
Z(0,S8) denotes the set of T-orbital S-preserving sequences in Z. We call that:
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Definition 2.10. [9] (Z,0) is (O, S)-complete metric space if any Cauchy sequence
in Z(O, S) converges.

Definition 2.11. [9] 7 is (O, S)-continuous map at z € Z if for each sequence
{2z} C Z(0O,S) verifying z, = z, one has T (2,) = T (2).

Definition 2.12. [9] S is (O, 0)-self-closed if for each sequence {z,} C Z(O,S)
verifying z, = z, 3 a subsequence {z,, } satisfying [2,,,2] € S,V k € N.

In Definitions 2.10,2.11,2.12, if the orbital concepts are ignored then we get
the Definitions of ‘S-complete metric space’, ‘S-continuous map’ and ‘o-self-closed
relation’ respectively (cf. [2]).

Remark 2.1. [1] (z,u) € 8% < [z,u] € S.
Proposition 2.1. [3] When S is T -closed, S is also T"-closed, ¥V n € Ny.
Proposition 2.2. For every a € G, the following are equivalent:

(D) o(TzTu) <alo(z,u))o(z,u), V z,u € Z with (z,u) € S.

(I1) o(T 2, Tu) < ao(z,u))o(z,u), V z,u € Z with [z,u] € S.

Proof. The result (I) = (II) is straightforward. On the other hand, the conclu-
sion (II) = (I) is immediate owing to symmetric property of metric o. O

3. Main Results

We shall prove the results on the existence and uniqueness of fixed point under
relational Geraghty contraction.

Theorem 3.1. Let (Z,0) be a metric space endued with a relation S while T : Z —
Z a map. Moreover, suppose that

(a) (Z,0) is (O,S)-complete,

(b) S is locally T -transitive and T -closed,

(c) 3 (o € Z such that ({o, T (o) €S,

(d) T remains (O,S )-continuous, or S is (O, 0 )-self-closed,

(e) 3 o € & wverifying

o(Tz,Tu) < alo(z,u)o(z,u), V z,u€Z wih (z,u) €S.
Then, T admits a fized point.
Proof. In lieu of (c), we have {y € Z. Define the following sequence {(,} C Z:
Cn:=T"(Co) =T ((n-1), YneNl (3.1)
Owing to assumption (c), 7-closedness of S and Proposition 2.1, we obtain
(Tn<07 Tn+1<0) € 87

which using (3.1) becomes

(Cn7€n+1) S S, Vne No. (32)
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Therefore, {¢,} is a S-preserving sequence.
Write 0, := 0(p, (nt1). Using (3.1), (3.2) and condition (e), we obtain

J(TCna T<n+1)
(0 (Gns Cnt1)) 0 (Cns Gnt1) (3.3)
(G Crt1)

0(Cnt1,Cnt2) =

<
<

so that
On41 S On.

Thus, {o,} is a monotonic decreasing sequence. As it is also bounded below, we
have lim o, =r > 0. We assert that » = 0. For if » > 0, then by (3.3), we have
n—oo

On+1

< n)s :1723"'
p <a(on), n

implying thereby nh_)rréo a(oy,) = 1, which contradicts to o, — r # 0. Therefore, we

have

lim o, = 0. (3.4)

n— 00

Now, we claim that {(,} is Cauchy. On the contrary, suppose that

lim supo((n,(m) > 0. (3.5)

m,n—oo

Using triangle inequality, we get

O(Cnv Cm) < U(Cm Cn-i—l) + U(Cn+17 Cm-‘rl) + O(Cm+17 Cm) (3'6)

By (3.1), (3.2) and locally T-transitivity of S, we obtain ((y, () € S. On applying
the contractivity condition (e), we get

U(CnJrla <m+1) - U(T<n7 TCm) S CV(O'(Cn, Cm))a(Qh Cm) (37)
From (3.6) and (3.7), we have

(s Gm) < [1 = (0(Gas G))] ™ [0/(Grs G1) + 0 (Gt G-
Making use of (3.4) and (3.5), we find

lim sup[1 — (0 (Gay Gu))] ™ = o5,

m,n— oo

implying thereby lim sup a(o((n, Gn) = 1. Further as o € &, we have limsup 0((y, G ) =

m,n— oo m,n— 00

0, which is a contradiction. Therefore, {(,} is Cauchy. Since {(,} is also T-orbital
and S-preserving, therefore using (O, S)-completeness of Z, we can find z € Z such
that Cn L) z.

Finally, we conclude the proof utilizing the assumption (d). Assume the map
T is (O,S8)-continuous. As {(,} remains T-orbital and S-preserving satisfying
G = 2, by (O, S)-continuity of T, we get ¢, 1 = T(Cn) — T(2). By uniqueness
of convergence limit, we obtain 7 (%) = Z.
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Otherwise, let S be (O, o)-self closed. As {(,,} remains T-orbital and S-preserving
satisfying ¢, —— 2, 3 a subsequence {(,, } of {¢,} such that [¢,,,2] €S, V k € N.
By condition (e), Proposition 2.2 and [(,, ,Z] € S, we get

o (Cng+15 TZ) = J(Tcnk ,TZ)
< a(0(Cny., 2))0 (G 2)
< 0(Gur» 2)-

Making use of limit in above inequality and due to ¢, -2, z, we obtain Crp+1 =
7 (2). By uniqueness of convergence limit, we conclude that 7(z) = z. Thus, Z
remains a fixed point of 7. O

Theorem 3.2. Under the assumptions of Theorem 3.1, if T(Z) is S*-connected,
then T admits a unique fixed point.

Proof. Following Theorem 3.1, if 3 z, u € Z verifying
T(z) =z and T () = a. (3.8)

Since z,u € T (Z), therefore by S*-connectedness of 7(Z), 3 a path {wo, w1,wa, ...,ws}
with length ¢ in §° between Z to @ so that

wo = Z,wy = @ and [wj,wiy1] €S, foreach 0 <i< ¢ —1. (3.9)
As S is T-closed, we find
[T"w;, T"wiz1] €S, VneNgand foreach 0 <i</{—1. (3.10)

Let us denote ‘
Ty = o (T wi, T wit1).

We shall show that

nl;rrgo T, = 0. (3.11)
If for some ng € Ny, 75, = o(T"w;, T™wir1) = 0, then we have 7™ (w;) =

T (wi1), which yields that 7" (w;) = 7™+ (wiy1) and hence we obtain 7, |, =

o (T, T e 1) = 0. Using induction, we obtain 7. = 0V n > ng, implying

thereby lim 7. = 0. Otherwise, we have 7. > 0, ¥V n € Ny. In this case, by (3.10)
n—oQ

condition (e) and Proposition 2.2, we find

TriH-l — U(Tn+le,7-n+1wi+1)
< a(o(T"wi, T"wir1))o (T wi, T"wit1)
= a(r,)7, (3.12)

n n

1
<7,

Thus for each 0 < i< ¢ —1, {r}} is a monotonic decreasing sequence. As it is also
bounded below, we have lim 7. = ¢ > 0. Suppose that ¢; > 0. From (3.12) we

n—oo
have

Tj .
2 <o), n=1,2,---.
7
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The above inequality implies that lim a(7l) = 1. Further as a € &, we obtain
n—oo

€; = 0. Thus in all, (3.11) is verified for each 0 < i < ¢ — 1. By triangle inequality
and (3.11), we conclude

o(z,u) = o(T"wo, T"we)
< TS+T§L+--~+T£71
—0asn— o

implying thereby z = u. Therefore, S possesses a unique fixed point. O

4. Applications to Fractional Differential Equations

Let us consider the following singular fractional three-point BVP:

{@g+u(5) +
v(0) =2'(0

(s, 0(5)) W
)= |

0, Vse(0,1),
:'[}/(0): 5

V(1) = \"(7),

where 3 <k <4, 0 <~y <1, My 3 <1landh:|0,1] x[0,00) — [0,00) remains
continuous.

As usual, the classical gamma function and the classical beta function will be
represented by I'(-) and B(-,-) respectively. Motivated by [19] and [15], we shall
compute the unique positive solution of (4.1) under the assumption that h is singular
at s =0 (i.e., l_igl+ h(s,-) = 00).

S

Definition 4.1. [14] Given a real valued function ¢ defined in (0, o), the Riemann-
Liouville fractional integral of ¢ of order x > 0 is

1

35-006) = 5 / (s — e () e,

for which R.H.S. is pointwise defined on (0, 00).

Definition 4.2. [8] Given a real valued function ¢ defined in (0, 00), the Riemann-
Liouville fraction derivative of ¢ of order k > 0 is

Here n = [k] + 1 and [k] represents the integer part of k.

Lemma 4.1. [8] Ifv e LY(0,1)NC(0,1) and x > 0 then the FDE
Dirv(s) =0
admits a unique solution of the form:
v(s) = a1s"t Fags" 2 4 Fa,s"T",

where a; € R (i=1,2,...,n) and n = [k] + 1.
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Lemma 4.2. [§] If v € L*(0,1) N C(0,1) has a ™ order fractional derivative
(where k> 0) which also belongs to L*(0,1)NC(0,1), then Ja; € R (i =1,2,...,n)
verifying

I Dhv(s) = v(s) +ars™t +ags™ 24 4 a8t

where n = [k] + 1.
Employing the Lemma 4.2, Liang and Zhang [19] proved the following result.
Lemma 4.3. [19] The BVP

Doyv(s)+ f(s) =0, 0<s <1,

v(0) =2'(0) =v"(0), v"(1) = M (v), (4.2)

where 3 <k <4, 0 <y <1, M3 <1andf:[0,1] — [0,00) remains continuous,
admits a unique solution of the form:

! As" T
= [ g0 + (o | M€

where
A 9 e O
G(s,€) = T(x) ,0<E<s <1,
| g 0<s<¢e<1
W7 <s< f <
and
M) P90 IR0 -0 - (e — ) 0 e <1,
> Eo s (=, 0<s<E<t

Remark 4.1. Under the hypotheses of Lemma 4.3, G and H admits the following
properties:

e § remains continuous on [0, 1] x [0, 1],

* G(5,6) >0
e G(s,1) =0,

© e Jo 6(5.9)d¢ = a5ty

k=3 K— _
o Jo H(y,§)ds = T 00=

Lemma 4.4. [15] Assume 0 < p <1, 3 < k <4 and F : (0,1] — R remains
continuous such that lim F(s) = oo. If the function s?F(s) is continuous on [0, 1],

then oo )
5) = / G(s, &) F(€)de (4.3)

is also continuous on [0,1], whereas G(s,£) remains the Green’s function given in
Lemma 4.5.
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Lemma 4.5. [15] Assume 0 <p <1, 3<k <4, 0<By" 3 <1, and F remains
a continuous real function defined on (0,1] for which lim F(s) = oo. If sPF(s)

s—0+t
remains a continuous function on [0,1], then
Bs"~ /
= 4.4
N(s) (Hiwig T ), HOOF© (4.4)

is also a continuous function on [0,1], whereas H(s,&) is the function given in
Lemma 4.5.

Remark 4.2. [15] The function H(s, &) (given in Lemma 4.3) defined by

(r=1)(k—=2) K—3 _ K—3 __ _ K—3
H(S,f) _ T(x) [ (1-9) (s—=¢) ] , 056 <s<1, (4.5)
(D) (1 — )3, 0<s<E<l,

is continuous on [0,1]2. Also, we have H(s,£) >0

For 0 < s < ¢ < 1, obviously one has H(s,£) > 0. Also in case 0 < ¢ < s <1,
we have

His,) = “ SR [0 (-0
SRS 1)(/(_,3 ) [(s —ts)" % = (s = )" 7*] > 0.

This shows the nonnegative character of H on [0, 1]2.
Lemma 4.6. [15] If0 < p <1, then

sup/g OEPdE = (81— pr—2) ~ B0~ p.s),  (46)

0<s<1 ( )

whereas G(s,&) remains the Green’s function given in Lemma 4.3

Lemma 4.7. [15] If0 < p < 1, then

! k—1(k—2
/ H(PYa f)gipdg = w (7573 - 7N7P72ﬂ(1 — PR = 2)), (47)
0 I'(k)
whereas H(s, &) remains the function given in Lemma 4.3
Remark 4.3. Denote
_ 1 BT =y
&= | (1+ X

In what follows, by ¥, we denote the family of functions ¥ : [0,00) — [0, 00)
verifying that:

)ﬁ(l_pﬂ%_Q)_ﬁ(l_pv’%) .

(i) v is monotone increasing,
(i) ¥(t) <t, Vt>0,
(iii) V t € (0,00), a(t) := 9 (t)/t, where a € &.



Relational Geraghty Contractions with an application to a singular fractional boundary value problem9

Now, we’ll show the main result of this section.

Theorem 4.1. Let 0 < p <1, 3 <k <4, 0<vy<1 0< M3 <1 Also,
suppose that h : (0,1] x [0,00) — [0,00) remains a continuous function verifying
limJr h(s,-) = oo and that sPh(s,y) is continuous on [0,1]x[0,00). If30 < u < 1/K
5s—0

and ¢ € U such that V x,y € [0,00) verifying x >y and ¥V s € [0, 1], one has
0 < s”[h(s,x) = h(s,y)] < pp(z —y), (4.8)
then BVP (4.1) has a unique positive solution.

Proof. Consider the following metric on Banach space CJ0, 1]

o(z,u) = sup |z(s) —u(s)|.
0<s<1

Define the cone
Z={z€cC[0,1] : z(s) > 0}.

On Z, consider the relation
S ={(z,u) € Z*: 2(s) < u(s), for each s € [0,1]}.
Now, define the map 7 : Z — Z by

Ast T
(k=1)(r—2)(1

We'll now verify all the hypotheses of Theorems 3.1 and 3.2.

9= | s omie. (s + o | MO one @

(a) Clearly, Z being a closed set of C[0, 1] forms a complete metric space under the
metric o and hence an (O, S)-complete metric space.

(b) Take (z,u) € S implying thereby z(s) < u(s), for each s € [0,1]. Consequently,
we have

' )\s
9= [ 6.9 2@ + i [ MO €

1
_ / G(s, €)EPEP h(x, 2(€))de

Asﬁ—l

+ (Iﬁ) _ 1)(% _ 2)(1 _ )\,yﬁfg) /(; H(,%f)g—pfph(f’ Z(é-))dg

1
< / G(s,)E~PEPh(E, u(€))de
0

Asn—l

(k—1)(rk—2)(T = A3 /0 H (7, )& PEh(E ul(€))dE

Am—l 1
/ G5, (€. uO)E + T | MO ©hle u(€)de

_|_

yielding (7 z, Tu) € S. Therefore, S is T-closed.
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(c) Let 0 € Z be zero function. Then for each s € [0, 1], we have 0(s) < (70)(s)
yielding thereby (0,70) € S.

(d) Let {z,} C Z be an T-orbital S-preserving sequence converging to z € Z. Then
vV s € [0,1], {z,(s)} is an increasing sequence of reals converging to z(s). This
implies that V n € N and V s € [0,1], z,(s) < z(s) so that (z,,2) € S, Vn € N.
Consequently, S remains (O, o)-self-closed.

(e) Take (z,u) € § implying thereby z(s) < u(s), for each s € [0,1]. Thus

o(Tz,Tu) = sup |(Tz)(s) = (Tu)(s)| = sup [(Tu)(s) = (T=)(s)]

0<s<1 0<s<1
s [ / G(s, ) (h(€, ul€)) — h(, 2(£)) dé
0<s<1
+(H71)( 1iwg /mg (6 u()) = h(&, =(€)dg
< sup / G(s, )& PEP [h(€, u(©)) — h(&, 2(€))]de
0<s<1
A

+ /0 H(y, )€€ (€, u(€)) — h(€, 2(€))]de

(k= 1Dk =2)(1 = Ay"=3)

1
< sup / G (s, )6 b (u(€) — 2(€))de

A
(k= 1)k = 2)(1 = Ay*3)

+ / H(y, )6 pp(u(€) — 2(E))de.

Using increasing property of 1, above relation becomes

(T2, Tu) < (o sup / G(s, )¢ Pde

O<s<0

+

(K’_l)(l{_Q)(l_A’yK— )/“/J U’U /'H’y, gpdg

= [sup/g EPde
0<s<0

A —P
+(ﬁ — 1)k —2)(1 — Myr3) /O H(v,€)E d§:| . (4.9)

Using Lemmas 4.6 and 4.7, (4.9) reduces to
1 A

(T ) <yl (evn) | s (L= e =) = L= po) 4 (s =y

(=D oy
Xg;g@ﬁggwy ! )]

= (o (=) [F(lﬁ)wu k=2 = 81— p.r))

AP =2
(1= M"=2)0(k)

+ 5(1—;;,&—2)]
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— wttote) [ [ (14 25 ) s - -2 - - |

= pp(o(z,u)) K.

As 0 < p < 1/K, the last inequality becomes

o(Tz,Tu) < pp(o(z,u)K <(o(z,u)). (4.10)

If z # u, then (4.10) can be expressed as
o(Tz,Tu) <

so that
o(Tz,Tu) <alo(z,u))o(z,u), VY zueZwith (z,u) €S.

In case z = u, above inequality is obviously satisfied.

All assumptions of Theorem 3.1 thus hold; subsequently 7T possesses a fixed
point. Choose z,u € T(Z). Define w := max{z,u} € Z. Then {z,w,u} forms a
path in 8% from z to u. It follows that 7 (Z) is S*-connected. Consequently in view
of Theorem 3.2, the fixed point of T, say ¥ € (Z, remains unique, which indeed
forms a unique nonnegative solution of BVP (4.1).

Finally, we shall have to prove that v is a positive solution. On contrary, suppose
that 3 0 < s* < 1 verifying 9(s*) = 0. As, the nonnegative solution v of (4.1)
remains fixed point of T, we have

= [ G O e + e | e OnE T

In particular, we have

= [ gt oner@st s 20 [ one s =o.

As both summands in RHS are nonnegative, by Remarks 4.1 and 4.2, we get
1
/ G(s*,€) - h(&,v(8))dE = 0,
0

1
| o9 nesenac ~o.
Due to nonnegative character of G(s, &), H(v,&) and h(&,v), we get

G(s*,€) - h(&0(§)) =0, ae. (£),
H(v,€) - h(&0(8)) =0, ae (§).

Using the fact li%1+ h(s,0) = 0o, it follows that for given M > 0, 3 § > 0 such that
S—r
h(,0) > M, for every £ € J :=[0,1] N (0, ). Note that

JC{E€0,1]: h(&,x(§)) > M}

(4.11)
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and
m(J) > 0,

where m remains the Lebesque measure. Therefore, (4.11) gives rise to

{wfﬁﬁw,a&(&
H(7,6) =0, ae. (€

which arises a contradiction as G(s*,£) and H(v,£) are rational functions of &.
Consequently, we have (s) > 0 for all s € (0,1). This completes the proof. O

5. An Illustrative Example

Now, we present an example intending to illustrate Theorem 4.1. Before consider
this, we are required to prove some results on hyperbolic tangent function. Let us
recall some definitions.

Definition 5.1. A function ¢ : [0, 00) is called subadditive if
C(t+t) <Ct)+¢(t), Vit e[0,00). (5.1)
e.g., the square root function ¢(t) = v/t is a subadditive function.

Remark 5.1. If ¢ : [0,00) — [0, 00) is subadditive and ¢t > ¢/, then

¢(t) = (') < ¢t —t).
Obviously, we have
() =¢t—t'+t) < ¢t —t) +{(t)

so that

() —Ct) <t =t
Definition 5.2. We call that a function ¢ : [0,00) — [0, 00) is concave if for each
A€ 0,1].

CE+ (1 =N)t) = X)) + (1 = A)¢(EF), Vit €[0,00).

Proposition 5.1. Assume that ¢ : [0,00) — [0,00) is a concave function such that
¢(0) = 0. Then ¢ remains subadditive.

Proof. Take t,t' € [0,00). As ( is concave and ((0) = 0, we have

t/ t , t/ t N ,

o0 =¢ (04 gt ) 2 e+ Sple+ 1) = (e 1)
n t t/ , t t/ N t/ ,
6(0) =€ (0 + ot £)) 2 €0+ oGl 1) = Hcle+0),

Adding above, we get

/

Ct)+¢t') > Ct+t) =Ct+1).

i+t

t
t+t
Ct+ )+t+t’



Relational Geraghty Contractions with an application to a singular fractional boundary value problem13

Lemma 5.1. The hyperbolic tangent function ((t) = tanht verifies the following
properties:

(i) Ce .
(i) ¢ is subadditive.
Proof. (i) By definition, we have

sinht (¢! —e™%)/2  e* -1

tanht = = =
o cosht (et+e7t)/2 ¥ +41

so that ((t) = %=L, Now, as ¢'(t) = 4e2/(e2t +1)2 > 0, V¢ > 0, ¢ is mono-

21

tonic increasing. Also, the function 6(t) = ¢ — tanht = t — Zz—j& has as deriva-
2 2

tive 0'(t) = E;:%B >0, V¢ >0. It follows that 6 is strictly increasing on

(0,00). As 6(0) = 0, we have 0 = 0(0) < ¢(t), V¢ > 0. Consequently, one has
¢(t) =tanht <t, Vi¢>0.

Next, we verify that a(t) = tanht/t € &. If a(s,) — 1, then we shall have to
verify that the sequence {s,} must be bounded. Let on contrary s, — oco. Then

we have
tanh s,

a(sy) = -0
Sn
which contradicts the fact that «(s,) — 1.
Now, we assume that «(s,) — 1 and s, — 0. Then, 3 £ > 0 such that for every
n € N, we can find 7,, > n verifying 7, > €. As the sequence (s,) is bounded (due
to A(sp) — 1), 3 a subsequence of s, (denoting in same way), verifying s, — [.
Since a(s,) — 1, therefore we get

als,.) = tanh s, o tanh/ _

Sonm l
As tp = 0 remains the (unique) solution of tanht = ¢ on [0,00), we have [ = 0.
Hence, s,, — 0, which yields that 3 ng € N verifying s, < e for n > ng. This con-
tradicts s,, > ¢, V n € N. Thus, s,, — 0. This concludes that a(t) = tanht/t € &

and hence ¢ € .

(ii) As tanh0 = 0 and (tanh¢)” = % < 0, V¢ > 0. This implies that
¢(t) = tanht is concave tanh 0 = 0. Consequently by Proposition 5.1, {(t) = tanht
is subadditive. O

Remark 5.2. Owing to Remark 5.1 and item (ii) of Lemma 5.1, V ¢,¢ € [0,00)
with t > t/, one has
tanht — tanht’ < tanh(t —t'). (5.2)

Example 5.1. Let us consider the following singular fractional BVP:

w(s% + 1) tan ho(s)
st/2

@gfv(s) + =0,0<s<1,
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Here, p=1/2, y=1/4, A =1 and x = 7/2. Also, we have
h(s,z) = u(s* + 1) tanhz/s?, V¥ (s,z) € (0,1] x [0, 00).

Clearly, h is continuous in (0, 1] x [0, 00) and hrn+ h(s,+) = oo.
s—0
Now, we shall verify that h satisfies assumptions mentioned in Theorem 4.1.

Clearly, the function s'/2h(s,z) = u(s® 4+ 1) tanh 2 remains continuous on [0, 1] x
[0,00). Also, by Lemma 5.1 and Remark 5.2, for all z > y and s € [0, 1], we have

0 < st/? [h(s,x) — h(s,y)]

= pu (s> +1) (tanhz — tanhy)

< pu(s®+ 1) tanh(z — )

< 2utanh(z — y),

where the function ((¢) = tanht belongs to & (due to Lemma 5.1). Now,

o< L r(7/2)
K 14 (/Y2 —1/4) /(1= (1/49)12)] - B(1/2,3/2) — B(1/2,7/2)
= u < 15\/7/7.

Thus, in view of Theorem 4.1, BVP (5.3) enjoys a unique positive solution for
w < 15/7/7.

6. Discussions

This article concludes the results on fixed points employing relational Geraghty con-
tractions in the setting of metric space indued with a locally 7T-transitive relation.
Under full relation S = Z2, Theorem 3.2 deduces Theorem 1.1. In case S == (a
partial ordering), Theorems 3.1 and 3.2 deduce the fixed point theorems of Harandi
and Emami [7]. For a(t) := $¢(t) for ¢ > 0, where ¢ is comparison function, our
results reduce to corresponding results of Arif et al. [16]. Furthermore, our results
sharpen the recent results of Almarri et al. [12] in the following respects:

e ‘S-completeness’ of metric space is replaced by ‘(O, S)-completeness’;
e ‘S-continuity’ requirement on map is replaced by (O, S)-continuity’;

e ‘o-self-closed relation’ is replaced by ‘(O, o)-self-closed relation’.

7. Conclusions

In the hypotheses of our results, the orbital as well as relational analogues of fre-
quently used metrical concepts are adopted. In practice, we determined a unique
positive solution for certain singular nonlinear FDE prescribed by three-point bound-
ary conditions, which shown the efficiency of our findings. Using our results, we
deduce several known fixed point theorems, which substantiates the utility of our
results over certain existent results in the literature. Inspired by the novelty of the
relation metric space, in future, readers can prove the same results for different
types of contractions or in the frameworks of generalized metrical structures (e.g.,
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dislocated space, symmetric space etc).
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