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Abstract: This paper presents a model for echinococcosis which incorporates
stochastic reaction diffusion, impulse, and time-varying delay. First, the existence
and uniqueness of global positive solution is proved through the construction of
a Lyapunov function. Then, by applying the bounded impulse interval method,
several sufficient conditions for finite time stability(FTS) are obtained. Finally,
from the angle of cost-benefit, the issue of optimal control of echinococcosis is
presented with the aim of minimizing infection and controlling costs. The validity

of the analytical results is verified by numerical simulations.
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1 Introduction

Cystic echinococcosis, also known as hydatid disease, is a zoonotic parasitic disease

caused by infection with a species complex centred on echinococcus granulous. It is
widely distributed on all continents except Antarctica. There can be more than 50 cases

of human cystic echinococcosis per 100, 000 people annually and prevalence rates range

from 5% — 10% in certain regions of Argentina, Peru, East Africa, Central Asia [1].
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Particularly in China, cystic echinococcosis (CE) has been reported from 22 provinces,
autonomous regions and municipalities which was caused by echinococcus granulosus
and echinococcus multilocularis [2,3]. The main endemic areas are in the western
provinces, such as Xinjiang, Qinghai and Tibet [4], where the widely developed livestock
industry has maintained a stable transmission cycle of echinococcus granulosus. The
number of domestic animals being faced with the infection of echinococcosis is more
than 10® in which the amount of dogs is at least 5x10° [5]. Because of its wide prevalence
and serious harm, the spread of echinococcosis has attracted extensive attention in the
world. The study on the endemic areas, influencing factors and transmission mechanism
of echinococcosis has been a hot topic in recent decades.

Various mathematical models have played an important role in exploring the trans-
mission of echinococcosis. Most of the work focuses on statistical models to study the
echinococcus granulosus [6-12]. For example, Gemmell et al.[6] and Roberts et al.[7]
constructed a mathematical model of the life cycle of echinococcus granulosus in dogs
and sheep in New Zealand and used it to discuss previously published experimental
and survey data. Wang et al.[13] presented a new echinococcosis model drived by ordi-
nary differential equations for predicting the epidemic trend of echinococcus in Xinjiang
Uygur Autonomous Region of China. Liu et al.[14] presented a time-delayed echinococ-
cosis transmission model to explore effective control and prevention strategies. Xu et
al.[15] established a reaction diffusion equation with time delay to describe the trans-
mission mechanism of echinococcosis. However, these papers mentioned considering
constant delay. In the reality of biology, the delay is influenced by various factors such
as season and so on. Therefore, the delay in penetration is time-dependent and the
introduction of time-varying delay makes more practical sense in the echinococcosis
system. On the other hand, the infectious disease system is often disturbed by human
activities such as vaccinations and deworming treatments. These phenomena can be
more precisely depicted using impulse differential equations. Some results were pre-
sented on modeling impulsive infectious disease systems|16-18|. Such as zhang et al.[16]
established a mathematical model that incorporates periodic transmission and impulse
intervention to describe the transmission dynamics of echinococcosis and explored the
effectiveness of prevention and control measures.

It is well-known that various environmental factors can influence the spread of
disease. Such as extreme climate, seasonal changes, and sunshine duration can affect
the survival of parasitic eggs and the activity and efficacy involved in their dispersal.
Hot and dry weather can shorten the lifespan of the eggs but increase their chances

of dispersal. Some research has already been conducted on the impact of noise on the



spread of diseases[19,20]. For example, Tornatore et al. [19] discussed the asymptotic
stability of the disease-free equilibrium of a stochastic SIR model. Gray et al. [20]
considered a stochastic SIS model and studied the stationary distribution in the case
of disease persistence. However, there have been few studies that incorporate stochastic
factors into the analysis of the dynamic behavior of cysticercosis systems.

In recent decades, scholars have conducted research on the long-term dynamic be-
havior of echinococcosis. However, when an infectious disease outbreak occurs, our
goal is to control the spread of the disease within a limited time. The study of FTS
in diseases is a very intriguing topic. Finite-time stability means that when a disease
outbreak occurs, for a finite period of time, the population size is controlled within a
certain range. The study of finite time stability helps the government and health de-
partments formulate targeted interventions to block the chain of disease transmission
in a timely manner and to safeguard people’s health and safety. In summary, the study
of finite time stability is of great significance in epidemiology. Clearly, F'T'S of the sys-
tem does not imply asymptotic stabilization. Similarly, if the system is asymptotically
stabilised, its state value may surpass a certain threshold within a finite time period.
Moreover, for certain complex systems where the equilibrium point is not easily deter-
mined, as a result, the asymptotic stability of the systems cannot be ensured, despite
the system can maintain a good performance in a finite time interval. This has been
explored in other areas of research [21-23] but has not been specifically studied in the
context of echinococcosis. Therefore, in this paper, we considered stochastic factors
based on the model proposed by Xu et al. [15]. The existence and uniqueness of global
positive solution is proved through the construction of a Lyapunov function and the
FTS of the system is discussed using the stochastic comparison principle. From anoth-
er perspective, determining the optimal control strategy for echinococcosis to balance
costs and benefits due to limited resources is also an important and meaningful issue.
To sum up, our primary contributions are outlined as follows:

e We introduce a time-varying delay impulsive stochastic reaction-diffusion model
for echinococcosis, which extends the work in references [14, 15, 16].

e The theoretical results provide sufficient conditions for finite-time stability, which
reflect the effects of diffusion, delay, impulse, and noise disturbance.

e Control strategies are applied to impulse stochastic echinococcosis systems with
delay, such as vaccination, deworming therapy, and cleaning the environment. An ex-
plicit expression for the optimal control is obtained through the principle of minimum.

The remaining structure of this paper is organized as follows. In Sect. 2, a stochastic

reaction diffusion echinococcosis system is constructed with impulse and time-varying



delay. According to an equivalent system, Section 3 yields the well-posedness of positive
solution of the system. In Sect. 4, the sufficient conditions associated with white noise,
impulse, and time-varying delay for the FTS are presented. In Sect. 5, we investigate
the optimal control problem for the echinococcosis system using the minimum principle.
In Sect. 6, the theoretical results are illustrated through a numerical simulation. The

last section gives the conclusion of this paper and discusses further work.

2 Model derivations

In this part, the hydatid transmission model can be descried by Xu et al. [15] as

follows:

;

%Sl(t, .T) = dlAsl(t,ﬁ) —+ Al — ﬁlsl(t,ﬂf)fg(t, ZC) — ,ulSl(t, LU) -+ ’)/1[1<t,13),
%El(t, .T) = dQAEl(t, ZL’) + 5151(75, l’)[g(t, I) - ,LLlEl(t, (L’)

— B1S1(t — 7(t), ) I (t — (1), x),
%Il(t, .CC) = dgﬂjl(t, QC) —+ 6151(15 — T(t), l’)[g(t — T(t), x) — (,u1 + 71)[1(15, .Z'),
%Sg(t,x) = d4ASQ(t,.T) + Ag — 5252(t7$)[1(t, (L’) - /,LQSQ(t, I) + 72]2(15,%), (1)
%EQ(L?L’) == d5AE2(t,ZL’) + BQSQ(t,l’)]l(t, l‘) - MQEQ(t, l’)

— PoSa(t — 7(t), z)[1(t — 7(t), z),
DIt x) = dgALy(t, ) + BoSo(t — 7(t), ) 1 (t — 7(1), ) — (2 + 12) L2 (t, ).

\

All parameters are assumed nonnegative. For the definitive hosts population (mainly
the dogs), A; describes the menstrual recruitment rate; u; is the death rate of the
definitive hosts; 7, denotes the recovery rate of transition from infected to susceptible
definitive hosts, including the natural recovery rate and recovery due to anthelmintic
treatment; (151 (t)I2(t) describes the transmission of echinococcosis between suscepti-
ble definitive hosts and infectious intermediate hosts after the ingestion of cyst con-
taining organs of the infected intermediate hosts. For the intermediate hosts, As is
the menstrual recruitment rate; po is the death rate of the intermediate hosts; v, de-
notes the recovery rate of transition from infected to susceptible intermediate hosts;
[2S9(t)11(t) describes the transmission of echinococcosis to intermediate hosts by the
ingestion of echinococcus eggs in the environment. 7(t) is the time needed for eggs
to develop into adult worms. Si(t,z), F1(t,x) and I;(t,x) represent the densities of
the subpopulations of the susceptible, exposed and infected definitive hosts individu-
als at time t and position x € ), respectively. Sy(t,x), Eo(t, ) and I5(t, x) represent

the densities of the subpopulations of susceptible, exposed and infected intermediate



hosts individuals at time ¢ and position x € €2, respectively. The positive constants
d;(i=1,2,3,4,5,6) are diffusion coefficient. A is the Laplacian operator and 02 is the
boundary of € R2.

In this paper, that system (1) satisfies the following initial value conditions:
51(5, x) = ¢51(57 l'), El(sa x) = ¢E1 (57 .Z'), Il<87 .T) = ¢Il (37 .Z'),

SQ(SJ I) = ¢S2(57 I)? EQ(SJ I) = ¢E2(57 SL‘), I2<t7 S) = ¢12 (87 JI), (2>
where ¢;(s,x),i = S1, E1, I1,Ss, Es, I5, are bounded and continuous on [—7,0] x €,
the Neumann boundary condition

851(t,1’) . 8E1(t,x) . 8[1(15,.:1:) N 832<t,$) . aEg(t,$) . 8[2(25,;1:) —0 (3)
on om O O On O

for all (s,z) € (0,+00) x 99, 2 denotes the outward normal derivative on 0. The

Neumann boundary conditions (3) imply that the diseases do not move across the
boundary 0f).

In real life, the incidence of echinococcosis is often influenced by environmental fac-

tors such as seasons and climate change. In some regions, the incidence of echinococco-
sis may be related to specific seasons, for example, during certain seasons, the number
of echinococcosis eggs increases, making it easier to spread the disease between sus-
ceptible individuals and infected individuals. Therefore, considering the disturbance of
incidence rates can enhance the authenticity of models, we assume the incidence rate
is stochastic perturbed. That is 8; — §; + aiBl-(t),i = 1,2, where B;(t) is standard
Brownian motion and o7 > ( represents the intensity of B;(t). By this way, the model
(1) will be deduced to the form:

(dS,(t,x) = [diASi(t,x) + Ay — BiS1(t, 2) I(t, @) — Sy (t, x) + 1L (t, x)]dt
— 0151(t, x) I (t, 2)d By (1),
dEi(t,x) = [do AEL(t, ) + B151(t, 2) [o(t, x) — pr B (¢, @)
— 0151(t = 7(t), 2) Io(t — 7(t), x)]dt + [0151(t, ) I5(t, )
— 0151t — 7(t), ) I5(t — 7(t), x)|dBy (1),
dl(t,x) = [ds AL (t,x) + B1S1(t — 7(t), ) Io(t — 7(t), x) — (1 + 1) L1 (¢, z)]dt
0151t = 7(t), ) L5 (t — 7(t), 2)]d By (1),
dSs(t,x) = [dyASa(t,x) + Ay — B2Sa(t, ) [1(t, ) — peSa(t, x) + volo(t, x)|dt
— 0959t x)[1(t, x)dBs(t),
dEs(t,x) = [ds AEs(t, x) + BoSa(t, x) 1 (t, ) — paEs(t, )
— B9So(t — 7(t), x) [1(t — T(t), x)]dt + [0259(t, x) 1 (t, )
— 095(t — 7(t),x)[1(t — 7(t), x)]dBa(t),
dIy(t,x) = [deAla(t, x) + PoSo(t — 7(t), ) [1(t — 7(t), x) — (12 + Vo) I2(t, x)]dt
0252(t — 7(t), )1 (t — 7(t), )dBs(t).

(4)



To account for the effect of impulsive, we regularly vaccinate the susceptible pop-
ulation of intermediate hosts and the susceptible population of the final host in the
echinococcosis system, while administering deworming treatment to the latent popula-
tion. Vaccination and deworming treatment are considered as impulsive perturbation

and incorporate it into system (4) and derive the follow system.

( dSi(t,x) = [diASL(t,x) + AL — BiS1(t, ) I (t, x) — S (t, ) + v L (¢, x)|dt )
—0151(t, 2) I5(t, x)d By (1),
dE\(t,x) = [de AE (L, x) + f1S1(t, ) Ix(t, x) — pur Er(t, x)
— B1S1(t — 7(t), x)Lo(t — 7(t), x)|dt + [015:1(t, x) L2 (¢, z)
— 0151t = 7(1), 2) (L = 7(1), 2)]dBy(1),
dl(t,x) = [dsADL(t,x) + P1S1(t — 7(t), ) [a(t — 7(t), ) — (1 + 7)1 (¢, z)]dt L4
o151(t = 7(t),2) Io(t — 7(1), 2)]dBi (1), t>0’
dSy(t, ) = [dyASs(t, x) + Ag — BaSa(t, ) [1(t, ) — paSa(t, ) + Yo lao(t, z)]dt fi
— 035y (t, ) 1 (t, 2)dBa(1), ve
dEy(t, x) = [ds AEs(t, x) + PoSa(t, x)[1(t, x) — poFs(t, x)
— B2Sa(t — 7(t), x)[1(t — 7(t), x)|dt + [02S2(t, x) 11 (t, )
— 025(t — 7(t), 2) [1(t — 7(t), 2)]dBa (1),
dly(t,x) = [deAls(t, x) + PoSo(t — (), 2)[1(t — 7(t), x) — (2 + Y2)L2(t, x)]dt
0252(t — 7(t), )1 (t — 7(t), x)dBs(t), )
S1(t,2) = (1 — pux)Sa(tis 1),
Bt 0 = (- pBaien), |,
So(tf,x) = (1 — par) Salts, @), ’
( Ea(ty,x) = (1= par) Ex(t, ),
()
where {t;}(k € N) is impulsive sequence satisfies 0 = ) < t; < to < --- <
t; < -+ as well as limy, oot = 400 and z(t),z) = lim,_, .+ 2(t,x). z(t,z) =

(S1(t,x), Ey(t,x), [1(t, ), Sa(t, ), Ea(t, x), I2(t, x)) is a solution of system (5).
Assign

H = H'(2) = {¢ly € LX)

where gz

where H™' = H~!(Q) denotes the dual space of H. The bracket(-, -) signifies the duality

product between H and H™'. M, = L*([0, +00) x , RS ) represents the set of square

22 € L2(Q),z’ =1,2,3,4,5,6,

integrable functions defined on [0 +00) %2, which is equipped with the norm ||-||, where
lz(t, )| = ([, 2" 2(t,z)dx)2. 2(t,x) = (Si(t, ), By(t, @), [ (t, ), Sa(t, x), Ea(t, x),
L(t,z)). Let (9, .7-", {ft}ogtST, P) be a complete filtered probability apace with a fil-
tration {F; }o<i<7 satisfying the usual conditions of completeness and right-continuity.

E denotes the probability expectation corresponding to P.



Additionally, there are some hypothesis that needs to be given.

(H1) 7(t) is a continuously differentiable time-varying delay with 0 < 7(t) < 7
7 (t) <7 <1forte R, 7T and T are constants.

(H2) pix(i = 1,2,3,4) is impulsive strength. 0 < p; < 1, the impulse interference
indicates the proportion of susceptible populations vaccinated and the proportion of
latent populations treated with anthelmintic. We suppose that 1 — p;, > 0.

Remark 2.1.(H1) implies that echinococcus granulosus eggs have a limited growth
cycle in the host, thus delay is bounded. (H2) is based on the inability of existing

treatments to completely eliminate echinococcosis.

3 Well-posedness

In this section, the well-posedness of the global positive solution (S;(¢, x), F1(t, x),
Li(t, ), Sa(t, x), Es(t, x), I5(t, x)) to the system(5) can be proved. To get the conclusion,

we first give some lemmas and take a close look at the ensuing system:

(dy(t,2) = [di Ay, (t, ) + Ak () — B (¢, x)hﬁ(t)yﬁ(t,x)

— (= In(1 + p1))ya (t, ) + yahy (8 hs(t)ys(t, x)]dt

— o1y (t, ) he()ys(t, ©)dBa(t),
dys(t, x) = [doDya(t, ) + Prhy ' () (8 (¢, 2)he () s (t, )

— (11 = In(1 + pax))ya(t, )

— Bihy () (t = 7()ya (t — 7(t), @) he(t — 7())ys(t — (1), x)]dt

+ [orhy (0 ha (O)ya (E, 2)he(t)ys(t, )

—athy ()t — () ya (t — 7(t), 2)he(t — 7())ys(t — 7(t), 2)]dBi (t),
dys(t,x) = [dsDys(t, x) + Buhg (E)ha(t — 7(8))ya(t = 7(t), ) e (t — 7(1))ys(t — 7(1), )

— (1 +7)ys(t, z)]dt

+orhy (o (t = 7(0)ya(t — 7(t), 2)he(t — 7(8))ys(t — 7(t), 2)dBa (1),
dys(t, z) = [daDys(t, x) + Ashy (1) — Boyalt, x)hg( Yys(t, )

— (pa = In(1 + p3x) )ya(t, @) + by () he(t)ys(t, )] dt

— oaya(t, ) hs(t)ys(t, v)dBa(t),
dys(t,x) = [dsAys(t,x) + Pahs (£)ha(t)ya(t, z)hs(t)ys(t, x)

(t,

H
— (p2 — In(1 + par))ys(t, z)
— Bohg (D) ha(t — 7(8))yalt — 7(t), 2)hs(t — 7(t))ys(t — 7(t), 2)]dt
+ [Uzhfl( Vha(t)ya(t, x)hs(t)ys(t, )
— oohy () ha(t — 7(8))ya(t — 7(t), 2)ha(t — 7())ys(t — 7(t), 2)dBa(t),
dys(t,x) = [deAys(t, ) + Bohg ' (£ ha(t — 7(8))ya(t — 7(t), 2)ha(t — 7(£))ys(t — 7(t), x)

— (2 + 72)ys(t, x)]dt
+ Uthl(t)h4(t —7(1)ya(t — 7(t), x)hs(t — 7(t))ys(t — 7(¢), z)dBa(t), .
6




with initial value
(yl(ov :L'), y2<0’ :L'), y3(07 I)v y4(07 I)a y5(07 :E)a y6<0’ :E))
= (S10(z), E10(2), [1,0(x), S2,0(7), E20(), I20(x)), (7)

and boundary condition

Oy, (t, ) _ 0ys(t, x) _ Jys(t, x) _ Oyy(t, ) _ dys(t, ) _ Jye(t, x)

on on on on on on 0,z €00,t>0,
(8)
where
1,t € [-7,0],
hz(t) = (]- - pik)[t]iat 7é tk7t > 07

(1— pu) Vot =t,i=1,2,3,4.

Obviously, h;(t) are left continuous. In order to study well-posedness of the solution of
system (5), the following lemmas are proposed.
Lemma 3.1. The system (6) described by initial value (7) and boundary condition (8)
can be transformed into an equivalent system (5) represented by boundary condition
(3). The proof of Lemma 3.1 is shown in Appendix A.
Lemma 3.2. For any initial data (S0, E10, 110,520, F20, [20), the solution z(t,z) =
Si(t,x), Ey(t,x), I1(t, z), Sa(t, x), Ea(t, x), Is(t, x)) of system (5), satisfies that

limsup(Si(t, x) + E1(t,x) + I, (t,x) + So(t, x) + Eo(t, z) + I2(t, z)) < B,

t—o00

where B = w and (2| represents the volume of €.
The proof of Lemma 3.2 is shown in Appendix B.
Theorem 3.1. For any initial value (7) and ¢t > 0, system (5) has a unique positive
solution z(t,x).
The proof is given in the Appendix C. This is the basis of the whole paper, which

makes the subsequent analysis meaningful.

4 Finite-time stability

Before giving sufficient conditions to ensure FTS, the following necessary lemma is
introduced.
Lemma 4.1.[21] Assume that there are positive constants m;,7 = 1,2, -+, r, such that
r € Q and |z;] < m;. Given a function z(x) € R™ which belongs to C?(£2) and vanishes
on 02, has

/Q ZT@)aZf) do < — Zl % /Q (@) 2()da.

8



For ease of further research, alternative ways to express the definitions of FTS
and bounded impulsive interval mentioned in Ref [22]and Ref [23] can be provided.
The bounded impulse interval method restricts the duration and intensity of impulse
disturbances within a certain range, allowing for precise stability analysis of the system
under these limitations.

Definition 4.1 Given positive numbers T, By and By with By < By, system (5) is
guaranteed to be finite time stable concerning (7', By, Bs), if for any t € [0, T],

sup (/Q Sf(s,x)dqu/QEf(s,x)dqu/Q]f(s,x')dx—i—/QSS(S,x)dx

—#<5<0
+/E§(s,x)dx+/]22(s,x)dx) < By,
Q Q

it can be known that

E(/ Sf(s,x)dx—i—/ElZ(s,x)d:c—l—/If(s,x)da:+/522(s,x)d:c
0 0 Q 0

+/ Eg(s,az)d:v—l—/ 12(s, 2)dz) < Bo. (9)
With the utilization of the ﬁounded impulgive interval method, the research aims to
establish the sufficient conditions of FTS with respect to (T, By, Bs). These sufficient
conditions show the effects of spatial diffusion, impulsive effect, delay and white noise
on the FTS of system (5). Assign
Dy = (A3 + A3 + 207 B* + 203 B*),
Dy = max{l +v +201B* + 72 +205B* + $3B> =23 d;},i=j=1,2,3,4,56
Dy = 2C (1 + B2),w = InBy — In(By + B5)(Da # 0), pt = max{(1 — pix)?},
o ﬁ, 0<7<1,

1,7 <0.

Theorem 4.2. Assume that H(1) and H(2) are valid, system (5) is FTS with respect
to (T, By, By), if any of the following conditions is met
(C10 < p < 1, %5 + | Dy < —%6_%\;% <0, =Inp < w,
(C2)0 ifb <1, —%e*(%”m')f < % <0
(Befe™mar " 4 8 4 | Dy|)T + 22e™ " — Inp < w,
(C3)0 < pu < 1, 7 4 Dy| > 0, (82 + 4 + | Do|)T — Inps < w.

har

Proof. Define
swp ([ ot(sade+ [ o (sa)do s [ o (sopdes [ 68 (5.
Q Q Q Q

—#<s<0

+/Q<Z5?52(S,x)dx+/Qgﬁi(s,a:)dx) < By

9



Choose

:/sf<t,x)dx+/Ef(t,x>d:c+/zf(t,x>dx+/sg(t,x)dx
Q Q Q Q

(10)
—I—/ E2(t,x)dx + / I (t,r)dz).
Q Q
For t # t;, taking the differential of U(t) along system (5)
—~ 1 2 2
dUy(t) < —2d; ) —5 [ SHto)dwdt + | [2418:(t,x) = 2618} (t, 2) > (t, 0)
—2uy S2(t, ) + 27 S1(t, x) 1 (t, ) + o2 S3(t, x)I3(t, x)|dxdt (11)

—2 [, 0157 (t, ) [o(t, x)dxd By (1),

and

dUs(t) < —2d2§: 2/ (t,x)dxdt + /[2515’1(25 o) By (t, 2)[(t, 2) — 2u B2 (t, x)
= Y Q
+BE(t,2)(S(t = 7(t), ) + I3(t — 7(t), ) + 07 53 (8, 2) 3 (t, @)
+01St(t — 7(t), ) I3(t — 7(t), x)|dzdt + 2 [, [0151(t, ®) Ey (L, 2) (¢, x)

—01Ey(t,2)51(t — 7(t), 2) [2(t — 7(t), 2)]drd B (1),
(12)
further

dUs(t) < —ng,z /I2 (t,x da;dt+/51[1 (t,2)(S7(t —7(t),n) + L3(t — 7(t), 2)

s+ Bt 5) + 252t 7(0), ) Bt = (1), )
+2 fQ o1 (t,x)S1(t — 7(t), x) [o(t — 7(t), x)dxd By (t),
(13)

also

1
dUL(t) < —2d4zﬁ / S2(t, x)dxdt + / [2A458,(t, ) — 26252(t, )11 (t, )

(14)
—2u2S3(t, ) + 27295 (¢, ) [o(t, ) + 0253 (t, x) I (t, x)|dxdt

—2 [, 0255 (t, ) [1(t, x)dxd Bs(t),

10



likewise

dUs(t)

moreover

dU(t)

<

_zdSZi:, / E2(t, «)dudt + / 1265 (t, 2) Es(t, )Ty (1, ) — 2usE2(t, )

FBaEa(t, ) (S3(t — (0,2) + 12t — (0 2)) + 03530, ) 20,2)
FO3S3(t — (1), )Tt — (1), @)l dudt + 2 [, (020 (t,2) Ex(t, 2)]1 (¢, @)

—O'2E2<t ZL‘)SQ(t — 7'( ) )]1(t — T( ) )]dlEng( )
(15)

—2dﬁz /12 (t,x da:dt+/5212 (t,x)(S5(t — (1), x) + [} (t — 7(t), x)

—2(u2 + o) I3(t, x) + 03S2(t — 7(t), 2) I} (t — 7(t), z)|dxdt

+2fQO'2[2 t ZE)SQ(t—T( ) )Il(t—T( ) )dedBQ( )
(16)

Then, let’s substitute equations (11) to (16) into equation (10) and arrange it

dU (t)

<

—2 zz 1 m fQ d182 t ZE) + dgEQ(t ZE) + dg[z(t J}) —I— d452(t fL’) + d5E2(t fL’)
+dgI3(t, x)]dedt + [[2A151(t, x) + 271 S1(t, ©) [y (t, x) + 207 S7 (¢, 2) I3 (L, x)

+2B181(t, ) By (t, ) I5(t, ) + 20252 (t, x) [ (t, x) + 28255 (t, ) By (t, ) I, (t, x)
+207S3(t — 7(t), x) 1. T(t),x) + 2435 (t, ) + 27255(t, ) Ix(t, x)
(¢,

F(t—
+B1(Er(t, @) + Iu(t, @) (SF(t — 7(t),2) + I3(t — 7(t), 7))
+82(Ba(t, ) + Io(t, @) (S3(t — (1), 2) + [7(t — 7(t), 7))
+20355(t — 7(t), ) [7(t — 7(t), x)]dxdt — 2 [, 01SF(t, x) [(t, x)dwd B ()
+2 [ [0Sy (t, @) Er (¢, 2) I (t, @)
—o By (t,2)S1(t — T(t), 2) Lo (t — 7(t), 2)|dxd By (t)
+2 [o1li(t,2)S1(t — 7(t), ) [o(t — 7(t), x)dxd By (t)
—2 [, 0255 (t, z) [ (t, x)dxdBs(t) 4+ 2 [,[0252(t, 2) Ea(t, x) 1 (t, x)
—02Ea(t, 2)S3(t — 7(t), 2) 11 (t — 7(t), v)|dzd Bs(t)

+2 [ o2 lo(t, 2)Sa(t — 7(t), x) [1(t — 7(t), x)dxdBsy(t).
(17)
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According to Lemma 3.2, Theorem 3.1 and fundamental inequality, for t # tx,
dU(t) < =237, # Jold1S3(t, ) + de B3 (t, x) + d3Ii(t, x) 4+ daS3(t, ) + d5 E5(t, x)
+doI3(t, x)|dzdt + [[A} + A3 + 207 B* + 203 B* + (1 + 71 + 201 B?
+82B%)S2(t,x) + (1 + 1) I3 (t,z) + (1 + 72 + 203 B% + 82B%)S3(t, x)
(1 +2) (¢ 2) + CAU(SI(E — 7(1),2) + I3(t — 7(1),2))
FOBo(S2(t — 7(t),x) + It — 7(t), 2))|dwdt — 2 [;, 0152 (¢, 2) Io(t, ¥)dwd By (t)
+2 [, o181 (t, x) E1(t, z)I2(t, x)
—o1 By (t,2)S1(t — 7(t), 2) Io(t — 7(t), )] dwd By (£)
+2 [y o1 L (t, 2)S1(t — 7(t), 2) o (¢ — 7(t), x)ded By (t)
—2 [, 0255 (t, )11 (t, )dzdBs(t)
+2 [ lo2S2(t, x) B (t, 2)I1 (L, x)
—09Fo(t,x)So(t — 7(t), x)I1(t — 7(t), x)|dxdBa(t)
+2 [ 02la(t, ) So(t — 7(t), x) 1 (t — 7(t), x)dxdBa(t)
where
= (A? + A% + 207 B* + 202B%),
Dy =max{2+ v + 201 B> + 2 +205B% + 33B* — 23 1| —5d;}i=j=1,2,3,4,5,6,
Dy = 2C(B1 + B2). Z

dU(t) < (JqDidadt+ D [o[ST(t, @) + Ef(t, x) + I (t,2) + S3(t, ) + E3(t, ) + 13(t, x)]dadt
+Ds3 [o[ST(t —7(t),2) + Ef(t, ) + I{(t — 7(t),z) + S5(t — 7(t), x)
+E3(t,x) + 13(t — 7(t), x)|dedt — 2 [, 0157 (t, 2) (¢, ) dzd By ()
+2 [olo1S1(t, 2)EL(t, 2)I2(t, x) — o1E1(t, ) S1(t — 7(t), ) L2 (t — 7(t), x)]ded By (t)
+2 [qouy(t,x)S1(t — 7(t),2) 2 (t — 7(t), x)dzd By ()
=2 [ 0253 (t, x) 11 (t, x)dxdBa(t)
+2 [ [099(t, ) Ba(t, ©) 11 (t, ) — 02 Ba(t, ©)Sa(t — 7(¢), 2) 1 (t — 7(¢), )] dxd Ba(t)

+2 fQ 0'212 t .%')Sg(t — T( ) )Il(t — T( ) )dl’dBQ( )
(18)
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For t = t;, obviously

ulty) =

IN

Jo SitF, x)de + [, EF (¢, x)de + [, IF(te, x)dx + [, S5(¢, x)da
+/E§(t;,x)da:+/13(tk,x)dx

Q Q
Jo(1 = p1x)?SF(t, w)dx + [o(1 — par)? Ef (tr, v)dx + [o, I} (ty, x)da
+ Jo (1 = ps3i)2S5 (b, ) dx + [ (1 — par)?E3(te, x)dx + [, I3 (g, x)da
max{(1 — p)2}(fyy S (ty, x)dzx + [o) B2 (ty, x)da + [, I (ty, x)dx
+ [ S5tk x)dx + [o B3 (ti, x) + [o I3 (te, x)dx)

,uU(tk).
(19)

The solution X () satisfies the following system

7

dX (1)

X(t)
X(s)

Due to

(D1 + Dy X (t) + Ds X (t — 7(t))]dt — 2 [, 01SF(t, 2) (¢, x)dxd By (t)
+2 [ [o1 Sy (t, 2) By (t, 2) I (t, @)
—o By (t, )81 (t — T(t), 1) Io(t — 7(t), 2)|dxd By (t)
+2 [ oy L (t, ) Sy (t — (1), 2) Ly (t — 7(t), ¥)dwd By (t)
—2 [, 0255 (t, x) [1(t, x)dxd Bs(t)
+2 [ [02S2(t, ) Ea(t, x) [y (t, x)
— 03 Fa(t, 1) Sy(t — 7(t), ) [ (t — 7(t), 2)]dxd By (t)
12 [ ool (t, @) Sa(t — (1), 2) Iy (¢ — 7(t), ¥)dwd By(t),
pX (),
Jo 9%, (s, 2)dx + [ 0%, (s, 2)dz + [ 67, (s, x)dw + [, 05, (s, x)dw
Jo 0%, (s, x)dx + [, ¢7 (s, x)dx, =7 < s < 0.
(20)

/qbsl S, @ d:l:+/qujzgl(s,x)dxjt/ngﬁl(s,a:)dx%—/{fi(s,z)dm

+/ O, (s, x)dx + / 97 (s, x)de = X(s), -7 < s <0,
Q Q

This can be derived from equations (18) and (19), as well as the comparison theorem,

resulting in

U(t) < X(t).
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From another aspect, the method of variation of constants suggests that the solution
of the system (20) takes the form

X(t) = _g_;“Y(t,O) + (X(0) + )5 (t,0) + fo B(t,s)D3sX (s —7(s))ds + Z(s),a.s
where 3(t,s) = p¥ &9)eP2(=9) + > 5 >0,

Z(s) = —=2[)B(t,s) [, 015(s,x)I2(s, x)dwd By (s)
+2 [ B(t, 5) [olo1Si(s, 2) By (s, 2)Ix(s, x)
—o1E1(s,2)91(s = 7(s), ) I2(s = 7(s), x)|dwd B (s)
+2 [T (L, s) [, 011 (5,2)S1(s — 7(s), ) Io(s — 7(5), 2)dzd B (s)
—2 [T B(t,s) [, 0253 (s, x) I1 (s, v)dxd By (s)
+2 [ B(t, 5) [olo2Sa(s, x) Ea(s, x) 11 (s, x)
—02E5(s,2)82(s — 7(s), ) 11(s — 7(s), 2)]dwd Bs(s)
+2 [V B(t,5) [, 0aTa(s,2)Sa(s — 7(s), 2) [1(s — 7(s), x)dwd Bs(s).

For all ¢t > s within the interval [0, T, it can be easily inferred that

_ ,Y(ts) ,Da(t—s) _ Y (t,s)lnu+Da(t—s)
B(t,5) = ¥ e ¢ |

Let Y(7',t) denote the number of impulsive moments in the time sequence ¢, during
the interval (¢,T]. Then, we have
t—s—hy t—s

<Y(t <
oSG

where hy; = maxgeg (tp — tp—1) and h,, = mingeg (tp — tr_1), k € K =1,2,....Y/(T,0).

When 0 < p < 1, in the following, two important cases will be considered for our

analysis.
Due to
t—s—hpr _ Inu
ﬁ(t,S) — 6Y(z‘,,s)ln,quDg(t s) <e m Inu+D2 (t—s) _ e(hM+D2)(t s)— ln,u’
l
uY(t,O) — ey(t,O)lnu <e h]\}” ,U ehT]Lv};t lny

Thus, we have

(/ S2(t, x) / (t,z) dx+/Qllg(t,x)dqu/ﬂSg(t,a:)da:—l—/QEg(t,x)dqu I2(t,z)dx)
< -

Q

< EX(t)

= - Y0 (X (0) 4 %)ﬁ(t,(}) + E/tﬁ(t, $)DsX (s — 7(s))ds

Dy inuy 1 D; (l"“ + Do)t Dy / (It 4 Do) (t—s)
< — elv + —(X(0)+ + —F hr X(s—17(s))ds.
Dot i)+ e % | (s — 7(5))

(21)
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Case 1: Dy > 0. Then
E(/ Sf(t,x)dmr/Ef(t,x)dx+/ff(t,a;)da:+/Sg(t,x)dx+/E§(t,x)da:+/Ig(t,x)dx)
Q Q Q Q

Q

1 Dy (i Lt Do)t D3 b dne Doy —s)
< Z(X(0) + =2)etmu + —FE [ elu X(s—1(s))ds.
s D, H 0
(22)
Case 1.1: % + Dy < 0. In this scenario, for —7 <t <0, it is evident that

E(/ S%(t,x)da:—{—/ E%(t,x)dx—l—/]%(t,x)d:c—i—/ Sg(t,x)dx—{—/ E%(t,a:)dx—l—/]%(t,x)dx)
Q Q Q Q Q Q

1 D1y n
< —( sup X(s)+ —)e
N(ffgsgo (#) Dz)

(23)
Subsequently, we aim to validate that, for t > 0,, equation (23) holds. If the statement

is incorrect, then there exists a t* such that

/52 dx+/Ef( )d:c—l—/ da:+/S2

2 2 1 A+ (24)
+/ENHWM+/5WJMM_%SW‘ﬂ)+—kﬂ
Q Q M —#<s<0 Dy
moreover, for ¢ < t*
E(/ S3(t, x)dx + / E}(t,x)dx + | I(t,z)dw + / S3(t, x)dw
Q Q Q Q (25)

1 D,
+/E22(t,x)d:v+/]22(t,a7)d.r) < —( sup X(s )+—) AL
Q Q P —#<s<0 Dy

therefore, we can deduce from (25) and (22) that

E(/ Sf(t*,x)d:c—l—/Ef(t*,x)dx—l—/[f(t*,x)dx—ir/Szz(t*,x)d:c
0 0 0 0

+/Ezz(t*,x)dan/Ig(t*,x)dx)
Q Q

1 D Inp _D Inp *_g
< ~( sup X(s)+ Zh)elmitPIr -iE/ e PN (5 — 7(s))ds
[ —#<s<0 D, Y 0

(nL 4 Do)t 1 Dy D3/ —(Int 4 poys 1 D, A(s—7(s))
<e'hm —( sup X(s 4+ — e hwm —( sup X(s)+ —=)e ds
[,u(—%gsgo (5) + D2) moJo (M<—+§s§0 (=) D2> )i

In *1 D D D N Inp
e TP I sup X (s) 4+ k) + 2( sup X(s) 4+ —L)e / =G TP2)ly g g]
2 0

M —$<s5<0 D, M —5<s<0 D
D R
Ds( qup X(s)+ —=2)e™
(Lne g poyee 1 D, : (—+§£§o ) D2) A= (22 4 D))t
< e'fu —[( sup X(s)+ )+ G - 1))

B —7<s<0 Dy A — (% + Ds)
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in A
Case 1.1.1: From (C1), T—A’; + Dy < —%e_(ﬁJFDZ)T <0 —(% + Dy) > %, assign

h(0) = =0+ (—— + Dy) + —¢ 7",

we can directly derive that h(0) = (T—N‘I‘ +D2)+% < 0 and h(—o00) = +oo. From &' () =

Ds? _—07 : : _ In _ D3 )¢
—1-=e 9% < 0, there exists a unique A < 0 that h(\) = 0 < A=(GE+Ds) = Zte AT
It can be deduced follows from (26),

E(/ Sf(t*,m)dm—i—/Ef(t*,x)d:v—k/]f(t*,x)dqu/Sg(t*,m)dx
Q Q Q Q
2/ 4% 20 4% 1 Dy e
o [ B ndn+ [ B < 2Csp xe)+ 2he, @)
Q Q M —#<5<0 D,

which contradicts (24), then

E([o S3(t,x)dz + [ B3 (t,x)dx + [ I(t, z)dx + [ S3(t, x)dx + [ E3(t,x)dx + [, 13 (t, x)dx)
< i(sup—%gsgox(s) + %)‘f)‘t < i(sup—fgsgoX(s) + %)

1 D
< E(Bl + ﬁ;)

(28)
For w = InBy — In(B; + |g—;|), and —Inp < w,
E(/ S2(t,z)dw + / E2(t,z)dx + / I (t,z)dz + / S3(t, x)dw
Q Q Q Q
+/E§(t,x)dm+/]§(t,x)dm) < Bj. (29)
Q Q

in ~
Case 1.1.2: If condition (C2) is valid, it results in —%6_(ﬁ+[)2)7 < 2—735 + Dy <0,
from (22),

Ele R P x (1))

D D b s
< 5(§3p<ox<s)+3:)+73E/0 e~ (RE+Ds x (5 2(6))ds
D D3 _(inn 7 b s—7(s
< l( sup X(S)+—1)+—36 (7+Ds) E/ e (R +Ds)( ())X(S—T(S))ds
" r<s<0 Dy” 0
D Dy _ (i 1 L s
< Llsup X(s)+ 2+ e (Rar +02) —~E/ ¢ (02 X(s)ds.
" _i<s<0 D, ] L—7 J_;

(30)
By applying the Gronwall inequality, we obtain
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D D _(lnp S R
((sup X(s)+ —)exp[———e (g T02) (t+7). (31)

—(Ins 4 poye 1
FEle ‘hm X)) < — —
| (0] < B —#<s<0 D, (1l —7)

Then

E(/Q S (t,x)dm—I—/ﬂ E; (t,x)dx—i—/ﬂ I3 (t,x)dx%—/Q SQ(t,x)dx—i—/ E5(t,x)dx+ | I;(t,z)dx) < EX(t)

Q Q

1 Dy Dy _(wipy: Inp Ds? (i ypyys )

- X o g — + Do)t R 1

M(_flglggo &)+ g errl—se ™ o PP gD 0T <L
< A
- 1 D D3 _(lmu s 1 D27 _(In A

;( sup X(S)+Fl)exp[(73€ (i +D2) +#+D2)t+ 87 = (hy +D2) 1,7 < 0.
—7<s<0 2 M
(32)

It can be obtained by (C2) that

E(/ Sf(t,a:)dw%—/Ef(t,x)dx—l—/]lz(t,x)dx—l—/Sg(t,x)dx
0 0 0 0

+/E§(t,x)dx+/1’§(t,x)dx) < By.
Q Q

Case 1.2: ZL—A‘; + Dy > 0. Let X (t) be the solution to the following system

( 1 Dy, (meip,y  Ds U (maypyg_
P(t)=—( sup P(s)+-)eru +—/ et TP (s 1 (s))ds, t > 0,
P —#<5<0 D, o Jo

_ 2 2 2 9
P(S)—/S)Qﬁsl(s,:c)d:c—l—/S](bEl(s,x)dx—i—/S)gbll(s,x)dx—k/S](bSZ(s’x)dg;
+ [ s+ [ Gisan <5 <o

\

(33)
From (22),

0<E(/Q Sf(t,x)dﬂ/ﬂEf(t,x)der/

Q

L (t, x)dx +/

Sg(t,x)drlr—i-/Eg(t,x)dx
0

Q
+/ L(t,x)dr) < EX(t), fort > —7.
Q

For 0 <t < 7(t),7(t) € [0, 7],

D
P(t) = P(t—7(t)) > P(t)—~( sup P(s)+ =-)
—7<s<0 DQ
) (i Do)t Ds [ (24 py)t-s)
= =+ sup P(s)(e"m —1)+— [ e'nu P(s—7(s))ds > 0.
H <0 wJo

(34)
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For t > 7(t),7(t) € [0,7], and t € (7,77,

P(t) = P(t—7(t))

in in 3 in,
= L( sup P(s)(e(ﬁ—FDz)t - e(ﬁJrDz)(t_T(t))) + Ds / 6(ﬁ+D2)(t_S)P(s —7(s))ds
B _r<s<0 K- Jo

_ D3 t=7(t) e(%"‘DQ)(t_T(t)_S)P(S N T(S))ds
1

In
= L sup P(s)(em TP (1 -0
—#<s<0
Inp

in
_i_%e(ﬁ-&-Dﬂ(t—T(t)) ftt—'r(t) e_(W+D2)SP(S — 7(s))ds > 0.

(35)
Then P(t) > P(t — 7(t)), when ¢ > 0. This is deduced from (33) that

D Inp D t Inp _s
P(t) < —( sup P(s)+ —1)e(hM+D2)t + —3/ BUTRECRL )P(s)ds,fort > 0. (36)
0

1
[ —3<s<0 Dy I
According to the Gronwall inequality, it can be get

This implies that

E(/ Sf(t,x)dm+/Ef(t,x)der/If(t,x)der/Sg(t,:c)d:ch/E%(t,a:)daz
Q Q Q Q Q

1 D D l
+/ I2(t,z)dr) < —( sup P(s)+ —1)exp[(—3 + ki + Dy)t]. (37)
Q B —#<s<0 Dy H hor

For (C3) holds, it can be known that

B / S2(t, 2)dx + / F2(t, 2)dx + / P(t 2)dz + / S2(t,2)dx.
Q Q Q Q

+/E§(t,x)dx+/[22(t,x)dx) < Bs.
0 Q

Case 2:D5 < 0. It can be deduced

EX(t) < =500 4 (X(0)+ L)Y @02t + E [ B(t, 5)Ds X (s — 7(s))ds
1 Dy iy Dy Loy
< S(sup X(s)— =)etm + —F [ eru VX (s—171(s))ds.
0<s<7 D, H 0
(38)
Inp ~
Case 2.1.1: For(C1), if lhﬁﬂ < —Daghy” < 0,i.e.— ;ﬂ’i > D5 Similar to the discussions
M 1 M 12

in case 1.1.1, when —Inu < w, we obtain
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E(/ Sf(t,a:)dx+/Ef(t,x)dx+/If(t,x)dx—l—/S%(t,x)da:
0 0 0

+ / F2(t, 2)dx + / 12(t, 2)dx) < B». (39)

Inp ~
Case 2.1.2: For(C1), if —2s¢ M’ < 1 <00 <7 < 1, and
H M

D3 _lnp o lnu Dg% _lnp o
- h T h _l <
(u(l—T)e R T R e
or 7 < 0, and
DsT _MT l D _lnp
( 3 Foag nM)T + 37—6 vl lnlu S w.
ju hM J

Similar discussions as case 1.1.2, yield

E(/ Sf(t,x)d:ﬁ—l—/Ef(t,x)d:)ﬂ—/If(t,x)dx—l—/S%(t,x)dx
0 0 Q

Q

+/E§(t,x)dx+/]22(t,x)dx) < By.
0 0

Remark 4.2 This theorem provides criteria for the FTS of system (5). Based on the
sufficient conditions given in the theorem, it can be seen that impulsive disturbance,
spatial diffusion, environmental noise, and time delay all have an impact on the FTS of
echinococcosis system. Later, we will provide detailed explanations through numerical

simulations.

5 Optimal control strategies

To achieve the optimal control strategy, we consider the control of echinococcosis
from a cost effectiveness point of view. The goal of the optimal control problem is
to determine a control set that minimizes the infected dogs and the infected livestock
when minimizing the control costs. Therefore, the following strategy is proposed.

(i)v1(t, z) denotes the reduction in the number of infections in the final host (dogs,
etc.) by preventing herders from feeding the organs of intermediate hosts (cows, sheep,
etc.) to domestic dogs through hygiene education for herders, as well as trapping and
killing stray dogs.

(ii)vo(t, ) denotes the reduction of the number of eggs of the echinococcosis pathogen
in the environment through proper sanitation, which prevents the ingestion of eggs by

intermediate hosts and thus reduces the number of infections in intermediate hosts.
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(iii) vy (tg, x), v3(tk, ) denote the enhancement of immunity of susceptible popu-
lations against infection through human intervention by vaccinating the final host
susceptible population and the intermediate host susceptible population, respective-
ly. wo(ty, z),v4(tx, x) denote the reduction in the number of population infections by
deworming the final host-exposed population and the intermediate host-exposed pop-
ulation, respectively.

Considering the above control strategy, the following control model is developed

( dSi(t,z) = [ ASi(E z) + Ay — BiSi(t, 2)o(t, 2) — S (t, ) + L (t, 2)]dt )
— 0181 (t, 2) Io(t, 2)d By (1),
dEl(t,l') = [dgAEl(t l') —+ Blsl(t .%')[2( ,il')) ,ulEl(t ill')

— [1S1(t — 7(t),2) o (t — 7(t), x)]dt + [01S1(t, x) (L, )
— o151t = 7(t), 2) (L — 7(t), 2)]|dB1 (1),
dl\(t,z) = [dsAL(t,x) + f1S1(t — 7(t), 2) 2(t — 7(t), z) — (1 + 1)1 (t, x)
—vi(t,x) 1 (t, x)]dt + 0151 (t — 7(t),x) [2(t — 7(t), x)]dBy (), t # ty,
dSs(t,x) = [dyASs(t, x) + Ag — BaSa(t, )1 (t, ) — paSa(t, x) + Yo la(t, z)|dt » t >0,
— 095 (t, )1 (t, x)dBs(t), xz €

dEy(t,x) = [ds AEy(t, x) + PaSo(t, ) 1 (t, x) — uaEs(t, x)
— B9Ss(t — 7(t), x)[1(t — T(t), x)]dt + [02Sa(t, x) [, (t, z)
— 0255t = 7(t), 2) 1 (t = 7(1), x)]dBs(1),

dly(t,x) = [deALa(t, x) + PaSo(t — 7(t), ) [1(t — 7(t), ) — (u2 + Y2)L2(t, )
— va(t, ) Io(t, x)|dt + 09Ss(t — 7(t), ) [1(t — 7(t), x)dBa(t),

Si(ty @) = (1= pu(vi(ty, ©)))S1 (e, ), )

By (), x) = (1 — par(va(te, ) Ex (b, ),

So(t, ) = (1 — par(vs(te, )))Sa(te, x), pt=te,kel,2,.. N.
EQ(tZ_’x) = (1 - p4k<v4(tkvx)))E2(tk’x)7

(40)
Where y(t,z) = (S1(t,z), By (t,z), [,(t,x), Sa(t, z), By (t, x), Ir(t, x))T is the solution of
model (40) with positive initial values for the control. v(t,z) = (vi(¢, ), vo(t, )T is
an ordinary control variable and v(ty,z) = (v1(tg, x), va(tr, ), v3(ty, ), va(ts, )T is
an impulse control variable. The admissible control sets x, and ,, are bounded and
convex, defined as follows
Ky = {v(t,z) € L®(Q x [0,T]; R*)|0 < v;(t, ) < Vimax, VE € [0,T], 2 € Q}

Ko, = {v(tg, x) € L=®(Q X [t1, ..., tx]; RN]0 < v3(tk, ) < Vikomax, VE € [t1, .., tn], 2 € Q}
pir(v(tk, ) = vi(tk, ) pix,1 = 1,2,3,4. The aim is to reduce the number of infected

populations of echinococcus granulosus through minimal control efforts.
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Therefore, we define an objective functional:

J(u(t, z) fo Jo L(t, y(t, ), v(t, x))drdt + 35 o Gt y(te, ), (v(te, ))dx
+f@ (y(t, z))dz],

with
2

L(t,y(t,z),v(t,z)) = O111(t,x) + Oxls(t, z) + Z %vf(t,x),

Glte y(th, @), (v(ty, ) = S, B2 (ty, ).

Where L(t,y(t,x),v(t, z)) denotes the cost at momentt(t # ti), G(ty, y(tx, x), (v(tx, x))
is the cost associated with the & — th impulse jump, and h(y(7T,z) is a function of the
y(t,x) at time T. The positive parameters O;, Oy, Ry and Ry are weight constants of
the final host infected population, intermediate host infected population and control
strategies, respectively; ]%Z(z = 1,2, 3,4) are positive weight constants of impulse control
of the k — th jump, respectively.
Theorem 5.1. Assume that J(u(t,z)) is subject to model (40) with positive initial
conditions. Then there exist an optimal control v and the corresponding state solution
y(t,z) such that J(u) is minimized.

See Ref.[26] for the similar proof. So, the proof for Theorem 5.1 is omitted for
simplicity.

Further, Pontryagin’s Maximum Principle [27] transforms the optimal control prob-
lem into minimizing the Hamiltonian function from the objective functional subject to

the state system (40), define the following Hamiltonian function:

H{(y(t,z),v(t, x), p(t, ), q(t, x))
= pl(t, x)[dlAsl(t,x) —+ Al BlSl(t I)IQ( ) — Mlsl(t, (L’) + 71]1(t,$)]

+ pa(t, x)[de AE () + f1S1(t, ) (L, x) — pi Er(t, ) — B1S1(t — 7(t), ) [o(t — 7(t), )]
+p3(t, ) [ds AL, @) + Si51(E — 7(t), 2) 2 (t — 7(8), ) — (1 + 1)1 (8, ) — vi(t, 2) 11 (8, @)
+ pa(t, )[dyASa(t, ) + Ay — BoSa(t, ) [1(t, ) — paSa(t, ) + Yo la(t, )]

+ ps(t, ) [ds AE2(t, x) + B2Sa(t, x) [1(t, x) — paFa(t, x) — BaSa(t — 7(t), ) 1 (t — 7(t), z)]

+ pe(t, x)[de ALa(t, ) + BaSo(t — 7(t), ) [1(t — 7(t),x) — (2 + Y2)Lo(t, ) — va(t, ) [2(t, z)]
—q1(t,x)o1S1(t, 2) [h(t, x) + qo(t, 2)[o151(t, ) [2(t, &) — 0151 (t — 7(t), ) Lo (t — 7(t), x)]

+ qs(t, x)o1S1(t — 7(t), ) Lo (t — 7(t), x) — qa(t, x)02Ss(t, x) I, (t, )

+ g5 (t, x)[0252(t, ) [1(t, ) — 02Sa(t — 7(t), ) [1(t — 7(t), x)]

+ qo(t, )09 Sa(t — 7(t), )1 (t — 7(t), z) + L(t,y(t,x),v(t, z)),

21



and an impulse Hamiltonian :
HI<y(tk7 ZL‘), U(tkv I’),p(tk7 l’), Q(tk7 I))
= p1(th, ) p1xv1 (e, ) S1(th, ) + pa(tr, ) parva(te, ) B (tr, )
+ pa(tr, ) parvs(tr, ) Sa(te, ¥) + ps(tr, ) parvalte, ©) Ea(tr, )
+ G(tkv y(tka I’), Uk:)'
Moreover there are adjoint functions P(-,-)(i = 1,2,3,4,5,6) such as

dpl(t’x) - [_dlApl(tv I) + (51]2(7571') + Ml)pl(tv x) - /31]2(t7x)p2(t7 CL’)
+ q1(t, x)o1 I (t, x) — qo(t, z)o1 I5(t, )

1 , -

+ Lo -7 (T — b1l (t+ 7(t), x)pa(t + 7(t), x

[ UH_%@_?ﬂ+T@) ( {))p( Q )
— Lo r—7(T —BiL(t+7(t), x)ps(t + 7(1), @

[ UH_%@_?w+T®) ( E))p( Q )
+ Lo r—r(T —o L(t+7(t),2)g(t +7(t), 2

[ (”1—%@—?Q+T@) ( S) )ga( E))
— Lo 7—7(7)] —o L(t+7(t),z)qs(t + 7(t), z)]dt

1—7(t—7(t) +7(t))
+ q1(t, x)d By (t)
dpa(t, ) = [—dalpa(l, @) + papa(t, x)]dt + ga(t, 2)d B (1)
dp3(t, ZE) = [_d3Ap3(tv I) (:ul + ’71) + Ul(t7 ZL‘))pg(t, J])
+ B252(t, 2)pa(t, x) — B252(t, x)ps(t, )
+ qu(t, )0255(t, x) — q5(t, x)09S2(t, &) — Map1(t, x) — Oy

+
+

1 , y
+ Lo r—+(1) T g(t) n 7'(%))6232(1& +7(t), 2)ps(t + 7(t), )
— Lpr—7(1) T Tl(t) ) BaSa(t + 7(t), x)ps(t + 7(t), )
— Lo 7=+ (1) ——025(t + T(t)> )qs(t + 7(t), x))dt

1—7(t—701)+7(t)
+ q3(t, 2)d B (1)
dpa(t, v) = [—dsAps(t, ) + (B2li(t, @) + p2)pa(t, x) — Boli(t, z)ps(t, x)
+ qu(t, )02 1 (L, x) — qi(ta x)oo i (t, x)
+ Lo r—r(T ; 52[1t+7,t,x 5t+7'~t,:v
[ HH_%@_?ﬂ+T®) ( ﬁ))p( Q )
— Ljo.r—r(1)) i g(t) n T(t))ﬁ2f1(t + T(/t)a x)pe(t + Tft)a z)
+]-0,T—TT 7 0'2]1t+7't,{1} 5t—|—7't,l‘
[ (”1—%@—?w+7@) ( S) )as E))

— Lo, r—r(1)) PR T(t))UQIl(t +7(t),2)qs(t + (1), x)]dt
+ qa(t, x)dBa(t)
dps(t, ) = [—ds Aps(t, ) + paps(t, x)]dt + g5(t, x)dBa(t)
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dp6(t, $) = [_dGApﬁ(t, x) -+ (,UQ + ’)/2) + UQ(t, .T)]p(;(t, 33)
+ B1S1(t, w)p1(t, @) — B1.5S1(t, 2)pa(t, x)
+qi(t,1)o151(t, 7) — qa(t, )o151(t, v) — v Pat, z) — O

, ~

+ Lo, r—r(1)] T Tl(t) N T(/t))&Sl(t +7(t), 2)pa(t + 7(t), )
— Ljo.r—r(1) i Tl(t) n T(t))BISI(t +7(t), 2)ps(t + 7(t), x)
= Lpr—r() — a1 Su(t+ (1), 2)gs(t + (1), 2)]dt

1—7(t—7(t)+7(t))
+ 46 (t, l’)ng (t)
where the time lead function 7(-) is introduced to take into account the functional

dependence of the delay 7(-) on time. If s =t — 7(¢) for 0 < t < T, by solving for

—~

t,7(s) is given by t = s + 7(s)[28]. At the impulse or jump point, we have

pl(tz_, x) = (1 + prp(vi(ty, ©)))p1(te, 7),
p2(t,x) = (14 par(v2(ty, x)))pa(te, ),
pa(ty, @) = (L4 pse(vs(ty, 2)))palte, ),
ps(th, ) = (14 pa(va(ty, ©)))ps(te, ),

with transverse conditions

PAT) = [ b)), PAT) = [ i (o7 )i = 1,234,

Moreover,

0;(t, x) = max{0, min{v;(¢, ), Vimax } }» Vi (tx, v) = max{0, min{d;(tx, ), Vik max } }

within
O(t,x) = REGRED Gyt 0) = PERRED Gy (1), 2) = Pt e,
Oo(th, x) = —2tp L) gy (yy ) = — it Baled) G, (¢ o) = —PolliloBallen),

To date, there is no method to completely resolve echinococcosis. Therefore, the
development of a control strategy only provides some recommendations for prevention

and control, which will form the basis for the development of a new control programme.

6 Numerical simulations

In this section, we analyze the system (5) by utilizing its numerical solution. To
accomplish this, we opt for the Milstein method [27] to simulate the behavior of the
system (5). This approach allows us to effectively model and study the system’s dy-
namics and behavior in a numerical framework. The values of the parameters of the
system are taken from [28,29] and are listed in Table 1. Thus, we set the spatial vari-

able dimension as r = 1, with x belonging to the domain 2 = [-0.4,0.4], and choose
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Table 1: Parameters value.

Parameters Biological definition Value Source

Aq Recruitment rate of susceptible dogs 1.67 x 10¥month—1 Estimated
B1 Transmission rate form livestock to dogs 4.6 x 10~ "month—?! [9]

1 Natural death rate of dogs 0.02month ™t Estimated
Y1 Recovery rate of infected dogs 0.34month ™1t Estimated
Ag Recruitment rate of susceptible livestock 4.52 x 10*month 1 Estimated
B2 Transmission rate form dogs to livestock 7.9 x 1077 [9]

wo Natural death rate of livestock 0.07month ™! [10]

Y2 Recovery rate of infected livestock 0.51month 1 Estimated

a function as

T t
r(t) = 5sin(Z).t € [-4,T),

which gives 7(t) <7 = & and T(t) < 7 = 1 < 1. Setting the impulse sequence
{te} = {0.4,0,8,1.2,1.6,2.0,2.4,2.8,3.2,3.6,4.0, 4.4}, i.e.tn; = t,, = 0.4month.

6.1 Analysis of F'TS

Set T = 4.5month, By = 1.944 x 105, By = 2.5 x 10°, p1, = 0.2, pox. = 0.3, p3, =
0.2, par = 0.2. = max{(1 — p)?} € (0,1) and choosing o1 =4 x 1076 59 = 3 x 1075,
we have T—; + |Do| + %e_%\;% = —0.263, and —Inyu — w = —2.79 x 108, as a result,
the fulfillment of condition (C1) in Theorem 4.2 suggests that the system exhibits FT'S
with respect to the parameters (4.5,1.944 x 10°,2.5 x 10°) as depicted in Fig.1.

In this scenario, we study the impact of impulse, noise and time delay on the
system(5). By selecting parameter values that meet the requirements of condition(C1)
in Theorem 4.2, we observe that the system displays F'T'S with respect to the parameters
(4.5,1.944 x 10°,2.5 x 10°).

e The role of impulsive

When examining the effect of impulse interference on system (5), we maintain the
parameter values from Figure 1 and set p; = 0. Computational analysis reveals that
none of the conditions in Theorem 4.2 are met. In other words, the system, in relation
to (4.5,1.944 x 10°,2.5 x 10°), does not fulfill the requirements for FTS, as depicted in
Figure 2.

In this section, when we solely modify the condition of the impulse compared to
Figure 1, we observe that the system is unable to achieve FTS without the influence
of the impulse. These findings indicate that the impulse perturbation significantly
impacts the system’s stability within a finite time frame.

e The role of noise
To demonstrate the effect of white noise on System (5), we have selected the same

parameters as those used for generating Figure 1 and assigned values of o1 = 09 =
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Figure 1: The state trajectories ofy(z,t) = (S1(x,t), By (x,t), [1(x,t), So(z, t), Ea(x, t), Ir(x, 1))
for system (5) with initial value y(z,0) = (1.405 x 10%1.3 x 10%,3.3 x 103,2.78 x
10°,1.23 x 10°,4.16 x 10%)

0. The calculations indicate that the system is not finite time stability relative to
(4.5,1.944 x 10°,2.5 x 10°), as shown in Figure 3.

In regards to Figure 3, we are not considering the effect of white noise on System
(5). Upon comparing Figure 3 to Figure 1, It is clear that the system fails to sustain
its finite-time stability under identical conditions. Thus, it is apparent that white noise
exerts a notable influence on the system’s finite-time stability, which is only assured
when the conditions outlined in Theorem 4.2 are met.

e The role of delay

As per Theorem 4.2, it is important to acknowledge that delay also contributes to
the FTS of System (5). To demonstrate this influence, we have selected a delay that

is different shown in Figure 1 for comparison, while keeping the other conditions the
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Figure 2: The system (5) displays state trajectories for y(t,z) =
(Si(t, ), By (t,x), [1(t,x), So(t, x), Eo(t, z), Io(t,x)) with an initial value of

y(0, ) (1.405 x 10%, 1.3 x 10%,3.3 x 103,2.78 x 10°,1.23 x 105,4.16 x 10%)
without impulse perturbation.

same. Our calculations indicate that under these conditions, the system does not meet
the criteria for finite time stability, as illustrated in Figure 4.

The figure shows that, under the same conditions, an unnecessarily large time delay
is not beneficial for the finite-time stability of the system.
6.2 Determination of optimal control

In this section, our goal is to observe the impact of control strategies on Sys-
tem (5), particularly their impact on the number of infections in the final and in-
T = 2.5 and
1.9 x 107, Ry
= 0.1 x 103. Addi-

termediate hosts. We have decided to select a time delay of 7(¢)
weight constants become O; 1.5 x 10*,0, = 0.8 x 10*, R;
0.2 x 104, Ry = 2.1 x 102, Ry = 0/4 x 102, Ry = 2.3 x 103, R
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Figure 3: The system (5) displays state trajectories for y(t,z) =
(Si(t, ), By (t,x), [1(t,x), So(t, x), Eo(t, z), Io(t,x)) with an initial value of
y(0,2) = (1405 x 10413 x 10%,3.3 x 10%2.78 x 105,1.23 x 10%,4.16 x 10%)

without white noise.

tionally, we select A; = 0.1, delay 7 = 2.5 = lA; and T = 40 = 1A, A, = 1
and X = 10 = aA,, where ¢ > 0,7 > 0, and a > 0 are integers. The values of
Si(t,x), Ey(t,x), I1(t, x), Sa(t, x), Ea(t, x), I(t, x), pe(t,z), k = 1,2,3,4,5,6, at nodal
points are provided as Slm,Eli,j,lliyj,SQi,j,EQi’j,Iinj,pf’j, where —¢ < 7 < 5,0 <
1 < «a. We employ forward and backward difference methods to approximate the
state equation and adjoint equation. Therefore, the parameter values outlined in Ta-
ble 1, p1 = 0.2, p9r = 0.3, p3r = 0.2, pgr = 0.3. We set vjmax = 1 and vigmax = 1,
and the control measures, for v; € [0,1], are designed to reduce the number of in-
fected hosts. For vy € (0,1], they represent an increase in the frequency of vac-
cinations and deworming. Furthermore, setting the spatial variable x = 6, we can

generate the time trajectory plot for the optimal control, as depicted in Fig.5. Addi-
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displays state

(Si(t, ), By (t,x), [1(t,x), So(t, x), Ea(t, x), Ir(t, x))

y(0,2) = (1.405 x 104, 1.3 x 10%,3.3 x 10%2.78 x 10°,1.23 x 10°,4.16 x 10%)
with time delay7(t) = 2.5.

tionally, to demonstrate the role of control variables, we have also plotted the paths
(S1(t,x), Ey(t,x), I1(t, ), Sa(t, ), Ea(t, z), I2(t, x)) with and without control in Fig.6.

Figure 6 demonstrates that targeted control measures can significantly decrease the
number of infections in both final and intermediate hosts approaching zero (as shown
Fig.6(a). However, if only a pulse therapeutic method is adopted, such an effect cannot

be achieved (as shown Fig.6(b). Targeted control strategies are crucial for controlling

costs and improving treatment outcomes.
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Figure 5: The trajectories of vy (¢, x), vo(t, ) for system (40), with a constant spatial
variable x = 6 and initial value y(0,z) = (1.405 x 10%1.3 x 10%,3.3 x 103,2.78 x
10°,1.23 x 10°,4.16 x 10%).
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Figure 6: The paths of (S1(¢,x), E1(t,x), [1(t, x), Sa(t, z), Ex(t, ), Io(t,x)) for system
(40) , with a constant spatial variable = 6 and initial value y(0,z) = (1.405 x
10%,1.3 x 10%,3.3 x 10%,2.78 x 10°,1.23 x 10°,4.16 x 10*), with and without control,
respectively.

7 Conclusions

In this paper, we expand upon a new ISPDDE model that considers noise, time-
varying delay, and impulse interference related to echinococcosis. Sufficient conditions
for the F'TS of the system by using the Lyapunov function and the bounded impulse
interval method. Numerical simulations illustrate the validity of the theoretical results

(Fig.1) and explain the effects of impulse (Fig.2), noise (Fig.3), and delay (Fig.4) on the
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FTS of the system. In addition, the control variables introduced lead to a reduction in
the number of infected hosts in the intermediate and final hosts and minimize the cor-
responding costs from the point of view of timely control. It is also crucial to consider
finite-time control as an important aspect. Although our article only considered FTS,
future research will look into finite-time control. Moreover, different from the Lya-
punov asymptotical stability, finite-time stability can ensure systems state trajectories
converge to the ideal state in a finite time, and the finite time is said to be settling
time or convergence time. Estimating the settling time is one of the most important
problems of finite-time stability and a point of concern for our further research. Our
research mainly focuses on the theoretical impact of various environmental factors (in-
cluding randomness, impulse, and time delay) on the development of echinococcosis.
It can be seen that by combining sheep immunization, dog deworming treatment, and
environmental cleaning, it is possible to reduce the level of echinococcus granulosis
infection in two hosts in the transmission chain to a very low level. In particular, the
environmental disinfection control strategy could be often ignored. Thus, when devel-
oping echinococcosis control and prevention, environmental disinfection needs to put

special emphasis on planning.
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Appendix A. Proof of Lemma 3.1
Proof. Owing to

(Sl (t, $), E1 (t, l’), 11 (t, 37), Sg(t, ZL’), Eg(t, iL‘), [2(t, ZL’)) = (hl(t)yl(t, [L’), hg(t)yg(t, 37),

h3<t>y3(t7 J?), h4(t)y4<t7 x)? h5(t)y5(t7 I)v hﬁ(t)yﬁ(ta I))

It is clearly that (Si(t,z), Er(t,x), [1(t,x), So(t, x), Eq(t, z), Ir(t,x)) is continuous on
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(tr,tri1) C [0, +00). For every t # t,
dSi(t,x) = hy(t)yi(t,x) + hi(t)dy,(t, 2)
= h({[dibyi(t, 2) + Aihy (1) = By (t, ) he(t)ys (L, @)
—payi(t, @) + by (Hhs(t)ys(t, v)]dt
—o1y1(t, 2)he(t)ys(t, z)d By (1) }
= [d1AS (t,x) + Ay — B151(t, x) (¢, x)

—,u151 (t, ZL') + ’}/1]1 (t, ZL’)]dt — 0'151 (t, ZL’)IQ(t, $)dBl (t)
Furthermore, for ¢, € [0, +00),

Si(ty, @) = lim by () (t, ) = (1=pur) Vs (b, 2) = (1=pux) 0 (th, ©) = Sa(ty, @),

t—t,

and

Si(t, @) = lim hy(E)yi(t, @) = (1 — p1e)™ ™ *y1(tr, ) = ya (b, ).

+
t—t;

Therefore, we know that

Si(th,x) = (1 = p1x)Si(tr, ), fort = ty.
With regard to Ey(t,x), [1(t, z), Sa(t,x), Ea(t, x), Is(t, ), we can infer the same result
using the same method as for Sy (¢, z). It implies that (hy(t)y1 (¢, x), he(t)y2(t, x), hs(t)ys(t, z),
ha(t)ys(t, ), hs(t)ys(t, z), he(t)ys(t, x)) satisfies the equivalent system (5) for almost
every t € (0,400)\{tx}. It also satisfies the impulsive conditions at ¢ = t;. Proving that
system (5) has a unique global positive solution (51 (¢, x), E1(t, ), [1(t, z), So(t, z), Ea(t, z),
I(t,z)), requires demonstrating the existence and uniqueness of the global positive

solution (yl (ta 1’), yQ(ta l’), Ys (ta l’), y4(t> ‘7:)7 Ys (t? il?), y6(t> .CE)) for system (6)

Appendix B. Proof of Lemma 3.2
Proof. Let

W(t) = /Q(Sl(t, x)+ Ey(t,z) + L(t,x) + So(t, x) + Eq(t, z) + Ir(t, x))dx,
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by (5), we have
dt Q ot ot ot ot ot ot
= fQ(dlAsl(t, LC) —+ Al — /,Llsl(t, Z') —+ dzAEl(t, SC) — /LlEl(t, iIZ')

+d3A[1(t, ZL’) — [Llll(t, ZL’) + d4ASg(t, JT) + A2 — [LQSQ(t, $)

+d5AE2(t, x) — IMQEQ(t, I) + dﬁA[Q(t, (L’) — ,LLQIQ(t, Z‘))dt

IN

fQ(dlAsl (t, .ZC) —+ dzAEl (t, iL‘) -+ dgAfl (t, .1') —+ d4ASQ(t, iL‘)
+ds AEs(t, ) + de Alx(t, x) + A1 + Ag

—A((Si(t,x) + Er(t,x) + Li(t,z) + Sa(t, x) + Eq(t, x) + I5(t, x)))dx

IN

i Jon %(nt’z)dx +ds [oq 6E<}9—§:7$)d37 +ds [5 6118(2_@) dx + dy [, 85?9%1) dx
E, I
+d5/ 0 z(t,x)dx + dﬁ/ Md:@ + /(Al + Ay)dx — AW (1)

= (A1 + A2)|Q — AW(2),

where A = min(pyq, p12).

lim W) < A g

t—00 A
Appendix C. Proof of Theorem 3.1
Proof. Since the coefficients of system (6) satisfy the local Lipschitz condition, for any
given initial value (y1(s,x),y2(s,x),y3(s,x),ya(s, ), ys5(s, ), ys(s,z)) € L*([—7,0] x
Q; RY), the system (6) has a unique solution y(¢, ) on [—7, ), where 7, is the explosion
time.

Let go > 0 be sufficiently large number. For each ¢ > qq, define a stopping time

1
7, = inf {t € [0, 7) : min{y;(t,z)} < —ormax{y;(t,z)} > q},z’ =1,2,3,4,5,6
q

set inf () = oco. It can be seen that 7, Is increasing as ¢ — +o0. Let 7o = lim;_, , then
Too < Tea.s and y(t,x) > 0. To verify that 7. = coa.s. We only need to demonstrate
that 7., = 4o00a.s. Before confirming its validity, we need to determine the bound-
edness of the solution. For simplicity, we denote y; = y;(t,z),i = 1,2,3,4,5,6. For
arbitrary 7' > 0,t € [0,t, AT), let

Vi) = [ sideva(t) = [ e a(e) = [ g

it = [ e vate) = [ s vo(t) = [ s
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Applying the Ito formula and basic inequality we deduce that

dvi(t) <

IA

and

IN

2 /Q yildiAyr + ALhTH(t) — Buhe(t)ys — (i — In(1 — pu))yu(t, )
by (O)hs(Oys|dadt + [, ofyPhi (t)ygdadt

=2 [ o1yihe(t)yedrd B (t)

2 fol=di(Vin)? + Ah (g1 — Brythe(D)ys — pyi + [In(1 — pue) 47
+’Ylh1_1(t)h3( )y1ys + 501yt hg(t)ygldedt

=2 [ o1yihe(t)ysdrd By (t),
(41)

2/Qy2 [da Ny + Bihy ' (#)ha (£ e ()y1y6 — (1 — In(1 — par))ys
—Bihy (Oha(t = 7))yt — 7(0)he(t — 7(t))ye(t — 7(1))]dxdt

+ Jalothy (DR (O)yThE (t)yg

+othy 2()hE(t — T())yi(t — T())hg(t — 7(1)yg(t — 7(1))]dzdt
+2[ [ o1hy ()R (E)y1y2he(t)ys

—o1hy H(Oha(t = T(8)ya(t = 7(1))y2he(t — 7(t))ys(t — 7(1)))dwd Ba (1)
2 [o[—da(Vya)? + Bihy ' (£)ha () he (t)y1y2y6 — p1y3 + |In(1 — pox) |3
AT ORIS (21— (1)) + 43 (¢ — () + SoThy h3uPhau
+102hy2h3y2(t — (1)) h2y2(t — (1)) dtdx

+2 fQ O’1h2_ h1h6y1y2y6 — 01h2_1hAlhAGy1(t — T(t))y2y6(t — T(t))]ddel(t),
(42)
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dVi(t) < 2 / yaldsys + B (£)ha (t — (8 (¢ — () ho(t — 7(t))yo(t — (1))
(g + )ysldadt + [, T OBt — 7(0)he y3(E — (1)) ddt
+2 oy o1k (Oha(t — 7(8)ws (t = (1) )ysho(t — 7(8))ys(t — 7(t))dwd By (1)
2 [y~ ds(Vys)? + 21 (204 (1)) 2 (1 — 7(1)))

~(u + %)yg + S03hs 2Ry (t — 7(6) hud(t — (1) ]dtda

+2 fo o1y () (t = 7(8))ysheys(t — 7(1))dzd B (¢),

IN

(43)
dviy(t) < 2 /Q yaldaDNys + Ashi* (t) — Bayahs(t)ys — (2 — In(1 — par))ya(t, )
+yoh; () ke (t)ysldadt + [, o3y3h3(t)y3dadt
—2 [, 02yihs(t)ysdzdBs(t)

2 [o[=da(Vya)® + Ashy  ()ys — Bayihs(t)ys — payi + |In(1 — pa)|y3
+y2hy () he(t)yaye + 505303 () y3]dedt

—2 [, o2yihs(t)ysdudBs(t),

IN

and

Wa(t) <2 [ sldatSys + 5ah5 (ObaEnba O — (2 = In(1 = pu)s
—ah (Ot — T(t)yalt — T(£))ha(t — 7(0)ys(t — 7(0)))dadt
N R OV HONA O
To3hs (O3 — ()2 (t — TRt — T(0)g3(t — (t))drdt
120y 0ol (Oa(E)yayshs (t)ys
—osh (hat = T(1)yalt — 7(t))ysha(t — 7(1))ys(t — (1)) ded Ba(t)
2 Jol=ds5(Vys)? + Bahy  ha() ha(t)ysyays — pays + 1in(1 — pax)y3
Dl OS2 (1)) 4 43t — 7(£))) + o3y R3yih3YE
+303h; 2R2y2(t — 7(£))h2y3(t — 7(t))]dwdt

+2 [, 02hs ' hshaysyays — o2hs  hahaya(t — 7())ysys(t — 7(t))]dzdBs(t),
(45)

IN
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and

dVa(t) < 2 / olds Oy + Bahg (Dha(t — 7(t))ya(t — 7(8)ha(t — 7(£))ys(t — 7(1))
(12 + e)yolddt + [, 03hg2(OOR3A(E — (1) hs Y3t — (1)) dvdt
+2 [y oahg (O)ha(t = 7())ya(t — 7(8))wsha(t — 7(8))ys(t — 7(t))dzdBa(t)
2 fol—ds(Vys)? + 2B (2 (1 — (1)) + 43t — (1))

~ (2 + 72)y8 + 03hg 2h3y3(t — T(O)h3y3(t — 7(¢))]dtd

+2 [, o2hg " hahays(t — 7(6))yeya(t — 7(t))dad Ba(t),

IN

(46)

then, for V() = Z Vi(t), we have

=1
B - 1
avi(t) < 2 /Q[Alhl By + [In(1 = pie)y + by hsyrys + SotyThivd

+Buhahy heyryays + lIn(L — pai)lyd + 2Rl (2 2(6)) + y2(t — 7(1)))

+30ths W33yl + + 5oty hihgyd(t — 7(8))yR (t — 7(1))

OGS (42— (1) + y2(t — 7)) + S0Py 2R — T(0) 2t — (1))

+Ashy s + [In(1 — psi)|y3 + v2hy theyaye + S03h3y3Y3

Bahz hshaysyays + In(1 — pa)ly? + 2B (02 (¢ (1)) 4 g (¢~ 7(1)))
L03h52h3h3y3u3 + So3hs 2hy3(t — T(0)h3y3(t — 7(1))

+w<y3<t —7(8) + g3t = 7(£))) + So3hg 2h3u3 (¢ — T(0)h3Y3(t — 7(1))]dwdt

—2 [ o1ytheyedzdBi (t) + 2 [[o1hs  hiheyiyays

—o1hy Yhiheyy (t — 7(t))yays(t — 7(t))]dzd By (t)

+2 [o, o1hy M hheyi (t — 7(t))ysye(t — 7(t))dad B (t)

—2 [, 02y3haysdzdBa(t) + 2[ [, 02hs ' hshaysyays

—02hy " hahays(t — 7(t))ysya(t — 7(1)))ded By (1)

+2 fQ Ughglﬁ3}{4y3(t - T(t))y6y4(t - T(t))d:vng(t).
(47)

Taking the integral of both sides of equation (47) from 0 to 7, A T, and then finding
the expected value, yields the following. Integrating both sides of (47) from and taking
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expectations gives that

E[V (r,AT)] - V(0)

E [ [ 20AhT Oy + 1In(1 — pu) |y + 71hi  hsyrys + SodyRhdy?
+Buhuhy hsyryays + (1 — por) |y + 2B (2 (1)) 4 2t — 7 (1))
+102hy 2 h2h3yRy2 + Loty hhdy(t — 7(1)yd(t — 7(1))
BT Rs (12— (1)) 2 (t — 7(t))) + So%hy *RA(E — T(6) hEgR(t — (1))
+Ashy tys + [In(1 — psi)|yd + Yohy 'heyayes + 2o3hiydy?
+Bohs hahaysyays + [In(L — pag) |y + P09 (24 (1)) 443t — 7(1))
"’1‘7%5 *h3h3yay: + 105}15 2h4y4(t —7(t ))h3y3 (t—7(t))
R TR (42— (1)) 3t — 7(t))) + So3ha *hAyA(t — T(0) 3R (¢ — (1)),

IN

there exists positive constants L; such that L; = sup{2|in(1—py)|},t > 0,i =1,2,3,4.
Then, we can calculate

E[V(7,AT)]

V(0) + B f;*" [o{[AZR2(8) + A3hi2(6) + [1+201n(1 — pu)| + nhy by

IA

+othgB? + othihy *hg B + Bihihy *hg Byt + 2|In(1 — par) |y

+y1hy thay? + [1+ 2)in(1 — pai)| + Y2hy the + 02h2B?

+oshs 2hihiB? + B3h3hihs? B2y + [1+ 2|in(1 — pa)[Jy3 + [1 + 72hy ' helys

+Bihahg(hy 'ya + by ys) [ (¢ — (1) + va(

+o2hihg(hy” + hy )y (t — 7(6)d(t — 7(1))

+Bahsha(hs 'ys + he 'ye) W3 (t — T(1)) + y3(t — 7(1))]
)

+o2R2R2(hs? + hg )2 (t — T(0))y2(t — 7(t)) badt

IA

V(0)+ B i [ Cilll+ 93 + 93 + 93 + 2 + v2 + 08 + yi(t — (1)) + 43(t — 7(t)
Y5t — 7)) +yi(t —7(1) + ¥t — 7(0)ys(t — 7)) + Y3t — 7(1)yi(t — 7(t))]dwdt

V(0)+ E [7C1Q] + [y Cilydt — 7)) + g2t — 7() + g3t — 7(1) + g2 (t — 7 (1))
Fyi(t — T(0))ys(t — 7(8) +y3(t — 7(1)yi(t — (1)) da]dt

TqAT
+E [0 Jo [Ci(yf + 93 + y3 + i + y5 + g )daldL,

IN

(48)

where
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Cy = max{ATh >+ A3h %, 1+|Li|+y1hy ' he+oi hg B>+ o hihy *hi B>+ Bihihy *hi B 1+

2In(1 + pai)| + y2hy the + 03h3B* + o3hs *h3hiB* + B3hihihs > B,
Bihih(hy Yyoths Yys), o222 (hy *+h3?), Behsha(hs ys+hg ye), 2h§ﬁi(h52+h§2)},i =
1,2,3,4.
Since
E [T [ Crpt — (1)) dadt + E [T [ Cra(t — 7(t))dadt

FE [T [ Crpt—7(t) + E [T [ Ciyd(t — 7(t))dadt

E[° a Jo 15yi (t)dzdt + E[ 5 Jo 125y3 () dvdt
+Ef fQ 15y (t)dedt + B[ o Jo 12506 () devdt
+E quAT o oy (t)dedt + B [T [ Coyd(t)dwdt
+E [T [ Co2(tydadt + E [ [ CLy2(t)dadt
Co+ E [ [ Coy2(tydadt + E [ [ Ey?,(zs)dggdze
+E [IM [ Cu2(Wydadt + B [N [ Sy (t)dad,

IN

IN

where

Ef A Jo 5yt () dudt + Ef fQ 127V (1) dadi
—I—Ef fQ Lyi(t)dedt + Ef fQ Lyg (t)dadt,

E [ o Cugd(t = (0)y3(t — 7(6))dudt + B [ [ Crgi(t = 7(0)y3(t — (1)) dadt
E [’ Joilsmyi (0 (t)dedt + E [° [ 7S5v3 ()3 () dudt
+E fT“AT fQ ye(t)dxdt + EquAT Jo 72 aosr Y3 ()i (t)dzdt

< Cy+E [ (19—;)232 2(t)dxdt + B [ [, (19;)2 B2y2(t)dzxdt,

IA

where

Ef fQ 2(t)dxdt + Ef . b B3 (t)dwdt.
Thus we have
EV(x,m,AT)]
< Cu+ B [ [y + 53 + 3 + o} + yE + yd)ddt (49)

= Cy+Cs [T E[V(x, 7,AT))dt

8

where Cy = V(z,0) + (C1|Q] + Cy + C3)7, AT, Cs = C; + max{;Z = flf;)} i =
1,2,3,4,5,6. It follows from Gronwall inequalities that
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Elfowi +y3+ 3 +yi +y2 +yg))de < Cre™T.
Define

g = inf{V(t,x), |ly(t,z)|| > q}, forq > qo.
Obviously,

lim = +00.
q—r+00 Ha

pgP(t, < T) < Cye®T. Therefore, choosing ¢ — +o00 yields that P(r, < T') = 0, that
is P(70 >T) = 1.
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