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BIFURCATIONS AND EXACT SOLUTIONS
FOR THE KUNDU EQUATION: DYNAMICAL
APPROACH*
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Abstract In this paper, we focus on the exact traveling wave solutions for the
Kundu equation. By using the method of dynamical systems, we obtain bifur-
cations of the phase portraits of the corresponding planar dynamical system
under different parameter conditions. Corresponding to different level curves,
we derive all possible exact explicit parametric representations of the bounded
solutions (including smooth periodic wave solutions, solitary solutions, kink
wave solutions).
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1. Introduction

More recently, Qiu and Zhang [4] considered the Riemann—Hilbert problem (RH-
P) for the Kundu equation, which reads as follows (see [4, 5]):

@t + oo — blg|*q — ia(|q|?q)x + B(48 — a)|q*q + 4iB(|q|*)»q = 0, (1)

where a,b,3 € R. The authors of [4] stated that “This equation was firstly in-
troduced by Kundu when he studied the gauge transformation for the nonlin-
ear Schrodinger (NLS) type equations [5]. For special situations, the Kundu e-
quation can be reduced to several famous soliton equations, such as the NLS e-

quation (setting a = 0,b = —2,8 = 0), the first-type derivative NLS equation
(setting a = —1,b = 0,8 = 0), the second-type derivative NLS equation (set-
ting a = —1,b = 0,8 = —i)7 the third-type derivative NLS equation (setting

a=1b=0,8= %), the Kundu-Eckhaus equation (setting a = 0,b = —2), the
mixed NLS equation (setting 5 = 0), etc. The Kundu equation can also be viewed
as an extension of cubic—quintic NLS equation, which models the evolution of few-
cycle pulses in nonlinear meta-materials” (see [2,6,8,9]). By appealing to the
research skills in [10-12], Qiu and Zhang solved the RHP for the Kundu equation
with high-order poles and displayed the formula of N-th order bound-state soliton
(BSS), which implies that the integral factor can be solved from the asymptotic
behaviors of RHP.
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In 2015, Qiu et al. [3] constructed an analytical and explicit representation of the
Darboux transformation for the Kundu—Eckhaus (KE) equation. Furthermore, the
formulae for the higher order rogue wave (RW) solutions of the KE equation were
also obtained by using the Taylor expansion with the use of degenerate eigenvalues.

It is different from the references [4] and [3] that in this paper, we use the method
of dynamical systems to find the exact solutions for equations (1). We consider the
solutions of equation (1) with the following form:

qlz,t) = ¢(€)e ™™D ¢ =x —ut. (2)

where v, k and w are constant parameters. Substituting (2) into (1), decomposing
into real and imaginary parts, we have

¢" = (K —w)p + (—ar + b)¢* + (a8 — 45%)¢° (3)
and
(3a —88)¢%¢ + (v — 2r)¢" = 0. (4)

Equation (4) follows that the parameters of equation (1) and (2), which must satis-

fies the relationship: g8 = %a and v = 2x. Write that ag = k%2 —w, 0 = b—ak,ay =

—34?<0.
16
Thus, equations (3) is equivalent to the following planar Hamiltonian system:

d¢ dy 2 4
- =7 = 5
T Y, a ¢ (a0 + a29” + au9?) (5)

with the first integral

1 1 1 1
H(¢,y) = 592 - 60444176 - 10424174 - 5040472 =h. (6)

Clearly, since H(—¢,y) = H(¢,y), the level curves defined by H(¢p,y) = h are
symmetry with respect to y—axis. So that, we can only discuss the phase portraits
in the right half-phase plane for system (5).

Obviously, system (5) is a three-parameter system depending on parameter
group (ayg, @z, ay). We next apply the method of dynamical systems to discuss the
dynamical behavior of system (5) and the bifurcations of phase portraits (see [7]).
Under different parameter conditions we shall find exact solutions of system (5)
and calculate all possible exact explicit smooth periodic wave solutions, solitary
solutions, kink wave solutions of system (5). The exact parametric representations
of these solutions are presented.

The article is organized as follows. In section 2, we discuss the bifurcations of
phase portraits for the systems (5). In section 3 and section 4, we derive exact ex-
plicit parametric representations for all bounded solutions of system (5). In section
5, we state the main results of this paper.

2. Bifurcations of phase portraits of system (5)

Obviously, system (5) has an equilibrium point at O(0,0). Let F(¢)) = ay? +
agth+ag, where ¢ = ¢?. Clearly, when A = a3 —4ayag > 0, F (1)) has two real zeros
at Y =119 = —EVA e z; is a positive real zero of function F'(¢), then, in the

20&4

positive ¢p—axis of the phase plane, system (5) has an equilibrium point E; (/7 0).
Because a4 < 0, it is easy to show that the following conclusions hold.
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(i) When ap < 0,2 > 0 and A > 0, then, F(¢) has two positive real zeros.
(ii) When ap < 0,9 > 0 and A = 0, then, F(¢) has a double positive real zero.

(iii) When «g > 0, F(¢) has one positive real zero at s, if @y > 0 or at ¢y, if
Qo > 0.

(iv) When A < 0, F(1) has no real zero.

Let M(¢;,0) be the coefficient matrix of the linearized system of system (5) at
an equilibrium point F;(¢;,0),¢; = /z;. and J(¢;,0) = detM(¢;,0). We have

J(0,0) = —ag, J(¢;,0) = *%’?(042 + 20[4(1)?)- (7)

Write hg = H(0,0), hj; = H(¢;,0), where H is given by (6).

By using the above information to do qualitative analysis, we have the following
bifurcations of the phase portraits of system (5) shown in Fig.1-Fig.2.

1. The case that there exist two equilibrium points (including double points) of
system (5) in the positive ¢—axis.

(¢) 0=h2< hy. (d) ha <0< hy.

Figure 1. The bifurcations of phase portraits of system (5) when ag < 0,2 > 0, A > 0.

2. The case that there exists one equilibrium point or no equilibrium point of
system (5) in the positive ¢p—axis.
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(a) ap > 0. (b) ap < 0.

Figure 2. Phase portraits of system (5) when F'(¢) has one positive zero or has no zero.

3. Explicit exact parametric representations of so-
lutions of system (5) in Fig.1
It is known that for a given real number A, the function H(¢,y) = h given by (6)
defines level curves of system (5), which can have different branches. We see from
(6) that y? = 2h + app? + %a2¢4 + %oqq’)ﬁ. Hence, by using the first equation of
system (5) we obtain
[ a
o \/|2h + ag? + Fad* + Lo gf|

-/ : (8)
v 2,/ [2h + aop + Sazy? + Lasy?|

where ¢ = ¢2. By using (8), we can calculate the parametric representations of
d(&) = /(&) of the orbits of system (5). Because ¢ = /1), we only need to find
the solutions of (&) > 0.

1. The parametric representations of the periodic orbits and hetero-
clinic orbits given by Fig.1 (a).

(i) Corresponding to the level curves defined by H(¢,y) = h,h € (0,h1), h1 = ha,
there exists a family of periodic orbits of system (5). Now, (8) can be written as

dag| (¥ di)
¢z‘_l N

(6 —b)2 +a2

Therefore, we obtain the parametric representation of the family of periodic solu-
tions:

YaB1(1 —cen(€, k) 2
(A + By) + (4 — Bl)cn(Qog,k)) » £€(0.2K(R), ()

¢@:¢(
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where A2 = (b — by)? + @3, B2 = b2 + a3, k? = La=(izB)” g — | [dloalaBy
sn(-, k), cn(-, k),dn(-, k) are the Jacobin elliptic functions (see Byrd and Fridman
[1]), K (k) is the complete elliptic integral of the first kind.

(ii) Corresponding to the level curves defined by H(¢,y) = hy = ha, there exist

two heteroclinic orbits connecting two cusp points (¢1,0),¢1 = ¢2. (8) can be

written as
4‘0&4
V / (Y1 — 1/)1 VW =)

Thus, we obtain the parametric representatlon of a kink wave and an anti-kink wave
solutions of system (5) as follows:

¢1wof
ViTage

P(§) =+ (10)

where wy = ¥14/ 5 loal

(iii) Correspondmg to the level curves defined by H(¢,y) = h,h € (hy,00), there
exists a global family of periodic orbits of system (5), it has the same parametric
representation as (9).

2. The parametric representations of the periodic orbits, homoclinic
and heteroclinic orbits given by Fig.1 (b).

(i) The level curves defined by H(¢,y) = h,h € (0, hy) are a family of periodic
orbits enclosing the origin O(0,0), these orbits have the same parametric represen-
tation as (9).

(ii) The level curves defined by H(¢,y) = h,h € (hz,0) contain three families of
periodic orbits enclosing the origin O(0,0) and (F2,0), respectively. Now, for the
right family of periodic orbits, (8) can be written as

4|Ot4 d)
V'3 w D) () — o) (¥ — o)y

Therefore, we obtain the parametric representation of this family of periodic solu-
tions:

; (11)

1
wb wc 2
a?sn?(01€,k)

— 1/1a 1111; k2= az)fc’Ql — /|a4\(¢)a Y )y

P(§) = (m +

where a2 =
For the m1d famlly of periodic orbits, (8) can be written as

\/M /J ww(wc—w)w

Therefore, we obtain the parametric representation of this family of periodic solu-

tions: bulGolon (O B)
o|Ga|sn(€,
$(§) = —— , (12)
V1 —a3sn?(Q€, k)
where a3 = T wc K2 = W’Ql = w

(iii) The level curves defined by H(¢,y) = hy contaln two heteroclinic orbits
enclosing the origin O(0,0) and two homoclinic orbits enclosing the singular points
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(F¢2,0), respectively. For the homoclinic orbit enclosing the equilibrium point

E5(¢2,0), (8) can be written as 4|a4 fw M = %)W It follows the

parametric representations of a sohtary wave solution of system (5):

2(Vr — 1) )5
Yar))

P(§) = (djl + Y cosh(wi§) + (291 —

(13)

where wi = \/3laalr ($ar — 1),
For the upper heteroclinic orbit enclosing the equilibrium point Es(¢2,0), (8)

can be written as 4/ 4|a4 . It follows the parametric repre-
fo (P1— 1/))\/ Wn—0)y P P
sentation of a kink wave solution of system (5):

_ _ 2(¢Yar — Y1) L o
0@ = (- ) e o0, (14

where w; = \/§|a4\1/)1(wM —11).

(iv) Corresponding to the level curves defined by H(¢,y) = h, h € (h1,00), there
exists a global family of periodic orbits of system (5), it has the same parametric
representation as (9).

Similarly, we can calculate the parametric representations for all bounded orbits
in Fig.1 (c) and (d).

4. The parametric representations of the periodic
and homoclinic orbits given by Fig.2

1. Explicit exact parametric representations of solutions of system (5)
in Fig.2 (a)

(i) The level curves defined by H(¢$,y) = h,h € (h1,0) contain two families of
periodic orbits enclosing two equilibrium points (F¢1,0), respectively. For the right
family of periodic orbits, (8) can be written as

4|Oé4 ¢ .
V.3 wb\/ V) (W — )b (Y 4 Ya)

Therefore, we obtain the parametric representation of this family of periodic solu-
tions:
®»

V1 — a@2sn2(QsE, k)

_ Ya—tp k2 = &3 (=%a) Qs [ loalba (Yo +1pa)
Ya Yot+iba 3 ’
(ii) The level curves defined by H (gb,y) = 0 contain two homoclinic orbits en-

closing two equilibrium points (F¢1,0), respectively. For the right homoclinic orbit,

= [ —
Y (W — ) (a)

$(§) =

(15)

where a3 =

4\044|

(8) can be written as . It gives rise to the following
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solitary wave solution:

_ V2¢ra
"= vV @ar + 1) cosh(waf) — (s — Ya)’ (16)

where wy = ,/%|a4\1/)M1/Jd.

(iii) Corresponding to the level curves defined by H(¢,y) = h, h € (0, 00), there
exists a global family of periodic orbits of system (5) enclosing three equilibrium
points, it has the same parametric representation as (9).

2. Explicit exact parametric representations of solutions of system
(5) in Fig.2 (b)

Corresponding to the level curves defined by H(¢,y) = h,h € (0,00), there
exists a family of periodic orbits of system (5) enclosing the origin O(0,0), it has
the same parametric representation as (9).

5. Conclusion

By the above discussion, the following conclusion is established.
Theorem 5.1.
(i) For the Kundu equations (1), if and only if B = %a, v = 2K, it has the exact
explicit solutions given by

q(z,t) = qﬁ(f)ei(m_wt), £ =1 — 2kt, (17)

where ¢(€) is a solution of planar dynamical system (5).

(ii) Under different parameter conditions, system (5) has the bifurcations of phase
portraits which are shown in Fig.1 and Fig.2.

(iii) ¢(&) has exact explicit solutions given by (9)-(16).
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