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Abstract. This paper presents a phase transition model that characterizes the thermodynamic
and electromagnetic properties of ferromagnetic materials. We establish the existence of both a
global weak solution and a global smooth solution for the phase transition equations in two and
three dimensions.
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1 Introduction

It is widely recognized that magnetism can be divided into diamagnetism, paramagnetism, ferromagnetism,
antiferromagnetism, and ferrimagnetism. Notably, ferromagnetism is predominantly observed in metals
such as iron, cobalt, nickel, and various alloys containing these elements. This type of magnetism occurs
due to the spontaneous alignment of magnetic moments, resulting in a strong and persistent magnetic field.
This property makes these metals and alloys invaluable in various electromagnetic applications, such as mo-
tors and generators [1]. The most fundamental characteristic of ferromagnetic materials is the existence of
spontaneous magnetization. The theory of spontaneous magnetization reveals the nature of numerous ferro-
magnetic properties, including the influence of temperature on ferromagnetism. As temperature increases,
the distance between atoms grows, thereby decreasing the atomic exchange interaction. The distance be-
tween atoms increases when the temperature increases, which reduces the exchange action of atoms. Mean-
while, the thermodynamic motion destroys the regular orientation of the spin magnetic moments continu-
ously, thus causing a decrease in spontaneous magnetization. Eventually, when the temperature surpasses
Curie temperature 6., the spontaneous magnetic moment vanishes, and the material transitions from being
ferromagnetic to paramagnetic [2].

In this paper, we are concerned with the theory of the paramagnetic-ferromagnetic transition [3—8]. Our
investigation originates from the paper [6], in which the authors proposed a phase transition model that
describes the paramagnetic-ferromagnetic transition in ferromagnetic materials and established the exis-
tence and uniqueness of weak solutions in dimensions three. The phase transition equations governing the
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evolution of the ferromagnetic material reads

yM; = vAM - 6.(M]> - )M - 6M + H, in Qr, (1.1)
ci(n @), + c260; = ko)A(In6) + M- M, + k1 A6 + 7, in QOF, (1.2)
where M denotes the magnetization vector, 6 represents the absolute temperature, and Q7 = Q X [0, T'] with

T > 0. The constants v, v, ¢y, ¢z, ko, k1 are strictly positive, while 6, is the Curie temperature. Additionally,
7 is a known function of x, . Our focus extends to combining this model with Maxwell’s equations

pH, + M, = -V X E, (1.3)
E +0E=VxH, (1.4)
V-@H+M)=0, V-E =0, (1.5)

where H is the magnetic field, E is the electric field, i and o are respectively the magnetic permeability
and the conductivity. The existence and uniqueness of the global weak solution for (1.1)-(1.5) were proved
in [6] without the displacement current d,E. Some limiting problems for this model were explored in [9],
and the fractional version of the model was studied in [10].

In this paper, we will consider the global smooth solution of (1.1)-(1.5) with the inclusion of the current
O0:FE in two and three dimensions. We assume that ¢; = kg = 0. This assumption means that the heat
conductivity and specific heat are dependent on the absolute temperature according to the laws: k(6) = k0
and c(6) = %292. We consider the phase transition equations

yM, = vAM - 6.(MJ*> — )M — 6M + H, (1.6)
Oy =M -M; + kA6 + 7, (1.7)
uH; + M; = -V X E, (1.8)
E,+cE=VxH, (1.9)
V-WH+M)=0, V-E =0, (1.10)

with the periodic conditions

M(x + 2De;, t) = M(x, 1), 8(x + 2De;, t) = 6(x, 1),

1.11
H(x + 2De;, 1) = H(x, 1), E(x + 2De;, t) = E(x, 1) ( )

and the initial conditions
M(x, 0) = My(x), 6(x,0) = 6p(x), H(x, 0) = Ho(x), E(x,0) = Eo(x), x€ Q € RY, (1.12)

where Q = Hj.':l(—D, D), d =2,3.
In view of the equation (1.10), we should impose the following constraints on the initial functions
M(), H() and E()i
V-(uHp+Mp) =0, V-Eo =0, (1.13)

Inspired by the ideas presented in [9—16], we aim to study the existence of the global weak solution and
the global smooth solution for the phase transition equations (1.6)—(1.12). Initially, we construct the solu-
tions of the equations (1.6)—(1.9) with (1.11) (1.12). Subsequently, we demonstrate that these constructed
solutions fulfill equation (1.10) when subject to the condition specified in (1.13). As a result, we establish
the existence of solutions for the problem (1.6)—(1.12). To the best of our knowledge, there are currently no
available results on global smooth solutions related to this problem (1.6)—(1.12).

The main results are as follows:



Theorem 1.1. Assume that (Mg, 6, Hy, Eo) € (H'(Q), L>(Q), L*(Q), L*(Q)), #(x, 1) € L*(0,T; H'(Q)),Q ¢
R, d = 2,3 and (1.13) is satisfied. The constants u, o are positive. Then the problem (1.6)-(1.12) has at
least one global weak solution (M(x, 1), 0(x, t), H(x, 1), E(x, t)) such that
M(x, 1) € L*(0, T; H'(Q)) N L*(0, T; H*(Q)),
0(x, 1) € L*(0, T; L*(Q)) N L*(0, T; H'(Q)),
H(x,1) € L¥(0, T; L*(Q)),
E(x, 1) € L*(0, T; L*(Q)).
Theorem 1.2. Assume (Mo, 6y, Hy, Eo) € (H™(Q), H™(Q), H™(Q), H"(Q)), #(x, t) € L°(0, T; H™(Q)), m >
1,Q ¢ R?, and (1.13) is satisfied. The constants u, o are positive. Then there exists a unique global solution
M(x), 6(x), H(x), E(x)) of the periodic problem (1.6)-(1.12) and for any T > 0, satisfying
M(x, 1) € L¥(0, T; H"'(Q)) N L*(0, T; H™(Q)),
0(x, 1) € L*(0,T; H"(Q)) N L*(0, T; H"(Q)),
H(x, 1) € L¥(0,T; H"(Q)),
E(x, 1) € L™, T; H"(Q)).
Additionally, the above results still hold for d = 3 when ||M0||i,1 < 09,00 < 1.

This paper is organized as follows. In the next section, we will provide the definition of a weak solution
for the phase transition equations, and establish the existence of the global weak solution by the Galerkin
method. In Section 3, by employing a priori estimates, we obtain the existence of the smooth solution for
the phase transition equations. In the last section, we show that the global solution of problem (1.6)-(1.12)
is unique.

2 The existence of global weak solution

In this section, we will establish the existence of a global weak solution to the phase transition equations.
Firstly, we construct the Galerkin approximate solutions of the problem (1.6)-(1.12), and establish a priori
uniform estimates of these solutions. Then we provide the proof of the existence of the generalized solutions
to the problem (1.6)-(1.12). Thus, Theorem 1.1 holds.
First, we introduce the definition of the weak solution to the problem (1.6)-(1.12).

Definition 2.1. A three-dimensional vector function (M(x,1),0(x,t), H(x, ), E(x,1)) € (L°(0,T; H(Q)),
L®(0,T; L*(Q)), L*(0, T; L*(Q)), L*(0, T; L*(Q))) is called a weak solution to (1.6)-(1.12), if for any vector-
valued test function ¢(x,t) € C 1[0, T1; H*(Q)) with o(x, D= = 0, and for any scalar test function &(x, t)
e C'([0,T1; CH(Q)), the following equations hold:

’yf M - ¢, dxdt — v ff VM - Vodxdt — ff 9c(|M|2 — 1M - ¢pdxdt 2.1)
Or Or Or

—ff 9M-¢dxdt+f H-¢dxdt+7fMo~¢(x,O)dx:O,
Or Or Q

cff 0 - . dxdt + f M- M, - ¢pdxdt — kff Vo - Vodxdt 2.2)
Or Oor Or
+ ff f’-gbdxdt+cf 6o - ¢(x,0)dx =0,
Or Q



ff wWH+ M) - ¢dxdt — ff (Vx¢)-Edxdt + f(,uHo + Mp) - ¢(x,0)dx =0, (2.3)
Or Or Q

ff E - ¢:(x, t)emdxdt + ff em(V X ¢) - Hdxdt + f Eo(x)é(x,0)dx = 0, 2.4)
Or Or Q
ff Vé - (uH + M) dxdt = 0, ff Vé-E dxdt =0, (2.5
Or Or
M(x,0) = Mp(x), 06(x,0) =6p(x), H(x,0) = Hy(x), E(x,0) = E(x), x € Q. (2.6)

Next, to solve the equations (1.6)-(1.12), we use the Galerkin method. First, we establish a priori
estimates for the approximate solutions of (1.6)-(1.12).
Let w,(x),n =1,2,--- be the unit eigenfunctions satisfying the equations

Aw, + ,w, =0, wy(x— De;) = w,(x+ De;), i=1,2,...,d,

where A,,, n = 1,2, are the corresponding eigenvalues that are different from each other. The set {w,(x)}
consists of an orthogonal normal basis of LX(Q).

Denote the approximate solution of the problem (1.6)-(1.9) by My(x, 1), On(x, 1), Hy(x, 1), Ex(x, t) in the
following form

N N
My(x ) = ) aw@Owy(x), Oyxn = > Biv(wy(x),
s=1 s=1

N N
Hy(x0) = ) yn (w0, By(x,n) = Lvtw,(x),
s=1 s=1

where asn (1), Bsn(t), ysn(@®), {sn(@), s = 1,2,- - N,N = 1,2,--- satisfy the following system of ordinary
differential equations

f [YMyiw;(x) + vWMy Vo (x) + 6. (My 2 = DMyw,(x) + OyMyw(x) - Hyoy(x)|dx =0, 2.7)
Q

f | O, (0) = My - My, (x) + VO Vo, (x) = Fw(x)|dx = 0, (2.8)
Q
f |1Hyw,(x) + Miywy(x) + (V X Ex)wg(x)|dx = 0, 2.9)
Q
f |Eniws(x) + CExw(x) = (V x Hy)w,(x)|dx = 0 (2.10)
Q

and the initial conditions

agn(0) = f My (x, O)wy(x)dx = f My(x)ws(x)dx = apy,
Q Q

Bsn(0) = fQ On(x, Dws(x)dx = fg Bo()ws(x)dx = Pos,

2.11)
vsn(0) = fg Hy(x, O)ws(x)dx = fg Ho(x)ws(x)dx = yos,
£ (0) = fQ En(x, 0)w,(x)dx = fQ Eo(9)ws()dx = Loy,
Obviously, there holds
f Moy (X)dx = o (1), f Oy (Dddx = B (1),
Q @ (2.12)

j; Hyw (x)dx = vy (1), fg Enwg(x)dx = £ (D).



For simplicity, we introduce notation as follows

I llze =111, p=2. (2.13)

It follows from the standard theory on nonlinear ordinary differential equations that the problem (2.7)-
(2.11) admits a unique local solution. In order to obtain the existence and uniqueness of the solution of
(2.7)-(2.11), we require additional estimates as follows.

Lemma 2.1. Assume that (My(x), 6o(x), Hy(x), Eo(x)) € (H'(Q), L2(Q), L2(Q), L3(Q)), #x,1) € L*0,T;

HY(Q)). For the solutions to the initial value problem (2.7)-(2.11), we have the following estimates

sup {”MN”Hl +16nll2 + [Hyll2 + ”ENHZ} <C, (2.14)
0<t<T

T
f [My,ll3 + [IVOyl5 + IExI31dE < C, (2.15)
0

where C is a constant which is independent of N and D.

Proof. Multiplying equation (2.7) by () for each s from 1 to N, and then summing up all the results, we
obtain

1d 0,
~—|VIVMy |3 + —C||MN||1] +¥IMl3 + f ONMyMy;dx — 6, f MyMy,dx — f HyMy;dx = 0.
2 dt 2 Q Q Q
(2.16)

By taking the scalar product of By (f) with (2.8), and then summing up the outcomes for all s =
1,2,---,N, we derive

cd .
Ed—ne,vug + k||VEyll5 — f ONMyMy,dx — f POydx = 0. (2.17)
t Q Q

By taking the scalar product of y,n(f) with (2.9) and the scalar product of {sy(¢) with (2.10) respec-
tively, adding the two resulting equalities together, and subsequently summing up the outcomes for all
s=1,2,...,N, we have

d
——[unHNn% + ||EN||§] + o[Enlf3 + f HyMy,dx = 0. (2.18)
2dt Q
Adding (2.16), (2.17) and (2.18), we obtain
1d 0
Ed—t[vuVMNu% + ECHMNMX + cllowll3 + ul i3 + ||EN||§] + YIMyll5 + klIVONII5 + TIENI3
=0, f MNMNtdx + f ?HNdx
Q Q
2
Y 2 0 2 k 2 1 2
< S IMyil3 + 2—;||MN||2 + S10M5 + S IIFR, (2.19)
and then
li[vnVMan + 2o My + cliow I T ullEy 1 + B2 |+ LMl + KIVONIE + o2
2 dt 2 2 4 2 2 2 2 2 2 2 (2.20)

< C(1 + IMplI§ + 18113 + [IF13).

By Gronwall inequality, we can obtain the estimates (2.14) and (2.15). This completes the proof of lemma
2.1. m|



Remark 2.1. In fact, by the equation (2.7) and estimates (2.14) and (2.15), we can derive fOT ||AMN||%dx <
C easily.

Lemma 2.2. Under the conditions of Lemma 2.1, for the solution My, Oy, Hy, Ey) of the initial value
problem (2.7)-(2.11), we have the following estimates

IMNllg-10) + N1 ) + IEndlg-10) < C, (2.21)
T
f IIHNIIIE_l(Q)dx <C, (2.22)
0

where C is independent of N and D, and H™(Q) denotes the dual space of the space H"(Q).
Proof. For any function ¢ € H?, ¢ can be represented as
N oo
Y=¢Nt PN, ON = Zﬁsws(x)a oy = Z Bsws(x).
s=1 s=N+1

For s > N + 1, we have fg Mpy;ws(x)dx = 0. Then by Lemma 2.1, we get

f My pdx = f Moy (x)dx
Q Q

v

0. 1 1
- f YMyVoydx - f (IMuP = DMygndx -~ f OnMyonds + ~ f Hypydx
Y Jo Y Jao Y Jo Y Jo

SC[IIVMN|I2IIV90NII2 + (IMy 11§ + IMuIDlewllz + My llallonll2llenla + IIHNII2I|90NII2]

<Clienllg1@) < Cligllgiq)-

Similarly, for s > N + 1, we have fQHNt - ws(x)dx = 0, fQ Ey; - wg(x)dx = 0. Then by Lemma 2.1, we
deduce that

p f Hyddx = p f Hydydx = i f (VX Ey - on — Myson)dx
Q Q Q

< CUIENILIIVenll + el a1 @)
< CUIVenllz + liella @) < Cillellp -

f Eni¢dx = fENt¢Ndx < C(Hyll2 + IEx|2)(IVenll2 + llenll2)
Q Q
< CIVenll2 + llenll2) < Colleligi -

The above inequalities indicate that (2.21) holds true.
Let ® € L>(0,T; H'(Q)), by (2.8) and Lemma 2.1, we have

T T
1 o
f f Oy Odxdt < - f M Ll MBIl + KV + 1AL lIDlld
0 Q 0

T
2
<C [ 10l g

where C is a constant independent of N. The lemma is proved. O



Lemma 2.3. Assume that the conditions presented in Lemma 2.1 are satisfied. For the solution (My(x, t), Oy (x, t),
Hy(x, 1), En(x, 1)) of the initial value problem (2.7)-(2.11), there are the following estimates

1
IMn (-, 1) = M (s 2l < Clty = 1212, V1,10 20,
1
IOn (s 1) = OnG, )l -1 + IHNC, 7)) — HyC, 2)ll -1 + IEnCG 1) = EnG)llg-1 < Clt — 62,
Vi, >0,
where the constant C is independent of N and D.

Proof. By Lemma 2.2 and Holder inequality, we have

f MN,dzH f Milladt
I
<|f2—11|2 f fIMNII dxdt

IMn (-, 1) = My (G, 22)ll2 =‘

SCllz—hl2
and
105G 11) — O )l = ethH f 1ol
s|zz—n|% fo ||9N||§,_1dr)2
<Cltr — t1]2.

Similarly, we have

1 1
IHy(, t1) — Hy(, 0)llg-1 < Clta — 1112, [[En(, 1) — EnCG, 02)llg-1 < Clty — 11]2.

This lemma is proved. O

From ODE theory, Lemma 2.1- Lemma 2.3, we have the following lemma:

Lemma 2.4. Under the conditions of Lemma 2.1, there exists a unique global solution (asN(t), Bsn (1), vsn (1),
Ln@®) (s=1,2,..,N, t € [0,T], VT > 0) of the initial value problem for the ordinary differential equations
(2.7)-(2.11). Moreover, this solution is continuously differentiable.

In the following, we will prove the existence of a global weak solution for (1.6)-(1.12).

The Proof of Theorem 1.1

From the uniform estimates of the approximate solution {My/(x, f), Oy (x, 1), Hy(x, 1), Ex(x, £)} in Lemma
2.1 and Lemma 2.2, then by the Sobolev imbedding theorem and Lions-Aubin lemma, there is a subsequence
which is still denoted by {My(x, 1), On(x, 1), Hy(x, 1), Ex(x, 1)} such that

My (x,1) = M(x, 1) weak * in L=(0,T; H'(Q)) N L*(0, T; H*(Q)), (2.23)
My (x, 1) = My(x, 1) weak * in L*(0,T; H ' (Q)), (2.24)
My (x,t) > M(x,1) strongly in L1(0,T; L (Q)),2 < g < o0, 2< p < oo, (2.25)
On(x,1) = O(x,1) weak = in L0, T; L*(Q)) N L*0, T; H'(Q)), (2.26)
Oni(x, 1) — 0,(x,1) weak * in L*(0,T; H™'(Q)), (2.27)
On(x,1) = O(x,1) strongly in L*(0, T; L*(Q)), (2.28)
Hy(x,1) — H(x,1) weak® in L°(0, T; L*(Q)), (2.29)
Eyn(x,1) — E(x,1) weak™ in L™(0, T;LZ(Q)). (2.30)



For any vector-valued test function ¢(x, t) € C'([0,T]; H 1(Q)) with o(x, =7 = 0, we define an approx-
imate sequence as follows

N

OV D) = D an(Dwa(x), an(t) = fg B(x, Den(D)dx.

n=1

We know that ¢y is uniformly convergent to ¢(x, 7) in C 1[0, T1; H'(Q)), namely

||¢N - ¢||C1([O,T];H](Q)) - 0, as N — oo, (231)

Taking the scaler product of a(¢) with (2.7),(2.8),(2.9), respectively, and the scaler product of e”a(t)
with (2.10), summing up the products for all s = 1,2,--- , N and then integrating by parts, we get

’)/f My - ¢N,dxdt - fo VMy - V¢Ndxdt - ff QC(|MN|2 - I)MN . ¢Ndxdt
Or Or Or

- f fQ ONMy - pydxdt + f . Hy - ¢ydxdt + fg My (x,0) - ¢y (x, 0)dx = 0, (2.32)
¢ f fQ O - didxdt + f . MyMy, - gydxdt — k f fQ VOy - Véndxdt

+ f fQ F(x,1) - dydxdt + ¢ fg On(x,0) - dy(x, 0)dx = 0, (2.33)
[ f , Hy - ¢wi(x, dxdt + f , My - pi(x, Hdxdt — f , (V X ¢) - En(x)dxdt (2.34)

+ fg (uHy (x, 0) + My(x,0)) - ¢ (x, 0)dx = 0,
f fQ Ey - (dnee”)dxdt + f fQ ¢”'(V x ¢) - Hy(x, dxdt + fg En(.0)- (. 0)dx=0.  (2.35)

From (2.23)-(2.31), it suffices to deal with the nonlinear terms in (2.32)-(2.35). From (2.23) and (2.31)
we have

f (VMy - Voy — VM - V)dxdt
Or
= f (VMy — VM) - Vo + VM (Vo — Vo)dxdt
Or
T T
Sf IVMy — VM|2[[Von|l2dt +f IVM||2[IVén — Vll2dt — 0, N — co.
0 0
From (2.23)-(2.25) and (2.31), we derive
f (IMy? = DMy - ¢pydxdt — ff (IMP> = DM - ¢pdxdt, as N — .
Oor or
By (2.25), (2.28) and (2.31) we obtain
ff ONMy - pndxdt — ff OM - pdxdt, as N — oo.
Or Or
It follows from (2.23)-(2.25) and (2.31) that

ff MnyMy; - dydxdt — f MM, - ¢dxdt, as N — oo.
Or Or



So by (2.30) and (2.31), we derive
f (V X ¢n) - Endxdt — f (V x ¢) - Edxdt
0 Or

:ff Vx(¢N—¢)-ENdxdt+ff V><¢-ENdxdt—ff (V X ¢) - Edxdt
T Or T

=ff VX(¢N—¢)-ENdxdt+f (Vx¢) - (Ey — E)dxdt
Or Or

S( fo IV(gn — ¢)I2dxdt)7||EN||L2(QT) + fo (V X ¢) - (Ey — E)dxdt

— 0, as N — .

Similarly, we can prove that

ff Hy - ¢nidxdt — f H - ¢,dxdt, as N — oo,

Or Or

ff Ey - (¢nee”")dxdt — ff E - (¢;¢7dxdt, as N — oo,
Or Or

ff e”'(V x ¢n) - Hydxdt — ff e’ (Vx ¢)-Hdxdt, as N — oo,
Or Or

ff My - ¢pnidxdt — f M- ¢, dxdt, as N — oo,
Or Or
ff On - dnidxdt — ff 0-¢dxdt, as N — oo,
Or or
ff VOy - Véondxdt — ff VO - Vodxdt, as N — oo.
Or or

Thus, taking N — oo in (2.32), (2.33), (2.34) and (2.35), we obtain that the limit functions M(x, t), 0(x, 1),
H(x, 1) and E(x, t) satisfy the integral equalities (2.1), (2.2), (2.3) and (2.4). Furthermore, if the initial vector
functions My, Hy, Eg satisfy the conditions fg Vé-(uHg+Mg) dx = 0, fg Vé-Egdx =0forall é(x) e C LQ),
we can easily deduce that for any &(x, 1) € C 1[0, T1; C1(Q)) with £(x, T) = 0 and & = &(x, 0), we have from

(2.3) and (2.4) that
ff Vé- (uH +M) dxdr = 0, ff Vé-E dxdt = 0.
Or Or

Therefore, through the above analysis and calculations, the global weak solution of the problem (1.6)-(1.12)
is obtained.

3 The existence of global smooth solution

To demonstrate the existence of a global smooth solution (M, 6, H, E) for problem (1.6)-(1.12), it is neces-
sary to establish a priori estimates. In this section, we first consider the special case d = 2 and x € Q c R?.
Then we also find the estimates hold for d = 3 when the initial data is small.

Lemma 3.1. Assume that (Mo(x), 6o(x), Ho(x), Eo(x)) € (H*(Q), H'(Q), H'(Q), H'(Q)), #(x,t) € L*0,T;
H'(Q)), then there exists a smooth solution (M, 0, H, E) for problem (1.6)-(1.12) satisfying the following



estimates

sup {IMilge + l6lly + [Fll + Il |

0<t<T

T
+ f [IVAM]]3 + [|AG]15 + IVEI3]dz < C. 3.1)
0
Proof. Multiplying (1.6) by A?M, and integrating the resulting equality with respect to x € Q, we obtain
yd 2
EEIIAMIQ +VI[VAM|;

=6, f VI(M[? = 1)M] - VAMdx + f V(OyM) - VAMdx — f VH - VAMdx
Q Q Q

< 6.(3IMIZ, + 1)IVMILIVAMIL: + (Ml V62 + (1617l ) [VAM]L
+ [IVAMIL[IVH]2

< C(IMIL2|IAMIl; + 1)IVMIL[VAM, + C(IIMIIZ%IIAMIIZ%IIVGIIz
+ VOO0 IVMIEIAMI ) [VAMI, + [VAMI [ VH])

< 1—V6||VAM||§ +C(1 +[|AMI3) + %IIVAMH% +C(1 + [|IAMI3)IIVel3
+ %IIVAMH% + C(IVOII3 + IAM3) + %IIVAMIQ + C||VHI|3

4
< ZIIVAMH% + C(IAMI[3 + [AMI1Z + [[VEII3 + IVOllZ + [IVHI3 + 1), (3.2)

where we have used Holder inequality, Gagliardo-Nirenberg inequality and Lemma 2.1.
Multiplying (1.7) by A6, and integrating the resulting equality with respect to x € Q, we have

cd 2 2
5 71Vl + KllAG
:—fM-M,-Ade—ff”-Ade
Q Q
6
:—ZfM-AM-Ade+ —CfM-[(lMlz— 1M] - Abdx
Y Jao Y Ja
1 1
+—fM-(6M)-A6dx——fM-H-Ade—f?-Aedx. (3.3)
Y Jo Y Ja Q
By Lemma 2.1, Holder inequality and Gagliardo-Nirenberg inequality, we derive

v 1 3
‘— 5 f M - AM - Abd x| <CI[Ml|«|IAMI)2[1A8]> < CI[M|; |AMI]|; [1A6]]2
Q

k
s§||A9||§ + C(IIAM][3 + 1). (3.4)

Similarly, we obtain

% f M - [(IMJ? — DM] - Abdx
Y Ja

6
s;”(uMui, + [IMI)I1A6IL
<C(IMIBIIAMI + M| lIAMIL, )l|A6]1

k
s§||A0||§ + C(IAMI}3 + |AMI} + 1), (3.5)
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1
‘; f M - (OM) - Adedx| <CIMI [81lIAG
Q

<C|M[l2[|AM][2 1611211 A61]2

k
<glIA0I5 + CllAMI3 (3.6)
and
1 1 k ) )
_ ; M- H - A9dx| < ;I|M||OO||H||2||A0||2 < §||A9||2 + C(IIAMH2 + 1), 3.7)
Q
f 7+ A8dx| < CIVA|:IIVOll, < C(||V9||§ +1). (3.8)
Q

Thus, inserting estimates (3.4)-(3.8) into (3.3), we have
cd ) k 2 2 2 4
EEIIVGIIZ + EIIAHIIZ < C(IVall5 + IAM]]5 + [[AM]]; + 1). (3.9)

Now taking the product of AH with (1.8) and the product of AE with (1.9) respectively, and summing
the two resulting equalities, and then integrating the final equality with respect to x € €, we obtain the
following inequality

1d
M(unVHn% +|IVE|3) + o|IVEI5 = f VM, - VHdx < |[VM;|2|IVHl
Q
1
S;(VHVAMllz + 0 IVI(IMP> = DM]|l2 + [[VM]|wl16ll2 + [M]|eoI V6] + [[VH]])IIVHI|2
<3||VAM||2 + C(IVO|I + ||AM|2 + |AM]|2 + [[VH]|]Z + 1 3.10
<7 5 (IVall, + IAMI[; + [|AM]|5 + [[VH]|; + 1), (3.10)

where we have used Holder inequality and Sobolev imbedding theorem.
Thus, combining (3.2), (3.9) and (3.10), we derive

1d v k
Ed_z( IAMI; + clIVOll; + I VHIE + IVEI ) + SIVAMIS + ZIIAGlE + oI VEL;
<CUIAMIE + IAMI + V6l + V115 + IVHI + 1). (3.11)

By employing the estimates (2.15) and (3.11) and the Gronwall inequality, we establish the estimate (3.1).
O

Lemma 3.2. Assume that (Mo(x), 6(x), Ho(x), Eo(x)) € (H™(Q), H™(Q), H"(Q), H™(Q)),# € L*(0,T;
H™(Q)), m > 0, then there exists a smooth solution (M, 6,H, E) for problem (1.6)-(1.12) satisfying the
following estimates

sup [HM(-, Ot + 160G, Dl + IHC Dl + EC D)l
0<t<T

T
+ f (M2 + 1611701 + IEllFm)dt < C. (3.12)
0

Proof. The lemma will be proved by the induction for m. According to Lemma 2.1 and Lemma 3.1, the
estimate (3.12) holds when m = 0, 1.
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Now assume that the estimate (3.12) holds for m = K > 2, that is

sup [||M<-,t>||§,m + 110G, DIk + EC, DI« + HC, DI«
0<t<T

T
+ f (M, k.2 + 16120 + IIENZ O)d < C. (3.13)
0

We aim to prove that (3.12) holds for m = K + 1.
Taking the scalar product of AK*>M with (1.6), and integrating the resulting equality with respect to
x € Q, we derive

vd
2 dt

— 6 [ VEOME - M) TEEMax [T M) 7 Ma
Q Q

IVEMIdx +VIVE M

- f VEHTH . vES M, (3.14)
Q
where

f V(M2 = DM] - VA Mdx
Q

<[IVETIMPM)[LIVES ML + V5 M [VE M|

K+1 i
<Y Che CIVIMYETIMY M VA M + V5 ML VA M
i=0 j=0

<C Z IV Mgl V"> M |6l V" M |6l V<Ml

i1+ir+j3=K+1

4
31—8||VK+3M||§ +C(1 + VK2 MIS). (3.15)

Similarly, we have
K+1 . .
f VAL (M) - VS Mdx =C 3 IVl lIVE M6l V5 M,
Q i=0
4
< ﬁ||VM+3M||§ +C(1+ VK gd). (3.16)

Hence, combining (3.14)—(3.16), we have

vd
2 dt
v

s6||VK+3M||§ +C(1+ VK GIZ + IVE2MI + [VEHTH| D). (3.17)

K+2n 112 K+212
VMl + VIIVE41l

Taking the scalar product of AK*19 with (1.7), and integrating the resulting equality with respect to
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x € Q, we obtain
cd k0 K+2 12
Ed_z”V 0ll5 + k[[VET70l5
< f MM, - VE*20dx + f 7 VE*20dx
Q Q

<IMleo M2 IVE 26110 + [1P111IVE 261

1 1
<CIIAMIIZ M| (VIIAMl> + 6, /I(MI* = DM
+ 116114l Ml + [HIIVE20)L, + [[VEH 70| V201,

v ki N
< IVESMIG + ZIVE26 + CC1+ IVE2MIG + Vel + 951 AR). (3.18)

Taking the scalar product of AK*! E with (1.8) and the scalar product of AK*! H with (1.9), summing the
two equalities, and then integrating the resulting equality with respect to x € Q, we obtain

1d .
Ed_t(HVKJr]E'I% +,u||VK+1H||§) + 0'||VK+1E||% — f VE+HIM - VEH Hdx
Q

<[IVEH M VA TH] |
<MIVEBM, + 6IVE [((MP — DMl
+ 2 VK (MO) |1, + [IVETHIL)IVEH T HI
4
sgan”Mu% +C(1 + [VEHH|Z + IVE2M15 + IV a)12). (3.19)

It follows from (3.17)-(3.19), that

d
E(IIVK”MII% + VK15 + IVETE| + ||VK“H||§) + VK25 + IVE*20)13 + IVEHE|
<C(1 + VK113 + VKM + [VEH2MIS + IVEHTHID). (3.20)
Therefore, by employing (3.13) and applying Gronwall inequality, we can establish the estimate (3.12). O

Following a similar approach to the proof of Theorem 1.1, we can establish the local existence of the
smooth solution to (1.6)-(1.12). Subsequently, by employing a priori estimates for the smooth solution, we
can deduce the global existence of a smooth solution to the problem (1.6)-(1.12).

Remark 3.2. When the dimension is set to d = 3, Lemma 3.1 and Lemma 3.2 can also be proven, provided
that ||M0||i,1 is sufficiently small. Subsequently, by replicating the methodologies employed in the proof for
the case d = 2, we can establish the existence of the solution M, 6, H, E) for the d = 3 dimension.

4 The uniqueness of global smooth solution
In this section, we are devoted to proving uniqueness. Let (M;,6;,H;,E;) (j = 1,2) be the smooth solutions

for the problem (1.6)-(1.12). Denote (M, 0, H,E) = M; — M»,0; — 6,,H; — Hy,E; — E»). As a result,
(M, 6, H, E) satisfies the following system:
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yM, = vAM — 6.((IM; > = DM + (M; + M,)MM,) — (6M; + 6,M) + H, 4.1

ct; = MMy, + MoM; + kA6, (4.2)
uH, + M, = -V x E, (4.3)
E,+0E = VxH, (4.4)
V-uH+M)=0,V-E =0, 4.5)

with periodic conditions

M(x + 2De;, t) = M(x,1), 6(x+ 2De;,t) = 6(x,1),

(4.6)
H(x + 2De;, t) = H(x,1), E(x+2De;,t) = E(x,1),

and initial conditions

M(x,0) =0, 6(x,0) =0, H(x,0) =0, E(x,0)=0. “.7
Taking the scalar product of equation (4.1) with M — AM, then integrating the equality obtained over Q, we

derive
vd
2dt
=-0, f ((IM; > = DM + (M + Mp)MM,)(M — AM)dx

Q

(M + VM2 + v{IVMI]3 + [[AM]2}

- f(QMl + 6oM)(M — AM)dx + f HM - AM)dx
Q Q

<C(IM I3, + IM212, + DIMIL(IMIl2 + [[AMl)
+ (IIMilloo16ll2 + 11621121 Mlleo)(IMII2 + |AMI]2) + [[Hl2(I[M]l2 + |AM]]2)}.

By Gagliardo-Nirenberg inequality, we get
1-4 d
IMllee < CIMII, *IIAMI]S . (4.8)

Then it follows from the estimates (3.12) and (4.8) that

d
ZZAIMIB + [VMIZ) + v{IVMI + |AMI)
2 t 4.9)
< ZIIAMI + CIMI + 11613 + [IHIR).

By taking the scalar product of equation (4.2) with 6, and integrating the equality with respect to x € Q,
we have

cd
Ed—neué + k||VOl3 = f (MM, + MaM,)fdx
4 Q

<CIMloo(IAM ]l + ElI(IM > = D)lleol M1z + 1Ml l16 112 + L )l 6112
+ ClIMyloo(IAMIlz + 6c(IMy 112, + DIIMI2 + M llool161]2 + 1621121IMlles + [ )16l
4
sgnAMui +C(MI13 + 16115 + H]13), (4.10)
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where we have used the estimates (3.12) and (4.8).
Next, by taking the scalar product of equation (4.3) with H, and the scalar product of equation (4.4) with
E, summing the two equalities, then integrating the resulting equality with respect to x € Q, and applying
the estimates (3.12) and (4.8), we obtain
1d
2dt
SC(IIAMIIZ + (IMy 12, + DIMIL + [IM[lool6ll2 + [162112IM s + IIHIIz)IIHllz

(M5 + B3} + Bl = — f M, Hdx
Q

4
sgnAMn% + C(IMI2 + 116113 + [IH|I3). 4.11)
By adding (4.9), (4.10) and (4.11), then applying the Gronwall inequality, we derive
M3 + [VM[3 + 116113 + [[H]3 + [[E|I3 = 0. (4.12)

Thus the global solution (M, 6, E, H) is unique for m > 1.
Therefore by the above uniqueness result and existence result established in Section 3, we complete the
proof of Theorem 1.2.
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