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Abstract

In this work, we propose a finite element iterative algorithm to solve the stationary fluid-
fluid interaction model. First, we give the finite element discretization for the considered
equations. Due that the finite element discretization system is nonlinear, then we design
an iterative algorithm for solving the nonlinear equations, where error correction strategy
is used to control iterative error at each iteration. Finally, some numerical tests are carried
out to demonstrate theoretical results of the proposed algorithm.
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1. Introduction

Multi-domain and multi-physics coupling of two immiscible fluids often appears in many
fields of production and life. Actually, fluid-fluid interaction model can describe this problem
well and a great deal of effort has been devoted to the development of numerical methods
for approximate solution of this model.

On one hand, for numerical work of the time-dependent fluid-fluid interaction model,
Lions et al. [26] have given numerical analysis of the numerical method. Based on the
operator-splitting and domain decomposition methods, Bresch and Koko [7] have shown a
numerical simulation. In order to decouple multi-domain and multi-physics of the model,
Connors et al. [10] have constructed two decoupled time stepping schemes: the first one
is geometric averaging scheme, which is unconditionally stable; and the other one is im-
plicit/exciplict scheme, which is conditionally stable [33]. Due to the unconditional stability
of the geometric averaging scheme, it has undergone some evolution and been well further
developed [9, 1, 4, 2, 3, 17, 20, 22, 23, 24, 19, 18, 27, 28]. Another unconditional stability
scheme has been considered in [21].
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On other hand, for numerical work of the stationary case, a spectral discretization has
been proposed in [5] where optimal error estimates were shown. A further work concerning
standard Galerkin finite element approximation has been studied [6]. Moreover, two Uzawa-
type domain decomposition algorithms have been established by Koko [16]. Besides, Li and
Xu [25] have proposed a Schwarz domain decomposition algorithm iteratively, which allowed
solving only single-physical model at each iteration. Zhang et al. [36] have considered a two-
grid decoupled algorithm, which can save much computational time. By utilize Nitsche’s
interface conditions, Hussain et al. [15] have designed a stabilized finite element method to
overcome numerical instability. In addition, Rebollo et al. [29] have presented and analyzed
a finite element iterative scheme, which was mainly linear and a monotone nonlinearity being
just kept at the interface between the fluids.

In this paper, we will construct and analyze a finite element iterative algorithm for the
following governing equations of a steady-state fluid-fluid interaction model [36, 34]. For
1,7 = 1,2, and i # j, we consider

—v;Au; +u; - Vu; + Vp; =1 in €,
—vn; - Vu, - T =rk(w; —u;) -7 onl,
u;-n;, =0 on I,
V-u =0 in €;, (1)
u,;(0,2) = u;0(x) in Q,
u, =0 on I'; := 0\ 1,

where  C R? is a bounded domain that consists of two sub-domains €; and €, coupled
across their shared interface I. Additionally, in these equations, v; > 0 is the kinematic
viscosity, k > 0 is the friction coefficient, f; is the body force and u;p is the initial value.
u; represents the fluid velocity and p; is the pressure. The vector n; is the unit outward
normals on 7, and 7 is any vector such that 7-n; = 0.

The rest of the article is organized as follows: in Section 2, we introduce some basic
notations and provide the corresponding variational form for the problem (1). In Section
3, the finite element method of the considered equations is shown and error estimates are
deduced. Next, based on the previous finite element approximation, an iterative algorithm is
proposed. Consequently, some numerical experiments are implemented to demonstrate the
theoretical result of the presented iterative algorithm in the last section.

2. Preliminaries

For i = 1,2, we use standard notations for the Lebesgue space L?(€);) and Sobolev space
H™(Q;) = W™2(;), 1 < m < oo. The L*(€;) norm is denoted by || - || z2¢,) = || - |lo and
L2-scalar product (-, -).

For the mathematical setting of the coupled fluid-fluid interaction model (1), we introduce
the following function spaces:

Xi = {Vi € Hl(QZ)Z . Vi‘Fi = O, V;,-1n; = O7 on [}, Mz = {Q’L c Lz(Ql) : (ql, 1) = 0}



For f; an element in the dual space of X;, denoted by X!, its norm is defined by ||f;||_1 =

sup |”(§;VZH)‘ Besides, we denote norm |||v|||2 = ||v1]|2 + ||V2||0 for all v; € X;.

vieX;
Next, we define the bilinear forms

a(u;, vi) = v(Vuy, Vvy), d(vi,q) = (V- vi,q), w,vi€X;, ¢ €M
and the trilinear forms

b(ui,vi,wi): ((uz . V)Vi,Wi> + 05<<V . ui)vi,wi)
= 05((11Z . V)Vi, Wz) — 05((11Z . V)Wi,VZ'), Vui,vi,wi S Xi,

with the following properties [30]:

b(u;, vi, w;) = —b(u,;, w;, v;),

2
(s, viy wi)| < NITs ol Fvillo [Tl @)

[b(us,vi,ws)|
Vi, Wi €Xi [Vullo[[Vvillol[Vwallo *
Now, we recall the trace inequality and the Poincaré inequality [30, 8], which are useful
in the following analysis. There exist some positive constants C),, and C}., which depend on

Q);, such that

where N = sup,,,

Ivillo < CollVvillo,  Villzzy < CorllvallZIVAlIE. (3)
Based on the above definitions, the corresponding variational formulation of the problem

(1) is given as follows: find (u;,p;) € X; X M; such that for 4,5 = 1,2, i # 7, all (vy,¢;) €
Xi X MZ‘,

a(ug, vi) — d(vi, ps) + d(ug, g;) + b(wg, g, vi) + /"f(ui —u,) - vids = (f;, v;). (4)
I

Further, we show the following result concerning the variational formulation (4).

Theorem 2.1. Assume that (u;,p;) is the solution of the variational formulation (4). If v;
and f; satisfy the uniqueness condition:

N 2
0<a:;2||fi||_1<1, (5)
=1

where v = min{v;, v;}, then the solution pair (w;,p;) of (4) is unique. Furthermore, we have

2
v Vuillo < [1fil|-1. (6)
=1



Proof. Set (v;,¢;) = (u;,p;) in (4) and use (2) to obtain

a(ui, LIZ') + /Il{(lli — llj) . u,-ds = (ff“ uz-). (7)

By summing (7) from ¢ = 1 to 2, we have

v[[[Vullfg + /ff\ul —wy[*ds < Z [l 1[IVl o,

=1

which applies (6).
Next, suppose that w; 1, w;1,pi1,p;1 and W;2,U;9,pi2, pj2 are two solution pairs of (4),
it follows that

a(w;1,v;) —d(vi,pir) +d(u; 1, ) + (w1, w0, v;) + //f(um — uj,1) -vids = (f;,vi), (8)
I

a(w; o, v;) — d(vi, pi2) + d(u;2,q) + b(;2, w0, v;) + /fi(um — uj,2> ~vids = (£, v;). (9)
I

Next, let €; = u; 1 —u;2, € = w1 — U2, €, = p;i1 — P2 and e; = p;; —p;2. Then, subtracting
(9) from (8), we have
a(e;,v;) —d(vi,e;) + d(ei, q;) + b(ei, w1, v;) + b(u; 2, €5, v;) + /I/i(ei —e;)-v;ds =0. (10)
Moreover, taking (v;,¢;) = (e;, e;) in (10) and using (2), we give
vi||Veil|3 + b(e;, u;1,€;) + /I/f(ei —e;) - e;ds =0. (11)
Sum (11) from i = 1 to 2, and apply (2) again and (6).

2

ZwHVeiHﬁJr/fﬁlel —eyl'ds < ZV NIIVello(1Eill—1 + 1£]1-1)-

=1 i=1

Finally, rewrite the above inequality to get

2
S (v = No (Bl + 16]1-0) [ Vedl2 + / ey — ey[2ds < 0,
I

1=1

which together with the uniqueness condition (5) finishes the proof.



3. A finite element discretization

In this section, we will give a finite element method of the considered equations, and
analyse error estimates.

Let h > 0 be a real positive parameter, and K, = {K : UxcqK = Q} a quasi-uniform
partition of 2. Next, we consider the finite element subspace pair X, x M;;, C X; x M;,
fori=1, 2

Xi,h = {Vz’,h c Xz N 00(6)2 P VihK - P2(K>2,\V/K - Kh},
Mi,h = {Qi,h € Ml N Co(ﬁ) . q¢,h|K I~ P1<K),VK € Kh};

where P(K), [ =1, 2, is the set of all polynomials on K of degree no more than . Note that
the considered finite element space pair X,;; x M, satisfies the discrete inf-sup condition
30, 8]

d i,hy Yi
sup |d(Vin, qin)l

> Billginllo, Vain € Min .
V'L,hexi7h7vi’h;ﬁ0 ”VV’LJLHO Z|| (2 ||07 7 ik ( )

where 5; > 0, i = 1,2 is constant depending on ();.
Moreover, the finite element method of the fluid-fluid interaction model (1) is to find
(Win, Din) € Xip X My, for all (vip,qin) € Xipn X M;p, 4,7 =1, 2 and i # j such that

a(Wpn, vin) —d(Vip, pin) + d(ip, gin) + 0(Qn, Win, Vin)

13
+ /H(ui,h — ;) - Vipds = (£, vip), (13)
I

In order to obtain the error estimates of the presented finite element method, we recall
the Stokes-Stokes projection [35, 11]

(Rin, Tipn) = (Rip (i, i), Tip(Wiy i)« Xy x My — X, X Mg,
by requiring
a(u; — R (g, pi), vin) — d(Vip, pi — Tin(wi, pi)) + d(u; — R (W, pi), gin) =0,  (14)
with the following approximate property, for all (w;, p;) € (H3(Q;)4 N X;) x (H*(Q;)4 N M;)
Hv(llz' - Ri,h(ui:pi))HO + sz - Tz’,h(ui,pi)Ho < CshZ, (15)

where ¢, > 0 is a constant independent on h.
Next, we denote errors of the velocities and pressures by u; —u;, = e;, and p; —p; , = €;,
then, we decompose them as

e = (ui - Ri,h(uiapi)) + (Ri,h(uiapi> - ui,h) =11 + ¢?7
€; = (pi - Ti,h(uiypi)) + (TLh(uiapi) - pi,h) =&+ %h-

Now, for the finite element approximation (13), we present some results as follows.
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Theorem 3.1. Under the assumption of Theorem 2.1, the finite element solution (w;n, pin)
of (13) satisfies

2
vlIVuinllo < DI, (16)
=1

and

IV (s = win)llo + llpi = pinllo < CH?, (17)
where the positive constant C' is independent on h.
Proof. By setting (Vin, qin) = (Win,pin) in (13) and applying (2), it follows that

uiHVul-,hHg -+ /n(u@h — llj7h) . umds = (fl, Ll@h). (18)
I

Then, summing (18) from ¢ = 1 to 2, we have

2
v|[[Vusl[[§ + /Félul,h — g Pds <[]l Vo,
I i=1

which applies (16).
In the following part, we will establish error estimates for (13). Subtracting (13) from
(4), we obtain the following error equation

a(e;, vip) +b(ei,u;, vin) +b(Win, €, vin) —d(vip, )+ d(e;, gin)

19
+ //{(ui — llj) . Vi7hdS - //{(um - uj,h) : Vi7hdS = O, ( )
I I
which combines (14) to gain
a(@f, Vin) + blei, wi, Vin) + b(Win, €5, Vin) — d(Vip, ¥F) + d(D7, ¢in)
(20)
+ //-@(ui —u;) - v pds — /Ii(lli’h —u,p) - Vipds = 0.
I I
Set (Vin, gin) = (@0, ¥1) in (20) and sum the ensuing equation up from 1 to 2.
2 2
D vl VeLIE + D (bler, s, @) + b(uin, e;, @) +/"6(u1 — ) - (P} — #)ds
i=1 i=1 &
i " (21)
- /ff(ul,h —Uyp) - (@] — ¢h)ds = 0.
I
Iy



For the trilinear terms in (21), by using (2), (6) and (16), we have following estimate

2
L< ) (N(IVllo + V8! o) Vuillol Ve lo + NI Vallo| Vasallol Ve o)
=1

2 2 2 2
<2e,Nv W2 Y B ) IV@illo + v N Y IEN- ) IVeLI,
i=1 i=1 i=1 i=1

where we have used the approximate property (15). Besides, for the interaction terms in
(21), we rewrite them as

L1, = /m(m ) (¢ — ¢3>ds+/m|¢? ~ hj2ds,
I I

and utilizing (3) and (15) again, we arrive at

2
/ A(m = m) - ($1 — $3)ds < 26h°KCEC, Y [V o

1 =1

Moreover, from above estimates, we get the following bound from (21),
2
v(1—0)) [IVeio < Ch”. (22)
i=1

Further, select (v;n,qin) = (¢%,0) in (20) to get

19

(¢}, y}) = vl VL5 + b(mi + &7, wi, @) + b(ain, mi @F) + /li(m +¢p —m; — @) - Pids,
1

which together with discrete inf-sup condition (12) and (3), (6) and (16) leads to

2
Billvio < <Vz‘ +VTIND ]+ /fCthCp> IV 3 [lo + £CHCL IV} 1o
=1
IS ) ) (23)
+{ 207IN DY RN 1+ 5CEC, | [IVnllo + £C5.Cyl| Vs lo
=1

<Ch?,

where we have applied (22) and (15).
Finally, combine (23) with (22), (15) and the triangle inequality to finish the proof. [

Note that the finite element discretization (13) is nonlinear. Hence, in the rest of this
section, as the work in [12, 13, 14] for nonlinear problems, we design an iterative algorithm
for solving the considered equations. We also apply the error correction strategy [32, 31]
to control the error at each iterative step for solving the nonlinear problem. Moreover, we
deduce the bound of iterative solution.

Now, we give the iterative algorithm for solving the fluid-fluid interaction model.
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Algorithm 3.1. Fori,j =1, 2 and @ # j, we run the following steps.
Step I. Let the initial guess (ugh,pgh) € X, X M;, be the solution by solving the following
equations

a(llg;“ vin) — d(Vip, Dy 9.) +d(u? w; p,, @in) = (£, Vi), V(Vin, qin) € Xin X M. (24)
Set ﬁ-?,h = u?,h and ]32;1 = p?,h'

Step II. Find (0}, p}),) € Xin X M;p by solving the following iteration

a(Qgy,, vin) — d(Vin, bip) + 0(u; u, ,ﬁ?’h,vi,h) + /I/i<l~l?’h —aj,) - vipds = (f;, vin), (25)
d(ajy,, ¢in) = 0, V(Vin, Gin) € Xip X Myp.
Step III. Find (€}, éznh) € Xin X M, by solving the error correction equations
a(€ly, Vi) — d(vi, zh) (€7, €y Vi) + (0, €, Vi) + D(ED,, 0y, Vi)
U W Vi) B Vi) + [ R(ED = ) Vindds =0, (26)
d(€p, Qi,h) =0, Y (Vihs Qi,h) € Xin X My p,.

Step IV. Set uj, = u}, + €y, and p}}, = p;y, + éz”h If it satisfies the stopping criterion
u?, —u?’, o < 107° or the iteration step n > , then stop; else set n =n+ 1, an

Pn—uy o < 1076 or the iteration st > 1000, then st Ise set 1, and
return to Step II.

Now, we will establish the bound of iterative solution for Algorithm 3.1

Theorem 3.2. Under the assumption of Theorem 3.1, if 20 < 1, then we obtain
2
v[[Vag,llo SZHfz‘H—l, (27)

(28)

n V1+V2+V+QROTO
v[Vui,llo < : Z 1€l -1

v(1 -

Proof. Firstly, choose (Vin,qin) = (0}, piy,) in (25) and sum the ensuing the equation from
i =1to 2. Then, use (2) to get

2
v[[IVag]llo < D 6] -1 (29)
i=1

Secondly, taking (vin, qin) = (€7, ~Zh) in (26) gives

Vz'HV‘EZhH% + b(al,hu ihy € zh) + b(uy zh7 h7 éZh) - b(u:‘fﬁla ﬁZm éZh)

+/I/<c(zh €’y,) - €pds = 0. (30)



Next, set v;, = €}, in (25) and notice that d(ézh, ¢i.n) = 0 for all ¢;5, € M; ;. Then, adding
the ensuing equation with (30), we have

a(agy,, zh)JFVszezhHo"‘b( €ns Wy, €1p) + 0(TF,, zhafzh)"‘/lﬁ(ﬁth_ﬁ?,h)'€Zhds
I

Now, sum the above equation from i = 1 to 2, and apply (2) and (3) to the ensuing
equation.

2
Z Vz‘||Véz‘,h||(2) + /I’f|é7f,h - ég,hFdS

=1

< Z Vi |Vuzh||02 IVEnllo + ZNHVE

2
+ Z N{[vag,[ls Z IVerllo + KCLC, Z IVag, o Z IVeEsllo-
=1 im1 i—1 i—1

[Vag o (31)

Rewrite (31) and apply (27) to gain

2 2 2 2
v(1=20) ) [IVERllo < Y vl Vag,llo + Z Nz, 5+ wChCy Y IIVElo
i=1 i=1 ‘ i=1
(32)

v+ e+ 200 + 2/{C’ZT
< : ZHfH 1

which leads to

V1+V2+20'V—|—21€Ct2
r f;
T Zu o

Finally, combining (27) with (29) and the definitions of u}’ in Step IV, and applying the
triangle inequality, we finish the proof.

(33)

v[|VeEdllo <

]

4. Numerical experiments

In this section, we will test the performance and effectiveness of the proposed iterative
algorithm.

In the first experiment, we access to the convergence performance of Algorithm 3.1.
Consider the problem (1) on the domain Q = Q; U Qy, where ©Q; = [0,1] x [0,1] and
Qs =[0,1] x [-1,0]. Suppose the right-hand sides of functions f;(z,y),i = 1,2 are

fia = exp(a® + y°) cos(x)sin(y), fi2 = exp(2® + y*) sin(z + y) (2 + v*),
foq = exp(a® +y°)sin(z) cos(y),  fa2 = exp(z® +17)(y° + 27).
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For i = 1,2, u; » and p, » are the numerical solutions of the fluid velocity and pressure

1) 1)
when the mesh size is }—2‘ Then we display the errors and convergence orders for velocities
and pressure in Table 1 and 2 with different values of the parameters. From these tables,
we can see that as h decreases, it is easy to see that the convergence rates of the velocity

approximate to 3 and the pressure to 2.

Table 1 Errors and convergence rates with respect to h with v; = 0.05,, = 0.1,k = 0.1.
h o |la, — ‘11,%”0 Rate |lugy — uz,%Ho Rate ||p1n — pL%HO Rate ||p2n — pz’%Hg Rate
z 1.58E—3 8.60E—4 — 8.61E—3 — 4.99E—-3 —
% 1.84E—4 3.10 1.08E—4 2.99 2.12E—-3 2.02 1.22E—3 2.03
3% 2.15E-5 3.10 1.28E—5 3.07 4.64E—4 2.19 2.75E—4 2.15
6i4 2.36E—6 3.19 1.42E—6 3.18 1.04E—4 2.16 6.13E—5 2.17
Fls 2.92E—7 3.01 1.75E—7 3.02 2.83E—5 1.87 1.60E—5 1.94

Table 2 Errors and convergence rates with respect to h with v; = 0.005, 5 = 0.01, k = 0.01.

h Jluin —uyrllo Rate [lupn —uynllo Rate [[pin—pynllo Rate [lpop —p,rllo Rate
% 5.76E—2 2.35E—-2 — 4.25E—2 — 2.03E-2 —

% 3.91E-3 3.88 2.05E—3 3.52 3.84E—3 3.47 3.29E—3 2.62
:%2 3.89E—4 3.33 2.22E—4 3.21 8.28E—4 2.21 7.37TE—4 2.16
6i4 4.12E-5 3.24 2.39E-5 3.21 1.80E—4 2.20 1.61E—4 2.20
ﬁls 5.10E—6 3.01 2.84E—6 3.07 4.62E—5 1.95 4.06E—5 1.98

In the second experiment, motivated by previous study in [7], we consider a simple
ocean/atmosphere model on rectangular subdomains §; = [0, 5] x [0,1] and Q5 = [0,5] X
[0,—1]. Obviously, the interface I = [0,5] x {0}. Set same boundary conditions, initial
velocities, physical parameter and inflow profile as in [7]. Then, we perform simulation by
using Algorithm 3.1 with mesh size h = %0'

Figure 1 shows the viscous drag force exerted by the velocity difference at the interface
induces circular motion in €s.

05

X

Figure 1: The numerical velocity streamlines with 1 = 5.0F —4,v5 =5.0F — 3,k = 2.45F — 3.

In the third experiment, we test Algorithm 3.1 with a practical problem, submarine
mountain problem. This problem describes the fluid that flows in a domain including the

10



submarine mountain. Set Q; = [0,1] x [0.05,0.15] and Qy = {(z,y) : &(sin(%) — (22 —
1) sin(7z — —)) <y <0.05,0 <z < 1}. The body forces f; and f, are Chosen to ensure that

ui1(z,y) = 2°(1 — 2)%(0.1 — y),

uy2(7,y) = z(y — 0.05)(=0.2 + y + 0.6x — 3y — 0.42% + 22%y),
ug 1 (z,y) = 2°(1 — 2)%(0.1 + y),

Ugo(,y) = z(y — 0.05)(—0.2 — y + 0.6z + 3zy — 0.42° — 22°y),
pi(x,y) = pa(x,y) = cos(mz) sin(ry),

Besides, the boundary and initial condition are chosen by the above exact solutions. We take
v =0.1,1,=05,k=1.0h = 6i4. Then, we apply Algorithm 3.1 to get numerical results.

Figure 2: Velocity streamlines: Exact solution(a), numerical solution(b).

In Figure 2, we present the velocity streamlines. From the figure, we can see that the
numerical result obtained by the proposed iterative algorithm are in good agreement with
the exact solution. Hence, the iterative algorithm is effective for the submarine mountain
problem.

5. Conclusion

In this work, we introduce a iterative algorithm to solve the stationary fluid-fluid inter-
action model. The new algorithm is consist of the Oseen scheme and the error correction
which can control the error of the iterative step arising for solving the nonlinear problem.
We give the stability analysis in this study. The numerical tests show that the proposed
algorithm is effective for solving the stationary fluid-fluid interaction problem.
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