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SOLVABILITY FOR COUPLED IMPULSIVE
FRACTIONAL PROBLEMS OF THE
KIRCHHOFF TYPE WITH P&Q-LAPLACIAN

Yi Wang! and Lixin Tian"?T

Abstract In this paper, we investigate the existence and multiplicity of non-
trivial solutions for a class of p&g-Laplacian Kirchhoff impulsive fractional
differential equations through variational methods. By leveraging the Nehari
manifold and fibering maps, we establish the existence of at least one nontrivial
solution to such equations for any pair of parameters (A, u) € O,.. Further-
more, using the idea of truncation arguments and Krasnoselskii genus theory,
we demonstrate the existence of infinitely many nontrivial solutions for the
equation when Kirchhoff functions M; and M are degenerate considering any
pair of parameters (X, 1) € Q..

Keywords Kirchhoff fractional differential equations, p&g¢-Laplacian, impul-
sive problems, variational methods.
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1. Introduction

This paper focuses on investigating the existence and multiplicity of nontrivial so-
lutions to the p&g-Laplacian impulsive fractional differential equations involving

Kirchhoff functions:

[My([I(u, 0)[[2)]P~F D@y (0 D u(t)) + [Mz(ll(u DI D7y (o D] u(t)
(M ([ (u, ) [2)1 tDT'<I> (oDO‘ (1) + [ 2(1I(w, 0)II3))%7" D2 (0 D7 v(t)
t

u, ] ))(
+A([M2(H(Uav)||qg)]q ' Dﬂ 1@ (oDﬁU)
[P=t DET 0, (0 Df)) (1]
+ A([Ma([[(u, v) [D)* (DE Dy D}0)
u(0) =u(T) =0, v(0) =o(T) =0,
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where My, My € CHRI,R}), 1 < p,q < o0, a € (%,1], B e (5,1], oD} and ;D7
denote left and right standard Riemann-Liouville fractional derivatives, respectively,
v € {a, B}, ®u(2) = |2|" 722, v > 1, v € {p,q}, A, p are real parameters, ((t), o(t) €
C([0,T), ) with Co(t) = = max{+((t),0} # 0, 02(t) = +max{+o(t),0} # 0,
F :[0,T] x R? — R is continuous with respect to ¢, for all (u,v) € R?, continuously
differentiable with respect to u and v for almost every ¢ € [0,T], F,, and F, denote
the partial derivatives of F' with respect to u and v, norms || - Ha, I |3 are specified
later, 0 =t) <t; < - <ty <tpp =T,0=t,<t) <---<t, <t =T,
Ay ={1,2,---,m}, Ay ={1,2,---,n}, I;, S; € C}(R, R) for allj € A1,i€ Ay and

A(M(I(u, ) [[B)PY e DFT Py (0 D)) (25)

+ A(Ma([[ () [)) D Dy (0D ) (E5)

=M (| (u(t)), v DT (o D u(t)))

+ (Mo (|| (), v(ENIDT :DF 04 (oD ult)))
= ML (| (u(E), v(E NP DG @y (0 D u(t; )
— [Ma([[(u(ty ), vt NID «DF 240D ult;)),

<

and

A (M (|| (u, ) [F)PH e D™ @y (0 D5 0)) ()
+ A(M (|| (w, o)) D @y (0D ) ()
=My ([l (u(t)), oEDIEIPT eDF™ @y (0 D u(tF))
+ [Ma (|| (ult), v ENIRNT D7 g0 D) 0(tT))
= My (lICu(5), 0P DT 0y (o DR v (t7))
(t5), 0D +DE By (0D 0 (t7)),

<

);o(
)sv(
)sv(

— [My (][ (u(t;

where

(M ([ (u(t), oD IRIP e DE @y (0 D u(ty)
+ [Ma([| (), oENIHIT D 20D ult} )
= lim [M;([[(u(t), 0()[2)]7~" + D5 @, (0 D u(t))

+ (M (]| (u(t), (@) [ $)]77 «DE g (0D u(t)),

and

[M (| (), o)) B DG @y (o D u(t))
+ (Mo (|| (u(t7), o@D IDNT D @ (0D v ()

(2

= i (M (I((®) o)) o DF 0, (050 (E)

+ [Ma (|| (u(t), o) E)]T D7 (0D 0 (1))

Fractional differential equations (FDEs) are an extension of ordinary differential
equations and integration to arbitrarily noninteger orders that have risen in promi-
nence as a result of their extensive applications in many disciplines of research and



Solvability for coupled impulsive fractional problems 3

engineering. In actuality, several equations incorporating fractional order deriva-
tives are used to simulate a wide range of phenomena, including fluid flow, diffusive
transport comparable to diffusion, rheology, probability, and electrical networks;
see previous studies (see [2,6,12]). It should be emphasized that the existence
and multiplicity of solutions to nonlinear boundary value problems of FDEs have
been extensively investigated using critical point theory and variational methods
(see [10,11,15,18,21,30]). In recent years, many scholars have devoted themselves
to the study of classical p&g-Laplacian elliptic type equations over bounded and un-
bounded domains using variational methods and critical point theory (see [7,20,24]).
At the same time, we are aware of very few contributions concerning FDEs with
p&g-Laplacian and impulsive terms (see [16,17,31]). For example, Li et al. [17] were
the first to study the following impulsive fractional boundary value problem with
p&g-Laplacian operators:

DD (oD ult)) + [u() P~ >ult) + +DfPg(o D u(t)) + [u(t)| " >u(t)

= f(t,u(t), oDu(t), oDlu(t)), t #1t;, ae. t € [0,T],
A(DE 'y (5D u) + DI By (D] W) () = Ij(ulty)), j=1,2,--- ,m,
w(0) =u(T) =0, a.e. t €[0,T],

(1.2)
where (D¢, ODf and D, tDé,% denote the left and right Riemann-Liouville fraction-
al derivatives, respectively. Based on the Mountain pass theorem and the iterative
technique, Li et al. obtained the existence of at least one nontrivial solution to
problem (1.2).

On the other hand, great attention has recently been focused on the study
of Kirchhoff-type differential equations which stand out due to the presence of
a Kirchhoff function M € C(Ry,Ry). In recent years, there have been fruitful
achievements in using variational methods to study the existence and multiplicity
of solutions for Kirchhoff-type differential equations (see [1,26,27,29] ). In addition,
some new results have been obtained in the study of Kirchhoff-type FDEs by vari-
ational methods and critical point theory when the Kirchhoff function M is given
by M(s) = a+ bs for all s € R}, where a,b > 0. For example, Kratou [14] studied
the existence and multiplicity of solutions to the Kirchhoff fractional equation with
singular nonlinearity:

Ag(t)
u(t)

T -1
(a4 [ laDrutoldr)” Dge,(oDFu) = 240 + St ult). ¢ € O.T),
0
u(0) =u(T) =0,

(1.3)
where a > 1, b,A>0,p>1, a € (%,1], 0<y<l<p<r, geC(0,T]). Using
the idea of the Nehari manifold technique, Kratou proved the existence of at least
two positive solutions to the problem (1.3). When 238 = 0, Chen and Liu [4]
used the Nehari manifold method to obtain that there exists at least one nontrivial
ground state solution to problem (1.3); Chen et al. [5] obtained that problem (1.3)
has at least one solution and infinitely many nontrivial weak solutions by using the
mountain pass theorem and the genus properties. To the best of my knowledge,
there are few related results on the existence and multiplicity of nontrivial solutions
for a class of coupled p&g-Laplacian Kirchhoff-type impulsive fractional problems.

Mainly inspired by the above works, we investigate the existence and multiplicity




4 Y. Wang & L. Tian

of solutions for problem (1.1) by using variational methods and critical point theory.
Problem (1.1) is more general in the form of the equation. For examples, when
M; = M, = 1, problem (1.1) can be reduced to the p&g-Laplacian impulsive
fractional differential equations; when My = My =1, p=¢=2,and a = =1,
problem (1.1) is transformed into the following second-order impulsive differential

equations

t) = Fu(t,u(t),v(t)), t #t;, a.e. t €[0,7T],
t) = F,(t,u(t),v(t)), t #t,, ae. te[0,T],
)+ AC(t) L (ult;) =0, j € Aq,
)+ pe(ti)Si(v(t;) =0, i € Ay,
w(0) =u(T) =0, v(0)=0(T)=0,

—2u"
2’[)//

2A(u’(
2A(v'(

For that reason, problem (1.1) is an extension of the integer-order impulsive differ-
ential equation.

Another novel aspect of this paper is that we provide an existence result utilising
the technique of Nehari manifold and fibering maps and a multiplicity result util-
ising the Krasnoselskii genus for problem (1.1). The main challenge in employing
Nehari manifold analysis is that Kirchhoff functions M; and M> are not specified
as My (s) = Ma(s) = a + bs?~! for all s € Ry, where a,b > 0, ¥ > 1, leading to
an analysis completely different from Xie and Chen [29], Kratou [14], and Fiscella
and Mishra [8]. For the purpose to obtain the critical point of the functional J) ,
associated with problem (1.1), we are devoted to analyze the behavior of functional
Jx,, over its Nehari Nehari manifold Ny ,. Then, we introduce the decomposition
Ny = NIMU N UN, .- It is promptly seen that critical points of JAv/L|N;“UN;“

are critical points of Jy ,. Accordingly, it is crucial to make sure that N )?’ y = 0.
Considering the generality of the Kirchhoff functions M; and Ms, which lead to
N . 7 0, condition (M1) effectively avoids this. Moreover, condition (F1) has vital
significance in that the homogeneity and Euler identity of I’ enable us to successful-
ly establish the Nehari Nehari manifold N ,,. Condition (F2) is also indispensable
to ensure the compactness of functional Jy ,. Motivated by Xiang et al. [28], we
provide an multiplicity result for problem (1.1) by the Krasnoselskii genus. Xiang
et al. [28] investigated the Kirchhoff function M (s) = a+b0s’~! for all s > 0, where
a>0,b>0,a+b>0and 0 > 1. Nevertheless, M; and M, are more general,
making the analysis more challenging. Moreover, taking into account the nonlocal
nature of Kirchhoff functions M; and My and the impact of sign-changing weight
functions ¢ and g, we establish some new estimates under the perturbing influence
of the pair of parameters (), u) to gain truncated functional Jy ,. Finally, it is
evident from conditions (M1’) and (M2’) that Kirchhoff functions My and M> are
degenerate, which forces us to discuss the (PS)-sequence compactness of truncated
functional J , in three cases, as displayed in (ii) of Lemma 4.2 below.

In order to precisely establish the existence result for problem (1.1) in Section
3, we introduce the following assumptions conditions:

(M1) There exist constants 1 < pdy,qds < p,q < k < p?,¢%, n1,m2 > 1,0 < & <

1 <61, (0 —p)éim > (p* —p)d1, 0 < & <1 < by, (0 — q)éamz > (¢° — )02,
&0 > V101D, (2p+p?)610 < &1, E20 > Vad2q and (2q + ¢%)620 < & such that

G < My () < [My(2)]P e < m[Mi(2)]P 72 M (2)2® < dia¥,
Eaya < VoMo (y) < [Ma(y)]? ™ty < ma[Ma(y)]7 2 M} (y)y? < oy,
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for all z, y > 0, where M1 (z) = [ [M1(s)]P" ds, Ma(y) = [ [Ma(s)]9 ds;

(H1) There exist positive constants a;, b; with @ = max{a;}, b = max{b;} for all
jE€A, i€ Ay, 0< <1< p,qsuch that

11;(2)2| < aj|2|?, and |Si(2)z|< bi|2|?, Vz € R;
(HQ) For all] € Al, 1 E A27 Ij, K; : R — R such that
Ii(sult;)) = s°~ ' (u(t;)), and Si(sv(t))) = "~ Si(v(t7)),

for all s > 0 and (u,v) € R?;

(F1) F(t,u,v) is o-homogeneous and satisfies Euler identity with ¢ > 1, ¢ >
p?, 2, that is

F(t, su,sv) = s F(t,u,v), and uF,(t,u,v) + vF,(t,u,v) = o F(t,u,v),

for all (u,v) € R?;
(F2) There exist constants C, > 0 such that

|F(t,u,v)| < Cy|(u,v)|, for all (u,v) € R?,
where |(u,v)|= (u2 + v?)2.

In order to obtain the multiplicity result by the Krasnoselskii genus for problem
(1.1) in Section 4, we give the following assumptions conditions:

(M1’) There exists 1,95 > 1 such that
[M; (;v)]p_lx <9, My (z), and [Mg(y)]q_ly < 99 Mo(y), for all z,y € R(J{;

(M2') M;(0) = M2(0) = 0, and for any 7,7 > 0, there exist m; = m4(7) > 0 and
mg = ma(T) > 0 such that

Mi(z) > my, for all x > 7, and Ms(y) > ma, for all y > 7;

(F1') There exist 7§ with ¥, = max{p;,q¥2} < 7 such that for any € > 0, there
exists C. > 0 for which

|VF(t,u,v)|< V.e|(u,v) 5*71—|—ﬁC'5\(u,v)|ﬁ71, for all (u,v) € R?,

holds, where |(u,v)|= (u2 + v?)2 and VF = (F,, F,);
(F2') There exists 0 << < 6 < 1 such that

0 <SF(t,u,v) < VF(t,u,v) - (u,v), for all (u,v) € R%

(F3') F(t,—u,—v) = F(t,u,v), for all (t,u,v) € [0,T] x R?, I;(—z) = —I;(z) and
Si(—z) = —=S;(z) forall z € R, j € Ay, i € As.

Remark 1.1. Kirchhoff problems are said to be non-degenerate if inf __ RE M(s) >

0 and degenerate if M (0) = 0 and inf,c g+ M(s) > 0. some recent results concerning
the degenerate case on Kirchhoff-type problems are referred to in [9, 26, 28].
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Our main results are as follows:

Theorem 1.1. Assume that (M1), (H1), (H2) and (F1), (F2) hold. Then, for any
(A, ) € Oy, problem (1.1) admits at least a nontrivial solution.

Theorem 1.2. Assume that (H1), (M1'), (M2 ) and (F1')-(F3) hold. Then, for
any (A, 1) € Oy, problem (1.1) admits infinitely many nontrivial solutions.

The paper is structured as follows: In Section 2, we recall some definitions of
fractional calculus and discuss the variational formulation of problem (1.1). In
Section 3, we introduce the Nehari manifold structure and fibering maps analysis
related to problem (1.1) to obtain the existence of the solution. In Section 4, we
apply Krasnoselskii genus theory to investigate the infinitely many solutions for
problem (1.1).

2. Preliminaries

In this section, we present some preliminary findings that will be utilized in the
subsequent sections.

For 0 < v <1 and 1 < v < oo, the functional space that incorporates this
boundary condition will be denoted by E., ,, as the closure of C5°([0,T], R), where

B = {u € L°(0,T), R)] oD} u(t) € L*([0,T], R), u(0) = w(T) = 0},

endowed with the norm
T 1
ol = ( / 0D =D d)E, vz € B,

Lemma 2.1 ( [13]). Let 0 <~y <1 and 1 <v < oco. For any z € E, ,,, we have

T

< — oD}z

[Ed(p Lo = Ayl e, (2.1)

10141 _
furthermore, when v > +, =+ 5 =1, we have

T
[[2][o0 < oDy 2l = Ay ull2lly 0, (2.2)
L) ((y =o' +1)+7

_1
where Ay = o A = — T v
T TOED T T p ) (- o
Let By = Eqp X Eop and Eg = Eg 4 X Ejg 4, which are reflexive Banach spaces
endowed with the norms

1 1
1w 0)lla = (lullg,p + 10l16,5)7 s and [[(u, 0)lls = (lullf 4 + [vlE )7
Then, set £, g = Eo N Eg endowed with the norm
1w, V) lap = [(w 0)l[o + [|(u, 0)[5, ¥(u, ) € Eap. (2:3)

For all T > p,q and (u,v) € E, g, by (2.2), we have

[, )7+ §2U_1(||u||gﬁ([o,T]) + ||”Hgﬁ([o,T]))
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<27 M TA L (lullZ, + llollz )
<M@)||(w, v)ll,p5 (2.4)

where M(v) = 25_1TXZ7P, the inequality 2' % (a + b)" < @’ + b < (a + b)? for all

7> 1 and a, b > 0 is applied.
Lemma 2.2 ( [13]). Let % <a<l, % <pf<1,1<pq< 0. The fractional
derivative spaces E, and Eg are reflexive and separable Banach spaces.

Lemma 2.3 ( [13]). Let % < a<l, % < B <1,1<p,q< oo Assume that
the sequence {z,} converges weakly to z in Ey or Eg , i.e., zo, — z. Then {z,}
converges strongly to z in (C([0,T], R))?, i.e., ||2n — 2||oc — 0 as n — oco.

Lemma 2.4. Let {(un,vn)}tn and (u,v) be in E, g such that (un,v,) — (u,v)
weakly in Eq g and (un,vn) — (u,v) a.e. in R. Then
[[(un, va) e = [ = w, 00 = 0)[[& = [[(w, V) |5 + 0n(1), as n — oo,
(s vn) I = 1 (n = w, v = )1 = [I(u, )15 + on(1), as n — oo

Proof. The basis of our argument is derived from Lemma 3.2 in [19]. However,
we have chosen to omit the proof for brevity. O

Definition 2.1. We say that the couple (u,v) € E, g is a weak solution to problem
(1.1) if for all (z,y) € E, g, it satisfies

T
[Ml(ll(%v)ll’o’)]p*l/0 @y (o D5 ult))oDi'x(t) + @plo Dy v(t) )0 Di'y () dt
+ [Mz(II(U»v)II%)}q_l/O (0 D7 u(t))oDy (1) + 84 (o D7 v(t))o Dy y(t)dt

n

= DAL (ulty))a(ty) — D polti) Si(t) )y ()
j=1 i=1
T

= ; Fu(t,u(t),v(t)z(t) + Fy(t,u(t),v(t))y(t)dt. (2.5)

Problem (1.1) possesses a variational structure, and its solutions can be regarded
as critical points of the functional J) ,, where

o o m o pu(t;)
Taln) = () 2) + (s )5) =3 [ a1y

n

v(th) T
-3 [ nettsieds = [P0, o) (2.0

i=1
for any (u,v) € Eqag. Then, Jy , : Eqp — R is of class C*(E, g, R) and
<J§\,u(u? ’U>7 (.17, y))

T
:[Ml(ll(uvv)llfi)]pfl/o @y (o D5 ult))oDi'x(t) + @plo Dy v(t))o Di'y (t)dt

+ [Mz(ll(uvv)ll%)]q_l/o q(0 D7 u(t))o Dy (t) + B4 (o D7 v())o Dy y(t)dt
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= > ML ult)alty) = 3 uelt)S(o(t)y(E)
- / Fult,u(t), v(®)a(t) + Fy (1, u(t), v(t) y(t)dt, (2.7)

for any (u,v), (z,y) € Eq -

Lemma 2.5. If the function (u,v) € Eq g is a weak solution of problem (1.1), then
(u,v) is a classical solution of problem (1.1).

Proof. If (u,v) € E, g is a weak solution of problem (1.1), then (2.5) holds for
any (z,y) € Eq 3. Choose a function (z,y) € C§°(t;,t;41) x C§°(t;, ;) for any
j € Ay and i € Ag. Then, (2.5) becomes

’
tiiq

it

ti+1
(ol ([ asDpweDgdi+ [ oy aDEveDs )

tj t;
’
t’i+1

o[ B DP B\ DP
+ ()3 ([ @y0Df D adt + [ @, (0Dfv)eD} i)

t; t

’
i

tj+1 tipa
:/ F,(t,u, v)acdt—l—/ Fy(t,u,v)ydt. (2.8)
t t

. ’
7 i

By using Definitions 2.1, 2.2 and Proposition 2.4 of [30], we have
tit1 tit1
(o2 ([ @aoDpwoDgwde+ [ @, aDE0DE )

t t'/i

’
ti+1

tj+1
(w1 ([ 0yoDfuD nde + [ @y aDf 00D vt

t; t
i1 tit
(ol ([ i@ Dt [ DR @, DR 0r)

t; t

/
i

+na(lw ol ([ Dh@ i+ [

t

thg

| T D@, (oD )yit).
' (2.9)
Hence, we can obtain from (2.8) and (2.9) that
(), ) Do D3 () + (Mo, 0) 57 Dby (0 DEu(t))
=Fu(t,u(t), v(t), Vt € (t7,1541), (2.10)
and
M, 0) 2D e D@ (0 Df0(8)) + [Ma (| (u, 0)[ )] e Dg®y (0D v (1)
=F,(t,u(t),v(t)), Vt € (tj,ti,1), (2.11)

which shows that (u,v) satisfies the equation of problem (1.1) a.e. on [0, T]\{¢1," -
Stm} X [0, TN\{t},- - -,t},}. Moreover, according to Proposition 2.6 of [30] and
My, My € CYH(RZ, Ry ), we have

(M ([ (u(tF), v ED)IBE +DF™ (0 D ulty))
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+ (Mo ([ (u(t5), oG DD eD7 @qloDfu(t}))
= lim (M (]| (u(®), v @) )1 2 D5 @y (0 D u(t))

[Mz(II(U(t%v(lﬁ))llf‘a)]q’1 DI 04 (0 D) u(t)),
and
(M ([ (u(5), v ()R DG @y (o Dyt o (7))
+ [Ma([[(u(t®), o)D) DI g (0 D) v (tF))
=tgrtr}i[Ml(ll(U(t),v(t))l\ﬁ)}”*l D31y (o D u(t))
+ My (]| (u(t), v() 5] 1 DR 04 (0 DY v (t))

exist. Multiplying (2.10) by = and multiplying (2.11) by y. Then, integrating
between 0 and T', we have

T
[Ml(ll(uvv)llf;)]pfl/ D7 (@p(oDi'u))x + DT (P (0 Di'v))ydt

0
T
+ (e 0) ) / D3 (2q(0 D] )z + D7 (Bq(0D]v))ydt
T
z/ Fu(t,u,v)x + F,(t, u,v)ydt. (2.12)
0
On the basis of Proposition 2.5 in [30], we have

T
[Ml(ll(uvv)llﬁ)]”_lfo D7 (Pp (0 Diw))x + 1D (Pp(0 D' v))ydt

T
+ [Ma(||(u, 0)]|%)]7 / DL (@4 (oDfw))x + DDy (o D) v))ydt

NE

(A (I, )20 Dg 8, (007 0)) (1)

<.
Il

D =

+ A (Ml 0) [ DFT @y (0D ) ) (1) ()
+Z[ (I, ) I2)P D (o D50) ) (1)
+A([M2<||<u,v>||,3>]q LD @, (0 D)) ()|t
+ Do) 2P [ "B, (0Df U)o DR + By (0D v)aD i

T
+ [MQ(II(U,U)H%)]‘Z*I/O ®y (oD u)o Dy w + 4(o D} v)o Dy ydt (2.13)

Hence, combining with (2.5), (2.12) and (2.13), we have

> [ (i I oD D50 1)

j=1
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+ A(IMa (1w 0) [D1 DE @ (0D ) ) (t5) + A () (u(t) | aty)
+Z[ (182, 0) [2)P" D, (0DF'0) ) ()

+ A([M2<||<u, DI DY @y (0DF0) ) (1) + nelth)S:(v(E)) | y(th)
=0.

Therefore, we have

A(My(||(u, ) [2)]P7Y  DF P, (0D ) (t)
+ A(M (]| (u, ) |97 Dy (o DY u))(t5) + AC(t5) I (u(ty)) = 0, j € A,

and

A(M (| ()27 D (0 DF ) (1)
+ A(M([[(u, 0) |5)]7 DET g (0D v))(#) + polti) Si(v(t)) = 0, i € Ag,
which means that (u,v) satisfies the impulsive conditions of problem (1.1). Mean-

while, since (u,v) € E, g, it follows that (u,v) also satisfies the boundary conditions
of problem (1.1). We complete the proof. O

Definition 2.2. Let ¢ € R and Jy, € C'(E, 3, R). The functional J , satisfies
the (PS). condition if any sequence {(un,vn)} C Eq g such that Jy ,(un,vn) — ¢
and J} |, (un,vn) — 0 as n — oo in E}, 5, where £}, ; is the dual space of E, g, has
a convergent subsequence in E, g.

3. Existence of nontrivial solutions

In this section, we introduce the Nehari manifold for problem (1.1) to analyze
the behavior of Jy ,. It is assumed, without further mention, that the structural
assumptions required in Theorem 1.1 are satisfied.

Now, we define the Nehari manifold associated with functional problem Jy , as

Ny = { (,0) € Ba g\ (0,00} 5 (I}, (1,0), (w,0)) = 0}
It is easy to see that (u,v) € N, if and only if

(M (][ (s )11~ (s 0) 17, + (M2 (] (s v)llq)]q‘lll(uav)\\%

- Z (1 Z pol(t t)(t)

T

-0 F(t,u(t),v(t))dt = 0. (3.1)
0

Specifically, we derive several topological properties of the Ny ,,, which are expressed
as

Ny ={(wv) € B s\{(0.0)} : 71, (1) = 0}
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={(su, 50) € B p\{(0,0)} : T, () = 0},

where J,, : [0,4+00) — R is the fibering map given by 7, ,(s) = Jx u(su, sv) for
any s > 0 and (u,v) € Eqp, i.e.

Fu(5) =1M1<sp||<u o)IIZ) + 3M2<squ<u, o)lI%)
(t5) n sv(t})
- Z / =3 / Ho(t))Si(2)dz
s /0 Pt u(t), o(t))dt. (3.2)

Therefore, for any (u,v) € E, g, we have

Tty (8) =[M1 (8[| (w, 0) [B)]1P~ 8P| (u, 0) 15, + [Ma(s7]| (u, 0) 151757 (u, 0) 13
— "N AT (ulty))ulty) — 771> o) Si(v(t) o (t))
Jj=1 i=1

s / " P u(t), o), (3.3)
0
and

Tl o(8) =s"72(p = DM (s” | (u, 0) [B)1P~ I (u, 0) |2
+ 5772 (q = D[Ma(s7]|(w, )| 5)177 | (w, 0) 1§
+ 877 2p(p — 1)[My(sP[|(u, v) 2177 M (57 || (u, 0) |2 (u, 0) 127
+ 82072 q(q — 1)[Ma(s7|| (u, 0)15)]197 M5 (u, 0) 13 ] (, 0) 15

0= 1002wt utt) + D ettt

T
—o(o—1)s°7?2 / F(t,u(t),v(t))dt. (3.4)
Jo
Then, for any (u,v) € N, ,, by (3.3), we have

T (1) =M (I, ) 2177 (s, 0) 12, + (M2 (s, 0) 1)1 1 Cay 0) 1

- Z AC(t5) I (u(ty))ult;) — Z po(t;)Si(v(t;))v(t;)
o[ F(t,u(t), v(t))dt
0

and by (3.1) and (3.4), we have
Ttw(1) —( DM (I Cu, o) PP (w, )17 + (g = DM (11, 0) 1 5)]17 ] (y 0) 1§

+p(p = DM (]| (u, 0)[[2)1772 M7 (1|, 0) 2 (s, 0) 1P
+a(q = D[Ma(]|(w, )51 M3 () (u, 0) [4)]](w, 0) 3
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= (0= (AL (u(t)ulty) + 3 net)Si(w(E)o(e)

—o(o—1) / F(t,u(t), v(t))dt
0
=(p — O)[My (|| (u, 0) [2)]P~H [ (w, 0) |12, + (g = O)[Ma (|| (w, 0) [ 519 [ (s, 0) |
+p(p = DM (]| (u, ) [[2)]P2 My (| (s, 0)[[2) [ (a, 0) |27
+ q(g = D[Ma([|(u, v) 15192 M5(|] (u, v) 19| (u, 0) |5
— (o — 9)/ F(t,u(t), v(t))dt
0
:(p o) [My ([|(w, 0) 2P I (w, ) 15+ (g — o) [Ma (]| (w, 0) 15))97H (u, 0) [

+p(p = DIMu (]| (u, 0)[[2)1772 M7 (1| (w, 0) 2 (s, 0) 1P
+q(q — D[Ma([|(u, v) 15" 2M2(H(u,v)ll% I, )3
—(0- U)(Z AC(E5) L (u(ts))ult;) + Z pe(ty)Si(v(t;))v(t7)- (3-5)

Il
-

J

Following the methodology developed by [25], Ny, is partitioned into the following
three constituent elements:

N)\iw = {(u,v) € Mauld,) (1) 2 O}, and /\/}?M = {(u,v) € NaulJy (1) = 0}.
Lemma 3.1. For any (\, ) € ©°, we have N)(l“ =0, where

0" = {(Mt) € R\{(0,0)}: 0 < (malA| [|¢lloe) 77 + (nblu] [lo]loc) 77 < Qo},

and

- (M)* (min{Ba,Bﬁ}?*“)%ﬁ
27(0 — 0).A9, , (o —0)C.M(0) '

Proof. We debate through contradiction. Suppose there exists a pair (A, u) € ©°
such that Ny .. 7 0; in this scenario, we can distinguish between two cases.

Casel: (u,v) € N} and 370 AC(t5) 1 (ulty))ult;)+ 3201 po(t)Si(v(t;))v(t;) = 0.
Evidently, considering (3.5) in conjunction with assumption (M1), it can be inferred
that

0<((p— ) +plp ni)Muwn+(@—w@+qm—n5)<uwm
== Byl (u, v)ll& — Bpll(u, v)I5
<0,
which is a contradiction, where B, = (c—p)&1+p(1— p) >0, By = (0—q)&a+q(1—

q)% >0, due to o > p*,¢*, (0 —p)érm > (p* = )& and (o — Q) > (¢ — 0)0.

Casell: (u,v) € NR o and 35700 AC(E) 15 (ulty))ulty) + 30 pe(t))Si(v(t)v(ty) #
0. Considering (Ml) ‘and (3.5), it can be concluded that

o0 =0) [ Pttt o)t > (0= 0)6 + 0= 1)) w0
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+((a =006+ ala =) (o)
> min{B,, Bs}2' () 5, (36)

where B, = (p—0)&1 + p(p — 1)%, Bg = (¢—6)& +q(q — 1)% Moreover, by (F2)
and (2.4), we have

T
o(oc—0) ; F(t,u(t),v(t))dt <o(o — 0)Cyl|(u,v)||2

<ol —OCMO)|(w )| (B7)

Consequently, we can deduce from (3.6) and (3.7) that

min{B,, Bg}2! 7"\ 7=
of (a(o——e)aﬁ(a)) ' (3.8)

On the other hand, by (M1) and (3.5), we have

1w, v)]

m

(o = 0)(Q_ At Iulty))ults) + Y no(t)Si(v(t))o(t))
j=1 i=1
> min{B, 82}21_”||(u, U)||Z,8 (3.9)
In addition, according to (H1) and Holder inequality, we have
DA (ulty))ulty) + Y po(t)Si(v(Eh))v(t:)
j=1 i=1
<(malA ] Clloe -+ mblal el ) A2, (lll + 101,)

p—6

<Al (malA] ¢l +mblid olloe)7 ) 7 ((lull, + 1015,

|

p—0

<248, ((malA] 1¢00) 77 + (blal lollo)77) ™ I 0)|6  (3.10)

Apparently, from (3.9) and (3.10), we have

p—6

25(0 — 0) A8, (malA] [[<lls) 7 + (mblul llolloe)?) "7 74
1w, )|, <( 8 min{B;,, B5} ) '

(3.11)
From (3.8) and (3.11), we get
(ma|Al [[<lloe) 77 + (nblpl [lelloc) 7=

( min{B},, Bj} )p”fg (min{Ba, 85}217’"‘) =% vte
27(0 —0).AY,, o(o —0)C.M(0) ’

which contradicts (A, ) € ©Y. This completes the proof. O

Lemma 3.2. For any (\,u) € OV, the functional Jy ,,(u,v) is coercive and bounded
below on N ,,.
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Proof. For any (u,v) € Ny ,, we can deduce from (2.6), (3.1), (M1) and (3.10)
that

T 0) = u(,0) = (T4 (0,0), (0, 0)

1 1 1
> 58 = Zal )l + (52 = Sl vl
11 > - o

— (5 2248, (malA] Cll) 77 + (aBlud llelloe)70) 7 i, )45
> min{Ca, Cs}2' " (u,0) 5.5

1 1 N e _ 2\ 5
—(G+ ;)QAZ,p((maI/\I [¢llo0) 77 + (nb|p IIQIIOO)”*H) 1 (u, 0) 1% 5

where C, = 11”591 - 16 > 0,C3 = 1§22 — 163 > 0, considering &0 > 9161p,
&0 > 19252(1 and 6 < k. This completes the proof O

In the following result, we illustrate that /\/ A and NV, ,, are non-empty. In order
to deal with sign-changing functions ¢ and o, we define

2 = {(u,v) eEamZAc +Zu9 () 2 0},

v = {(u0) € Ea,5|/0 F(t,u(t),oft))dt = 0}.

Lemma 3.3. (i) For any (u,v) € AT NBT and (A, p) € Ay, there exist positive
constants s, = 85 (U, V), Ssx = Sux(u,0), 57 = s (u,v) and s~ = s~ (u,v) with
0<st < 5. <8 < 8w such that (stu,sTv) € NY ,, (s7u,s7v) € Ny, and

t ot -
Iapu(sTu,sTv) = O<I£ll<ll Iapu(su,sv), Iy (57 u, s v) = , ax I pu(su, sv).

(ii) For any (u,v) € AT NB~, there exists a unique st = st (u,v) > 0 such that
(stu,sTv) e N, and

JA,/L(5+Ua 5+U) = min Jy ,(su, sv).
s>0

Proof. For given (u,v) € E,g\{(0,0)}, let us consider the function £, ,(s) :
RT™ — R as

Luo(s) =57 My (5], 0) )P 0) 12 + 9= [Ma (57, 0) [ )] 0) 1
T
—gs? u(t), v . .
JRCRO (3.12)

Then, for any s > 0, if (su, sv) € Ny, we can infer that

s) = Z AC(t) L (ulty))ulty) + Z po(t))Si (v(t)))u(th).

By (3.12), we have

£10(8) =(p = 0)s” ™ T M (s (u, )12 | (u, )2
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+p(p = 1)s™ = M (8”| (u, v) [2)]P 2 My (87| (w, 0) [5)]](, 0) |27
+ (g = 0)sT O [Ma (s (u, 0) I )IF I (s, )1
+a(g = 1)s* 0 [Ma(s7 (u, 0) | 5] 2 M (57| (u, 0) 1) | (w, 0) |1

T
~ (o — 0)s7—0~1 /0 Pt u(t), o(t))dt, (3.13)

and so if (su, sv) € N ,, then
Tawaw(1) = 8711L, (s). (3.14)

Hence, (su,sv) € N;L,u (or Ny ,) if and only if £, ,(s) > 0 (or < 0).
(i) Let (u,v) € AT NB+. We note that £,,(0) =0, £,,(s) = —o0 as s = +o0.
By (3.7), (M1) and (3.13), we have
£, (s) >min{Ba, Bs}2' | (u, )|l g5
— (0(0 = 0)CM(0)||(u, )17, 5)s” ", (3.15)

which implies lim,_,o+ £;, ,(s) > 0 and lims_,o £, ,(s) = —oo. Then, define the

u,v

function P(s) : Rt — R as

P(s) =min{Ba, Bs}2' " (u, v) |5 55"~
= (0(0 = O)CM(0)||(u, v)[Z 5)s7 ",

Due to k < o, there exists a unique spyax, where

A ( min{B,, Bg}2' " (k — 6 — 1) ) =
e (o —0)CuM(a)||(u,v)] Z,_ﬁ”(a -0-1) ’

such that P(s) is increasing on (0, Smax), decreasing on (Smax, +00). Hence, there
exists a unique sp > spax such that P(sg) = 0. Then, we can deduce that £, ,(s)
exists a minimal root s. > sg such that £,  (s.) = 0, £ (s«) < 0. Therefore,
there exists s.« > s« such that £, , is increasing on (0, s.), decreasing on (., Sxx).
Taking into account the sign of £, ,(s.«), we discuss it in the following two cases.
Casel: £, ,(s) < 0. By (3.7), (3.12) and (M1), we have

Su0(s) Z2min{ér, £32'7 " (u,0) |5 5 — 057 CM(0) ]| (u, v)IIZ, 5.
Let the function P;(s) : RT — R be defined by
P1(s) =min{&r, &32" || (u, )5 55" — 0 C.M(0) || (u, v)||Z 5577

Then, there exists unique

S1 = ( mg{ghé-Z}Qliﬁ(H B 0) ) "i"“
M 5 —8))

such that

glggPl(S) =P1(s1)
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K—6

o — Kk (min{&y, 3215 (k- 0)\ 7=x
o—0 ( oC.M(o)(oc —0) ) .

=min{&, &32' | (uw,0)|1% 5

Hence, we have £, ,(s+) > maxssoP1(s) = P1(s1) > 0. Moreover, for any (A, u) €
69, where

6 = { (0. m) € B\{(0,0)} : 0 < (malA| [¢llce) 77 + (nBlu [lolloc) 77 < Q1 }.

and

P k—0 j2
6

min6,£:12-(0 — )\ 5 (min{€y, 6)217 (s — 6)) 2= ste
@ :( .,Llli’;(a —0) ) ( UCiM?(U)(O' —0) ) .

Then, for any (\, i) € 69, we have

0< Z AC(t5) L (ulty) )ult) + Z po(ty) S (v(t;))v(t;)

p—0

P

<248, (] ¢loe)77 + (nBla] [lelloc) 77 )
<Pi(s1)-

1(u, v) |55

Up to now, there exist unique s™ < s, and s, < s~ < s, such that
Luw(sT) =D M) (ult)ulty) + Y pet)Si(v(t))v(#;) = Luw(s™).
j=1 i=1

That is, (stu, stv), (s u,s v) € Ny ,. Moreover, by (3.14), we have (stu,stv) €
Nju, (s"u,s7v) € N;M. Further, considering

Thuls) = 5" (Zuals) = DAL wlts)ulty) = D we(t)S:(w(E))o(t)).
j=1 i=1

we have J ,(s) < 0 for all s € [0,s7), J;,(s) > 0 for all s € (s7,57) and

Ju.w(8) <0 forall s € [s7,s..). Hence, we have

Jypu(stu,sTo) = min Jy ,(su,sv), and Jy ,(s"u,s v) = max Jy ,(su,sv).
0<s<s— Su S Suen

Casell: 0 < £, ,(844) < £4,5(8+). Then, there exists sufficiently small ¢ € (0,
)

pP—Y
QAZ,L_;H(U,U)HZ"BQIP ) such that for any (A, ) € O, where

1 2 . € 25
o' = {(\n) € RA{(0,0}:@," - Y TEROTLN

<mal| [I¢lloe) 77 + (mblul llelloc) ™7 < Q1 },

we have

Luw(8ss) <Pi1(s1) — €
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< DA (ult)ulty) + D polt) Si(w(t)o(t)
<240, (mal\] [€l10) 77 + (bl l2loo)77) 7 )
<Pi(s1).

As analyzed in casel, there exist unique sT < s, and s, < s~ < 8, such that
(sTu,sTv) € N;ru and (s~u,s”v) € Ny . moreover, we have

Tv)= min Jy,(su,sv), and Jy (s u,sv) = max Jy . (su, sv).

Iy u(stu, s
0<s<s— 5. <85<Sux

(ii) Let (u,v) € AT NB~. Apparently, £,,(0) =0, £,.,(s) = +o0 as s — +o0.
According to (3.13), we can deduce that £;, ,(s) > 0 for all s > 0, that is £, , is
increasing on (0, +00). Since, (u,v) € AT, there exists unique s™ > 0 such that

Lup(st) = Z AC(t5) L (u(ty))u(ty) + Z po(t;)Si(v(t;))v(t;).

That is, (stu,sTv) € Ny . In addition, (3.14) implies that (stu,sTv) € N, and
Iau(sTu, sTv) = mingsg Jy . (su, sv). O

Lemma 3.4. For any (\, ) € ©2, then cj\iﬂ = inf(u’y)eN; Iy pu(u,v) <0, where
62 = {(\ ) € BA\{(0,0)} : 0 < (malA| [[Slla) ™7 + (bl [lelloc) 77 < Q2

and

max{Qy, Q2}2' 7%\ 7% p(s—9)
Q= ()l

Proof. Let (u,v) € N;H. By (3.5), we have

T
oo — 9)/0 F(t,ult), v(t))dt

<(t0 =008+ o= 12w 05 + ((a - 0032 + 5o~ 122 w0}
Then, from (2.6), (3.1), (M1), we have

C;P« SJ)\7M(U7 U)

(Ao - om a1~ e Il
+(1§+i(( —0)51 + q( —1)§)—1€)H(u v)ll5
qiy o 1 L m 0 B

p—06

4 _ p — 2\ p
4220 (] o)™ + Bl <)) 7 ) 5. (3.16)

Taking into account that pd1, ¢ds > 1, 0o > 1, (2p+p?)610 < &, and (2q+¢>)620 <
&2, it follows from (3.16) that

1
X < I, v) < — 7 max{Q1, Q2}2'"||(u, v)[|1 5
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p—6

4 _ _p_ - _P_\ p
+ A%, (mal] [1Cl1oe) 77 + mblul llelloc) 77 ) ™ l(u, 0)5 5

<0,

where Q1 = & — (2p+p?)810 and Qy = & — (2¢+ 2)d20. This completes the proof.
O

Lemma 3.5. Let (u,v) € N;_u and (\,p) € ©°, there is a number ¢ > 0 and a
continuous function ¢ : ©.(0,0) C E, g — R such that

¢(0,0) =1, and ¢(z,2)((u,v) - (2,2)) € NY ,

where ©,(0,0) ={(2,2) € Ea g : |(2,2)|lap < €}

Proof. To begin, we define a function T : Rt x E, 3 — R as follows:

T(s, (2,7)) =s" [Mr(s”[|(u,v) = (2, D) R [ (w,0) = (=, 2)
+ 87 [Ma(s7]|(u, v) = (2, 2) 5] 1w, 0) = (2,25

- SG(Z A7) (ulty) — 2(t5)) (ulty) — =(t5))
= po(t)Si(v(t;) — 2() (v(t) — Z(4])))
i=1
—os? /T F(t,u— z,v —Z)dt.
0

Thanks to (u,v) € ./\/'I#, we have Y(1,(0,0)) = 0 and 2X(1,(0,0)) > 0. Applying
the implicit function theorem at (1, (0,0)), we obtain that there exists g9 > 0 such
that for any (z,%) € Eq g with ||(2,2)|le.s < €0, the equation Y(s, (z,%Z)) = 0 has a
unique continuous solution s = ¢(z,%z) > 0 and ¢(0,0) = 1. Furthermore, we have

(#(0.0).:9) = 7, (3.17)

where
W, :((P — DMy ([ (w, 0) [2)]P~2 My ([ (y 0) [2) | (w, 0) 15, + [M1(||(Uav)||§)]p71)
T
X p/o (@, (0D u)o Dz + @y (0 Dy v)o D Z)dt
+ ((q — 1) [Ma ([l (u, 0) |51 M ([| (w, 0) 1)1 (s, 0) [ + [M2(H(Uav)||%)]q_l>

T
X q/ (@,(oDPu)o DYz + @, (s DPv)o DI Z)dt
0

m

- Z AC(t) (T3 (u(ty) 2ty )ulty) + Ii(u(t))2(t5))

- Z po(ty) (S;(v(8))Z(t)v(t) + Si(v(£))Z(t7))
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T
- O’/ F,(t,u,v)z + F,(t,u,v)zdt,
0

and Y(¢(z,%), (2,%Z)) = 0 for all (z,%) € B.,(0,0), which means that ¢(z,%)((u, v) —
(2,2)) € N, for all (z,%) € O,(0,0). Moreover, we can choose 0 < € < g such that

for any (2,Z) € Eq,p with ||(2,2)|la,s < € we have %(g&(z,?),(z,?)) > 0, which
implies that ¢(z,%)((u,v) — (2,%)) € Ny for all (2,z) € ©.(0,0). O

Lemma 3.6. If (\, i) € @0, then there exists a minimizing sequence {(un,v,)} C
NA,H such that

Iau (U, vn) = exp +0n(1), and J3 , (un,vs) = 0n(1), (3.18)

where cx ;= infywyens ,, Iau(u,v).

Proof. By Lemma 3.2 and Ekeland’s variational principle, there exists a minimiz-
ing sequence {(un,v,)} C Ny, for Jy , such that

1
e < Inp(tn,vn) < exp+ - (3.19)
and
1
Iapu(tn,vp) < Iy pu(u,v) + EH(u,v) — (Un, vn)la,8, ¥(u,v) € Ny p. (3.20)

apparently, by (3.19), we get (3.18);. Now, we show that |[J} ,(tn,vn)[la,s — 0
as n — oo. By Lemma 3.5, we obtain the function ¢, : O, (0,0) — R such that
©n(2,2)(un, vn) — (2,%)) € Ny, for all (2,%) € O, (0,0). For fixed n, choose 0 <
€ < &, and define (z.,Z.) = e% with (u,v) € Eu \(0,0). Set (21,e,22,¢) =
On(2e, Ze) ((Un, vn) — (26, Zc)), then it is clear that (21,6, 22,¢) € N . According to
(3.20), we have

Pralerer22.0) = Trlting o) 2 = (31,6 22) = (om0 s
Applying the mean value theorem, we have
<J$\,M(Um Un), (21,57 2'2,5) = (Un,vn)) + On(H(Zl,Ev 2'2,5) — (Un, Un)”a,ﬁ)
> = e 22) — (s ) s

Then,

- <J:\,u(una Un), (26, Ze)) + (Pn(ze, Ze) — 1)<J§\71L(u”7vn)’ (Un,vn) = (2¢, Zc))

1
> - EH(ZLevzle) - (Umvn)”aﬁ + On(”(zl,evZZe) = (tn, v a,ﬁ)‘

Considering <J§\,#(21,sa 22,e)s (Un, Vn) — (2¢,Ze)) = 0, we get

(@n(zmzs) - 1)<J§\,u(una Un) - J//\,u(zl,ﬂ Z2,6)a (un,vn) - (26’25»

(u,v)
~ el o) 1
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1
> - EH(ZLE’ZZE) - (unvvn)Ha,,@ + On(H(Zl,evZZE) — (tn, vn)| a,ﬁ)'

Hence, we have

(u,v)
<J/ (Un, Un)>
s [[(w; 0) [l
1

1
S lze 22.6) = (uns vn)llas + Zon(ll (21,6 22.6) = (un; vn)llays)

1
+ E(cpn(ze,ée) = 1) (tns vn) = T (21,65 22,6)5 (Un, 0n) = (26, Z)). (3.21)

Since
H(zl’ewzle) - (umvn)llaﬁ < €ln(2e; Ze) | Hlon(2e; Ze) — 1| [[(un, vn)| a,Bs

and

. (pn(zmze) - 1 /

— <

lim ; < [1#4(0,0)la 55

passing to the limit € — 0% in (3.21), there exists Ky > 0 such that
(u,v) KO /
(Jau(tns vn), 7——5—) < — (14 [l¢7,(0,0)la,8)- (3.22)
Ak [ (w; v)la, n

Below, we demonstrate that ||¢),(0,0)|q,s is bounded. Arguing by contradiction,
we assume that (¢!, (0,0),(z,Z)) — o0 as n — oco. By (3.19) and Lemma 3.2, we
have sup,, ||(¢n, vn)|la,s < 00. Then, from (3.17), the boundedness of {(u,,vn)}
and Holder’s inequality, there exists positive constant Ly such that

_ Lo(||z|la,p + |1 Zllap + 112]l8,¢ + |Z]l 5,
<30;z(070)7 (Z,Z)> — (H || p || ||HP || ||5 q || ||B q)’
Tty v (1)

which implies that there exists a subsequence {(un, v,)} such that 7,/ , (1) = o,(1)
as n — oo. Following the proof of Lemma 3.1, we have (), ) ¢ ©Y, which gives a
contradiction. O

Lemma 3.7. Let {(un,vn)} C Nx . I, satisfies the (PS)-condition at level cy .

Proof. It follows from Lemma 3.6 that there exists {(un,,v,)} be a (PS) se-

quence for Jy ,, i.e.

Cx,p

! : *
I (s vn) = €x py and Jy | (un,vn) — 0in B 5, as n — o0.

Lemma 3.2 shows that {(un,v,)} is bounded in E, g. Hence, there exists (u,v) €
E,p and a subsequence of {(un,v,)}n, still denoted by {(un,vn)}n such that
(Un,vn) = (u,v) in E, 3. Additionally, by Lemma 2.3, we have (u,,v,) = (u,v)
uniformly in (C([0,T], R))?, i.e. ||(un,vn) — (1, 0)]l00 — 0 as n — cc.

Now, let (a,b) € E, ,, be fixed, 0 <y <1, 1 < v < o0, and denote by S, ,,(a,b)
the linear functional on E, ,,

T
<S’Y,U(a7 b)a (Cla C2)> :/0 (I)v (ODga(t))OD;/cl (t) + (I)U(ODzb(t))ODzCQ(t)dtv
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for any (¢1,¢2) € Ey . By the Holder inequality, we have

v—1

[(S5.0(a,0), (cr, D) <lall5 5 w0 + 0I5 2]l 0-

Thus, for any (ci,¢2) € E,,, the linear functional S, (a,b) is also continuous.
Hence, combined with (u,,v,) = (u,v) in E, g, we have
(Sy,0(u,v), (U, — u, v, —v)) = 0, as n — oco. (3.23)

Then, we can deduce that

on (1) :(Jﬁ\,#(un,vn) — Ia(u,v), (un, — u, vy — v))

(M (1] (s v) 127 HSe,p (s ) = Sap(, ), (un = u, 05 — )

[Ma([[ (s ) [15)17 (S g (s 00) = Spq (s ), (= u, 05 — )

(M ([ (s ) 2P = (M ([l (s 0) [P ™) (S (w5 0), (= w05 = 0))
(Mo ([| (w9 = [Ma ([ (s 0) 1197 1) (S g (1, 0), (un = w05 = )

+
+
+
- Z AQ(t ) (L (un (t5)) — L5(u(t;))) (un(t;) — ult;))
- Z po(t;)(Si(von(t)) — Si(v(t))) (vn(t5) — v(t7))

T
— /0 (Fu, (tyupn,vy) — Fy(t,u,v)) (uy, — u)dt

T
- /0 (B (£, 1, 00) — Fo(ts 1, 0)) (v — )t (3.24)
Moreover,

‘ Z AC(t;) (L (un(t5)) = L (u(t;))) (un(ts) — ult;))

<ma|A| [[¢lloo (supun |’ +[[ull &) [lun — ullos = 0, as n — oo, (3.25)
neN

| D ot (Kion(#)) = Ki(u(t))) (en(t) = o(t0)
i=1
<nblp Jlelloo (sup v |*~ HIolS ) [on = vl = 0, asm 00, (3.26)
neN
and

‘ /OT(FM (t, Un, vn) — Fult,u,v))(u, — )

+ (F’Un (ta Un, Un) - F’u(t7 u, ’U))(’Un — ’U)dt
ST|Fu,, (8, tn, vn) = Fu(t, u, )| [Jun — ullo
+ T Fy, (t, un, vn) = Fo(t,u,0)| Jlog — v]jc = 0, as n — oo, (3.27)
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From (3.23)-(3.27), we have

(Sa,p(tn, vn) — Sa p(u, v), (Un —u,v, —v)) =0, as n — oo, (3.28)
and

(Sp,q(Un,vn) — S q(u, v), (U, —u,v, —v)) =0, as n — oo. (3.29)

To illustrate our findings, we require the following well-established Simon inequali-
ties.

D(|dy|"~2dy — |da|"2ds)(dy — d3), h > 2
|¢_@WS{<M = [l 2dy) (A = d) b > 2,

D((Jdi|2dy — |do|"~2da)(dy — d2)) % (Jdu|"+d2|") 7", 1 < h < 2,

for all di, dy € R, where D is positive constant.
When 1 < p < 2, by (3.28) and the Hélder inequality, we have

[(un = w00 = V)5 =llun = ullg, + [lon = 0I5,

vl

gf( /0 T(cp,,(opgun) — &, (oD%u)) (o DSy — OD?u)dt)

2—p

T 2-p
< ([ (oDgunl + loDgul?)d)
0

41%AZQ@DWH®@DWMMf%ODWWO

2—p

([ QoD +1oDpepar)
—0, as :L — 0. (3.30)
When p > 2, by (3.28), we have
[ (un = w, v = )G =llun —ullf, + [lon —0ll%,

<D(Sap(tn,vn) = Sap(u,v), (un — u, v, —v))
—0, as n — o0. (3.31)

Hence, we have |[(u, — u,v, — v)||2 — 0 as n — oo. Similarly, we can obtain
[(un, — u, v = 0)||§ — 0, as n — co. Then, we have (un,v,) — (u,v) as n — oo in
E, g. This ends the proof. O
Proof of Theorem 1.1. Let (\,u) € O, = ©° N O! N O2 Thanks to the Lemma
3.6, we can consider a (PS)JM sequence {(un,vn)} C J\/}tu C N, such that

I (U, Un) = cj\"u, and J} ,(un,vn) = 0, as n — oo.
Then, by Lemma 3.4 and 3.7, there exists (uy,,,vx,,) € Na,, such that
J;,M(UA,WUA,M) =0, and Jy (ur s Vr0) = C;u <0.

Further, we show that (ux,,vx ) € N;u. We debate through contradiction. As-
sume that (uy ,,v,) € Ny ,. Considering (3.5), we have (uy ., vx,,) € BF. More-
over, (uxu,Uapu) € Nayu and Iy, (ux pu,0r,) = CLL < 0 imply (uxu,vr,) € AT,
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Then, by Lemma 3.3, there exist s~ (uxu,vau) > sT(uxu,vau) > 0 such that
(s7unp, 87 va ) € Ny, and (sTunu, s7ox,) € ./\/'IN, which implies s~ = 1 and

st < 1. Hence, there exists so € (sT,57) such that
JA,M(3+U>\,/M 3+U>\,u) =O<mi<n JA,M(SU/\,WSUA,M < J)\;H<SOUA,M7SOU>\,M)
<s<s—

<Iau(87un s 5T Ux ) = Iau(Unp, Oa ) = C;\r,;r

That’s a contradiction. Thus, (ux,vxu) € NIM. Upon next, we show that
(ua,u,Uap) is a local minimizer of Jy , in E, g, which is a critical point of Jy ,
in E, g ( refer to reference [23]). Since (ux ., va,u) € N;f#, by Lemma 3.3, we have
sT(ux s vapu) = 1 < su(uny, vay). Thus, by continuity of (u,v) — s.(u,v), for
fixed €y > 0, there exists pg = po(eo) > 0 such that 1+ €y < s.((ur,u,va,n) — (u, v))
for all ||(u,v)|la,s < po. Also, from Lemma 3.5, it is easy to see that for a
given p; > 0, there exists a C' map ¢ : 0,,(0,0) C E,3 — R' such that
©(u, v)((ur,u, va,.) — (u,v)) € N;,u and p(0,0) = 1. Consequently, for any 0 < p, =
min{po, p1} and the uniqueness of zeros of fibering map, we have s*((ux ., vr,,) —
(u,v)) = p(u,v) < 14 € < su((ur,u,va) — (w,v)) for all ||(u,v)||a,s < ps. Since
Su((urpyva, ) — (w,v)) > 1, we obtain

Jk,u(uk,m Uk,u) SJ}\7M(8+((UA7M’ U/\,u) - (U,U))((u/\,uvvk,u) - (u,v)))
SJ)\,;L((U)\,;M U)\,u) - (ua 'U))7

for all ||(u, v)||a,8 < p«. This shows that (ux ,,vx,,) is a local minimizer of Jy , in
E, . Moreover, since (0,0) ¢ N;f#, we have (ux,,, va,u) 7# (0,0), Hence, (ux ., va,pu)
is a nontrivial solution of problem (1.1). O

4. Existence of infinity many nontrivial solutions

In this section, we explore the multiplicity of solutions for problem (1.1) by applying
the Krasnoselskii genus theory. First of all, we refer to [22] to recall some basic
notions about Krasnoselskii genus.

Let X be a Banach space, and = denote the family of sets A C X\{0}, where A
is closed in X and symmetric with respect to 0, that is if a € A implies —a € A.

Definition 4.1. Let A € =. The Krasnoselskii genus F(A) of A is defined as the
least positive integer n such that there is an odd mapping & € C(A, R™\{0}) for all
a € A. If n does not exist, ¥(A) = co. Moreover, F(f) = 0.

Note that condition (M1’) implies that
Mi(2) > My(1)a”", Vo € [0,1], and Ma(y) > Ma(1)y", ¥y € [0,1].  (4.1)

Moreover, for any € > 0, condition (F1’) gives the existence of C; > 0 such that for
a.e. t € (0,7

|F(t,u,v)|< 5|(u,v)|5* +C¢|(u,v)|, for all (u,v) € R%. (4.2)

Considering the nonlocal characteristics of My and M, let us assume that 0 <
|(u,v)]|a,3 < 1. Consequently, based on (2.4), (2.6), (3.10), (4.1) and (4.2), we can
deduce that

1 5, 1— 3
o (u,0) Z];Ml(l)ll(%U)IIZ‘?1 + aMz(l)ll(uav)H%ﬂQ
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p=6

- %Ai,p«mﬁlk\ I¢ll00) 77 + (nblp H@lloo)’%") "l (w,0)ll%,s
— e M(9. )H(u V)[|25 = CM@)I(w, )7 4
> M| (u, 0)[l075 — Ml (, 0) 17 5

p—0

—A*(<maw ||<||m>ffe+<n6|m o)) 7 w0l (43)

Then, we can choose € > 0 sufficiently small such that M 5 > 0, where

_ Sl 1 L .
Mio= mln{};M1(1), aMz(l)}Ql Ve —eM(®9,), A, = *Aip, « = C.M(7).
Define a function 7} , : (0,+00) = R as
Top(X) =M1 2 X7 — M, X7
p—6

— Ao (mal\] ¢l) 7 + (Bl floloe) 77 ) 7 X,

then Jy ,(u,v) > 7j\u(|\(u v)||a g) for all (u,v) € Ey g with 0 < ||(u,v)|a,s < 1.
Noticeably, 7y ,(X) = X017, (X)), where

Tau(X) =My 20, X770 — M,X7°
p—0

= A (malA] 1Cllo) 77 + (Bl lolloe)77 ) 7 6, ¥X >0,

Then, there exists a unique

150, (T, — 0)y =

Y= (Siiseon ) 70

such that Tj)\ (Xo) = 0. Namely, Ty ,(X) is increasing on (0, Xp), decreasing on
(Xo, +00). Lot ()\ u) € Oy, where

O = { (0, 1) € BA{(0,0)} £ 0 < (malA| [¢]la0) 77 + (0Bl lelloc) 77 < D},

and
0y = (M2 e (M1l 0. — 0)y B o
0 A0 M.7(7] — 0) ’
then we have
max T x . (X) =T x,u(Xo)
— =0, (M120,(0, — 0)\ 225"
=M « J
12Ty ( M. — ) )

p—0

= A (malA] €))7 + (mbBlul floll)77) " 0> 0.

Hence, there exist X1 € (0, Xo) and X € (Xo, +00) such that 7y ,(X1) = 73 ,(X2) =
0. Taking into account that limx_,o+ 7 .(X) < 0 and limx 00 Tx, (X)) = —o0,
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we have 7Ty ,(X) is decreasing on (0, X), increasing on (X, X3), decreasing on
(X3, +00). Moreover, let (A, 1) € ©1, where

01 = {(\ ) € RA{(0,0} : 0 < (malA| [<lloe) 72 + (Bl [l0]loc)7*7 < S},

and

0, = (L2 ) (Moall: ) s

Then, if we define a function 7, , : (0, 4+00) — R as

T (X) =M X" =0 = M X770,

2 (9«

M )))" 7+ such that

we can deduce that there exist unique X, = (

E(M 5—0 Tu?
0\ M.(

max Ty ,(X) =T, ,(X.) = M, 2 — > 0.

Hence, for any (A, u) € ©1, we have

Tau(Xz) =mpaxTh  (X)

> X0 (T3,,(X0) = Ac(malA] [I€llo0) 7 + (bl [lelloo) 7))
>0.

At this point, we arrive at there exist 0 < Ko(A, ) < K1 (A, ) with Ty, (Ko(A, 1)) =
Trpu(K1(A p)) = 0. From the structure of 7, ,(X), we have Ty ,(X) < 0 if

€ (0, Ko\ )], Thu(X) > 0if X € (Ko(\, p), K1(A, 1)), and Ty ,(X) < 0 if
X € [K1(A p), +00).

Lemma 4.1. lim(y ;- (0,0) Ko(A, ) = 0.
Proof. From 7 ,(Ko(A p)) =0 and Ty ,(Ko(A, p)) > 0, we have

My 2Ko( 1) = A ((malA] [[Clloe) 7 + (bl llelloo) 77 ) ™ Ko(A, )’

— ML.Ko(\, )" =0, (4.4)
and
. — » _ » \ 22
My 29, Ko(A, p)" ! —A*((mEIAI [¢llo0) P~ + (nbu IIQIIOO)FG) " OKo(A )t
— MK\, )"t > 0. (4.5)

Subsequently, based on (4.4) and (4.5), we have

o < (i)

The uniform boundedness of Ky(A, 1) with respect to (A, 1) can be inferred. Con-
sequently, we choose a sequnence {(Ap, tn)}52; with (A, urn) — (0,0) as n — oo.
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This choice ensures that Ko(An, tn) — Kox > 0 as n — oco. Then, (4.4) and (4.5)
imply that

My oKD — MUK =0, (4.6)
and
My 00, K2~ — MKt > 0. (4.7)
Combining (4.6) and (4.7) , we have
M. (7= D.)K], <0,

which implies that Ko, = 0. Considering the arbitrary nature of {(A,, ptr)}, we can
deduce that hm()\,u)ﬁ(0,0) Ko\ p) =0. O

Take X : RT — [0, 1], nonincreasing and C* with R(z) = 1 if z € [0, Ko(\, p)],
R(z) = 0if z € min{K1(A\ p),1},00). From Lemma 4.1, there exists Q2 > 0
sufficiently small when (X, u) € ©2 where

02 = {(\ ) € RA\{(0,0)} : 0 < (malA| [Clloe) 72 + (Bl [l0]loc) 77 < 2},

such that Ko(X,p) < min{K;(X, p),1}. Subsequently, for any (X, p) € ©, where
© = 0y N O; NO,y, we hereby introduce the truncated functional

Tap(u,0) :%M(Il(u,v)lli) + émuuu,v)nz)

m o rut) n ()
-3 [ @ = 30 [ pett)si s
Jj= ., i
R 0as) [ FCult), o0 (4.8)
0

According to (4.3), for any 0 < ||(u, v)||a,s < 1, we can observe that

Ta(u,0) 2M|(u, 0)[1575 — MR (s 0)la,6) | (s 0) 12, 5

p—6

= A, (] [1¢llo0) 77 + (blul llollo)7 ) 7 N, )% 5
Define a function Sy, : (0,4+00) — R as
Sapu(X) =My X7 — MR(X)XT
= A (malA] (¢l 77 + (mBlu] floll)77) " X7,

then jAvH(u,v) > Sx (||, v)||la,p) for all (u,v) € Eq g with 0 < [[(u,v)|a,s < 1.
Moreover, we can deduce that Sy ,(X) > Ty (X)) for all X > 0, Sy ,(X) = Th u(X)
for all 0 < X < Ko(A, p).

Lemma 4.2. For all (A, p1) € O.., the following hold:

(i) If T u(u,v) <0, then ||(u,v)|a,p < Ko(A,p) and Jy . (w,0) = Jx (@, 0) for
all (w,v) in a sufficiently small neighborhood of (u,v).
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(i3) Jx,.(u,v) satisfies the local (PS). condition for all ¢ < 0.

Proof. (i) We distinguish two different cases.
Casel: min{K;(\,p),1} = 1. If Ko\, pu) < |[(u,v)]|a,p < 1, then Jy ,(u,v) >
Sxu(0)las) = Tag (1t 0)lag) = 0. I [[(u,0)]las = 1, by the definition of
R we know that R(||(u,v)|la,3) = 0. Due to the impacts of M; and M, we have
classified Case 1 into four subcases.

Casely: |[(u,v)|la,s > 1 with ||(u,v)]|e > 1 and ||(u,v)||g > 1. Then, by (M1’),

(M2') with 7 =7 =1 and (3.10), we have

— 1 1 1 _
Tulusv) Zmin { =m ™, —mg~ 1215 (u,v) 5 4
p1 qU2 ’

p—06

— A, (malA] 1¢l10)77 + (blal llollo)™) 7 Nl v)lI%
where ¢ = min{p, ¢}. Define the function &; : (0, +00) — R as
p—8
S1(X) = A XS = A, (malA] [Clloe) 77 + (mblpl [lolloe)77 ) 7 X7, ¥X >0,

where Ay, = min{p%mzf_l, q%mg_l}f_g. Undoubtedly, S;(X) has a global min-
1 2
imum point at

A (malA] [[¢loe) 77 + (nblu] IIQIIOO)PPG)pgﬂ)fe

Xmin = (
Al*(

with

AIXH;% Sl (X) :Sl (Xmin)
p—0

P T _P P 9
=X fn A (] [Coe) 77 + (bl lell)7*7) 7 (= 1) < 0.

We point out that S;(X) > 0 if and only if X > X}\w where

P N _p_ p=0 1
X, = (Al 1)+ (bl e 20) 5 y
A pn Al* .

Hence, choosing (A, ) € ©14, where

61*

() € B©0,00) 0 < 0] I6lo) 77 + (il el < (520750},

we have J . (u,v) > S1(||(4,0)||a,) > 0 for all ||(u,v)|as > 1.
Casels: ||(u,v)]la,p > 1 with 0 < ||(u,v)||a < 1and 0 < ||(u,v)||g < 1. Then, by
(3.10) and (4.1), we have

(u,)]|?

D
a,pB

- 1— 1— =
T (u,v) zmin{];Ml(l), 6M2(1)}2H9*

p—6

= A (] [1¢lloe) 7 + (mblal llolloe)™ ) ™l 0)I3 5
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Define the function Sy : (0,+00) — R as

_ _ b\ B2
82(X) = Ao X7+ — A, (mal\] [¢l0) 77 + (Bl o) 77) 7 X7, VX >0,

where Ag, = min{%Ml(l),%Mg(l)}Ql_g*. Likewise, S2(X) > 0 if and only if
X > Xiu, where
_p_ - _p_ . p=0
o (Amal [[Clloe) =7 + (nblu] [lollc) ") 7 \5is
XA7N —_ A2 .

Hence, choosing (A, 1) € ©s,, where
@2*

—{(0m) € B[00} 0 < (mal] 1) 727 + (Bl [l )77 < (22

A

v
)7

we have Jy ,(u,v) > Sa(||(u,v)||a,) = 0 for all ||(u,v)||a,pz > 1.
Casels: [[(u,v)|la,s > 1 with ||(u,v)||e > 1 and 0 < ||(u,v)||g < 1. Then, by

(M1"), (M2') with 7 = 1 and (3.10), we have

jAv/t (uv U)
p—0

1 _ _ _p_ - P\ p
>—mb | (u,0)|I%, *«4*<(malk\ [[€llo0) P=7 + (nb|p| \l@lloo)”“’) [ (u, ).
Py
Define the function Sz : (0, +00) — R as
p—0
S3(X) = Mg X7 = A, (mal] [¢]l)7 + (bl llolloc) 77 ) " X, ¥X >0,

where Az, = mll’_l. Then, S3(X) > 0 if and only if X > Xi“, where

1

pY1
_p_ - _p_ p=0

w3 — (AmaA[[Cllo) 77 + (nblp] flofloo)77) 7 \ 750

Ao A3* '

Hence, choosing (A, p) € Os,, where
@3*

={(\ ) € BA{(0,0)} 50 < (ma] [Cloe) 7 + (nBlu] lol]oc) 77

IN

()t

we have J ,(u,v) > Ss([|(u, 0)[las) = 0 for all [|(u, v)[las > 1.
Caselys: [[(u,v)|la,p > 1 with 0 < ||(u,v)]lo < 1 and ||(u,v)||s
(M1), (M2") with 7 = 1 and (3.10), we have

Y

1. Then, by

j)\yﬂ(u, v)
p—6

1 _ _ _p_ - 2 \'p
> g 0) I — A (A [1Cloe) 7+ (bl lelloe)7) 7, 0)]5:
qU2

Define the function Sy : (0, +00) — R as

p—0

S1(X) = A X7 = A (A 1ICIh) 7 + (lul lloll. )77 ) 7 X, X >0,
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where Ay, = qé md™". Then, §4(X) > 0 if and only if X > Xﬁ’w where

4
XA,M

_ <A*<<ma|A| 1¢l0) 77 + (nb]u] ||g||oo>zfe>’%9)n
A4* '

Hence, choosing (A, 1) € Oy, where
@4*

() € BAL0,00) 0 < 0malA] cloe) 77 + (bl )77 < (5750},

we have Jy . (u,v) > S4(||(u,0)||a,5) > 0 for all ||(u,v)|a,s > 1.

Case2: min{K;(\, p),1} = Ki(A\ pn). If Ko(Ap) < [[(w,v)|la,s < K1(A, p), then
Tan(1:0) 2 Sy (1 0)a6) = a2 0) ) = 0. 1 Ky () < [ty 0) s <
1, considering N(||(u,v)||a,3) = 0, we have

Tau(u,0) =M (u,0) 07
p—6

= A, (@] [1¢lloe) 77 + (mblal llollo)™ ) 7 I, )% 5

Due to T, (K1 (A, 1)) =0, that is

p—0

MoK ()7 — A (] IC) 77 + (bl lolloe)727) 7 KO0, )
ZM*Kl()\, M)ﬁ > 0,

we have Jy ,(u,v) > 0 for all K1(\,p) < [[(u,0)]|la,s < 1. If || (u,0)]|a,s > 1, arguing
similarly to Casel;-Casely, we have Jy(u,v) > 0.

Hence, from Casel and Case2, for all (A, u) € O,., where O,, = ONO.N---N
O4x, we obtain Jy ,(u,v) < 0, then |[(u,v)||a,s < Ko(A, p). Moreover, we observe
that Jy ,(u,v) = J u(w,v) for all ||(@,7) — (u,v) (A, 1) — | (u, v) ||, 8-

(ii) Let {(un,vn)} be a (PS)-sequence for Jy , on the level ¢ < 0, that is

_ _ _
Iapu(Un,vp) = ¢, and J)\’N(un,vn) — 0in E7, 5, as n — oo.

This implies that Jy ,(un,v,) < 0 for n € N large enough. Then, by (i) of Lemma
4.2, we have ||(u,v) (A, ) and Jx (tUn, vy) = T u(tin,vn) — ¢ < 0 and
I3 (Uns vn) = 7;7H(un,vn) — 0 as n — co. By virtue of the coerciveness of Jy ,
in E, g, it can be inferred that {(u,,v,)} is bounded in E, g. Hence, there exists
(Ta,u, Ua,p) € Eap, €a >0, eg > 0 and a subsequence of {(uy, vp)}n, still denoted
by {(tn,vn)}n such that

(Un,Un) = (Urp, Oap) 0 Eo gy ||(Un,vn)|la = €a, [[(Un,vn)llg — e, as n — oo.

As a result of (F1'), we have

‘ / un t u’mvn) - FEA,# (tva/\,uvﬁk,u))(un _ﬂ/\,u)

+ (Fo, (t; U, vn) — F@,u (t’ﬂk,wﬁz\,u))(vn - EA7;t)dt
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— 0, asn — oo.

Following a similar line of argument as presented in (3.23)-(3.26), we can deduce
that
On(l) :<J§\,p,(un7 Un) - J)\(H)\,;nﬁ)\,p,)u (un - ﬂ)\,uy Up — E/\,,u,)>
=My (|| (w0 |[B)]P

X <Sa,p(um Un) - Soc,p(ﬂz\,;uﬁx\,u)a (un — Ux,p, Un — Ek,u)>

+ [Ma (]| (wn, va) [ 5]

x <Sﬁ7q(un7 Un) - Sﬂ,q(ﬂk,uvﬁk,u)v (un - ﬂ)\,ua Un — ﬁ)\,u)>- (49)
Due to the degeneracy of M; and M, , we discuss them in the following three cases
and conclude that only the first one holds.

Casei: e, > 0 and eg > 0. It is apparent that condition (M2') implies that
M (e}) >0, Ma(ef) > 0. Then, we have

(Se,p(Un;Vn) — Sap(T@r,p, Uap)s (Un — Wr s Un — Uap)) = 0, asn— 00, (4.10)

(S8.q(Un, vn) — Sg.q(Tr,u, Ua,p)s (Un — T s Un — Tap)) = 0, asn — oo, (4.11)
Hence, arguing similarly to (3.30) and (3.31), we have

[ (un = T v — Oa )l = 0, and [[(up — Tx, s v — Ox ) I — 0, as m — oo
Additionally, by employing Lemma 2.4, we derive that

[Cns on)le = [1(un =8, vn = Tx )6 + 1@ Ox )l +0n(1), - (412)
(s 0n) 1 = Ml (un = W, 00 = Ox )1 + 1@, D) [ + 0 (1) (4.13)

Then, we have

(s vn)lla = 1 (@x 0 O3, )l and [ (uny o)l 5 = ([ (@n e O3, )35 a8 = 00

Therefore, we get (wn,vn) = (Ur,pu, Ua,p) a8 1 — 00 in By g.

Caseii: ¢, =0 and eg > 0. The condition (M2') implies M (eh) = 0, Ma(ef) > 0.
Then, (4.11) is valid. Hence, we obtain [|(un — Wx,u, vn — 0x,u)|[5 — 0 as n — oo.
Moreover, it follows from (4.12) that (@, 7x,.) = (0,0). Then, according to equa-
tion (4.13), we can deduce that the norm of ||(un,vn)|lsg = eg = ||(@xr,x, Or)llg =
0 > 0, which leads to a contradiction.

Caseiii: ¢, >0 and eg = 0. The condition (M2') implies M; (e},) > 0, Ma(ef;) = 0.
Consequently, (4.10) holds. Repeating the analysis procedure as in case Caseii yields
| (tn, vn)|la = €a = || (T@x,u, Ua,p)||la = 0 > 0, which is a contradiction. O

Lemma 4.3. For each n € N, there exists a real number € = £(n) > 0 such that
7(?{;) > n, where 7%_; ={(u,v) € En g : Jxu(u,v) < —2}.

Proof. By (F2'), there exists Wy, W7 > 0 such that

F(t,u,v) > Wo(lu|*+[v|%) — Wy, for any (u,v) € R?.
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Consider a fixed positive integer n, and let £} 5 denote an n-dimensional subspace
of Eq 5. The fact that £ 5 is a space of finite dimension implies that all its norms
in £ 5 are mutually equivalent. Subsequently, we define

T
et =int { [ (u+Hof)dtl(n.0) € B2 [0 0) o = 1} > 0.

Then, taking (u,v) € Eup with |[(u,v)]lap = 1, for 0 < § < Ko(A, 1), we can
deduce that

_ 1 1
<Z p—1le¢p - q—1¢q
I u(€u, Ev) = Og?gl[Ml(bl)] &+ . Ogljgl[Mz(bz)} 13
p—~06

0 B P\
+ 22248, ((malA] ()77 + (bl flelloe) 77 )
— EWHCE + W T.
Given 0 < § < 6 < 1, for any € > 0, there exists a sufficiently small £ € (0, Ko(X, 1))
1

such that Jy ,(fu,&v) < —F holds ture for all (u,v) € Equ g with |[(u,v)|la,s =
Let K¢ = {(u,v) € Eagl [[(w,v)]la,s = &}, then Ke N EY 5 C {(u,v) € Eop :
Ju(u,v) < —}. By the mapping property of the genus [22, Proposition 7.5], we
have (7, ) > (K¢ N EZ 5) = n. O
Proof of Theorem 1.2. Let us commence by introducing some notation.

n ={A C E\{(0,0)},7(4) > n} ¢n = inf ( 811)1;A7A7u(u, v),

L. :{(u, v) € Ea,5|7>\,#(u,v) =c, j/}\’“(u,v) = O}.

Apparently, condition (F3') ensures that J ,(u,v) is even and Lemma 4.3 re-

veals that j;: € X,. Moreover, as J ,(u,v) is bounded from below, it follows

that —oo < ¢,, < —&(n) < 0. The (PS).,-condition of J ,(u,v) can be inferred

from (ii) of Lemma 4.2. Thus, ¢, is a critical value of Jy ,(u,v) for any n € N.
The inclusion ¥, C X, implies ¢, < ¢,41. We proceed by considering two

distinct scenarios.

Casel: If —co <) < e < - <¢p <cCppp < -+, then (L. ) > 1, indicating that

{cn} represents a sequence of distinct negative critical values of J) ,,(u,v).

Casell: If there exists a positive integer ng such that ¢ = ¢,y = cpgy1 = - -
- = Cpotn, for some N, > 1, then it follows that F(L.) > N, + 1. Assuming a
contradiction, we hypothesize that ¢ = ¢, = cpo+1 = *++ = Cpo+n. < 0, then

¥(L.) < N,. Considering that J) , satisfies (PS). condition according to Lemma
4.2, we obtain that L. is a compact set and F(L.) < N, < oo. According to the
continuity property of the genus, there exists 6* > 0 such that 5(Us-) = F(L.) <
N, < oo. Since Jy,, is even, by the Deformation Theorem [22], there exists an
odd homeomorphism T : E, g — E, g such that T(j(;r; \Us+) C jif ifor some
0 < &y < —c. In addition, owing to ¢ = ¢,y N, = infiegnﬁN* SUP (y,vyea Jau (U v),
there exists an A € X4y, such that sup, ,yea Jau(u,v) = ¢ < ¢+ &, ie.
—c+€o —c+E&o —C—€0

A C J)\“u . ’:[‘lllerl7 T(A\U(S*) C T(J)\“u \U(S*) C J)‘7H 5 i.e.

sup j,\w(u, v) < ¢ —Ep. (4.14)
(u,w)ET (A\Us*)
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Hence, we have J(A\Us+) > F(A) — F(Us~) 2 ng + N — N, = ng, i.e. T(A\Us+) €
Y, and Sup(u,v)ET(A\U(;*)jA#(u v) > ¢p, = ¢, which contradicts (4.14). Conse-
quently, it follows that 7(L.) > N, + 1 > 2, which shows that L. contains infinitely
many point. Furthermore, J ,(u,v) = ¢ < 0 = J, ,(0,0), then (u,v) # (0,0).
And also, it is established that J,\7M(u, v) = Jxu(u,v) if Ty ,(u,v) <0, then there
are infinitely many nontrivial critical points of Jy ,(u,v). Therefore, problem (1.1)
has infinitely many nontrivial solutions. O

5. Examples

In this section we give two examples to illustrate the application of our results.
Example 5.1. We consider the following impulsive fractional differential equation:
15| (u, 0) [ «DF (o DF (1)) + 15.5](u, v) |13 + D (0 D7 u(t))

= (t+ 1)|(u,v)[?Pu, t #t;, ae. t €[0,7T],

15[ (u, 0)[[% «DF(oD§o(t)) + 15.5[(u, 0)[[3 «DF(o D7 v (1))

= (t + 1)|(u,v)[?P0, t £}, ae. t € [0,T],

A(15]|(u, )5 DT (0D ) (1)

. lu(t)]0-002 (5.1)
+ A(15.5]|(u, )13 D5 (0 D) w)) (1) + )\C(tl)w =0,
A15]|(u, v)[|2 DG (0 D)) (t)
2 p—1 B / / |U(t/1)|0'002
+ A155]|(u,v)l5 +Dy (0D} v))(ty) + po(ty) ——x— =0,

v(ty)

u(0) = u(T) = 0, v(0) = v(T) = 0,

2‘0.002

For this case, Mi(x) = 15z, Ma(y) = 155y, p = ¢ = 2, I1(2) = Si(2) = |

_ 1(u.0) 2
z€R, F(t,u,v) = (t + 1) %55

We verify that all the conditions of Theorem 1.1 are satisfied. Obviously, M;
and Ms satisfy (M1) with

0.52% < 0.8 x 7.5z% < 1522 < 1.2 x 1522 < 2022,
0.4y% < 0.9 x 7.75y < 15.5y% < 1.4 x 15.5¢% < 2242,

where € = 0.5, 91 = 0.8, 71 = 1.2, 6, = 20, o = 502, § = 0.002, & = 0.4, 95 = 0.9,
ny = 1.4, 83 =22, k =4; I and S} satisfy (H1) and (H2) with

|11(2)z] <1.2]2(°992) and |S;(2)z|< 2.4]2|%092,
I (su) =s%%92711 (u), and S (sv) = s%09271 G (v),
where a1 = 1.2, by = 2.4; F satisfies (F1) and (F2) with
F(t, su, sv) =s"2F(t,u,v), and wF,(t,u,v) + vF,(t,u,v) = 502F(t,u,v),

z )

T+1
Bt u,0)] <= (w,0) P,

where C, = %. Thus, all the conditions of Theorem 1.1 are satisfied. Then,

Theorem 1.1 implies that there exists ©, > 0 such that for any (A, ) € O, problem
(5.1) admits at least a nontrivial solution.
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Example 5.2. We consider the following impulsive fractional differential equation:
lall(w,0)[[2]7 e DE®3 (0D u(t)) + [bl (w, v)[[]* D7 @5 (0 D7 u(t))
= h(t)|(u,v)|[*u, t #t1, ae. t €[0,T],
lall(w, 0)[[2]7 e DE®3 (0D 0(t)) + [bll (w, v) |3 + DF B3 (0D v (1))
= h(t)|(u,v)|*v, t £, ae. t €[0,T],
([all(u,v)\la}2 D37 @3 (0Dfw)) (1)

B-1 8 |u(t1)[00 (5.2)
+ A([b”(u,’l])”%]? tDT (I)B(ODt U))(tl) + )\C( ) W =0,
A(lal|(u, v)[I2]* 1D @3(0Df0)) (1)
v /\10.9
+ Al v) B2 1D D (o DEV)) (1) + ug)(tg)b'f&?l') o,

u(0) = u(T) =0, v(0) =v(T) =0,

where @ > 0,b>0,a>0,b>0,0<hec C([0,T], R"). For this case p=a= 3,
Ml(x) = az, MQ(y) = by7 F(t,u,v) = %h(t)‘(uavﬂl?)a 11(8) = 0‘7 Sl( ) -

= 15[09
SW(.e verify that all the conditions of Theorem 1.2 are satisfied.
(M17)
[Mi(2)*2 < 3M1(x), and [Ma(y)]*y < 4Ma(y),
where ¥, = 3, ¥y = 4.

(M2') M;(0) = M3(0) = 0, and for any 7,7 > 0, there exist m; = mq(7) > 0 and
ma = ma(T) > 0 such that

Mi(z) > my, for all z > 7, and Ms(y) > mao, for all y > 7.

(F1’) There exist 77 with ¥, = max{pi;, g2} < 7 such that for any ¢ > 0, there
exists C; > 0 for which

|VE(t,u,v)|< J.e|(u, )| 4C, |(u, )|, for all (u,v) € R?

holds, where |(u,v)|= (u2 + v?)2 and VF = (F,, F,).
(F2') There exists 0 << < 6 < 1 such that
0 <SF(t,u,v) < VF(t,u,v) - (u,v), for all (u,v) € R%.
Obviously, M7 and M, satisfy (M1'), (M2') with
[Mi(2)]*2 < 3M(x), and [Ma(y)]*y < 4Ma(y),
where J; = 3, ¥y = 4; F satisfies (F1')-(F3') with
|VE(t,u,v)|< 12¢](u, v) " 4+13C,| (u, v)|*2,
0 <0.8F(t,u,v) < VF(t,u,v) - (u,v),
where 9, = 12, 7= 13,< = 0.8, § = 0.9; I, and S; satisfy (H1), (F3') with
|11 (2)z] < 2a|z|%?, and |S;(2)z|< 2b]2]°7,

where a; = 2@, by = 2b. Then, by Theorem 1.2, there exists ©, > 0 such that for
any (A, pt) € O, problem (5.2) admits infinitely many nontrivial solutions.
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