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Abstract

The aim of this study is to investigate the existence of infinitely many weak solutions for the (p(x), q(z))-
Kirchhoff Neumann problem described by the following equation :
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(@) (a0 + " %0) = fi(2,u) + fole,w) in Q,
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By employing a critical point theorem proposed by B. Ricceri, which stems from a more comprehensive variational
principle, we have successfully established the existence of infinitely many weak solutions for the aforementioned
problem.
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1 Introduction

Studying differential equations with double-phase operators is a novel and fascinating subject. It is caused by factors
such as extremely anisotropic materials, Lavrentiev’s phenomenon, and nonlinear elasticity theory (see [43, 44, 45,
46]). In recent years, there has been a surge in interest in the study of double-phase problems, with numerous results
obtained, see for example [6, 8, 10, 26, 29, 30, 34, 35].

By taking into account the fluctuations in the string’s length during vibrations, Kirchhoft’s differential equations,
as outlined by Kirchhoff [27], extend the classical D’Alembert’s wave equation.
ou? 0%u
o dx) =0, (1.1)
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where L, h, E, Py and r are constants.
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P, E ["]0
The Kirchhoff equation (1.1) is characterized by the presence of a non-local component 70 + o a—u dx
x
L 2 1|oul? '
which varies depending on average — —| of the kinetic energy — on the domain [0, L], and as a result,
2L Jy |0z 2|0z

the equation ceases to be a point-wise identity, (see [3, 4, 5, 7, 20, 25, 38]) for related topics.
The aim of this research is to show the existence of infinitely many weak solutions to the following elliptic
problem involving double phase operators of Kirchhoff type and a Neumann boundary value condition.

1 T 1 xT
_ <a1 +“2/Qp(g;)|w|p( Jdz ) Apyu — <b1 +b2/Q mwup( )dx> A,y

@) (Jul 2+ [l 2u) = fi(,u) + fo(e,u) in Q, (1.2)
ou
% =0 on 39,

where Q ¢ RY is a bounded open domain such that his boundary € is of class C, and denoted by v the outward
unit normal to 99, p = p(x), ¢ = q(z) € C () with

N<p <p'<q <q" <+oo, (1.3)

and a1, ag, by, by >0, A € L*°(Q) and there is a positive constant Ag satisfying A\g < A(x).
Let f1, fo: 2 x R+—— R are two Carathéodory functions such that for all » > 0, we have
sup | fi(z,t) |€ L*(Q) and  sup | fo(z,t) |€ L1 (). (1.4)
[t|<r [t|<r
It is not surprising that there have been articles dealing with questions related to this type of operator in the
classical Sobolev spaces. We refer the reader to [4, 37, 40] for some examples, where the authors are interested in
the Dirichlet problem.

An important generalization of the p-Laplace operator is the p(-)-Laplace operator. The p(-)-Laplace operator
has more complex nonlinearities than the p-Laplace operator.

In variable exposent Sobolev spaces, A. Crespo-Blanco et all in [11] propose a new type of quasi-linear elliptic
equations controlled by so-called double phase operators with variable exponents. They prove some properties of
the corresponding Musielak-Orlicz Sobolev space and properties of the new double phase operator and show the
existence and uniqueness of elliptic equations corresponding to straight sides with dependence into the slope, see
also [16, 41] for related topics. In this article, we use Kirchhoff-type operators in an elliptic Neumann problem.

To our knowledge, few papers have been studied dealing with the elliptic problem introducing the Kirchhoff-type
operator in the case of the Neumann condition (see [2, 13, 14, 28, 42]). The hypotheses used in this paper, as well as
the results, are quite different from the previous results.

But because of its non-homogeneities and the existence of numerous nonlinear elements, the issue (1.2) has a
more complex structure if either p or ¢ are non constant functions.

Our earlier work inspired us to expand these conclusions within the Musielak-Orlicz-Sobolev space, a more
all-encompassing functional framework that has garnered interest from academics.

The motivation for this work is provided by its physical applications, specifically the issues with equations of the
Kolmogorov-type that arise in the theory of diffusion, theory of non-Newtonian fluids with strongly inhomogeneous
behavior and a high propensity to increase their viscosity in response to shear rate, electro-rheological fluids electric
or magnetic field, and (see references [18, 19, 23, 32, 39]).

We refer to [1, 14, 15, 21, 22, 31] for some more discoveries on elliptic and parabolic problems in Musielak-Orlicz-
Sobolev spaces.

The main obstacle with this type of problem is the setting of Sobolev spaces with double phase exponents and
the fact that there is a Neumann boundary condition that makes the Theorem 1.1 difficult to apply.

We present a crucial result obtained by B. Ricceri in [36], which is necessary to prove our primary findings.

Theorem 1.1 (See [17], Theorem 2.2). Consider two Gateauz differentiable and sequentially weakly lower semi-
continuous functionals ®1, P9 : E — R on a reflexive real Banach space E and suppose that ®o is continuous with
respect on the norm topology and | ‘}im Dy (u) = 4o00. Forr > i%f ®,y, we set
U||g—>00
Dy (u) — inf Dy (v)
ve(®; " (J—00,r[)w

p(r)= inf ,
(r) wed; L (]—oo,r[) r — Po(u)
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where (051 (] — 00,7())w denoted the adherence of ®5 (] — oo, r[) with regards to the topology of weak convergence.
Then, the following claims are accurate

(a) If we have rg > i%f Dy and ug € E such that
(I)Q(U()) <Trp, (16)

and
(I)l(UQ) — inf @1(’0) <Trop— @2(“0), (17)
UE(@QI(]—OO,T()D)QU

then the restriction of ®1 + ®y to ®5 (] — 0o,70[) admits at least global minimum point.
(b) If we have two sequences (ry)n C (i%f Dy, —i—oo) with 7, — 00 and (un)n C E such that for any n

(I)Q(U,n) < Tn, (18)

and
Dy (uy) — inf Dy (v) < 1 — Po(un), (1.9)
vE(®; ' (1=00,mn ) w

and also we assume
liminf (®5(u) + P1(u)) = —o0. (1.10)

llull—+o00

Consequently, we can find a sequence (vy,)n of local minima of ®o + &1 such that ®2(v,) — +00 as n — oo.

(c) If we have two sequences (rp)n C (irElf Oy, +00) with r, — i%f Oy and (up)n C E such that for every n, the

conditions (1.8) and (1.9) are met, and also assume that :
The global minimizers of ®o are not local minimizers of ®1 + Po. (1.11)

Then, we can find a sequence (v, )y, of pairwise different local minimizers of ®1 + ®o such that lim ®o(v,) =
n—oo

i%f Dy, and (vy,)n weakly converges to a global minimizer of ®s.
The following describes the structure of this paper : In Section 2, we provide some important background information.
We outline an improvement in Section 3 (see Theorems 3.1 and 3.2) and support its credibility with examples (see
Corollary 3.1 and 3.2).
2 Preliminary results
Consider a smooth bounded open domain Q ¢ R, and let we define

Ci(Q) = {z EM,z2(): 2 —R: 1<z =essinf{z(z):2€Q} <27 =esssup{z(z) : 2 € Q} < oo},

here M represents the collection of measurable real functions.
The variable exponent Lebesgue space Lz(')(Q) is defined as the set of measurable functions u : Q0 — R satisfying

roy(u) = / |u|*®)dx < oo endowed with the following norm
Q
lull=cr ) = llull-() = inf {o>0:r,(u/o) <1},

known as the Luxemburg norm. Then, the space (L*)(Q),]| - l|=(.)) is a separable reflexive and uniformly convex

()

An crucial instrument for our findings is the following Holder type inequality

/Qu(w)v(x)d:r

!’ ].
Banach space and its dual space is isomorphic to L? (')(Q), where ﬂ +
Z .

1 1
< (= + ) Mool < 2lallollellzo, (2.1)

for all u € L*)(Q) and v € L7 ().
The modular function 7.y is a fundamental element in the study of generalized Lebesgue spaces. Furthermore,
the following result is presented :
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Proposition 2.1 (See [12, 24]). If u € L*)(Q), we have
. , = ~+
(@) [lullz() > 1 is true precisely when |lul|Z.y <7.c)(u) <|[[ull)
. . 2T 2
(b) [lullo¢) <1 s true precisely when [[ul|Z.) < r.y(u) < [ull-

Provided that z1, 20 € C+(Q) and z;(z) < 22(x) for all x € Q, we can conclude that the following continuous
embedding holds :
LZz(')(Q) N Lzl(')(ﬂ). (2.2)

The variable exponent Sobolev space is given by
W=0(Q) = {u e L*(Q) : [Vu| € L*D(Q)}.

The norm for this space is given by the following expression

lullwr=0@) = llullyz0) = lullz) + [Vl

It is worth mentioning that the space (W*()(Q), | - ll1,2(.)) is a Banach space that is also separable and reflexive.
For additional details on this framework, refer to [12].

Remark 2.1 If z € C4(Q) and N < 2=, then the embedding W >0 (Q) << C°(Q) is continuous and compact.
Since WH)(Q) is continuously embedded in W= (Q).

Then we can set by (1.3)
[[u]|

Ci = sup T (23)
weWLr0) (Q)\{0} lull1p()
and
[[]loo

Co = :
weWLa) (Q)\{0} lleall1,q-)

Now, we present the Musielak-Orlicz-Sobolev spaces which is employed in the analysis of our main results.
We start by giving the definitions of the Orlicz function and Musielak function.

Definition 2.1 An Orlicz-type function, marked as A € N(Q), is a function A : R — [0, +oo[ that is even,
continuous, and conver, satisfies A(0) =0 and 0 < A(t) for allt > 0, and also satisfies :

lim @ =0, and lim —* =400

t—0t ¢t t—+oo ¢

A function A : Q@ x R — [0, +00] is said to be a Musielak function, denoted by A € ®(Q), if for each t > 0,
A(-,t) € M and for almost every x € Q, the function A(x,-) is an Orlicz function.

Let A € ®(), the Musielak-Orlicz space L4(€2) is defined by

LA(Q) := {u € M, and there exist o > 0 such that / A(:c, |u(m)|)dm < oo},
Q

having the following norm, recognized as the norm of Luxemburg, given by

: |u(z)|
= : — <15.
lullL (o) := inf {0 >0 /QA(.’E, - )dx <1

The space W'L4(Q) is given by the following definition :
WLLA(Q) = {u € L4(Q) with [Vu| € LA(Q)},

equipped with the following norm
[ulli,a = llulla + [Vulla,

where ||Vulla = ||[Vul] .
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Definition 2.2 1. A function A € ®() is said to be fulfilling the Ag-condition noted (A € Agy) when there
exists a positive constant k > 0 and a non-negative function b € L'(Q) such that A(z,2t) < kA(x,t) + b(z) for
allx € Q and t € R.

2. A is said to be locally integrable if A(-,to) € L*(Q) for every to > 0.
The function A/;(x,t) denotes the right-hand derivative of A(z,-) at ¢t > 0 and is defined as

. Az, t+h) — Az, t)
/ —
Aa(@,t) = lim, h '

Il
If t <0, we define Al)(z,t) = —Al(z,—t). Thus, A(z,t) = Alj(z,s)ds for all t € R and z € Q.

0
Set A" : Q@ x R — [0, +o00[ by
A*(z,s) = sup (st - A(J:,t)) for each s € R and z € Q.
teR

According to Young’s definition A* is known as the complementary function to A. It It is commonly understood
that A* meets the criteria for a Musielak function and A also acts as complementary function to A*.

For the fundamental properties of these spaces, we refer to [9)].

We display here some facts that will be used later.

Lemma 2.1 ( See [9]). The following norms are equivalent on W' L 4()

[ulli,a = llulla + [IVullla,

lull2,a = max (Jlulla, 92l

||u||:inf{a>0:/ﬂ[A(x, '“fj”)wx( 'Vi(x”)}dul},

Lemma 2.2 (See [35]). Suppose A and A" are two complementary Musielak functions satisfying the Aq-condition,
then we have ,
tAl(z,t)

1 <
<= A

<a*<oo, foranyzxeQt>0,

and for some constants a., a*.
Furthermore, we have

LoIffull <1, ) S/Q [A(% IU(x)I)JrA(w,IVU(x)I)}

o Il > 1, Jul* < AP@MWHMMWMMM<MW,
3. If up —> u in WlLA(Q), then

/ [A(z, |un(2)]) + A(z, |Vun(z)])] de — / (z,|u(z)|) + Az, [Vu(z)|)] dz.
Q

Here and in the sequel, consider p,q € C () two variables exponents satisfy (1.3) and the Musielak function :
Az, t) = t7@ 4 ¢1@) - for all (x,t) € Q x R%. (2.5)
It is clear that A and its complementary function fulfill the As-condition. and set
WhPOaO) Q) = WELA(Q), (2.6)
possessing the norm [|u|y py,q¢) = lullipe) + lull1,q0)

Proposition 2.2 (See [14]). The space W P30 (Q) embeds continuously into Wl’m‘KQ) and compactly into
W™ (Q) under the hypothesis (1.3), then the following embedding W'P)10)(Q) < CO(Q) is compact and we put
CO = sup M (27)

wew 2010 @\ {0} 1Ull1,p0).q0)
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3 Main results

For u € WHP():40)(Q) we define the following functionals

| V[P / |Vu|2(®)
ooy (U z/ dr, Jyn(u) = dx,
r@ = ) L ATey

p q
B = [ M)l @de. 15w = [ Ma) s
H(u) = /Q Py, u)dz,  ®y(u) = — /Q Fi(x, u)dz,
J(w) = a1y (u)+ “23 (T ()% + b1 Ty (u) + %2 (Jato) (w)” + 05 () + 3 (), (3.1)
. Ba(u) = J(u) — H(u), (3.2)
where
Fi(at) = /0 (e p)dp, and Fy(ot) = /Ot Fo(a, p)dp. (3.3)

Definition 3.1 A measurable function u € WP (Q) is a weak solution of the Neumann elliptic problem (1.2)
if for any v € WHP)90)(Q) | one has

(a1 + ag () (w)) / |Vul|P®) =2 VuVudz + (b + baJy(a () / V| 1) -2V Voda
Q Q
+ [ 2@ (jur 2w+ ) do = [ ieade + [ folewed. (3.4)
Q Q Q

Then, it is easy to verify that the weak solutions v € W1P():40)(Q) of (1.2) are exactly the critical points of ®1 + ®.

Definition 3.2 A function Fi(x,t) is said to be of type (S) if for all compact subset of R noted E, there exists
s € E such that

Fi(z,¢) =sup fi(z,t)  for almoste every x € Q. (3.5)
teE

Lemma 3.1 Assume that (1.3) and (1.4) are satisfied. Then, ®y,®; € CH(WHP)I)(Q) R) and their Gateaus
derivatives are given by

(®h(u),v) = (m +a2Jp(m)(u))/Q|Vu|p(””)_2Vqudx+ (b1+b2Jq(m)(u))/Q|Vu|Q(””)_2Vqudx

+/ Alx) <|u|p(l)_2uv + |u|q<$)_2uv) dzx —/ fo(z, uw)vdz,
Q Q

and

<‘I)/1(U),’U> == fl(x’u)vdxa
Q

for any v,u € WHPa0)(Q).

Proof We divided this prove into two claims, in the first we prove the Gateaux differetiability of J and the second
focuses on the Gateaux differentiability of H.

Claim 1: We start by proving that J,,) is of class Cl(Wl’p(')’Q(‘)(Q), R). Fix 2 € Q. We define ¢ : RY — R by
_ ‘qp(x)

o(¢) = G It is clear that, ¢ € CY(RY,R) and V(¢) = |¢|P®)~2¢. Thus, for all ¢, € RY, we have
p\r

iy (C+ 19) — 6(9)

t—0 t

= [¢PP@2¢ - 9.
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As a consequence, for u, v € Wl’p(')’q(')(ﬂ), we obtain

lim

t—0 p(x)

1 <|Vu + tVo|P@) — | Vu|P@)
t

> = |VuP®~2vy - Vo. (3.6)

Applying the mean value theorem, there is a 6 in the range 0 < |0| < [t| such that, for all t € R with 0 < |¢| < 1:

|V + tVoP®) — |Vau|P®)
p(x) t
= |Vu + 0VoPD =2 (Vu 4+ 0V0) - Vo
< (|Vu| + [Vo)P 7w,

(3.7)

Since for u, v € WHP)90)(Q) one has (|Vu| + |Vo|)P@ =1 Vu| € L(Q). Using (3.6) and (3.7) and applying the
dominated convergence theorem, we can conclude that:

)dm :/ |Vu[P@ =2y Vodz.
Q

. 1 [|Vu+ tVoP@®) — |VyP@)
lim
t=0 Jq p(z) t

It means that J,,) is Gateaux differentiable and for u, v € W'P()40)(Q), we have
) = [ 2950
Q

By similar arguments, we can show that Jy(, J;\((;) and J;\((Ix)) are Gateaux differentiables and for any v,u €
wir(a0)(Q) we have
<Jé(z)(u)7v>:/ IVu|7® =2V Vudz.
Q

AMa))’ B ()2

(7)) o) = [ AP 2und.
A@) B ()2

<<Jq(m>) (w),v) = /Q)‘(iﬂ)|u\q uvdz.

It follows that J is Gateaux differentiable and for u, v € Wl’p(')’Q(')(Q), we obtain
J'(u),v) = (a1 +azJye(u VulP®)=2VuVudz + (b + bad, i (u Vuli® =2V Vode
#(®) a(a)
@ Q
+ [ 2 (2w + =2
Q

Next, we prove that Jp, WPt Q) — WP (Q)* is continuous. To this aim we take a sequence (1, ), in

WwhP0):a()(Q) such that u, — uin WP90)(Q) as n —» co. By Lemma 2.2, we have lim / |Vun—Vu}p(m)dx =
Q

n—aoo
0. Therefore, after extracting a sub-sequence, we conclude that

lim Vu, = Vu almost everywhere in €2, (3.8)
n—oo
|V, — VulP® is dominated by h(z) in L'(Q). (3.9)

Since
IV, P& < (|Vu| + |V, — Va|)P®
<or' 1 <|Vu|p(“') + |Vu, — Vu|p(””))

< or-1 (|vu|p<x> + h(x)) . (3.10)
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For any v € WHP():20)(Q) with lv]l1,p(-),q¢) < 1, the Holder’s inequality gives

[Ty (1m) = Ty (), 0)| = \ /Q (IVun =20, — |VulP)2 V) - Voda

< 2[|Vun P29, - Va2V HLP«»(Q) V0l o (0

<2 H|vunw<z>*2vun - |vu|p<f>*2w|‘

L' ()

Hence,

(3.11)

||J;)(z)(un) — J[/)(:L’) (u)”(WlfP(‘)v‘Z(')(Q))* S 2 H|Vun|p(l)—2vun _ ‘vu|P(I)_2vu| ’

LY O(Q)

It follows from (3.8) that

p'(2)
‘ — 0 for a.e. x €.

‘|Vun\p(””)*2Vun — |Vu|P® 2wy,

Furthermore, using (3.10), we can deduce that

' () /
Mva(z)fzwn _ |W|p<w>fzw‘ < (01 (|Wn|p(x> n \vu\W))
< o)t (\Vunlp(“") 4 |Vu|p(m)>
< o) THpt1 (‘Vu|p(w) n h@)) .

Since 20 +p7 -1 (|Vu|p(m) + h) is integrable over 2, we can apply the dominated convergence theorem to conclude
that

p'(x)
‘ dr — 0 as n — oo.

/ ‘\Vun|p(‘”)*2Vun — |VuP@ =2y,
Q
Using Lemma 2.2, we conclude that,

H\Vun|p(r)_2Vun — |Vu[P@ =27y H — 0 as n — oco.
LP/(‘)(Q)

Combining this with (3.11), gives

||J;I)(w) (un) — J;(I)(U)H(Wl,pm,qm(g))* — 0 as n — o0,

This completes the proof that J;(m): Wl’p(')’Q(')(Q) — (Wl’p(')"I(')(Q)> is continuous, and therefore J,,) €

R ,R). By similar arguments we can show that J,., an are of class rom PR
CY w90 () R). By simil how that J(a), Jo(s; and J)\%) are of class C* from W1#0)40)(0

into its dual. Which means that J is of class C*.
Claim 2: We shall prove that H € C*(W1P()40)(Q) R).
Let u,v € Wl’p(')’q(')(Q) be arbitrary functions, then

(H’(u)7v>:‘/ﬂf2(w,u)vdx.

Applying the mean value theorem again, for u,v € WP()4()(Q) and t € R\ {0}, we obtain

Fy(z,u(x) + tv(x)) — Fo(z, u(z))
t

= v(@) f2(z, u(z) + Ov (),
for some 0 € R with 0 < |0| < |t|. Therefore,

Fy(x,u(x) + tv(x)) — Fo(z,u(z))
t

— v(x) fo(z,u(z)) as t — 0 for almost every = € . (3.12)
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Using Proposition 2.2, we see that for |t| < 1 there exists £ = ||u|| () + [|v]| Lo () > 0 such that

= [v(@)]|fa(z, u(z) + Ov(z))]

‘FQ(JJ, u(x) + tv(zr)) — Fy(z,u(x)) ‘

(3.13)
< |v(@)| sup [f2(z, 5)|.
[s|<¢
From Holder’s inequality and (1.4) we obtain
[ v sup Ifa(e 9)lds < 2l | sup [l )
Q [s|<¢ [s|<¢ L1(Q)

Therefore, the dominated convergence theorem together with (3.12) and (3.13) implies that

lim Fy(z,u(x) + to(z)) — Fa
t—0 [ t

x,u(m))dx = / fo(z,u(x))v(x)dz.
Q
That is, H admits a Gateaux derivative and
(H'(u),v) = / fo(z,u(z))v(x)d.
Q

For the proof of the continuity of H "in WhP (')”J(')(Q) we use Remark 2.2 for a sub-sequence still denoted w,, to get
U — u in C°(). Consequently,

(tn)n converges uniformly to w in €, (3.14)
k := sup [[un || Lo (@) < +o00. (3.15)
neN
We obtain that for any v € WHP():90)(Q) with llullipe),q) <1,
[(H (un) — H'(u), v)] S/Qlfz(waun(x))—f2(xau($))||v($)|dw~ (3.16)

Therefore,
| fa(@, un (@) — fol@,u(@))] < 2[| falm, un)| + | fo(z, u)]]
<2 sup [a(e ) + sup [fa(o,9)|
|s|<k |s|<k
S 4 sup |f2(xa5)|

ls|<k

By (3.16) we have

[(H' (un) = H'(u), 0)| < 4/Q Sap. |fa(, 8)||v(z)|d.

Note that sup |fz(z,s)| € L'(R). Then, the dominated convergence theorem and (3.14), conclude that
ls|<k

n— oo

lim /Q ol un(2)) — fola, u(@))[o()|dz = 0.

Hence, from (3.16) follows that
Timn ([ () — H'(0) [ 0000 - = 0.
This completes the proof that H': WP():40)(Q) — WPO:90)(Q)* is continuous, and therefore H € CH(WHP()90)(Q) R).
Similarly as above we are able to illustrate that ®; € Cl(Wl’p(')’q(')(Q), R), and since ® = J — H, the proof is
complete. O
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Lemma 3.2 Assume that (1.3) and (1.4) hold. Then ®1, Py are sequentially weakly lower semi-continuous.

Proof We divided this prove into two claims, the first concerns the functional J and the second focuses on the
functional H.

Claim 1:

For any u € WP0)40)(Q) we have

J(u) = a1 Jp(a)(u) + %2 (T (W) + b1 Ty (1) + %2 (Totor () + 28 (w) + 130 w).

Consider a sequence (uy,)n such that (u,), goes to u weakly in Wl’p(')7q(')(ﬂ). Then, by the convexity of J,,), we
have

When n goes to infinity, the aforementioned inequality, we can find that J,,) is sequentially weakly lower semi-
continuous. Its follows

1 1

al/ —— |Vu[P@de < liminfal/ —— |V, [P d. (3.17)

o p(7) n—+00 o p(x)

Similarly, we get
2 2

as 1 .. .a3 1
— ——|Vu p(”)d:r) < liminf —= </ —|Vu, p(””)dac> , 3.18
2 ([, S A I (315

1 (@) i 1 (@)

by | —|Vu|T"dx <liminfb; [ —|Vu,|""dxz, (3.19)

o q(x) n—+00 o q()

by ( / 1 )2 — ( / 1 2
— —|Vul"@ gy < liminf — —1|Vu,, (@) g , 3.20
2 oo ™ A e (3:20)
L @ i 1 (@)
AMz)——|uP'Pde < liminf [ MNa)—|u, """ dz, (3.21)
Q p(x) n—o+o0 Jo p(x)

and ) )
Az ul?® dr < liminf ) —— |, |9 da. 3.22
Rt fimint [ Ae) ol (3.22)

Which yields

imi imi 1 @) gy 4 2 ! CIAN 1 (@)
liminf J(u,) = liminf [a; [ ——|Vu,|[P'"¥de+ — —— |Vu,[P'¥dz | +b1 | ——|Vu,|?"de
n—too n—rtoo o p(z) 2 \Ja p(z)  q(x)

b 1
+ 2 </ Vun|q(“7)dx> /A |unv’ f”>dx+/A L @) da
2 \Jo q(z) qlx)

liminfal/ —|vu P(®) d + lim inf 22 (/ —|vu |P<f>dx> —|—liminfb1/ —|vu 19(®) dy
n—r+oo o p(z) n—too 2\ Jo p() n—too o q(z)

Y
1

.. bo (/ R 1 1
+ liminf = — |V, |9 dx —|—hm1nf/ Az U, P(ac)dx—I—hmlnf/ Mz) —— |un | 7@ dz
it 5 ( /2717 WL o M) gy el e g | A gyt

W) + % (o (1)) + b Jq(x)(u)+b52(Jq(x)(u)) +J/\(a:)( )+J>‘((;))( )
o, (3.23)

v

S
=
=
&

which means J is sequentially weakly lower semi-continuous.

Claim 2: Proving that H is weakly-lower semi-continuous.

Proposition 2.2 implies that there exists a sub-sequence of (u,, ), converging to w uniformly on compact subsets of 2.
Then,

(un)n converges to u uniformly in Q,

k := sup [|un || Lo (o) < +o00.
neN
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Thus, almost everywhere in Q, we have lim Fy(x,u,(z)) = Fo(z,u(x)) and |Fa(z, u,(x))| < k sup |f2(z, s)| for all

n. Since sup |fa(z,s)] € L*(Q) by (1.4). Thus, the dominated convergence theorem gives that lim H(u,) = H(u).
n— oo

[s|<k
The weak semi-continuity of the functional H implies that ®5 is sequentially weak with lower semi-continuity, which
means that ®; is sequentially weakly continuous. |

We will now demonstrate that ®5 is coercive. For brevity, we will write ¢; for some positive constant throughout.

Proposition 3.1 Assume that G satisfies exactly one of the following two conditions:

p+ min(al, bl, )\0)

1. There exist 7> 0,0<e < and 01, 03, 03 € L*(Q) with 0; # 0 and 05 # 0 such that

2p771q+

|Fy(z,t)| < e (fl(x)mp + q@g(x)mq) + 05(x), (3.24)
POy l0w]lLr o) q+C5 |02l L1 (@)
for almost all x € Q and allt > T.
2. There exist 7> 0,0 < e < P Ao and 0, € L* () such that
at (A= (o)
Az) Az)

Fy(z,t)] < e | S22 [¢P@ 4 2220419 ) 4 0, (), 3.25
Fatort) < (SN0 + 251 ) 4 40 (3.25)

for almost all x € Q and allt > T.
Then, ®5 is coercive.

Proof Suppose (3.24) holds. Then, without loss of generality, we have

a 2 b
o) = @y (W) + 5 (Jpw (W) + 01Ty () + 5 (Jawy () + T3 () + T ) L&xu
1 1 1
> a1/ —|Vu|p(‘”)dx+b1/ |Vu|Q(“7)dx+/)\(x)( |u ‘p(x)_~_ |q(a)> dr
o (@) a q(z) Q p(z)
i/lemwww L o)l +%@ﬂ“
@ |ptCT 01l atC3 [102]lrr (e
i b A
> %ﬁl) (/ |Vu|p(z)dx+/ |Vu|q<x)dx> +T?/ (|u|p(m)+|u|q(x)> da
q Q Q qav Ja
— | 1631l 22 (0 elulli~ o) el o)
prCT qtCg
min(aq,br) o - -
> —iF—LOWHwawwﬂ> 2) + 2% (Il + iy, — 2)
' ellulf ) <llulf
— 1 163ll L2 ey + 11)()Jr qurq()
- min(aq, by, Ag) mln(ahbl,)\o) | ||1p() ||UH1q()
Z Tt lullf ) + Tt Y lullf,

— e
pt qt

min(ai, b, Ao) € - min(ay, by, \o) € -
> (M T o [ull} ey + Tor—igr ot lelly gy = 1

> (Jlullf ) + lullf ) — e
> @@wm(+wmﬂ)1)—%
= 9p- —1 lully, () (3.26)
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Under assumption (3.25) by using similar arguments as above, we get

min(aq, by) A
Do) > T ([ Vully )+ [9Vullyy —2) + 22 (i + i, —2)
_/ (5’\($)u|p(r)+5>‘( z) |7 4 9( )
o\ p(x) q(x)
min(ay, by) p P a
> = (Il + 19l - )+q—+(uu||,,(.)+uu||q(.)—2)
A
— P ® (gt s, -2) - e
min(aq, by) Ao ||/\||L°°(Q) -
> ) p 20 q _
> BROLR) (vulr, + 19l + (22 - PO (a4 ) - o
. (min(ay,by) (A [All o= - -
> mm(qjl,(qﬁsp_” (Iullzg, + e, + I9ull?) + ul) = es
> o (Il + uld gy ) = es
> o (el + Il ) = er
Cg p~
= 24~ —1 x 9p——1 ellY py,q0) — €7

(3.27)

Thanks to (3.26)-(3.27) and as a result of the coercivity of ®5, it follows that there are constants «; and aq satisfy:

Dy (u) > al\|u||’f;(.)7q(.) for any ||ull1 p),q) > e (3.28)

O

Lemma 3.3 Assume the hypothesis (1.3) and one of the assumptions (3.24) and (3.25). Hence, there are positives
constants 61, 0o and O3 such that

/ A(z) <|§|p(x) + §|Q(z)> dz 7/ fa(z,¢)dx < 51|§|‘fr + 02, for any ¢ € R. (3.29)
Q p(x) q(x) Q 7 B ’

Proof Under the assumptions (1.3) and (3.24) implies

[ (5 o

4 0
< H>\||L°°(Q)|Q| < _|§|p _‘§|q ) +5/ I;#‘§‘p+d$+€/ #M(ﬁdfﬂ*‘/ 93(x)dx
1 2p~Cr [101llrr@) 2 qC3 |02l Q

+
<|A||Loo<m|m< Lt +p—\<|q ) ; / o1 da + 1831l 110
Q

20| A Loe () |2 Q 1 1
< 2All e oy 2] + £l —+ —= |§|q+ + 03]/ L1 (), for sufficiently large .
P p= \CY ]

+d:1}+ 13
p=C4

2[| M| Loo ()2
Then, we have (3.29) for 6; = 2l == [ + £l ; + Lﬁ and 02 = 03| L1 (q)-
p cy Cq

— - 4
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On the other hand, assumptions (1.3) and (3.25) implies

/Q)\(:E) (p(lx)ip(x) + q(lsc)kq(x)) dx — /QFQ(SC,§)d(E

1 + 1 + 1 1
<Aoo |21 [ =17 + =7 AMz) [ ——[tP® + —— 2@ ) 4 L/a d
<Al 2o (o)l |<p_ I<] +p_ <] >+5/Q (z) <p(x)| | +q<x)\ | z+ ; 1(x)dx
2[| M| Lo (2 [£2]

IN

+
S| + 104l ()

o + 2Pl

L 20+ 9) A =@

Mtfr + (|04l L1 (02), for ¢ large enough.
p

2(1+ )| All oo () [€2]

Therefore, we establish (3.29) with ¢; and J; being
p
large. |

and [|04]| 1 (), respectively, for ¢ sufficiently

The following theorem is our first main result.

Theorem 3.1 Assuming that (1.3) and (1.4) are satisfied, and either (3.24) or (3.25) hold, and that F satisfies
condition (3.5). Additionally, we assume that Fy satisfies the following condition

1 1
Az gp($)+§q(1)>dx—/<F x,$) + F x,c)dx:—oo. 3.30
[ 3@ (sl + i [ (Fate.0) + File) (3.30)
Moreover, there exist positive sequences (ap)n and (by)n such that

q+

lim b, = 400, lim “n —q. (3.31)

n—o00 n—o00 bg’;

Finally, we assume the existence of a positive integrable function with ||h| 1) = 1 and some positive constants
01,092,603 > 0 such that

-
Fi(z,a,) + h(x) (oq <g;> - 51|an|‘1+ — 52> > t [supb ]Fl(x,t), (3.32)
€lan,bn
by, & T
Fi(z,—a,) + h(z) | aq Co —d1lan|? =2 | > e sbup ]Fl(ac,t)7 (3.33)

for any n we have for almost all x in §, where oy is the coercivity constant defined in (3.28),

2|| Al oo (] €2 Q 1 1 2(1 4 &)|| Al Lo () |2
— 7” I (Q)| | + 7€| | —t — and 62 = ||03]| L1 () if we assume (3.24) and 6, = ( A= @[
P = \Cc{ p-
and 6z = 04|21 (o) if we assume (3.25). The last inequalities (3.32) and (3.33) are strict on a non-negligible subset
of Q.

Then, we can construct a sequence (Vy,)n of local minima of ®1 + ®o such that lim Po(v,) = co. Consequently,
n—oo

o1

the problem (1.2) admits an unbounded sequence of weak solutions.

Proof Forr > Dy (u), we define

inf
ueWl.r(),a()(Q)
O(r) = inf {fi >0: 0] —o0,7[) C B(OJ@)}7 (3.34)

where B(0, k) denoted the ball centered at 0 with radius  in WP()-40)(Q) with respect to the norm || - l1,p().a()s

and B(0,x) denote its closure in WP()90)(Q). Since ®, is coercive, we have ©(r) €]0,+oo[ for all r >

ueW1=Il’?£Q(')(Q) ®y(u). Owing of (3.28), we have

if ®y(u) < 041||u\|110;)(,)7q(,), then [|ullyp(),q¢) < Q2.
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With the help of (3.34), one may observe that ®;*(] — oo, 7[) € B(0,0(r)) yields (®5*(] — 00,7[))w C B(0,0(r)).
By using (2.7), we get, -
B(0.6() C {u € C®) : Jull (e < CoOr)}.

which yields
inf Dy (v) > in
ve(®5 1 (]—00,r]))w Ioll1.5(),a¢) <O()

Dy (v) >

> inf
[[v]| Loo (@) <CoO(1)

P (v). (3.35)

Suppose £ > apal  and let u € WHPO90(Q) satisfy ®o(u) < k. If lull1,p(-),q() = 2, then by (3.28), we have

K> Py(u) > alHuHIl),p('),q(J’

1

F&) B lull1,p(),q0) < @2, it is easy to see that [|ul|1 p(.),q¢) < (K> o By the
, o

this shows that [lu|1 pe).q) < (
o

definition of ©(k), we have
1

O(k) < (”) " (3.36)

aq

Since Fi(z,-) satisfies condition (3.5), for each n, there exists ¢, € [—ay,a,] such that

Fi(z,¢,)= sup Fi(z,t) for almost all z in . (3.37)
te[_an7an]

b p
In order to satisfy (b) of Theorem 1.1, we consider u,, as the constant function with value ¢, and r, = aq (él) ,
0

which leads to ILm r, — 400. Using (3.36), we conclude that
O(rp) < — then CoO(ry) < by. (3.38)
By (3.29), one has

1 1 .
m, = | Mz gp(m)—l—gq(x))dac—/F z,6)dx o1ls|? + 6
fo2o (gt + e o) el e

IN

(51 |an|q+ + 52.

IN

For n large enough (3.31) can be write

bo \?
51|Cln|qu +dy <oy (%) = Tn,

consequently we find m,, < r,, which means (1.8) holds. Without loss of generality, we can assume that (1.8) holds
for all n.
From (3.32)-(3.33) and (3.37), we may find the following inequality

Fi(z,sn) + h(z)(rp —my) > sup Fi(z,t) ae. in €, (3.39)
[t]<bn

which is strict on a non-negligible subdomain of Q. Using (3.38) and (3.39), we obtain (1.9) and (1.10) follows
directly from (3.30).
Then, hypotheses of Theorem 1.1 (b) hold true which completes the proof of Theorem 3.1. O

Now, we present an example to illustrate the results cited in the previous theorem.

5 1
Corolary 3.1 Let Q =]0,1[* then N = 2 and let p(x) = 3 + 1

11 1 6 - —0 -
p = §, pt ==, ¢ =3 and gt = % Consider the functions fa(x,t) = 13 <p1($) [t~ + g 72\%) 2(7) [t] _1>

1
|sin(z + y)|, and q(z) = 3+ §| cos(x + y)|, then

2 4 100 \ p+cP qtcyd
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where 01,05 € L'(Q) are positives functions with ||01]|11(q) = ||02]|11(q) = 1, and consider fi(z,t) = a(z)g(t), with

a positive function o € L'(Q) such that ||al|r1) = 1 and a continuous function g such that g(t) = G'(t) and
G(—t) = G(t). Then, the following nonlinear elliptic double phase Kirchhoff-type problem
! (3+1Isin(a-+y))
”2/9 Gt st 4@ | A(343 sy
1 1
—l1+2 v (3+§|cos(x+y)\>d A
- /Q (3+ %|Cos(aj+y)|)| u T 2 (34 cos(aty))
2,2
+M(|u|(%+ilsm<z+y>\)u+ |u|(1+%\cos<z+y>\)u) (3.40)
1+ 22 4 y?
13 10 01(1‘) 3 692(.1‘) 2 X
= )+ — | ——It> t Q
ol >g<>+100< SR+ L) in
0
a—z =0 on 09,

has a sequence of weak solutions (uy)n in WHPO4O(Q) with unbounded norm.
13 - pt min(ay, by, \g)
100 9 1gt

5
Fi(x,t) = a(x)G(t), and we can choose two positive sequences (ay), and (b, ), such that a; > 1, b2 = 2n%a> and
ani1 > by for every n. Define G(a,) = ay and G(b,) such that

Proof It is clear that 0 < e =

= 0.27, then (3.24) is satisfied. Furthermore, we have

Glan) < Glby) < (al(go) . 52) + Glap), (3.41)

13
where §; = |Q| + — 250 Q| < 5 + C3> and 0y = ||93HL1(Q)

Put = ay () and o, =
ut r, 70&1(60) and ¢, = a,,.

Since
A@) | @) / A(z) / /
20, PP dr + | 2, |9 de — [ F x,an)dx — | Fi(x,a,)dx
|, e o a(z) " o 2 Gl = o F1(@n)

< S1lan]? + 62 — [l Li@yal - —oo,
as n — oo, then the conditions (3.30)-(3.31) hold true. Taking h(z) = a(z), then (3.53) implies (3.32)-(3.33).

As a result, all the assumptions of Theorem 3.1 are satisfied, then problem (3.40) has a sequence of weak solutions
(tn ) in WHPOO)(Q) with unbounded norm. O

The second main result is cited in the following theorem.
Theorem 3.2 Assume the assumptions (1.3) and (1.4) and the following hypothesis :
Fy(x,t) is non-positive for almost every x € Q and for all t € R. (3.42)
There exists §,¢ > 0 such that
— Fy(z,t) < S[t|P for almost every x € Q and for |t| < e. (3.43)

In addition, assume that the functional Fy satisfies the condition (3.5) and

/ Fi(z,¢)dz —|—/ Fy(z,s)dz 1 1
lim sup £ it > / AMx ( P ¢ —J¢ Q(x)) dz. 3.44
it <P O @ i (344
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Assume that (an)n and (b,), are positive sequences satisfying

-
lim b, =0 and lim 2 =0. (3.45)

Additionally, there exists a positive function h € L' (), where |l 1) = 1, such that for every n and all x in €,
we obtain

+
b, \ ! -
Fi(z,an,) + h(x) (53 (Co) — 40l ) > ) [supb ]Fl(:c,t), (3.46)
Elan,bn
+
by \ ! -
Fi(@.~a,) + h) (63 () - ) > s R, (3.47)
el—bn,—an

min(ah bl, )\0)
T
negligible subdomain of Q. Accordingly we can construct a sequence (v, )n of separate local minima of ®1 + Py where
vy, tends to 0 in Wl’p(')’q(')(Q). Hence, a sequence of non-zero weak solutions to problem (1.2) exists and converges
strongly to 0 in W1PO90)(Q),

‘ - _ (2[[Mlze= . .
with §3 = and 04 = | ———= 40 | ||, the relations (3.46) and (3.47) are strict on a non
p

Proof We now proceed to demonstrate that Theorem 1.1 (c) holds by verifying all the assumptions. Taking into
account the inequality (3.42), for [jully p(.),q.) < 1 one has

Dy(u) = J(u) — /QFQ(:r,u)dx

a 2 b Az T
> a1y (1) + 2 (Ty(o) (1) + b1y (1) + = (o)) + 108 () + 1)) (w)

2 2
min(ay, by Ao
q+) (Il + I5licy) + 22l + Nl )

mln(al,bl,)\o)” ” mm(al,bl,)\o) u H
= 2at-lgt 20 —1gt

mln(al, bl, )\0) ||u||q
= 220" 24+ Lp(-),q()

N
> 53““”?17(-)#1(')’
i b1, A
with 05 = w. Consequently, @5 is coercive, inf Py = ®2(0) = 0 and 0 is the exclusive global
22q+72q+ Wip(),a()(Q)

minimizer of ®;. Owing to (3.44) one has

lim sup { ®2(<) + P1() }

ls|—0

= limsu x I N v 2 Ode — N N
_1c|—>0p{/9)\( )<p(m) + a(2) )d /QF1( ,6)d /QFZ( ,s)d }

! |§|p_ |<|p_ — T T — T T
Shrgilép{/g)\(w) <p(m) + q(x)> dx /QFl( ,6)d /QFQ( <) d }<0,

that is, at 0, ®; + P2 does not reach a local minimum, as a result (1.11) is fulfilled.

1
T
Let  be small enough so that if ®o(u) < r, then [ull1 p(.),q() is no greater than (;) " It follows that O(r) is

3
1

r\ et
less than or equal to <5> .

3
+

by,

Now put r, = d3 (Co

by Theorem 1.1, then

q
) If we set ug and u, to be the constant functions ¢y and ¢,, respectively, as prescribed

CoO(ry) < by. (3.48)
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The inequalities (3.43) and (1.3) affirm the existence of a sequence (), C R such that g, € [—ay, ay] such that for

any a, small enough,
/)\( )('g’”m) §"|q(x))d /F( )d
my, = x + X — x,Sn)ax
o px) " qlo) 0@

1 _ 1 _ _
< A= (cm SN ) 810
p p
2 A o0 —
(Pl 1 5) i,
p
< bylanl? (3.49)
21 7 00
where §4 = (”LLL(Q) + 5) 19]8

If we choose n to be sufficiently large, then it follows from (3.45) that
- b\ 7
54|an\p < 53 <C:;> =Tp.

Then (1.8) is obtained.
Because Fi(z,-) satisfies condition (3.5), for any n, we can find g, € [—ay, ay] with

Fi(z,¢,)= sup Fi(x,t) ae. in Q. (3.50)
te[_an7an]

Then, thanks to (3.46) and (3.47) we find the following inequality

sup Fi(z,t) < Fi(z,¢,) + h(x)(r, — mp)ae in Q, (3.51)
[t]<bn

which is strict on a non negligible subset of 2. Then, the inequality (1.9) acquires immediately from (3.48) and
(3.51). Consequently, Theorem 1.1 (c) holds, since the necessary hypotheses have been fulfilled.

As a result, we can conclude that a sequence (v,), of separate local minima of ®; 4+ @5 exists, and satisfies
nll)gloo ®5(v,) = 0. This means that nil)rfoo llvnll1,p(),q¢) = O, thereby completing the proof. O

We introduce now an example to illustrate the results cited in the second theorem.

N N
1
Corolary 3.2 For N > 1 we set Q = {xERN: E r7 < 1} and let p(r) = N +1+ 3 E z?, and q(z) =
i=1 i=1

1
,q  =N+2and ¢t = N +2+ ——. Consider

1
N +2 then p~ = N+1, pt = N .
+2+ ; then p +1Lp + N

N
2N (1 + Zgﬂ)
i=1
N N
sin <Z x?) sin < xf) |
N+1 i= i=1 |t‘q(1)

1 MP(Z‘)_A'_
2N(N +2)+1 N N+24+ L

N+1+%Zx? 2N<1+§:xf>
i=1

N W

2+ 2+

the functions Fy(z,t) = — and let

i=1
fi(z,t) = h(z)g(t), with h € L'(Q) be a positive function such that ||h||r1q) =1 and g a continuous function with
- 1
g(t) = G'(t) and let (an)n and (by)n are two positives sequences with a?, = —b%+ and bpy1 < an, with G(0) =0,
n

G(an) =a? * and

N

Glan) < G(by) < (53 ( CO) - 54|an|f) + G(ap). (3.52)
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Then, the following nonlinear Kirchhoff problem

1 - 1 e
N

sin (Z xf) D <|u|p(w) 20 + |u|Q(I u)

/\/—\

(3.53)

N+1 al
4 2 x)—2 x)—2 .
= h(z)f1(t) — NN +2) 11 <2+ sin <z§_1 xl> D (|u|p( )72y 4 Ju] 1@ u) in Q,
ou
5 =0 on 897

has weak solutions formed by a sequence (uy)y in WEPO4O(Q) such that
Jim (|1 () q() = o0

by \ N+2+3%
) and ¢, = a,, one has

Co

/QF1(£Z?,an)d$+/QF2(IE7CLn)d$*/Q <2+

_ _ A Q
> Jan P+ Jaglr” — M

Proof Putr, = 53(

sin (i x3> |> (p(lx) + q(1x)> dan|?

— | anl? — 0 as n — oo,

therefore (3.42)-(3.44) hold true. Using (3.52) we obtain the conditions (3.46)-(3.47).
Therefore, we can conclude that the assumptions required by Theorem 3.2 are satisfied, thus completing the
proof. g
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