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Abstract: In this paper, we consider a nonautonomous singular Choquard equation
with critical exponent

—Au+ V(2)u+ Mo * [ul?) [ulP~?u = fz)u™" + |ul*u, z e R?,
u >0, r € R3,

where I, is the Riesz potential of order o € (0,3) and 1+§ <p < 3,0 <~ < 1. Under
certain assumptions on V and f, we show the existence and multiplicity of positive
solutions for A > 0 by using variational method and Nehari type constraint. We also
study concentration of solutions as A — 0.
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1 Introduction

In this paper, we are interested in the nonautonomous Choquard equation

(Py)

—Au+ V(@)u+ Mo * [ulP)[ufP?u = fz)u™ + [ul*y, v e R?,
u >0, z e R3,

where 1 + % <p <3,0<~vy <1, A>0and I, with a € (0,3) is the Riesz potential
3—a
defined by I, = L) r € R3\ {0}. Here, I' denotes the Gamma function.

(%)2a7r3/2|$|37a )
Throughout the paper, we suppose V' and f satisty:

(V1) V € C(R?) satisfies inf,egs V(z) > Vo > 0, where Vj is a constant.

(V2) meas{z € R3 : —co < V(z) < v} < +oo for all v € R.

6

(f1) f € L5+ (R3) is a positive function.

(f2) There are §; > 0, max{>tY 529 — 3, < 53 and p; > 0 such that
f(x) > pr|z| =P for |z| < 61.
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Recently, many scholars pay attentions to the following more general Choquard
equation
—Au+ V(z)u+ NIy * [uP)[ulP~2u = h(z,u), =eRY, (1.1)

where N € Nand o € (0, N). Problem (1.1) with N =3, V(z) =1, A=—-1,p=a =2
and h(x,u) = 0 was proposed by Pekar [26] to describe the quantum theory of a polaron
at rest and as an approximation to Hartree-Fock theory of one component plasma by
Choquard (see [19]). Many papers considered problem (1.1) with A = —1: when
V(z) = 1,2 <p < &+ and h(z,u) = 0, Ruiz and Van Schaftingen [27] proved that
least energy nodal solutions for problem (1.1) have an odd symmetry with respect to
a hyperplane when @ — 07 or « — N~ Based on [27], Seok [28] further studied limit
profiles of ground states as @ — 07 or @« —+ N~. When N > 3 V(z) =1 and p > 1,
Seok [29] considered problem (1.1) with a critical local term and showed the existence
of radially symmetric nontrivial solution and concentration results as o — 07. When
N >3 and V(z) = 14+ug(x) is a potential well, Lii [21] obtained the existence of ground
state solutions and concentration results as i — +oo for problem (1.1) with subcritical
exponents and h(z,u) = 0. Li et al. [14] extended the results of Lii [21] to critical
case and obtained the existence of ground state solutions and concentration results as
a — 0. Ghimenti, Moroz and Van Schaftingen [6] got the existence of least action sign-
changing radial solutions for problem (1.1) with V(z) =1, p = 2 and h(z,u) = 0. The
solution is constructed as the limit of least action sign-changing radial solutions when
p \¢ 2. When V(z) =1, Van Schaftingen and Xia [34], Ao [1], Li and Ma [17], Li and
Tang [15], Seok [30], Su and Chen [31] further investigated the existence of solutions
for problem (1.1) with lower and upper critical exponents. When V(z) = 1 4 ug(z)
satisfying some conditions and p < 0, Zhong and Tang [42] investigated the existence
of ground state sign-changing solutions for problem (1.1) with a critical pure power
nonlinearity. As for A = 1, Mercuri et al. [23] obtained the existence and regularity
of ground state solutions and radial solutions for problem (1.1) with V(z) =0, p > 1
and h(z,u) = |u|72u, ¢ > 1. When N >3, p € [1 + %, %), Wu [36] investigated
the existence, multiplicity and asymptotic behavior of positive solution for problem
(1.1) with V(z) and h(z,u) satisfying some suitable conditions. Lii [22] and Li et
al. [16] discussed the existence and concentration of solutions for problem (1.1) with
Kirchhoff term in R3. We [38] obtained the existence, uniqueness and asymptotical
behavior of solutions to problem (1.1) with N = 3 and h(z,u) = f(x)u™7 i.e. asingular
nonlinearity. Mukherjee and Sreenadh [25] investigated a nonlinear Choquard equation
with upper critical exponent and singularity. For more related topics, we refer to the
survey paper [24] and the references therein.

On the bounded domains Q@ € RY with N > 3, problem (1.1) without convolution
term i.e. A = 0 is related to the following equation

—Au = pf(x)u™ + |ul> "2, x €,
u >0, x € €, (1.2)
u =0, x € 051,

where 2* = 22 is a critical Sobolev exponent. When f(z) = 1, Coclite and Palmieri

[4] showed the existence of a solution of (1.2); Yang [37] improved the result of [4] and
obtained multiplicity and asymptotic behavior of positive solutions for (1.2); Hirano
et al. [8] further established the multiplicity and regularity of positive solutions for
(1.2) with v > 0; Giacomoni and Saoudi [7] proved a multiplicity result for a more
general critical and singular problem, involving also a subcritical term and 0 < v < 3;



Mukherjee and Sreenadh[25] investigated existence, multiplicity and regularity of posi-
tive solutions for a nonlinear singular Choquard equation with upper critical exponent.
Consider (1.2) with parameter g multiplying the critical term, Hirano et al. [9] studied
multiplicity of positive solutions for the problem; Wang et al. [35], Sun and Wu [32]
obtained existence and multiplicity of positive solutions and an exact estimate result
for the problem. We [41] investigated the relation between the number of the maxima
of the coefficient function of the critical term and the number of the positive solutions
for elliptic equations with singularity in R3. Both Lei et al. [11] and Liu et al. [20] got
two positive solutions for problem (1.2) with Kirchhoff term. When N = 3 and f(x)
satisfying some suitable conditions, Lei and Liao [12] obtained two positive solutions
for problem (1.2) with Poisson term i.e. a singular Schrédinger-Poisson system. Lei,
Suo and Chu [13] studied a Schrédinger-Newton system with singularity and critical
growth terms in RY. We [40] obtained existence, uniqueness and asymptotic behaviour
of positive solutions for fractional Schrodinger-Poisson system with singularity in R3.

To the best of our knowledge, many works which considered concentration of solu-
tions for Choquard equations [6, 14, 16, 21, 27, 28, 29, 36, 38, 39, 40] mainly focus on
convergence property of one solution such as one ground state positive or sign-changing
(nodal) solution and so on, there are few papers investigated convergence property of
multiple solutions. Moreover, comparing problem (P)) with the previous mentioned
works, we need to overcome the lack of compactness as well as the non-differentiability
of the functional of the problem and indirect availability of critical point theory due to
the presence of singular term.

Define the function space F = {u c L2R3) : Vu € L*(R3), |jullg < —i—oo},
where ||ul|p = (fR?’ (|Vul? + V(a:)u?)das)l/2 and L*(R3) is a Lebesgue space with
the norm [Julls = (fps lu|*dz)s. Then E is a Hilbert space with the inner prod-

uct (u,9)p = [ps (VuVy + V(z)up)dz. Obviously, for s € [2,6], the embedding

E — L*(R3) is continuous. By [2], we can further get that under assumptions (V})
and (13), the embedding £ < L*(IR3) is compact for any s € [2,6).
The energy functional corresponding to problem (P)) given by

1 A 1 _ 1
nw = glulleg [ Goiniupto—== [ fal e [ e, 0

and a function u € E is called a solution of problem (Py) if v > 0 in R3 and for every
Vv ek,

(u, V) + /\/ (In * uP)uP2urpda — flz)u™ Tpde — / w’pdr = 0. (1.4)
R3 R3 R3

By using variational method and Nehari type constraint, our main results on existence,
multiplicity and concentration of solutions with respect to the parameter A for problem
(Py) can be stated as follows.

Theorem 1.1. Suppose A > 0,0 <~y <1, 1+ 5 <p <3 and (V1), (V2), (f1) hold,
then there exists Ty > 0 such that for all 0 < HfH% < Tp, problem (Py) admits a

positive ground state solution uy satisfying uy tends to ug in E as X — 07, where ug
18 a positive ground state solution of the limit problem

—Au+V(z)u = f(z)u™" + |u|tu, r € R3, (P)
u >0, r e R3. 0



Theorem 1.2. Suppose A > 0,0 <~y <1, 1+ %5 <p <3 and (V1), (V2), (f1), (f2)
hold, then there exists 0 < Too < Tp such that for all 0 < ||f||5i < Too, problem (Py)
+

has at least two solutions: a positive ground state solution uy and a positive solution
vx. Moreover, as X — 0T, these solutions have the following convergence:

(1) uy tends to ug in E, where ug is a positive ground state solution of problem (Pp);

(it) vy tends to vy in E, where vy is a positive solution of problem (Fy) and |jug||% <
lvoll%-

Throughout the paper, we use the following notations.
e DL2(R?) is the completion of C§°(R3) with the norm || - ||> = fRS |V - |2da.

3—« 3 2
e Denote d,, = 2%1;52?(%) (11:((?3))) * and D(u) := fR3(Ia * |ulP)|uPdz, then it holds

(D' (u), ) = 2p/ (I * |uP)[u|P~2urpdz, Vi) € E.
R3

e B,.(z) is a ball centered at = with radius 7.

e (' and C}; denotes various positive constants, which may vary from line to line.

e — (resp. —) denotes the strong (resp. weak) convergence.

e v = max{u,0} and v~ = max{—wu, 0} for any function u.
e S is the best Sobolev constant for the embedding of D%?(R3) in L(IR3), namely,
Vul?dx
S = inf Joo [V (1.5)

W€D RN} ([ julfdz)?

Hence, [p, |ul®dz < S73(|ul|® < S73ul|%.

2 Preliminary results

In this and next section, we always assume that all assumptions in Theorem 1.1 hold.
It follows from Hardy-Littlewood-Sobolev inequality (see [24]) that

3+a
3

]D)(u)—/Rs(la*]u\p)\uﬁdxgda(/w |u|?ipadx) . (2.1)

Moreover, since 0 < v < 1, by Hélder’s inequality, (f1) and (1.5), we have

1—x

/ F@)lul*de < 1] o[ / ulfdz] = < Ifl oS ully, (22)
R3 T JR3 K

1—

and for any u, v € F, it holds
/ f@) (=" = fol ) da| < [ flayfu—of e < £ | / I
RS R3 T Rs
(2.3)

In order to prove our results, we first consider the following constrained set:

|u|®dz = O} :

N — { e E\{0} ¢ ulll 4 AD() — [ Fla)lulde —
R3 R3



and split NV, as follows

Ny = {u e Ny = 2|ul|% + 2pAD(u) — (1 — ) ( )ul*Vdz > 6/ |u|6dx}
R3

Ny = {u e Ny : 2|ul|% + 2pAD(u) — (1 —7) ( Yul*Vdx < 6/ |u|6dx}
R3

N°={ueNA:2Huu%+zpw<u>—<1—w Fla)lu'~dz = 6 / u 6dm}
R3

for any A > 0. One can easily see that for u € N,
20ullf + 2pAD(u) — (1—7) [ f(@)|u'7de =6 [ |ul’de
R3 R3
=2A(p— D)D) + (1 +7) [ f(@)|u)77de - 4/ luldz
R3 R3
—@-2)lulE+ @p—1+47) | @l T - (6-2p) [ Jufde  (24)
R3

R3

=1+ lullf +A2p = 1+9)D(u) — (5+7) /R [ul*de
= — 4flulll; = (6 = 2p)AD(u) + (5 + 1) N f@)|ul' ™ da.

We also recall the following lemma on the properties of D(u) from [16, 18], etc.

Lemma 2.1. For 0 < a <3 and 1 + § < p < 3, assume that u, — u in E, then for
any ¥ € E, we have lim D(u,) = D(u) and lim (D' (uy,),v) = (D' (u), ).
n—oo n—oo

Set

3 147
-1 5% {—“”)S ] '
5+ 5+
Lemma 2.2. Suppose 0 < Hf||5i < Ty, where Ty is defined in (2.5), then for any

+
u € E\{0}, there exist unique tmar = tmaz(u) > 0,7 =t (u) >0 andt™ =t (u) >0
with 7 < tmaz < t7, such that ttu € N, t7u € Ny, Jy(ttu) = . inf Jy(tu) and
<t<t-

Jy(t~u) = sup Jy\(tu). Furthermore, NV = for 0 < HfH% <T.

tZtmaac

(2.5)

Proof. For any u € F\ {0} and ¢ > 0, we have

th,\ (tu)
dt

=t2||u||% + MPD(u) — 177 ] f(@)|u*7de — 8 ) u|8dz
R R

_— [t1+7|]u||2E 5t / uffda + MP D) — [ f2)|ul! Ve
R3 R3

=1 [g(t) - 3 f@lalda),
(2.6)



where g(t) = t177||ul|% — t5+7/ lu|Odz 4+ X2P~ 1D (u). Rewrite ¢/ (t) =t~ gy ()
R3
with

g1(t) = L+ NPl = G+ [ Jul’de +A2p —1+7)D(w).  (2.7)

R3
Since o € (0,3) and 1+ § < p < 3, we have lim g;(t) = +o0, hm g1(t) = —o0 and
t—0+ —+00

gi(t) = (L+2)(2 = 2p)t" " ||ul|F — (5 +7)(6 = 2p)°" | |ul°dz <0,
R3

for all ¢t > 0. Thus, ¢(¢) admits a global maximum point t,,4,; which is the unique

zero point of ¢1(t) and g(t) is increasing on (0, typaz), decreasing on (tmaz, +00). Set

g2(t) = " Jul|3, — 17 [os |u|Odz. Obviously, g2(0) =0, lim ga(t) = —oo and ga(t)
t——+o00

(1+ )l ]
(5+7) Jps [ul®dz

14y

4 A2 [ (1 +)llull% ]4
E + '7) fR3 |u|6d:L‘ .

N

with

achieves its maximum at ¢y, = [

t t,) =
e g2(t) = ga(ty,) 5

It follows from (1.5) and (2.2) that
g<tmam) - f(a:)|u|1_7d:v
R3

> max g(t) - | f@ll T
te(0,+00) R3
14+ (28)

(1 + NullF ]4 SN
- S |ullp ?
2o W [ o] WS el

4 1+ \ &
2[5+y((5+7)53) —||f||% ]I|u||E7>O

since 0 < || f|| o < Ty. Consequently, there exist two points 0 < ¢ < ¢4, < ¢~ such
that

g(t") =g(t7) = [ fl2)lul'""dz and ¢'(t7) > 0> ¢'(t7).
R3
That is tTu € N and t7u € N . Hence, N # () when 0 < ||f||% < T1. We can

dJy(t dJy(t
further obtain from (2.6) that Ji\i(t w) >0 forall t € (tT,¢7), J)c\l( v) <Oforallte

(0,t7) and t € (t7,00). Thus, Jy(tTu) = mf ~Ia(tu) and Jy(t7u) = sup Jy(tu).
t>tmax
Now, we come to show that NV = () for O < Hsti < Ti. By contradiction, assume
+

that there exists ug € Ny and ug # 0. Similarly to (2.8), we can obtain from (2.4) that

14y

(1+ ) ol |-

4 -
—||ug [ f(x)|ug|" "dx
ol [ T s (@)l

0<

<
5+

luoll % — ) f(@)luo| 7 dz <0,
R



which is a contradiction. Hence, N? = {) for 0 < HfH% <T. O
Y

Lemma 2.3. Suppose 0 < ||f||5i < T4, then there exists a gap structure in Ny :
+

Ullp > A* > Ay > |lullg, ue Ny, UeNy,

where

5+ e . [(1+79)8373
b= (B 8) 7, = [L00]

Proof. Since 0 < ||f|| s < Ty, we have /\/'jE # () by Lemma 2.2. For any u € Ny, it
follows from (2.2) and ( ) that

5+7 _ 5+7 Gyl
< 222 / F@)lde < ST o ST a7,

which yields |lu||g < A..
For any U € N, , it follows from (1.5) and (2.4) that

L+ < (5+9) [ 0140 < (5495201,
R
which yields ||U||g > A*.
Using 0 < ||f||i < T1 and the definition of 77, one can further obtain A, <

(5+7
4

Lemma 2.4. Suppose 0 < HfH% < T, then N is a closed set in E.
Y

1
TSz ) = A*. So the proof is completed. L]

Proof. Since 0 < HfH% < T, by Lemma 2.2, one has N~ # 0 and MY = 0. Let {U,}

be a sequence in /\/)\_ with U,, — Uy in E, then U,, — Uy in LG(R?’). Since ./\/‘)\_ C N,
one can obtain from Lemma 2.1, (2.3) and (2.4) that

1Uo||% = lim [|Uy]|3 = lim { f(x)\Un\l‘”dH/ |Un|%dz — AD(U,)
= | f@)|U|* dz+ [ |Up|Sdx — AD(Up)
RS

R3

and
~ 4l[Uoll}; = (6~ 2)AD(Uo) + (5+7) | f(@)|Uio]' "o
R3
= tim [ = 4|0}~ (6 - 2)AD(U) + (5+7) | f@)|Ualdz] <o,
n—oo R3

so Up € Ny U{0}. Tt follows from {U,} C N, and Lemma 2.3 that

100l = lim [|Uy][7 > A* > 0,
n—o0

that is, Up # 0. Hence, Uy € N, and then N, is a closed set in E. O



Lemma 2.5. Let 0 < HfH% < Ti, given u € Nf, then there exist € > 0 and a
Y
continuous function H(w) >0, w € E, ||w||g < € satisfying that

H(0)=1, Hw)(u+w) € Ny, Yw € E, |[u|g <e.
Proof. We only prove the case u € ./\/;r Define F': E x R — R by
_ 42 2 2p _ 4l—y 1—7 46 6
F(w,t) =t*|lu+w|E + AMPD(u+w) —t f@)|u+w| ""dx —t |u+w|°dz.
R3 R3

In view of u € Ny~ C Ny, we obtain F(0,1) = 0 and
F(0,1) = 2|jull% + 2pAD(u) — (1 — ) f@)|u)t ™ de — 6/ lulSdz > 0.
R3 Q

By applying Implicit function Theorem for F' at the point (0,1), we get that there
exists £ > 0 such that for w € F, |w||g < &, the equation F(w,t) = 0 has a unique
continuous solution ¢ = H(w) > 0 satisfying that H(0) = 1 and F(w, H(w)) = 0 i.e.
H(w)(u+ w) € Ny. Moreover, since F;(0,1) > 0 and

Fy(w, H(w)) =2H (w)|lu + w||% + 2pAH?P ™ (w)D(u 4 w)

—(1=y)H Y(w) | f@)|u+w7dz - 6H(w) lu 4 w|®dz
R3 R3

—H 7 (w) [2H2(w) [u + w]} + 22 H? (@)D (u + w)
S A= H T w) [ @)+ w] e — 6H(w) ]u—l—ledx],
R3 R3

we can choose € > 0 possibly small (¢ < &) such that for w € F and ||Jw||g < ¢,
202 (w) u+ wl[f + 2pAH? (w)D(u + w) — (L =) H 7 (w) [ fl)lu+w|'de
R3

—6H® (w) lu + w|®dz > 0,
R3

that is
H(w)(u+w) € Ny, forany w € E, |Jw||p <e.

This ends the proof of Lemma 2.5. L]
Lemma 2.6. J, is coercive and bounded below on Ny. Moreover,
(i) if 0 < HfH% < Ty, then ianj'U{O} Jy = ianj- Jy <0y

1—

7T1, then ian; Jy > Bo > 0 for some constant [y =

(i) if 0 < Ifll o <
50(’% S?Hf”%)



Proof. For any u € N}, we can obtain from (1.3), A > 0,0 <y <1,1+§<p<3
and (2.2) that

) =(5 - é) Jull + A(Qip - é)ﬂ)xu) (= —5) [ s@mi
5+7

(2.9)
Sl e Sl 2 %fﬁ

where A, is defined in Lemma 2.3. Due to 0 < v < 1, Jy is coercive and bounded from
below on N).
(i) When 0 < HfH% < Ty, N # 0 from Lemma 2.2, also N, and N;' U {0}

are two closed sets in E from Lemma 2.4. Hence, inf N; Jy and inf NFU{0} Jy are well
defined. For any u € Ny C Ny, we can get from 0 <y < 1,1+ $ <p <3, (24) and
(2.9) that

5+

3—p _
Ia(u ):—H ||E+>‘ D( ) — 6(1—) Rgf($)|u|l Tdx
<zl - ﬁnuu]g 26-0)(5 - 57=)P0  210)
1+7

1—v—2p
= —— L |lu|Aa + X3 —p)———=D(u) <0
which yields ian;r Jy < 0. Since J)(0) = 0, we can further get inf/\/ju{o} Jy =
lan; JA < 0.
(ii) Let u € N, , it follows from Lemma 2.3 that ||ul|g > A*. Using this and (2.9),

I17ll.e. € @

; VTl), we can obtain that

5+

ol &

3T 3442
e e

which implies that there exists a constant Sy = Bo(7, S, || f|| 5 ) such that inf NI =
+7

Ta(a) 2l [l -

7,57} >0,

]_ —
Bo > 0 for ||| o € (0, — Iy, O

According to Lemma 2.2 and Lemma 2.4, for 0 < ”fH5j < T, Vy =N, and

V;\“ = N, ;r U {0} are two closed sets in E, then we can apply Ekeland variational
principle to find the minimums of functional Jy on both Vi and V. Let {u,} C Vf
be a minimizing sequence for Jy on V/\i. That is, {u,} C Vf\[ satisfy

1

+ i+

< J < — 2.11
T Mun) <73+ - (2.11)

and 1
I2) = Ix(un) = ~llun — 2|2, ¥ € Vi, (2.12)



where

rF = inf Jy\(u) = inf Jy(u), 7y = inf Jy(u) and 7\ = inf Jy(u).
A uevy )\() ueN )\() A ueNy )\() A ueN, )\()

From Jy(|un|) = Jx(up), we could assume that u, > 0. Moreover, Lemma 2.6 shows
that ||uy||p < Cp for some suitable positive constant Cp, so there exists a nonnegative
function uy € E such that

Up — uy, in B,
up, — uy,  in L3(R3), s €[2,6), (2.13)
Up — Uy, a.e. in R3.

By Vitali Convergence Theorem, similarly to the proof of [13, Lemma 2.7], we have

lim f(x)|un|1_’ydx:/ f(@)|up|t 7z, (2.14)
R3 R3

n—oo

when {uy} is bounded in E. In order to show that all convergence in (2.13) hold true
on a strong sense, inspired by [32, 5], we need following Lemmas.

Lemma 2.7. Assume 0 < ||f\|5i < Ty. Suppose {un} C ./\/';L satisfy (2.13) with
+

uy Z 0, then there exists a constant Cy > 0 such that for n large enough, the following
alternative holds true:

(1) if {un} C Ny, we have
(1Dl + A2 = 14 )Dun) = 549 [ it > €
R3
(it) if {un} C Ny, we have
(L +Nunllf + 220 — 1+ 79)D(un) = (5+7) | |un|°dz < ~C1.
R3
Proof. We only prove (i), since (i) follows similarly. Using u,, € Ny, (2.4), Lemma
2.1, (2.14) and uy # 0, it is enough to show that
(54+7) f(@)|uy*Ydz — (6 — 2p)AD(uy) > lim inf [4||un||]25] . (2.15)
R3 n—o0
Arguing by contradiction, assume that
(54+7) [ f(@)|ur]'"7dz — (6 — 2p)AD(uy) = lim inf [4||un||]25] . (2.16)
R3 n—00

Since u, € N, ; , one has

(5+7) » F(@)|un] ™ da — (6 — 2p)AD(un) > 4]lunl|E.

10



According to (2.14) and Lemma 2.1, we can further obtain

(5-+7) [ ) us]' e — (6~ 20)AD(mr) > lim sup [41un 3] > lim inf [4]un[3].
RB

n—oo
(2.17)
It follows from (2.16) and (2.17) that
(5+7) f(:z:)|u,\|1_7d:c — (6 — 2p)AD(uy) = lim [4HunH2E} . (2.18)
R3 n—oo
Since up, € Ny C Ny, ie. [ga |un|®da = [Jun]|F+ AD(un) — [gs f(2)|un|'~7dz, passing
to the limit as n — oo and using (2.14), (2.18) and Lemma 2.1 lead to
. 6 1 + 1T 1— p—1
lim lun|’d f(@)|ux] " Tde + ——AD(uy). (2.19)
n—oo R3 4 2
Therefore, it follows from (2.18), (2.19), A > 0 and uy # 0 that
1 2

1m
n—oo (54 ) fR3 |, |6da

Similarly to (2.8), for 0 < ||f”56 < Ty, one can get from (2.2), (2.14), (2.18) and
+v
(2.20) that

1+~

4 1+~ T ) _
lez(ogs) - eS| tim
( n—00

5+ \(5+~)53
4 + =
< lim —||un\|%( ( 7>|‘un‘|E ) * _ lim f(x)u%f%lx
n—00 b + (5+7) Jgs [un|fdz n—00 Jps

. _ 6—2p
< lim |Jun]|% — z)uy Ve = — AD(uy) < 0,
i i el = [ f@h =2 \D(u)
which is clearly impossible. So (2.15) holds and this ends the proof. 0
For any 0 <1 € E, we apply Lemma 2.5 with u = u,, € Nf (n large enough such

1 —
that d=7)C% < (1) and w = mp, n > 0 small enough, we can find hy, (1) = H(ny)

n
such that Ay, ;(0) = 1 and hy, (1) (uy +nb) € N However, we have no idea whether
or not hy, ;(n) is differentiable. For the sake of proof, we set

() — 1
B(0) = lim —=2  ° e [0, +o0).
nw(0) i, . [—00, +d]
If the above limit does not exist, we choose np — 0 (instead of n — 0) with 7, > 0

h —1
such that h;“b(o) = lim 7“/’(77—’0

€ [—o0, +00].
k—o0 Nk

Lemma 2.8. Assume 0 < ||f||5i < Ty. Suppose {up} C J\/’fE satisfy (2.12) and (2.13)
+7
with uy # 0, then h, ?/1(0) is uniformly bounded for any 0 < € E and n large enough.
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Proof. We only consider that wy,, Ay (1) (un + n¢b) € Ny since the situation on N~
can be proved similarly. By w,, hy, (n)(un + ) € Ny C N, we have

il +3D(un) = [ pGoii @ = [ aan
B2y () lm + 0|3 + M2 Dy + 1) — by () @)t m) 7 da
=0 [ 0
Using 0 < v < 1 and A > 0, the above two equalities yield
0 = (12,5 ) = 1]l + 113+ X122, () = 1] Dl + )
= [0 =1 [ st (1,000 =1] [ (s
+ [l + ol - ol 2]+ A[Dun + 70) — D(wn)]
- / f(x) [(un +) T — u}ﬂ] dz — / [(Un +m)® — ug] dx
R3 R3

s () = 1
S[hnvw(n)—l]{[hn,w( )+1:|||un+77¢||E+)\hn’w(n) D (un + 1)
P ) — 1 B ()~ 1
v N I=vqp — 2 6.
) — 1 Jy T T hn,w(n)—lfmg( e}

[l + 701 = luall ] + APl + 1) = D).

Dividing by n > 0 and passing to the limit as  — 07, it follows from (2.4) and the
continuity of hy, ,(n) that

0 <i (0){2||un||E—|—2p)\ID>(un)—(1—7) Rgf(x)u}l”dx—6/Rsugdm}
<una >E+)\<D/(un)7w>
o O (14 Dllwall + A2 =14+ 2)Dlan) = (5+9) | fun[*dr}
+ 2(“”7 ¢>E + A(D/(Un),l/}>,

which implies that h’n’w(O) # —oo according to Lemma 2.7 and the boundedness of

(2.21)

{un}. Now we show that h!, ¢(0) # +o00. Arguing by contradiction, we assume that
h;“p(O) = 400 and 50 hy, (1) > 1 for n sufficiently large and 7 > 0 small. Applying
condition (2.12) with z = hy, (1) (un + 1) leads to

1 1
(g ) = Wlanll + L DI > i~ s (1) + 79|

> J)\(Un) - J/\[hn,w(n)(un + n¢)]

(2.22)

12



Since u, € Ny C N}, then one can get from (1.3) and (2.22) that

h -1 n 1 1
ol ) us D=1 HunnE_(5_m)[hnvw(nmmwwng

1 w(n)_l
A( ) W(n)_lD(uner/f)

1,0() —
(5 - 17) o o)
LUl
)
(
—A

2 n

é_m) /VR5 (%Hrﬁ:f) d{IJ
1 D(uy, Y) — D(uy)

( ) . nn '

Letting n — 0T, using the continuity of hy, (1), Lemma 2.7 and |u,||p < Cp, we
obtain

II%ZJHE o ,w(o){ _unlle (1 _ %) nl|% — ,\(1 = 2_—p7)]D>(un)

n 1- 1
+ (1 — %) /Rs ugdx} — (1 — %) (un, V)
n <1 - &) /R3 ubpdz — A(Qip - ﬁ) (D' (un), ¥)
@ 10 L Dl + M2~ 1+ D)
, (2.23)
—(5+7) /RS ugdx] } — (1 — ﬁ)mn,m
F(-12) /R ke = A(5 — ) @), v)
2,0 = 2 12) - (1= 12 ) v
N (1 _ %) /R WSypdz — A(Qip - ﬁ) (D (un), )

which is impossible because h’ (0)

Hence, h/ np(0) # +oo. To sum up, b, 0] < +oo. Moreover, Lemma 2.7, (2.21) and
(2.23) with [Ju,| < Cp also imply that

|, (0)] < Co, (2.24)

for n sufficiently large and a suitable positive constant Cs. [

13



Lemma 2.9. Assume 0 < HfH% < Ty. Suppose {up} C Nf satisfy (2.12) and (2.13)
with uy Z 0, then for any ¢ € E, we have as n — 0o,

Ay _
()i + g n).) = [ fehe o= [ dvde=o. @29

Proof. For any 0 < ¢ € E, applying condition (2.12) with z = hy, (1) (un + m0)
leads to

1= ()] [lunll
i n

2l = g ) )2 () = Sl 1) o+ )]}

n WnHE (1)

_hmw(n) -1 hn’w(n) +1 9 )‘[hi{)qp(n) - 1]
=R P i — D+ )
) () — 1 () = 1

T )(Un 1= T - Up, 6 x
e o AR o o W AR
L+ nlE = llunlll A (un + 1) — D(u)]

2 n 2pn
1 6 _ ,6 1 1—y _ , 1=
6 Jrs n L= Jrs n

Passing to the liminf as n — 0" and using the continuity of h,, ,(7), Fatou’s Lemma,
0<vy<1lead to

|73, (O] llunll e . 1 &
n n

2t Of ~ luallp + [ f@)ul e =) + [ afie} = ()

(t + )7 =y

A

_ 2_p<ID)/(un), ) + /RS u hdx + ligg(i)rif = (x) p dz
1— 1-
> — ()5 — o (D (), ) + / Ty R (RN Gl ) el
2p R3 r3 L —7 n—=07F n
= — (up,V)g — ;(D'(un), vy + / ugwdx + f(z)u, Tde,
p R3 R3

since u, € N )\i C N,. Hence, for n large, we have

f(@)u, yde <

SCO Oy + ||¥|| g N
n

h;l 0)] - [|un Ay

R3 R3

(s )5+ 5D (), ) — / Wi,

R3

14



thanks to ||u,||g < Co and \h;l7¢(0)| < Cy by (2.24). Thus, for any 0 < 1) € E, we can
get as n — 00,

(i) 5 D))~ [ flahuvde = [ afude o (220)
P R3 R3

Now, we come to show that (2.26) holds for every ¢ € E. For any ¢ € E and € > 0,
set 1. = u, + ey and Q. = {x € R3: 9. < 0}. Since u, € Ny, by applying inequality
(2.26) with ¢ = T, we have

1 + Ay +y Yt e 5.+
o) <={ {2 + 0w 07) = [ floputde = [ furar)

1

e / {Vunv1/}€ + V(2)upthe + Mo * uﬁ)uﬁ_Qund}e — f(@)u, e — uiwé‘} dz
€ JRr3\Q.

zl{HunH% + AD(uy,) — f(a:)u}dex — / ugdx}
€ R3 R3

{0 = [ fenods— [ o)

- / { Ve + V(@) unte + Ml x ulyul unis = F (@) e = s f da
Q.
{twnvto+ 0 = [ sepvds— [ v
1

- / [|Vun|2 + V(x)u% + A1y ufl)ufl] dz
QE

- / [Vunv¢ + V(x)up) + A1y * uﬁ)uﬁ_zun@/ﬂ dx
Qe
w1 [ [ronarie s iiv] as
<{twn e+ 5@~ [ fergrvan- [ adua)
— / [vunv¢ + V(x)up) + A1y * ufl)ufl_Qun@/)} dz.
Qe

(2.27)
Letting ¢ — 0 to the above inequality and using the fact that [Q.] — 0 as ¢ — 07,
we have

(Un, V) g + i(]D)'(un),w — f(x)u, "pde — / udpdz > o(1), Vip € E.
2p R3 R3

This inequality also holds for —, hence we conclude that (2.25) holds for every ¢ € E.
O]

Lemma 2.10. Assume 0 < HfH% < Ty. Suppose {u,} C NX—L satisfy (2.12), (2.13)
Y

and
Ia(up) = ¢ < ¢y, asn — 00, (2.28)

15



=1 2

3 2 1+ 25 | 544 | T

where ¢ # 0 and ¢, = =S2 — D, || f||"¢" with D, = { 1 ,
7A H HL 3( 7) 6 )

54~ 2 1 - (1 - fy
then uy # 0 and {uy} possesses a subsequence strongly convergent to uy in E.

W

Proof. We claim that uy # 0. Arguing by contradiction, uy = 0. Then, by u, €
/\/j[ C N), Lemma 2.1 and (2.14), we have

||un||]25 = / |un|6dx + o(1). (2.29)
R3
It follows from (2.29) and J)(uy) — ¢ # 0 that
1
c= Jy(up) +0(1) = §||un||]25—|—0(1) (2.30)

If ¢ < 0, we get a contradiction from the last relation. If ¢ > 0, there exists ng € N such
that ||u,||% > ¢ for n > ng. This together with (1.5) and (2.29) leads to lim ||uy,||% >
n—oo

S2. Then, by (2.28), (2.30) and the fact of the above relation, we obtain that
1 s 2 3 1
.= =52 — D.||flI"i" < =82 < = i 2 —
¢ < o= g8 = DI < 58 < 3 il =
which is a contradiction. Therefore uy # 0. By Brézis-Lieb’s Lemma, we have

lunll = luallE + llun — wallE + o(1),

(2.31)
|up|®da = / luy|®da —I—/ lup — uy|%da + o(1).
R3 R3 R3
For any ¢ € F| set
A _
Q) = (1 )i+ 3D 0) = [ e~ [ v
2]? R3 R3
Then,
1 1 1 1 1 1 _
Ia(un) — EQ(un,un) :gHunH% + >\(2—p - B)D(Un) - (m - 6) - (95)%11 Td
IO SR T NTE SO VAR
—5lun = sl + glhualls + A5 — Dl
- (- ) [ S o)
(2.32)

Applying (2.25) with ¢ = uy and using u, € Ni° C N}, (2.13), (2.14), (2.31), Lemma
2.1 lead to

o(1) = — (un, un)p — i(I[)>’(un), uy) + f(z)u, Tuydz +/ uduydz
A _
:Hun”sz — (up, ur) g + AD(uy) — 2_p<D/(Un)a uy) — f(x)u}l Tdz
R3

+ f(:c)unVu)\da:—/ ugder/ uduydz
R3 R3 R3
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%~ sl - / Flayu de + / Fl@yuy Murde — / uSda
R3 R3 R3

+/ uSdz 4 o(1)

i — s — / F@yde+ [ funtunds — [ fun — e+ of1).
R3 R3
Therefore,
lim |u, — up||% — / f(z)u de + hm f(z)u, Tuydz = lim |t — uy[Odz.
n—o0 R3 R3 n—0o0 Jps
(2.33)

By Fatou’s Lemma, we can obtain

f(x) de <liminf | f(z)u, Tuyd. (2.34)

3 n—oo R3

We can get from (2.33) and (2.34) that
lim ||Ju, — uyl|% < lim / |t — uy[0dz. (2.35)
n—00 n—o00 fps3

Set lim |lup — upl|% = I, then it follows from (1.5) and (2.35) that [ < S73I3, which
n—oo

implies that either [ =0 or [ > S, Suppose [ > S%, then one can obtain from (2.28),
(2.32), (2.25), (2.14), (2.2), Lemma 2.1 and Young inequalities that

1 1 1 1

o1 -
Cr>C=3F _HUAHE + /\(2—p - E)D(UA) (: - 6) - f(@)uyde
1.5 11 oty
2352 + _HUAHE (:—g)ﬂfﬂﬁs 2 [lua]l
y-1 2
1 3 1 + 25’ y+1 5 + y+1 _2
>2858 - =T =
3 2 [3(1—7) 6(1—1) 5
which is a contradiction. So [ = 0 and u,, — u) strongly in F. [

3 Existence of a first solution in N ;

In this section, we want to prove Theorem 1.1 by a minimization argument on A ;r .
Proof of Theorem 1.1. Fix 0 < ||f||5i < Ty = min{T1,T»}, where Tj is defined
+v

3
n (2.5) and Ty = = [82(1 )
(5+7)Sz L+
Lemma 2.4 and Ekeland variational pr1nc1ple we can obtain a minimizing sequence
{un} C V7 = Ny U {0} satistying (2.11)7, (2.12)" and (2.13). According to (2.11)7
and Lemma 2.6 ( ), we have

11

4

2
} , then ¢, > 0. Due to Lemma 2.2,

Iy (up) — T;_ <0< cy,

17



so {u,} C N; and applying Lemma 2.10 with ¢ = 75" results in uy # 0 and u, — u,
in F, up to a subsequence.
Step 1. uy is a solution of problem (Py).

One can further obtain from the above relation, u, € Ny C N, Lemma 2.1 and
Lemma 2.7 (i) that uy € N, and

L+ ]2 + A2 — 1+ 7)D(uy) — 5+7) [ |urbdz > 0.
R3

Hence, u) € /\/';r Furthermore, passing to the limit as n — oo in (2.25) and using
Fatou’s Lemma, Lemma 2.1 and (2.13) lead to

f@)uy"pde <liminf [ f(z)u, "Yde = (uy, ) p + i<]]3>’(w),w> - / wyda,
R3 n—0o0 R3 2p R3 (3 1)

for any 0 < ¢ € E. We can repeat the arguments used in (2.26)-(2.27) to derive that
(3.1) holds for any ¢ € E. Thus, uy verifies (1.4) by the arbitrariness of ) € E in
(3.1). Similar to the proof of [33, Theorem 1], we have uy € C2 (R3). Since uy > 0,

loc
uy # 0 and uy, satisfies (1.4), the strong maximum principle implies uy > 0 in R? and

then uy is a solution of problem (P)).
Step 2. uy is a ground state solution of problem (Py).
For any u € N, according to Lemma 2.2, there exists unique 0 < t1(u) < ez <
¢t~ (u) such that tT(u)u € Ny, t7(wu € Ny, L\(tH(wu) = inf( )J)\(tu) and
0<t<t—(u
It (w)u) = sup Jy(tu). Then ¢t~ (u) = 1 and there exists t(u) € (tmaz,t (u)) such

Ztmax

that Jy(t" (u)u) < Jy(t(u)u). So
F < Dt (W) < Jy(FHu)u) < Ji(t (w)u) = Jy(u).

By the arbitrariness of u € Ny and the definition of T):\t and 7y, we have T;_ <7, and
so 7\ = 7, thanks to M) = N UN by Lemma 2.2. Therefore, J)(uy) = 7, = 7)
and thus u)y is a ground state solution of problem (P}).
Step 3. For any vanishing sequence {\n,} C (0,1), uy, — up strongly in E where uy
is a positive solution of problem (Pp) .

For any vanishing sequence {\,} C (0,1), since {uy, } € N ;; is a ground state

solution sequence to problem (Py ) provided by Step 2, then Jy (uy,) = ;\“n =), and

An _
fir, )+ 520 n)0) = [ fahgTvde s [ fvan 62
P R3 R3

for every ¢ € E and n € N. By Lemma 2.3, (2.9) and (2.10), we have ||uy, ||z < A
and %Az < 7y, < 0. Thus, there exists a subsequence of {\,}, still denoted by

{An}, such that as n — oo, 7\, — 1 < 0 and

uy,, — U, in E,
uy, — Uo, in L*(R3), s € [2,6), (3.3)
uy, — U, a.e. in R3,
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where ug is a nonnegative function in E. According to (2.10), Lemma 2.1 and weak
lower semicontinuity of the norm, we can further get

p1 =liminf Jy (uy,)
n—oo

. 1+ 1-v—-2
<liminf | —— Dfw
o R LR AR T e R BT
1+~
<_—
<~ g ayllwlls <0

This together with ¢, > 0 leads to Jy, (uy,) = p1 < 0 < ¢.. Using (3.2) and the
statement in the proof of Lemma 2.10, one can similarly obtain that ug # 0 and
uy, — up strongly in E. Then, according to ||uy, ||g < A« and {uy, } C ./\/';; C Ny,
we have ||ug||g < Ay and ug € Ny. Passing to the lim as n — oo in (3.2) and repeating
the arguments used in Step 1, for every ¥ € E, we have

R3 R3
and wug is a positive solution of problem (Fy). Hence, Jo(ug) = p1 > 79 where 19 =
infue/\/o J()(u)
Step 4. ug is a ground state solution of problem (F).

In order to show g is a ground state solution of problem (F), it is enough to prove
that Jo(ug) = 79. Noticing that A = 0 is allowed in Step 1 and Step 2, then problem
(Py) admits a ground state solution wy satisfying 0 < wy € Ny and Jy(wp) = 79. By
Lemma 2.2, for all n € N, there exists 0 < t+ <ty such that ti wo € J\fi C Ny,

and Jy, (t}\ano) = inf J), (two). We clalm that {ty }is bounded Suppose to the
Uy,

contrary that there exists a subsequence of {t, }, still denoted by {t) } such that
ty — +ooasn — co. Then, by &) wy € /\/’)\_n C N, and (2.4), we have

lwoll % +

An 1 _
@)\_)T%]D)(wo) = W/Rs f(a:)]w()]l 7dx+/Rg \w0\6dx, (3.6)

n

1
(t3,)*

and
—(6—2p)(ty, )P AuD(wo) + (5 +)(ty )~ ”/ f(@)lwol ™dz < A(ty )?[lwolE- (3.7)
Moreover, wg € Ny means
ks = [ sl do s [ o (39
R3 R3

Subtracting (3.6) with (3.8) provides

1 A 1
1= — ] H’LUOH% — ———D(wy) = [1 — _—} f(@)|wol'~7dz.  (3.9)
{ (t3,)* (23,072 (t3,)°H
Passing to the limit in the above equality, we have
lwollz = [ f(x)|wo|'da,
3

19



a contradiction to (3.8). Therefore, {t;n} is bounded. Up to a subsequence, suppose
that ty, =ty We claim that ¢; > 1. Arguing by contradiction suppose that 0 <
ty < 1, then it follows from (3.9) and (3.7) that

[ Il = [ - o] [ @l a, (3.10)
0 0 3
and
5+2005)' 7 | ol dr < 4065) ol (3.11)

Combining (3.10) with (3.11), we can deduce that
i)™ = G+)() + 1+ <0,

which is impossible since 4¢°™7 — (5+)t1+1+~ > 0 for all ¢ € (0,1). Therefore, t; > 1.
If {5 > 1, then ¢, > 1 for some n large enough. This together with Jy, (t;nwo) =

inf  Jy, (twp) leads to Jy,(wo) > Jy, (tf wp) for some n large enough. If t5 = 1,
0<t<ty, "

then ¢, — 1. For some n large enough with ¢, > 1, we have J,, (wo) > J,\n(tj\rnwo)
by the similar statement above. For some n large enough with ) < 1, according to
Lemma 2.2, there exists ), € (tirn, ty ) such that Jy (wo) = Jy, (tr,wo) > Ji, (t;\an()).
Follows from above two cases, we get Jy (wo) > Jy, (t;\ano) for some n large enough
when t; = 1. To sum up, J), (wo) > J), (t;\rnwo) for some n large enough. Hence, we
can obtain from tj\'nwo eN. ;; and 7';\; = T), that

A A

70 :Jo(wo) =Jy, (wo) - 2—n]D)(’LU0) > Jx, (tj\_ wo) - —n]D)(wo)
P " 2p
>7 — &D(w ) =T\, — &]D)(w )
=\, 2p 0 An 2p 0),
for some n large enough and so
limsup 7y, < 7. (3.12)

n—-+00
Using (3.12), one can further get

10 < Jo(up) = limsup Jy, (uy,) = limsup 7y, < 7p.
n—+00 n—+00

This shows that Jo(ug) = 70 and so ug is a ground state solution of problem (Fy). The
proof is completed. L]

4 Existence of a second solution in N, N

It is well known that S can be attained by the function

$):&z” >0, r€R3, (4.1)
&+ o)}
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and ||U:||? = ||U]|8 = S2. Let n(z) € C°(R3) be a radially symmetric function such
that 0 <n <1, n|p,(0) =1 and suppn C Bs(0) for some § > 20; where d; is given in
2

(f2). Moreover, set we(x) = n(x)Us(x), then for € > 0 small enough, we have (see [3])

\Vw.|2dz = K1+ 0(c2), [ |we|fdz = Ko + O(c2), (4.2)
R3 R3
and .
O(e1), s €[2,3),
lwe|*dz = { O(ei|lng|), s =3, (4.3)
Re O(=7), s € (3,6),
» K :
where K1, K3 are positive constants and — = 5. Using (4.2), we can further get
Ky

=5+ 0(e?) (4.4)

(Jgs we[bdz)s

Lemma 4.1. Assume (V1), (Va), (f1) and (f2) hold, then there exists 0 < Tog < Tp
where Ty is defined in proof of Theorem 1.1, such that for 0 < HfH% < Tpo and e >0

small, we have

7y <sup Jy(twe) < cx, YA >0,
t>0

where ¢y is given in Lemma 2.10.

1 —x

Proof. For 0 < ||f||5i < T1, by Lemma 2.2 and Lemma 2.6 (ii), there exists
+

te > tmazr > 0 such that t.w. € /\/}\_ and Jy(t:wz) = sup;sg Ja(twe) > By > 0. We
can get from this and Jy(tw:) — —oo as t — +oo that there exist positive constants
too, to independent of ¢ such that tgg < t. < tp. Motivated by [10, 42], let Jy(t;we) =
A(e) + B(e) + C(e) — D(g), where

2 2 2 6 2 2
Ale) == |\Vw:|“de — = lwe|°dx,  B(e) == V(z)|we|*dz
2 Jgs 6 Jrs 2 Jgs
gp ;—7 )
C(e) = AED(ws), D) = 1= [ Sl e

t2 £
For the purpose of proof, set g3(t) = 5/ |Vw,|*dz — E/ lwe|%dz, then one can
R3 R3

fR3 |Vw5|2dx> 4

easily get that g3(¢) achieves its maximum at Ty,q, With Thee =
fRs ]w€|6dx

Thus, it follows from (4.4) that

(| |Vw|de)
Ale) = g3(t:) < 93(Thnaz) = 1 /R3 =

1
; </ wofbd)t O
RS
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Since tgp < t. < to, one can get from V € C(R3), the definition of w. and (4.3) that

t2 t2 |
B(e) == dr < % *dz = O(e2). (4.6
=5 [ Vetas mevie) D[ fas=o6h. e

By (2.1), (4.3) and 1 + § < p < 3, we also have

t2p 6 3ta 0(63), 3% S p < 3—}—7047
3 o
Ce) <Afda( [ fuelodr) * = O e ), p= e,
- O =), o < p <3,
(4.7)
Similarly, by (f2) and ?’JFTV < p1 < E’JFTV < 3, for any ¢ satisfying 0 < ¢ < 67, we have
t:
De) = & F @) el da
L |x|<é
L=y
— [ @l ans / F@)o '
L= Jjz1<s, 51<|z|<d
1—7 —B1
t
e S
L= Jjz1<s, 6(8+|l’|2) rﬂl €—|—7’ =
. v r2 _
_ 03€v+54 26 /f dr > 035W+54 28 / dr — C4€7+54 261.
0 rB(l4r2) 7 0 27 rh

(4.8)
Case 1. 3+0‘ <p< e
For 3+a <p< 3+O‘ , using the fact that h%l " [Ing|*5* = 0 and >3t s 1 we
E—
can obtain from (4.7) that C'(¢) = O(e2). Combining this with (4.5), (4.6) and (4.8)
leads to

5283 1 5—28
Ia(tew:) < 382 +O0(E2) ~Cie™ T <SS 4Gt —Cue T
14y
1;% C 281 —3—v . . . .
Set ¢ = [|f[|'s" and T = (&5 where D, is given in Lemma 2.10, since
5+ *
?’JFTW <pB1 < 5;7, we have
1 v+5-281 y+3-2p1 2
Caet = 0o = |17 (Cs = Ul ) < =DullfI%
5+

and so

1 s 2
sup Jy (twe) = Jy(tewe) < =52 — Dy||f]| 75 = e,
t>0 3 5+

1—

for all Hf||5s sufficiently small with Hste < T3 = min{ 7Tl, Ty, T}
+v +

Case 2. ?H'Ta <p<3.

When p—a < 2i.e. 3+C2" L > L similarly to Case 1, we can obtain supysq Jj(tw:) <

22



c«. Hence, we only consider the situation when p — a > 2. It follows from p — o > 2
and 359 < p < 3 that ¢ < 22972 < 1 Hence, one can get from (4.5)-(4.8) that

1 a— +5-28 1 1+5-28
Ta(tew,) < 553 FO0(E2)+0(e 2" )= Cpe 7 gs% +COges — Cue 1 .
4 28 Cj,(21+:/;,
Set & = HfH:%”) and Ty, = (06%[)*) ' 7 since 220 < 31 < A we have
+5-28 y+5— 2,61 2
Coc? — Cae™ T = 7157 (Co - Callf ™7 ) < =DullfI7E]
55

and so for all Hf||5i sufficiently small with ||fH5L <Ty= min{ —_ 7T1, Ty, Tii}, we
+ +

have

1 2
sup Jy (tw:) = Jy(tzwe) < 552 — D[ fII7E" = e
t=>0 5+

To sum up, set Tpo = min{7T3, Ty}, then for all Hf”si sufficiently small with ||f||5i <
+v +v

Too, we have

7, < Ia(tew:) = sup Jy(tw:) < c4,

>0

since t.w. € N 5 and this ends the proof. U]
Proof of Theorem 1.2. Fix 0 < ||f|]% < Tpo, according to Theorem 1.1, we only
need to show the existence and asymptotic behavior of another solution vy which is
different with the first solution uy. Since N, is a closed set in £ by Lemma 2.4,
applying the Ekeland variational principle to construct a minimizing sequence {u,} C
N, satisfying (2.11)7, (2.12)" and (2.13) with weak limit vy, to not confuse with uy
obtained in Section 2 and Section 3.
Step 1. vy, is a solution of problem (Py).

We can get from (2.11) ", Lemma 2.6 (ii) and Lemma 4.1 that
7y > Bo >0 and Jy(up) = 7, < s,

so Lemma 2.10 with ¢ = 7, results in vy # 0 and u, — vy in £, up to a subsequence.

Then, Jy(vy) = 7, . Moreover, u, € N, C N and u, — v further lead to vy € N).
Similarly, one can get from Lemma 2.1 and Lemma 2.7 (ii) that

(L+Nloall +A2p = 1+ 7)D(vy) = (5+7) . [ox|°dz < 0,

therefore, vy € N. ) - Following the argument used for the first solution ) in Section
3, we see that vy is also a positive solution of problem (Py). Moreover, since uy € N. ;’
and vy € N, , we get from Lemma 2.3 that ||vy||g > ||ur]|g. So uy and vy are distinct.
Step 2. For any vanishing sequence {\,} C (0,1), vy, — v strongly in E where vy is
a positive solution of problem (Py) .

For any vanishing sequence {A,} C (0,1), since {v),} C N, is a positive solution
sequence to problem (Py,) provided by Step 1, then Sy < Jy (va,) = 7y < ¢,
|loa, llE > A* > 0 and

An _
(e + )0 = [ Fapvder [ fude @)

R3
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for every ¢» € E and n € N. Since vy, € Ny, and Jy, (vy,) < ¢, then {vy} is bounded
in F by (2.9). Thus, there exists a subsequence of {\}, still denoted by {\,}, such
that as n — oo, 7y — 2 and

Uy, — V0, in F,
vy, — vo,  in L5(R3), s €[2,6), (4.10)
Uy, —> V0, a.e. in R3,

where v is nonnegative in E. Hence, ug > Sy > 0 and J)y, (vy,) — p2 < ¢x. Using (4.9)
and the statement in the proof of Lemma 2.10, one can similarly obtain that vg # 0
and vy, — v strongly in E. Then, ||vg||g > A* follows from ||vy, ||z > A*. Passing
to the lim as n — oo in (4.9) and repeating the arguments used in Step 1 in the proof
of Theorem 1.1, we have that vy is a positive solution of problem (Fp). It follows from
luolle < As, |lvollp > A* and A, < A* in Lemma 2.3 that ||ug||g < ||vo||z. The proof
is completed.
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