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Abstract

This paper discusses the solutions of an iterative differen-
tial equation under general boundary value conditions. Using
an auxiliary integral equation without the help of Green’s func-
tions usually being constructed in higher order equations, we
prove the existence and uniqueness of solutions by the fixed
point theorems of Schauder and Banach, respectively. Our the-
orems generalize and revise the related results.
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1 Introduction

Let X be a Banach space equipped with a norm || - ||, the n-th iterate of
a self-mapping f : X — X is defined by f"(z) = f(f" *(z)) and f°(z) = =
for all x € X inductively. Iterative differential equations, a class of differential
equations with state-dependent delays, have attracted considerable attention
in the later 20th century (smoothness ([11]), convexity ([12]), analyticity ([13],
[20]), monotonicity ([14]), equivariance ([17]), periodicity ([22]) and so on).
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Most of known results on initial value problems for those equations were
related to the following equation or its special cases

o' (t) = f(t,2(t), 2(t), ..., 2" (t)).

Among them, the works [3-5, 7, 10, 16] discussed on the initial value condition

[E(to) = to,

called Return condition (the “fixed point” condition), and [1, 6, 18, 19] con-
sidered the non-Return condition

Jf(to) = X

and proved the existence of nonlocal solutions. There are several results on
higher-order iterative differential equations (periodicity ([2, 8]), Hyers-Ulam-
Rassias stability ([15])). It is worth mentioning that Green’s function is an
important tool for establishing the equivalent integral equations and localizing
the solutions for higher-order differential equations.

Using Green’s function, in 2018 E. R. Kaufmann ([9]) investigated the
second order equation involving 2-th iterates

1"

v (t) = f(t.2(t),2°(t)), t€ [a,0]
associated with the boundary value conditions
z(a) =a, xz(b)=0 or z(a)=05b, z(b)=a.

He gave the sufficient conditions for the existence and uniqueness of solutions
by fixed point theorems. However, no results on the general boundary value
condition

z(a), z(b) € (a,b)

was given yet in [9]. In this paper we study the equation involving n-th iterates,
together with the general boundary value condition, that is, the two-point
boundary value problems

{x”(t) = f(t,x(t),22(t),...,a" (1)), t€ [a,b], 1)

z(a) =x1, x(b) =

is discussed, where the different points 1, xs € [a,b]. Using an auxiliary inte-
gral equation without the help of Green’s functions, we prove the existence and
uniqueness of solutions by the fixed point theorems of Schauder and Banach,
respectively. Our theorems generalize and revise the related results.



2 Lemmas

Let C([a,b],R) be the Banach space of all C® mappings from a closed interval
[a, b] into R equipped with the norm || - ||, defined by

= ).
] = max Ja(1)

We have the following lemmas.
Lemma 1. (/21]) Suppose that z, y : [a,b] — [a,b] are two C° mappings and
[2(t1) — z(t2)] < Mty — o]

for M > 0. Then

j—1

l27 =/ <D Mz —yll, j=1,2, ...
1=0

Lemma 2. The boundary value problem (1.1) is equivalent to the C° solution

of the integral equation

o(t) = b’”éithbfa-/ (b— 5)f (s, 2(s),2(5), ..., 2" (s))ds

To — X1 t b 2 n
+ — 't_b—a'/a (b—s)f(s,x(s),2°(s), ..., z"(s))ds

+/ (t —s)f(s,2(s),2%(s), ..., 2"(s))ds. (2.1)

Proof. By integrating the equation (1.1) twice, together with z(a) =

we have
o(t) = z1 + 2 (a)(t — a) + / (t —s8)f(s,z(s), 2%(5), ..., x™(s))ds.  (2.2)

Note that z(b) = x9, from (2.2) we get

To — I1 b 2
2 (a) = ! -/(b—s)f(s,x(s),x(s),...,x"(s))ds. (2.3)

b—a b—a



It follows from (2.2) and (2.3) that

To — Iq 1

b
z(t) = x1+ [ P _b—a./ (b—8)f(s,2(s),2%(5),...,2"(s))ds | (t — a)

+/ (t —s)f(s,2(s),2%(s), ..., 2"(s))ds

bri — axs a

b
- b +b_a-/a(b_s)f(s,x<s),x2(s),...,x"(s))ds

To — T t

+/ (t — s)f(s,2(s),2°(8), ..., "(s))ds.
This proves (2.1).

Conversely, from (2.1) we get z(a) = x1, x(b) = x2 and the derivation

To — T 1

©(t) = — —b_a-/(b—s)f(s,x(s),xZ(s),...,x”(s))ds

+/ f(s,2(s),2%(s), ..., x"(s))ds

To — I 1

i — —|—b_a-/a(s—a)f(s,x(s),xZ(s),...,x”(s))ds

b
~3 i - /t (b—8)f(s,x(s),2%(5), ..., 2"(s))ds,
then
z (t) = f(tvx(t)7x2(t)7 7In(t))
and the proof is completed. U

3 Boundary value problems (1.1)

Theorem 1. Suppose that f : [a, b]nJrl — R is a C° function and satisfies

| (tu, o) = f(E 01, 0) < Lilug — v
=1

for some constants L; > 0. If

|I2 —$1|

(b—a)*’

L < (3.1)
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where

L= fllaper = I S | f (w0, us ooy ),

then the boundary value problem (1.1) has at least a solution x(t) on |a,b].

Proof. Consider the set

O :={x € C([a,b], [a,b]): z(a) =21, x(b) = z2,
|z (t1) — z(ta)| < M|ty — to, t1, to € [a,b]},

where

. |J]2 — l'1|
b—a

Next, we apply the Schauder’s fixed point theorem to prove the existence of a

C" solution = € © of (2.1).

M - +2L-(b—a). (3.2)

Define the operator 7 : [a,b] — R by

bri — axs a

(Tx)(t) = + / (b—s)f(s,2(s),2*(5),...,2"(s))ds

b—a b—a

Ty — T t ’ 2 n
+ — -t—b_a-/a (b—3s)f(s,x(s),z°(s), ..., z"(s))ds

+/ (t —s)f(s,2(8),2%(s), ..., 2"(s))ds.

We first show that Tx € © for any x € ©. In fact, one can easily check
that

(Tx)(a) =21, (Tx)(b) =129 (3.3)
and
(Tz) (t) = ””z:jl + bia / (s — a)f(s,z(s), z%(s), ..., 2"(s))ds
b
- i p /t (b—5)f(s,x(s),2%(s),...,2"(s))ds.
Since
' Ty — Ty L (b—a)? L  (b—a)?
(Tay(t) = b—a b—ua 2 Cb—a 2
= xz:jl —(b—a)-L
> 0 (3.4)



for zo > x; and

Ty — Ty L (b—a)? L (b—a)?

! < ) )
(Tz) (1) < b—a +b—a 2 +b—a 2
B To — T . )
i — +((b—a)-L
< 0 (3.5)

for x9 < xy, it follows from (3.3), (3.4) and (3.5) that

Tx: [a,b] — [a,b].

Moreover, for any t,ts € [a, b], by calculation we have

|(Tz)(t1) = (Tx)(t2)]

Tg — T t1 —ts b ) .
= |5t t) - / (b— ) f(s, 2(s), 2%(5), .., 2™ (s))ds

+/ (11 = )7, 2(),2%(5), 27 (9)ds — / (2 = ) (5, 2(5), 22(5), s 2 (5))ds
= mz_;xll"tl_t?’+bfa'(b_2a) [t — o

+ +

/2(t1 1) (5, 2(5), 22(s), - 2™ (s)) s

/ "t — ) F(5, 2(5), 22(5), .., 37 (s))ds

to

Ty — X b—a ty — )’

< |2_—1|-|t1—t2|+L'T'|t1_t2|+L'%+L'|tl_t2|'|t2_a|
To— T b—a b—a

< |z_ 1|-|t1—t2|—|—L-—2 .|t1_t2|+L-T-|t1—t2|+L-(b—a)'|t1—t2|

|2 — a4

= |—+2L-(b— St —t
(=liorp-0) n-n

= M|t —to].

Those relations imply that 7x € ©, i.e., T is a self-mapping.



For any x;, x5 € O, using Lemma 1 we have

| Ty — Tas|
_ a—t ’ b 2 n 2
ma [ [0 = 5)((5.21(9)03(6),nal(5) = 5 2().a3(5), o

+/ (t —5)(f(s,21(5),23(8), .., 2 (s) — f(5,29(5), 25(5), ..., w5 (s))ds

’ 2 2
< %2%] /a (b_S)(f(saxl(s)’x1($)7"'7x1(3) _f(sax2(8)7$2(5)7"'7x2(3))d3
+g{ﬁ<} / (t —s)(f(s,21(5), 22(5), ..., 27 (s) — f(s,22(5),23(5), ..., 25(s))ds
< (b—a)? trélgx | f(t, 1 (t), 23 (1), .., Y () — f(E, 22(t), 23(t), ..., 25 (1))
< (b—a) ZL Z )z — 2],

implying T is continuous.
In view that
2]l < max{lal, b} and |x(ty) — x(t2)] < Mty — 1,

O is uniformly bounded and equicontinuous and is relatively compact by the
Arzela-Ascoli theorem.

Therefore, © is a closed, convex and relatively compact subset of the Ba-
nach space C([a,b],R) and T is a continuous operator. By Schauder’s fixed
point theorem 7 has a fixed point x € O, which is a solution z € © of (1.1)
and the proof is completed. U

Remark 1. Let n = 2 and x; = a, 23 = b (resp. z1 = b, 22 = a), our
Theorem 1 is reduced to Theorem 3.1 (resp. Theorem 3.2) of [9], in which
(3.1) is reduced to the main condition (H1) in [9]. Thus, their results are
improved in our Theorem 1.

Theorem 2. Suppose that all conditions of Theorem 1 hold. If

(b—a)? ZL Z <1, (3.7)

where M is defined by (3.2). Then the boundary value problem (1.1) has a
unique solution x(t) on [a,b].

(s))ds



Proof. It is known from (3.6) and (3.7) that T is a contractive operator,
and the remainder is same as that of Theorem 1. Then, the problem (1.1) has
a unique solution x € © from Banach fixed point theorem and the proof is
completed. O

Remark 2. From the assumption
|f(t,ur,v1) — f(t,ug, v2)| < Li|ur — ug| + Lofvy — val,
we can get

f(s,21(5), 21%(5)) — [ (s, 22(5), 22°(5))]

Ly|w1(s) = xa(s)] + Lafz1*(s) — x2%(s)|

Li|x1(s) — 2o(s)| + La(|z1%(s) — 21 0 22(8)| + |71 0 2(5) — 22°(5)])
Li||zy — 22| + La|z1%(s) — o1 0 m2(8)] + La||z1 — 22|

Lyllzy = @]l + Lollz:® — @1 0 | + Lal|zy — |

Lyllzy — zof] + Ly Lol|z1 — 22| + Lol — 23|

= Liflzy — @l + (L1 + 1) Loz — 22,

VAN VAN VAN VAR VAN

but not

|f(37 131(8), x%(S» - f(S,ZL'Q(S),JZ%(S)”
< Lizi(s) — wa(s)] + Lofz1*(s) — 2% (s)]
< Lil|zr — xof| + Lofl21 — 2]

appeared in [9, 15]. Hence, their condition

1
6(L1 + Lo)(b—a)* < 1

should be replaced by (3.7) with n = 2.

4 Examples

We give examples to illustrate our main results.
Example 1. Consider the problem

{x// (t) = keos(cra(t) + cax®(t) + caa®(t)), (4.1)

z(0) =z, x(m) = o,
where k,¢; (i =1,2,3) € R and x1, 25 € [0, 7]
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For

ft,x(t), 2%(t), 2 (t)) := kcos(ciw(t) + com®(t) + ez’ (1)),

note that || f|| < |k| and

[f(t,21(2), w2(t), 23(8)) — f(E, 42(2), y2(t), ys(1))]

< ek -z (t) = yu(t)] + leak] - [22(t) — g2 ()] + |esk] - [23(t) — ys(t)],

we say from Theorem 1 that the problem (4.1) has at least a solution x(t)

defined on [0, 7] if

k< —\962—961!'

2
Clearly, when
r1=0, z9=m, =0, co=1, c3=0,

then example 1 is reduced to Example 3.3 of [9], i.e.,

{m”o:kcos( 2(1)), t € [0,7]
(0) =0, z(r) = .

Example 2. Consider the problem (4.1) again.

From the left side of (3.7) we have

3 i—1
b= 3 L QM7)
7=0
= (b—a)’ '(L1+L2(1+M)+L3(1+M+M2))
= 7 (Jerk] + eok| (1 + M) + |esk| (1 + M + M?))

3 i—1
LY lel Qo M),
=1 7=0

where
29 — 4]
M = ——— +2L-(b—
T (b—a)
_ lmmad o s
T

|29 — 21| + 2| k|7?
- :

9
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By using Theorem 2, we know that the problem (4.1) has a unique solution
x(t) on [0, 7] if

w2 kY yciy(i M) < 1. (4.4)

1=

For instance, choose

1
k=—— Cl = —Cy = C3 =

107 I1:O7 To =T,

372’
note that
3 i—1
7] el (3 )
i=1 j=0

1 2 1 1 1
= N L 2. gty 2. . 2)2
ot ga(rt 2 m) Fggrt2 5
1 2 T 1 T
= 42+ 120+ 0y
ot gt g+ 30+ 5]
1 9 1
294 2.4
< itz 2ty d
n
30
< 1,

so the problem
{x"u) = —fgcosgm ((t) — 2%(t) + 2%(t)),
2(0) =0, a(m)=7

has a unique solution z(¢) on [0, 7].

Next, we choose the data (4.2). Since

3 i1
w2 kY el (Y M)
i=1 =0

= 2|k|7*(1 + |Kk|T)
< 1
if
—T + V71 + 271
272 '

Thus, the problem (4.3) has a unique solution x(t) on [0, ], which is the

|k| < (4.5)

Example 3.6 in [9] and our condition (4.5) replaces the main condition

6
|k| < =t
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Applying our Theorem 1 and Theorem 2, the examples in [15] can also be

easily settled.
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