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ABSTRACT. In this paper, we consider the nonlinear wave equation
uge — Au+mu+ f(z,u) =0, z € T := (R/27Z),

where m > 0 and f is an analytic function of order at least two in u. The long time
behaviour of its solutions is proved by Birkhoff normal form.
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1. INTRODUCTION AND RESULT

Consider nonlinear wave equation on d-dimensional torus
uy — Au+mu+ f(z,u) =0, zeT? (1.1)

with given initial data u(0) = u(0,z) and u(0) = Ouu(0, z), where m > 0 and f(x,u) is
analytic function of order at least two with respect to u at the origin. For (1.1)) with
nonlinearity of the form f(u), i.e., not containing the spatial variable x explicitly, the
long time behaviour of the solutions has been proved by Bernier, Faou and Grébert
in [BFG20a]. More precisely, they show that for almost all m > 0 and all r» > 2,5y >
(d+1)/2, there exists s, depending on 7, 5o such that for any s > s,, if the initial datum
satisfies [|(u(0), %(0)) | gsxms—1 < € for small enough & > 0, then [Ju(t)<n.|,;5 < 2¢ and

Ju(t)s :
u(t)=n. denote the low and high modes parts according to the threshold N, = 57ﬁ,
respectively. In the following theorem, we study more general nonlinearity f(x,u). For
convenience, we keep fidelity with the notation and terminology from [BFG20a].

mso < " for any t < 5_30%, where H? is the Sobolev space on T¢, u(t)<y. and

Theorem 1.1. For almost all m > 0 and any given r > 1, there exists 7,¢, > 0
such that for any s > 2sg > d + 1 with s — 2sy > 2r(2r7 + d), if the initial data
(u(0),4(0)) € H® x H*™! satisfies € := ||(u(0), %(0))|| zrsxzrs—1 < €4, then

lu(t)<n.ll s < cos and  |lu(t)sn.[[meo <€ (1.2)
for any t < 57ﬁ, where N, = 5*35550 and the positive constant ¢y depends on m, s.

Supported by NNSFC (Grant Nos. 11971299, 12090010, 12090013)
1



2 JIANJUN LIU ;, DUOHUI XIANG

Birkhoff normal form for long time behavior of solutions of Hamiltonian partial
differential equations has been widely investigated by many authors. For nonlinear
wave equations, see [Bou96,[Bam03, BG06,[BDGS07, Bam08|, Del09, Zhal0, BFG20a] for
example; for nonlinear Schrédinger equations, see [BG06,GIP09,FG13,CLY 16,BMP20,
CCMW22| for example; for equations with unbounded nonlinear vector field, see [YZ14,
Dell5, BD18, CLW20, CMW20, Zha20,|CMWZ22| for example; for equations without
external parameters, see [Bou00, BFG20b, BG21]| for example.

For , the frequencies of linear equation are w, := +/|a|? +m, a € Z%. If one
wishes to get the usual long time stability, it is necessary to meet the following non-
resonant conditions: any given integer [ > 3, there exists v, 7 > 0 such that for any
k= (ki ,ky) € (2 h=(hy, -, hy) € (Z*) with p+ ¢ < I, one has

]wkl—i--“—l—wkp—whl—"'—whq’Z—Mg(k’h)T, (1.3)
expect that (|ki|, -, |ky|) and (|h1],--- ,|hy|) are equal up to a permutation, where
ps(k, b) denotes the third largest number among {|ki|, -, |k, |h1], -+, |he|}. But

when d > 2, is not satisfied due to the combinations with two high frequencies
in opposite signs, i.e., without loss of generality |k,|, |hy] > N > ps(k, h) for some N
large enough. In [BFG20a], the non-resonant conditions of this type are removed, and
as a result, the corresponding monomials 2y, - - -2y, 24, - - - Zs, are remained in the normal
form. Of course, these terms essentially affect the long time stability. Novelly observing
that these terms preserve the L? norm of high modes, the authors derive the result of
long time behavior from the normal form. During the proof of energy estimate of high
modes in higher Sobolev space H?®, the conservation of momentum, i.e.,

ki4 -4k, —h —--—hy;=0, (1.4)

is crucially used to bound |k,|?* — |h,|*.

However, in the present paper, the nonlinearity f(z,u) contains the spatial variable
x explicitly so that is not true. Then we solve this problem by eliminating more
terms than [BFG20a]. Precisely, we eliminate the monomials 2, - - -2y, 2, - - - Z, With
|kpl, |hgl > N > ps(k, h) and ||k,| — |hy|| > CoN for some positive constants Co. See
Theorem [2.1] for the normal form and see for the energy estimate of high modes
in higher Sobolev space.

This paper is organized as follows: in Section 2, we give a normal form theorem,
seeing Theorem [2.1, which is a modified version of Theorem 5 in [BFG20a]. In section
3, we apply Theorem to the nonlinear wave equation and thus prove Theorem
[I.1] The main step is to control the high modes, and the key is to estimate the higher
Sobolev norm with the help of L? norm, seeing . Besides, instead of Lemma 3
in [BFG20a], we estimate the high modes directly from the vector field in the same way

as the low modes, seeing (3.21)).



2. NORMAL FORM THEOREM

Define the Hilbert space (2(Z%, C) of the complex sequences £ = {&,}4cz« such that
€12 = ) (@) |&l® < o0 (2.1)
a€zZd

with (a@)? := 1+ |a]> = 1 +a} + --- + @ Notice that for complex function u(z) =
> ez Ea€¥ on T? with a -z = ay@y + - - - 4 agzq, the Sobolev norm ||ul| g= is equivalent
to the norm ||£]|s. The scale of phase spaces

Lol 2 (66 = ({&ataen, {€atacnt)
is endowed by the standard symplectic structure —i)__,a d&, A d€,. For a Hamiltonian
function H(¢,€), define its vector field

= (OH O0H
Xu(&,€) = _l<a_£—7 _8_§>’ (22)
and for two Hamiltonian functions H (¢, &) and F(€,€), define their Poisson bracket
: OH OF 0HOF
{H,F}:—IZ(gfaa—ga—a—gaaga). (23)

acZd

In a brief statement, we identify CZ* x CZ* ~ CY2*2" with U, = {+1} and use the
convenient notation z = (2;);—(s.4)cu,xz¢, Where

&q, when 6 = 1,
K £,, when 6 = —1.
Set (j) = (a) and define
23 = > )1z = 1€N3 + 1€ (2.4)
j€UaxZ4

In particular, for any j € Uy x Z%, decompose z = 2<x + 2-y with

z;, for [j| < N 4 0, for |j| < N 05
(2<n)s = 0, for |j| > N and - (2x); = zj, for |j| > N~ (25)
For j = (j1,-++,jr) = (0k,ar)i_; € (Uy x Z%)", denote the monomial z; =

Zaoe.

i1 -+ %j,.. For a homogeneous polynomial P(z) of order r, namely

P(z)= Y. Pz,
F€(U2xZ4)"

define the p-modulus
Plo=Y¢  ap B (2.

aczd dra1+-+drar=a
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Similarly to the proof of Lemma 5.1 and Lemma 5.2 in [Bam03], one has the following
estimate of vector field

1Xp(2)]ls < CIPLJI2]1 (2.7)

with constant C' depending on 7, s, . For two homogeneous polynomials P, () of order
1,79 respectively with finite g-modulus, similarly to Lemma 5.9 of [Bam03|, one has
the following estimate of Poisson bracket

|{P7Q}|M S T1T2|P|/L|Q|u- (28)

Theorem 2.1. Fix a positive integer r. Consider the Hamiltonian function

H=Hy+P=> wlél+P (2.9)
acZd
where the frequencies w := {wgy }eeze and the higher order perturbation P satisfy the

following two assumptions respectively:

(1) for any positive integer [, there exists v,7,Cy > 0 such that for any N > 1 and
j = (5k7ak)§g:1 € (UQ X Zd)l, bl,bg € 7% with ]ak\ < N, ’b1|, ’b2| > N, we have

|01Way + -+ + Owe,| > %, when j ¢ o7, (2.10)
|01Way + -+ + Owa, + wp, | > % (2.11)
|01wWa, + -+ + Oiwa, + wp, + Wey| > % (2.12)
16100y + + + + 1Wa, + Wy — Why| > Nl when [|bi] = [bs|| > CoN, (2.13)

where @] = {j = (0k, ax)t_, | 3 permutation o, s.t. Vk, & = —0,,, |ax| = |agk|} is
the set of resonant multi-indices;

(2) P =), P with P, homogenous of order [+ 2, and there exists p, Cy, Ry > 0 such
that

1P|, < C1 Ry "™, (2.14)
Then there exists a polynomial Hamiltonian y = Y,_, x; of order at most r+2 satisfying
X1l < CoN'T (2.15)

with constant Cy > 0 depending on r,Cy and Ry such that for any given s > d/2, the
transformation of time one map <I>>1< generated by y, whose existence is guaranteed in a
neighbourhood of the origin of [? @ (2, puts H in normal form:

Ho®, = (Hy+ P)o®, = Hy+ 2 + 2" + %) + %, (2.16)

where



(i) the transformation fulfills the estimate
Iz = @3 (2)lls < CsN" |23 (2.17)

in a neighbourhood of the origin of /2 & [? with constant C3 > 0 depending on s
and Cy. Exactly, the same estimate is fulfilled by the inverse transformation;

(ii) 2 is a polynomial of order at most 7 +2 and contains only resonant monomials,
that is to say, for any a € Z,

{J,, 29} =0, (2.18)
where J, := 374, |26]* is the super action;

(iil) 20 =>"7 %l(ii) is a polynomial of order at most r + 2 with two high modes in
opposite signs and having small norm difference: they are (§, ;) and (—§, by) with
|1b1] = |b2]| < CoN. Moreover, the following estimate holds:

1%, < CyNU—7, (2.19)
(iv) 20 =357 2" is a polynomial of order at most r + 2 with at least three high
modes and
12|, < CoNTIT (2.20)
V) %,.3 is a polynomial of order at least r» + 3 and
+
X, (2)lls < CaNTT||2][572. (2.21)

Proof. The proof is parallel to [BFG20a] except an essential difference: some terms with
two high modes of opposite signs will be eliminated, while in [BFG20a], these terms
are kept in # (@) For convenience, we introduce some notations.
For any [ = 1,--- ,r, decompose homogeneous polynomials P, of order [ + 2 as
follows: ' )
B — PZ(O) + Pl(l) + Pl(“) + Pl(m)’

where PI(O) depends only on low modes, namely
ORI DI e

J
JE(Ug xZ4)1+2
p(F)<N

Pl(i) contains only one high mode, namely
o= 3 B

J
JE(UaxZ)!+2
p2(3)SN<p1(j)

Pl(ii) contains two high modes, namely
ORI DI e

J
JE(UgxZ4)1+2
w3 (F)SN<p2(4)
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and Pl(iii) contains at least three high modes, namely

PO = 3 By

J
7€(Us ><Zd)l+2
ps(d)>N

with g,,,(§) being the m-th largest number amongst the collection {|jx|}i .

We will not only eliminate the non-resonant terms of PZ(O), all terms of Pl(i), and the
terms of Pl(”) with two high modes in same sign as in [BFG20a], but also eliminate the

terms of Pl(") with two high modes in opposite signs and having large norm difference,
ie., (6,b1) and (—0,by) with ||by| — |b2|| > CoyN. For the latter, the corresponding
homological equations are solved with the help of non-resonant condition ([2.13)).
Comparing with [BFG20a], although there is no condition of zero momentum,
we still have the estimates of vector field and Poisson bracket, seeing and .
Besides, the remaining proof is a standard procedure of non-resonant Birkhoff normal
form and thus we omit it. OJ

3. PROOF THE MAIN THEOREM

Write the operator A := (—A 4 m)"/? and let
1

ﬂ(Aéu +iAT24), (3.1)

z

and then (|1.1]) is equivalent to

1.2+ Z

5= —iAz — EA—af(a;,A—a( NG ). (3.2)

Using the Fourier expansion z(t,z) = Y, 71 &a(t) €%, for any = € T, rewrite ([3.2) as

. o0H
- i 3.3
b= —ige (33
with the Hamiltonian function
H=Hy,+ P
1 é' eia-x +g- ef'ia-x

= al€al? F - a d A4
S aled+ o [P S @

a€Zd a€Zd

where

and F' is the primitive function of f with respect to the variable u, i.e., f = 9, F.
In the following, we identify the function z with its sequence of Fourier coefficients
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{&taeza(or {2} jeu,xza). In view of (3.1)), there exists a constant ¢ > 1 depending on
m and s such that

1 )

ZH(uv U)| HsxHs—1. (36>
In the following, we will check that the Hamiltonian H in (3.4]) meets two assumptions
and in Theorem [2.1{

On the one hand, we show that for almost all m > 0, the family of frequencies

{Wa}aezae given in (3.5) is non-resonant, namely satisfies conditions (2.10)—(2.13)). It

is shown in [Del09] that for almost all m > 0 and any positive integer r, there exists
v, 7 > 0 such that (2.10)—(2.12)) hold. Then we only need to check the condition ([2.13)).
For any N > 1 and j = (6, ax)k_; € (Uy x Z%)! with [ < r and (a;) < N, one has

wa, = V]aP+m < VN2 —1+m<VI+mN

HexHs—1 < ||Z||s—% < c|[(u, @)

and thus
|01Way + -+ + Swe,| < V1I4+mrN.
For any |by| > |by| > N with |be| — |b1| > 2(1 4+ m)rN, one has

Why — Wy, =V |b2]2 +m — /|12 +m
|bo|* — [a |
Vb2 +m+ /b2 +m
S |ba|* — |1
V1 4+ m(|bso] + |b1))
ool = b
Vi+tm
>2y/1+ mrN.

Hence, one has
|01Way + -+ OWa, + Why — Why| = Why — Wiy — [010a; + -+ + G1wa,|
>+vV1+mrN.

Taking Cy = 2(1 + m)r, holds when |[b;] — [bo|| > CoN.

On the other hand, since F' is analytic with a zero of order at least two, then the
assumption (2)) in Theorem holds.

Applying Theorem , there exists a normalizing transformation CID}< such that

®-1(z) = /. Let N = N, and then N?r27+d) < Ns=250 = =21 By (2.17)) and (3.6)),

X
for any small enough ¢, one has

12/ (0)]ls—2 < [[2(0)[s=z + [12(0) = DL (2(0))[[,—1 < 2ce. (3.7)
Then recall the notation (2.5)), we have
12'(0)<n s < [12'(0)]] -1 < 2ce, (3.8)
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17(0)on s < N2 (0)onll,_y < 262+, (3.9
Define

t = inf {t > 0| [|2'(t)<nlls = 3ce or [[Z'(t)>nls-1 = 5”“}.

and we will prove that ¢ > £ %0 in two parts.
(1) Control of the low modes 2'(t)<y.
Define Foy(z) = ||2<n % and then

|[Fen(2(t) — Fen(2'(0))] =

/{H0¢wﬂwﬂ m>)

/ H% (i1) _|_% 141) +%r+37F<N} |dt
< [t X o tiio 1, 5 (2'(1)) < '(t)szv ;- (310)
By [2.7), (2.19)(2.21)), there exists constant C' > 0 such that
| Xy oo (2/ () <l s < N2 ([ X o pn (2 2 ()< llso-2
—2sp+1
< CN a2l N=D THZ/( ) NHSO_,
< Ceta (3.11)
1 X, (2 () <nlls < CNT (|2 (B)enl5 + N 7552 ()< NI 12 5wl )
< Cemta, (3.12)

When ¢t < 57ﬁ, by , 7, one has
12wz < 12°0)<nls + [Fen(2'(1) — Fen (2(0))]
< 42 4 O 20" TS
< 9c%?. (3.13)
(2) Control of the high modes 2'(t)s n.
By Theorem 2.1, 2 can be written as

(4d) _ / !l
R\ = Bblbz(ng)Zblsz (3.14)
b1,bocZ?
[b1],|b2|>N
[161]—b2||<2(14+m)rN

with the estimate

| By, (2 )| < ONOV7|12L (3.15)

for some positive constants C'. Besides, as the Hamiltonian is real, we have By,;, (2L y) =

By, (24 ), i.e., the operator (Bblb?(Z/SN))bl,bg is Hermitian so that

{2 (1), 12 )sn3} = 0.




Thus one has
[12/(8)> 118 = 112/ )51 = \ JRUET O EORY
< [ HA + B0, 1 O )

<t X o 1,5 (') > lol12 () 5w o- (3.16)
Notice that by (2.7)), (2.20) and (2.21)), there exists constant C' > 0 such that
3
X (2/ (D)5l g3 SCNUIT2 ()52 < ¥, (3.17)
rT Zsg—sl r r
X2, 00 (2 () 5w llsg—y SCNTT(NTZ[|Z/(O)<n 5" + 12/ (@) <n 17 12/ () 5 w1l 0-1)

577

<Ce¥ts, (3.18)

By (3.9),(3.16)—(3.18) and the fact sq > 1/2, one has
12 (®)> w15 12" (0)>n 115 + 1t X o, o (2 () s g2 12/ () s v L2
<C(1+4t)e¥ 3. (3.19)

Define FLy(z) = ||z>N||§O_l and then

|Fun(Z(t) — Fanl(z |_'/{HO(I)X7F>N}( (t))d ’

/ H%(“ 748 + Rry3, Fon} (2 {dt (3.20)
Using (3.14) and (3.15]), one has
{2, Fon} (2 (1)]
:( > ((b1)**07 " = (b2)** ") Byyso (2 ) 21, %,
|b1],|b2| >N
[[b1]—[bz||<2(1+m)rN
= 2 (250 = 1)[(br) — (02| ({b1) %072 + (b2)**° ™) | Boyn (22v) | |23, 2,
|b1],|b2|>N

[|b1]—[b2]|<2(1+m)rN

<CONTIH 2Ly |5

Z (br)™~ <b2 }Zbl Zby ‘

[b1],|b2| >N
[[b1|=[b2|[<2(1+m)rN

SON(T—I)T+d+1 ||Z,<N

sl 1wl

S E P (3.21)
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where the last inequality follows from the estimate CN " 1)TJFd“Hz vlls <1 and the
2

Holder iequality |12,y [, 5 < |23 |ll, 7 - By 1D and (BI9), there
exists constant C' > 0 such that

{ B + Rrvs, Fon} (2 ()] <[ Xoptin pap, (2 ()55 gt 12/ (D540
<Ot (3.22)
By (3.19)—(3.22), it is easy for any ¢ < £ %0 to get
[Fon(2(8) = Fon(2'(0))] <t(ll2Swllg o=t Ll 2i° T+ OV

<t(C(1+ t)€3r+§) 250715(T+1)(2—23027_1) 1 O3+

%52(”1). (3.23)
By (3.9) and (3-23), we obtain
1O n 2,1 S U O0)sn2 1 + [Fon (' (1) = Fon(2(0)] < 070, (3.24)

Combining 1-} and (3.24), we can conclude that f>e %0,
By (2.7 . and ([2.15)), there exists constant C' > 0 such that

1X () <nlly < ONT(Z B anl? + N 7272 O<nllsg 1@ snlly 1)
< Ce?, (3.25)
X (2 ()5 n g1 S ONT(NT = |20 n |} + 17 (O <nllggo 1 17 (D)5 nlgp-1)

< Ce'ta, (3.26)

So by and f, for any t < E_ﬁ, we have

Izt <nlls = 123" ()<nlly < 12O <nlls + 1K (2 () <nlly < dee,

12> nlli—1 = 123 (Z' (1) snllp—s SN2 (E)snllpms + 1K (' () sn ] 50-1 < 267
Going back to the original variables u, take ¢y = 4c? and by , we can obtain

o < e

[u)<nllys < coe and  fu(t)>n]
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