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Abstract

We investigate the long-time dynamical behavior of coupled suspension bridge
equations with double nonlocal terms by using the quasi-stable methods. We first
establish the well-posedness of the solutions by means of the monotone operator the-
ory. Secondly, the dissipation of solution semigroup {S(¢)}:>o is obtained, and then,
the asymptotic smoothness of solution semigroup {S(¢)}+>o is verified by the energy
reconstruction method; ultimately, we prove the existence of global attractor. Finally,
we show the existence of the generalized exponential attractor.

Keywords: Coupled suspension bridge equations; double nonlocal terms; global
attractor; generalized exponential attractor.

1 Introduction

The early suspension bridge equation is derived from the mathematical model of one-
dimensional simple support beam suspended by hangers, which describes the deflection
of the roadbed in the vertical plane, see [1,17]. As a new problem in the field of non-
linear analysis in 1990, Lazer and McKenna [2] introduced the following one-dimensional
suspension bridge equation

gt + Elugyps + 0up + ku™ = W(z) +ef(x,t), (z,t) € (0,L) x R,
(1.1)
w(0,t) = u(L,t) = gy (0,t) = uge (L, t) =0, t>0.

* Corresponding author: magzh@nwnu.edu.cn.



In 1998, Ahmed and Harbi [16] made a rigorous mathematical analysis for the coupled
suspension bridge equations, which studied the dynamical behavior of system under the
different conditions, and gave the relevant simulation and physical interpretation.

In recent years, a series of important researches have been made on long-time dynamics
of suspension bridge equations, see for example [4,7,9-15,18-25] and the references there-
in. Ma and Zhong [18] first obtained the global attractor of the weak solution for coupled
suspension bridge equations in 2005, and they [19] further studied the existence of strong
solution and strong global attractor for the following beam-string coupling system

Ut + QUgzze + 01U + k(u — )" + fe(u) = hp(x), =z €]0,L],

Vit — BUge + dovr — k(u — v)T + fs(v) = hg(x), x € [0, L]. (1.2)
Bochicchio, Giorgi and Vuk [7] proved the existence and regularity of the global attractor
with finite fractal dimension for the extensible suspension bridge equation

Outt + Ozgaau + (p — HaxUH%Q(O,l))amu + Oru + k*ut = /5 (1.3)

where p € R. Park and Kang [9] proved existence of global attractor for suspension bridge
equation with nonlinear damping. Wang and Ma obtained the existence of pullback at-
tractors for non-autonomous suspension bridge with time delay in [21], Hajjej et al. [25]
investigate the stability of the energy for suspension bridge with a localized structural
damping. Recently, Zhao, Zhao and Zhong [3] considered the following extensible beam
equations with nonlocal weak damping

ug — AN*u— m(||Vul|?)Au + |Jug|Pus + f(u) = h, (z,t) € Q x R, (1.4)

with two kinds of boundary conditions, namely, clamped or hinged boundary conditions

ou
ulon = P lon = 0, or ulgo = Aulsq =0.

And they showed the existence of solution and global attractor for (1.4) by the monotone
operator theory and the energy reconstruction method.

It is worth noting that most of the researches on the long-time behavior of the so-
lutions for suspension bridge equation only obtain the existence of the attractors, while
the fractal dimension of the attractors and the existence of exponential attractor are rel-
atively less. Based on the above-mentioned works, we are concerned with the existence
of global attractor with finite fractal dimension and generalized exponential attractor for
the following coupled suspension bridge equations with double nonlocal terms

Ut + Uggae + |Jue]|Pue + K2 (uw — ) + Jul|9u = hp(z), (z,t) € [0,L] x RT,

(1.5)
Vit — Ve + ||ve][Pre — K2 (u — v) T + ||lv]|% = hg(x), (x,t) € [0,L] x R,



with initial-boundary value conditions

w(0,t) = w(L,t) = uz2(0,t) = uge(L,t) =0, te€RT,

v(0,t) =v(L,t) =0, t e RT,
(1.6)
U(ZL‘,O) = u0($)¢ut(x70) = ul(:v)) x € [O? L]?
U(J:‘,O) :’U(](ZC),Ut(JZ‘,O) :’Ul(x)a (S [O,L],
\
where v = u(z,t), v = v(z,t) are the unknown function and denote the downward

deflections of the roadbed and the cable, respectively. |lu¢|[Puy, ||v¢||Pvy are the nonlocal
weak damping terms, ||u||9u, ||v||?v are the nonlocal functions, p, ¢ > 0, and the sim-
plest function to model the restoring force of the stays in the suspension bridge can be
denoted by multiplying the constant k? by u — v, where k? > 0 denotes the spring co-
efficient, (v — v)™ = max{(u — v),0}, namely, the expansion if u — v is positive, but
zero, if w — v is negative, corresponding to compression. Moreover, The external forc-
ing term hp, hs € L?([0,L]) (Here we can give two examples of the external forcing
term for this work: h(z) = cos(2F£), or h(z) = sin(#Z) € L2([0, L])). For brevity, we
denote Q = [0, L], AU = Ugzz, —AV = —Vgy.

Our main object in this paper is to investigate the existence of global attractor with
finite fractal dimension and generalized exponential attractor for beam-string coupled e-
quations with double nonlocal functions. Since the coupling of the equations is reflected in
the semilinear term (u—v)™, the double nonlocal terms don’t effect the energy reconstruc-
tion method proposed in [3], so we don’t meet the new difficulties in dealing with existence
of global attractor. Different from [3], we further obtain the finite fractal dimension of
global attractor and the existence of generalized exponential attractor.

This paper is organized as follows. In section 2, we recall several definition and ab-
stract results in theory of nonlinear dynamical systems that will be useful to discuss our
problem, and obtain the well-posedness results by means of the monotone operator theo-
ry and show that the problem (1.5)-(1.6) generates a dynamical system (#,S(t)) in the
space H = (H?(Q) N H}(Q)) x L3(Q) x H(Q) x L*(Q) in the next section. In section
3, we give the dissipativity, and then prove the existence of global attractor for (1.5)-
(1.6). Finally, We obtain the existence of generalized exponential attractor with finite
fractal dimension in section 4.

Explaining in here, all C' throughout the paper represent a normal numbers, and each
C' is not exactly the same.



2 Preliminaries
Let Vo = L?(Q2), V1 = H&(Q), Vo = H?(Q)N H&(Q) Then we define the phase space
H=Ve x Vo x Vi x W, (2.1)

and endowed with the norms

1
1 2
1 s, 0, ) e = (2<|1Au||2 T el + 902 + HvtIIQ)) ,

where ||V || and ||A-|| stand for the norm of V4 and V, respectively. Denote A = A? with
domain D(A) = {u € H*(Q) N H}(Q)|ugz(0,t) = uge (L, t) = 0}.

Suppose that A\; > 0 is the first eigenvalue of A% with u(0) = u(L) = uz(0) =
Uz (L) = 0, then )\1% is the first eigenvalue of —A with u(0) = u(L) = 0, and there holds

1
[Aul2 > Ay ful?, Yu € Vo, ||[Vul> > A2|jul?, Yu € Vi. (2.1)

Lemma 2.1 [8] Let X be a separable Banach space. We denote by Ly(a,b; X) with 1 <
p < oo the space of (equivalence classes of ) Bochner measurable functions f : [a,b] —
X such that || f(-)||x € Lp(a,b). Each Ly(a,b; X) is a Banach space with the norms

b 1
1 cytain = ([ 150Idt) 1 < p <,

I Zoo (i) = esssup{l|f(t)]lx : ¢ € [a, b]}.

We also denote by C(a, b; X) the space of strongly continuous functions with values in X and
use the space
WhP(a,b; X) = {f € Cla,b;X) : f € Ly(a,b; X)},

where f'(t) is a distributional derivative of f(t) with respect to t. We note that the s-
pace Wht(a,b; X) coincides with the set absolutely continuous functions from [a,b] into X .

Definition 2.2 /3, 5] A function (u(t), v(t)) € C([0,T]; Va x V1) possessing the initial
data u(0) = ug, ut(0) = u1, v(0) = vy, v4(0) = vy is said to be

(S) a strong solution of (1.5)-(1.6) on the interval [0, T] if and only if

(i) uw € Whi(a,b;Va), v € Whi(a,b;V1), uy € Whi(a,b;Va) and vy € Whi(a,b; V1) for
any 0 <a<b<T;

(ii) Au(t) + A%v(t) + Duy(t) + Dvy(t) € Vy for almost all t € [0,T], where the opera-
tor D satisfies the Assumption 1.1(D) in [5], and Du(t) = ||ug|[Pus, Dve(t) = ||ve][Pog;
(1it) Eq.(1.5) is satisfied in Vj for almost all t € [0,T).



(G) a generalized solution of (1.5)-(1.6) on the interval [0,T) if and only if there exists se-
quence of the strong solution {u,(t)}, {vn(t)} of (1.5)-(1.6) with initial data (won, Uin, Von, Vin)
instead of (ug,u1,v0,v1) such that

lim max {0p(t)~pun (1) |+ A3 u(t) = Abun (y) | H10r0(H) 0w (1) +] AT v(t) - A v ()] | = 0.
n—00 t€(0,T)

Remark 2.3 For the convenience of readers, the Assumption 1.1(D) in [5] is given as
follow: the operator D : D(A%) — [D(A%)]’ is assumed the monotone semicontinuous
with D(0) = 0, i.e. (Du—Dv, u—v) >0 for allu, v € D(A%), and A — (D(u+Mv), v) is

a continuous function from R into itself. Moreover, we assume that there exists a set W C
D(A%) such that D(w) C V' for every w € W and W is dense in V.

Lemma 2.4 [3] Let H be a Hilbert space with inner product (-,-) and norm || - ||z, u,v €
H. Then there exists some constant C-, which depends on -y such that

Cyllu—vll} v>2
—2 —2 ol H> Z 4y
(lal 2 — (ol 20,0 — v) > i s 22)
Y (Tulla+ola)?= =7z
Corollary 2.5 Denote D(p;) = ||e]|Pue and by Lemma 2.3, we obtain
(D(pt) = D), p1e = 01) > Copllpe — 0|P*2, p >0, py, 9 € Vo, (2.3)

i.e., the damping operator D is strong monotone. Moreover, the damping operator D sat-
isfies the Assumption 1.1(D) in [5].

Theorem 2.6 Let T > 0 be arbitrary, the following statements hold:
(1) For every (ug,uy,vp,v1) € Vo X Vo x Vi X Vi, such that Aug + A%UO + Duy + Dvy €
L%(Q), there exists a unique strong solution of (1.5)-(1.6) on the interval [0, T) such that

(Utauttyvtyvtt) S LOO([07T];V2 x Vo x Vi x %)7
(ug,v¢) € Cr([0,T]; Va x V1), (ug,vee) € Cr([0,T]; Vo x Vp),
Au(t) + Dug(t) € Co([0,T]; Vi),  A2o(t) + Duy(t) € Co([0, T]; Vi),

where C, represents the space of right continuous functions, and the solution of Eq.(1.5)
satisfies the energy relation

E(t)+/0 (||uthut,ut)dU+/0(Hthpvt,vt)dU:E(O), (2.4)

where
1 1 1 1 1
E) = ~llwll? + =1Aul2 4 =lloli2 + =1Voll2 + =221 (4 — o)+ 1I2
(1) = Sl + S Aul? + 2 ol + 5 IV0l? + 5421~ v

1
+ a2 ol = [ hp(@utde - [ syt

(2.5)
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1 1 1 1 1
Eo(t) = S llunl + 18l + Slul? + 5ol + 54w — o)

1 g+2 1 g+2 (2:6)
+ ——=|u + ——|[v]| 7.
el + el

(2) For any initial data (ug,u1,vo,v1) € Vo x Vo x Vi X V}y there exists a unique generalized
solution such that

(u, ug,v,v) € C([0,T]; Vo x Vo x Vi x V). (2.7)

Theorem 2.7 [3] Assume that the damping operator D maps Vy into Vo/ and is @ mono-
tone semicontinuous operator which is bounded on bounded sets, i.e., for any p, there have

sup {|D(“)|VO’ cw€ Vo, Jlull <p} < oo (2.8)

Then every generalized solution is also weak, i.e., the relation

(ue(t),w) = (u1,w) —/0 ((Au(a),w) — (Dui(0),w) + ((hg — k*(u—v)* — ”quu),w)>da,

(ve(t),v) = (v1,v) —/0 ((A%v(a),y) — (Dui(0),v) + ((hs + k*(u —v) T = |jv]|7), V))dO',

holds for every Vw € Va, Yv € Vi and for almost all t € [0,T].

Remark 2.8 The proof of Theorem 2.6 is similar to the proof of Theorem 2.3 in [3], so

we only give the above conclusion.

Corollary 2.9 Problem (1.5)-(1.6) generates a dynamical system (H, S(t)) in the space H,
the corresponding evolution operator S(t) is given by the formula

S(t)(uo, u1,vo, v1) = (u(t), ue(t), v(t), ve(t)), (2.9)
where (u(t),v(t)) solve (1.5) with the initial data (ug,u1,vo,v1).

In order to obtain the main result for our problem, we also need the following definitions
and abstract results from the book of Chueshov and Lasiecka [6] (see Chap. 7).

Definition 2.10 /5] A dynamical system (X, S(t)) is said to be asymptotically smooth if
and only if for any bounded set D such that S(t)D C D for t > 0, there exists a compact
set K C D in the closure D of D, such that

lim distx{S(t)D,K} =0, (2.10)

t——+o0

where distx{A, B} is the Hausdorff semidistance between sets A and B.



Definition 2.11 [5]/ A bounded closed set A C X s said to be a global attractor of the
dynamical system (X, S(t)) if and only if

(1) A is an invariant set, i.e. S(t)A = A for Vt > 0;

(2) A is uniformly attracting, i.e. lt_lgrnOo distx{S(t)M, A} =0 for all bounded set M C X.

Theorem 2.12 [5] Let (X, S(t)) be a dynamical system on a complete metric space X en-
dowed with a metric d. Assume that for any bounded positively invariant set B C X there
exists T > 0, a continuous non-decreasing function r : R™ — RT and a pseudomet-
ric o5 € C(0,T; X) such that

(1) 7(0) =0 and r(s) < s for every s > 0;

(2) the pseudometric 0% is precompact (with respect to X ), i.e. for any sequence {x,} C
B has a subsequence {xy, } such that the sequence {yr} C C(0,T;X) of elements yi(7) =
S(T)an, is Cauchy with respect to ok;

(8) the following inequality holds

d(S(T)y1, S(T)y2) < 7“<d(y1,y2) +op({S(r)y}, {S(T)yz})>a Yy, ye € B, (2.11)

where we denote by {S(-)y;} the element in the space C(0,T;X) given by function y;(-) =
S()yi, t =1,2. Then (X, S(t)) is an asymptotically smooth dynamical system.

Definition 2.13 [6] Let (X, S(t)) be a dissipative dynamical system in a complete metric
space X. Then the dynamical system (X, S(t)) possesses a compact global attractor if and
only if (X, S(t)) is asymptotically smooth.

Definition 2.14 [6] Let X and Y be two reflexive Banach spaces with X —— Y and
put H =X x Y. If there exist a compact semi-norm nx on X and two locally bounded
nonnegative functions a(t) and c(t) satisfying

b(t) € LYRT)  with Jlim b(t) =0, (2.12)
1Sy — S®2lE < al®)lyr — w21, (2.13)

and
1S ()yr — SEy2llFr < b(0)llyr — yallf + c(t) Zl[tpu[nX(u(S) —(s))]%, (2.14)

for every y; € B, i = 1, 2, where B C H is the bounded positively invariant set, and
S(t)y; = yi(t), t > 0. Then (H,S(t)) is called quasi-stable on B.

Theorem 2.15 [6] Let (X,S(t)) be a dynamical system. If (X,S(t)) possesses a com-
pact global attractor A and is quasi-stable on A, then the attractor A has finite fractal
dimension.



Theorem 2.16 [6] Let B be a bounded positively invariant absorbing set on the dynamical
system (X, S(t)) which is quasi-stable. If there exists a larger space X O X such that for
any T > 0, it holds

HS(tl)y — S(tg)yH)? < CB|t1 — tQ‘T, t1, ta2 € [O,T], y € B, (2.15)

where Cg > 0 depends on B, T € (0,1]. Then the dynamical system (X, S(t)) possesses a
generalized exponential attractor AP C X whose dimension is finite in X.

3 Global attractor

In this section, we will prove the dissipativity of the semigroup {S(¢)}+>0 corresponding

o0 (1.5)-(1.6), and verify the asymptotic smoothness of the dynamical system (#, S(t)) by

means of a priori estimates and the energy reconstruction method. Finally, the existence
of global attractor is obtained.

Theorem 3.1 The dynamical system (H,S(t)) generated by (1.5)-(1.6) in the space H is
dissipative, namely, for any bounded set B C H, there exist a positive constant R > 0 and
to = to(B) > 0, such that

1S@ylln = || (u(t), ue(t), v(t),ve(t) g < R,
forallye B andt > tg.

Proof. Multiplying (1.5) by ¢ = u; + eu and 1) = v; + ev, and integrating over €, respec-
tively, we obtain that

d /1 1 1 1 1
f(fHUtH2+fHAuHMvatHMfHWH2+fk2H(u—v)+H2
dt 2 2
1
q+2 q+2
+ +2H ul| +2Hvll + (ug, eu) + (vt ev)
—/hBuda:—/thda:) — ellue))? + €| Aul? — €l|v]|? + €]| Vol |? (3.1)
Q Q

+ek? [l (w = )T + el + €| + (

+(||vt\|pvt,vt+ev)—e/ hBuda:—e/ hsvdx = 0.
Q Q

lug|[Pug, up + eu)

According to Holder and Young inequalities and (2.1), it follows that

1 1
| [ hauda] < -l + 18ul? (32)
o N 4

‘/hgvd:c |]h5||2 fHVvHZ. (3.3)



Combining with (2.5)-(2.6) and (3.2)-(3.3), we have

E(t) > C()Eo(t) — Cy, 0<cy <. (3.4)
Denote W (t) = E(t)+ (ut, eu)+ (v, €v), and by Hélder and Young inequalities, there holds
1 9 €2 9
€l (ug, w)| < 2 lue]|” + = [ Aull, (3.5)
4 A1
and
(00, 0)] < Sl + = o (3.0)
e|(vg,v)| < =|lv —||Vo||%, :
t VAN
together (3.4)-(3.6), there exists g > 0 with 0 < € < ¢ such that
W(t) > ClE()(t) — Cl, 0<ep <1 (3.7)
Next, we rewrite (3.1) as follows
d
%W(t) +eW(t)+Y(t) =0, (3.8)
where
» » 3€ 5  J€ 5
Y (t) =(lluelPue, ue + eu) + (JoelPor, ve + ev) = llue]]” = S llvel]
2
€ 2, € 2, €k 2 (g+1)e 2
+§HAUH +§||V’UH +7H(U—’U)+H ‘Fq_l_72HU||q+ (3.9)
(q+1)e 42 2 2
+ ———||v||"* — €“(us, u) — € (vg, v).
L o2 — ) — € (ui,0)
Using Young inequality, we get that there exist constants ca, c3 > 0 such that
(g, ug) = Jlugl® < ez + cslfue|P+2. (3.10)
Combining with (2.4) and (3.4), there exists Cp > 0 such that
Ey(t) <C(A+E(t) <C(1+ E0)) <Cpg. (3.11)
By Cauchy and Young inequalities, (2.1) and (3.11), we have
1 1
[leael e, €w)] < ellue][P (G llue ] + 5 )
€ €
< ClullP*? + & P u?
€ €
< lullP*? + S(Collual™? + o) ful?
€ eC, €o (3.12)
< = P2 L 9 Al P2 ¢ 7 A2
< Sllull?*? + SN AulP - a2 + 2 Al
€ eC, €0
< £ P2 L T B . p+2 4 T ot
< £l + S Eo(0) - a2 + o)
€ eC,C
< Sl + =FE 7 + e
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similarly, the following inequality holds
eC,Cp

[(loel[Por, ev)] < %HUt||p+2 + Zi\ﬂ—l\lvtllp+2 + €Cs.
Together with (2.1) and (3.12)-(3.13), we achieve
([Juel[Pug, ug + euw) > (1 — g — 6(;0)\?3) |t ||PT2 — €Cs,
and
(falPor, o+ €0) > (1= § = L Y oulp*2 =

Now, by virtue of (3.9)-(3.10) and (3.14)-(3.15), it follows that

1 e €eC,Cp 3¢ € 9
O = . S e
(t) = (03( 27 2N )-3 4)”“”'
1 e €eC,Cp Je € 9
—(1=-2=— _ = _ -
(05 5o) -5 )
e & € e
A A 2 s 2
# (55 1ouP + (5= o JIvel
co eC,Cp €eC,Cp
—=(2—€— — C C
C3 ( ¢ 2)\1 24/ )\1 ) 2 3
choose € > 0 small enough, such that
1 e eC,Cp 3e € e € € €3
Sl (6 [ _2x_Z o= S
03< 27 2N )-3-170 5 YR Y, v
1 e €eC,Cp 3¢ € eC,Cg eC,Cp
—(1—-== - ——=>0, 2—€— — >
c3 ( 2 2/ ) 2 1 T TN 2h
We obtain that Y (¢) > —eCly, then it yields from (3.8) that
d

aW(t) + eW(t) < eCy.
Applying the Gronwall lemma, we conclude that
W(t) <W(0)e™® + Cy(1 — e ).

Therefore, there exists ty = to(B) = 11n %40) such that

W(t) <2Cy, Vt > to.
We claim from (3.7) that
20, +C
”(U, utvvavt)HH < % = R.

This is the complete proof of the dissipativity.
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Remark 3.2 Theorem 5.1 implies that

Bo = {(u(t), us(t), v(t), ve(t)) € H - || (u(t), ue(t), v(t), ve (D)) < R}

is a bounded absorbing set of semigroup {S(t)}+>0 corresponding to (1.5)-(1.6). From the
above proof, it is easy to see that dissipativity of the semigroup is independent of p and q.

In order to prove the asymptotic smoothness of the dynamical system (H,S(t)), we
need first to establish the following estimates.

Theorem 3.3 There exist Ty > 0 and a constant C > 0 independent of T such that for
any pair (u1,v1) and (ug,v2) of strong solutions for (1.5)-(1.6), we have the following
relation for T > Ty,

T
t +/ By (t)dt
0

T T T
2 2
<cm{ [ lalPa+ [ 1aRa+ [ 0. o
T T T
+ /0 (D(t, &), G)dt + /0 (D(t,&),&)|dt + /0 (D(t,G), )t
T T T
. . 2
4 /0 IAE] - Nt + /0 IV - Icide + /0 |ag)2dt
! 2d Td ' A d Td ' d (3.23)
+/0 Ivel t+/0 t/t || 5||-||gt||f+/0 t/t IVl - Il -
] [ G — o, ]+ ] [ (lies — foaltes, ]
0 ’ 0

T T
| [ Gl tes = s, &t + | [ (lunlivon = foalften, )
0 0

T T
| [t [l = s, )]

e [ [ ol = elien, Gy},

where £(t) = ui(t) — ua(t), C(t) = v1(t) — va(t) and

1
Enn(t) = 5 (Il + 1860 + G2 + 19¢)1), (3.24)

D(t,&) = |lwiellPuae — [JugelPuze,  D(t,G) = [Jorel|Pvie — [Jvze||Pvze. (3.25)
Proof. Note that £(t) = uy(t) —ua(t) and ((t) = v1(t) —va(t) satisfy the following equality

gtt + gxzx:r + D(tvgt) + kQ(ul - U1)+ - kQ(UQ - U2)+ + ||u1||qu1 - ||u2||qu2 =0, (326)
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Ctt — C;m + D(t, Ct) — /{72(11,1 — Ul)+ + k2(UQ — 'UQ)Jr + ”’UlHqu — HUQ”q’UQ =0. (3.27)

Multiplying (3.26) and (3.27) by & and (;, and integrating over €2, respectively, we obtain

S E + 5 SIAEN + (DUt ),6) + (K —m) ™ — K2z —v2)

+7£t)
+ (lua[|Tur — [Jug||Tuz, &) + 2dt||CtH2 + §£IIVCI|2 (D(t, ), ) (3.28)
— (K (u1 —v1)" = k*(uz — v2)", ) + ([[vr]|901 — JJva||Tv2, &) = 0,

then

thm( ) ( (t,ft),ft) + (D(tth),Ct) _

—(K* (w1 —v1) T = k*(ug —v2) T, &)
+ (K (uy —v1)" = K (up — v2) ™, )

(3.29)
— (lualfur = fluzl|fuz, &) — (fvr]|Tv1 = [lo2]|*v2, G).-
Integrating over [¢,T] to (3.29), we get that
T T
Em(T) + / (D(ta ft)v gt)dT + / (D(ta Ct)v Ct)dT
t t
= B0~ [ (7 o)~ K w60
(3.30)

/ kz u1 — ’U1 ]{2<’LL2 — U2)+, Ct)d’l'

T
(sl ss — [Jua |9, &) — / (lonl%o1 — flva][%v2, G
t

Multiplying (3.26) and (3.27) by £ and ¢, and integrating over €, respectively, we obtain

(&, &) + (Ct, Q) — l&l® + 1 A&1 = NG + 1IVEIP
(D(t, §t) ) (D(t,¢),¢) = —(k*(ug —v1)F
(k*(ur — v1)* = Kk (us — v2) ", Q) — (JJua]|%w
—(

[oa][*v1 = [lva[[Tv2, €),

++§:\9~

— K (ug — v2) ™, €)

(3.31)
— [luzl|?uz, £)
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and integrating over [0, 7T, it leads to
T T T
2 [ Batde—2 [ lelPd=2 [ 1alPa+ 60 + (@0l
' D(t dt + ' D(t dt
+/O ( (7§t)7£) /0 ( (7(75)7()
T
== [ 020 = o) = R - ) € (3.32)
To
+/ (/{:2(u1 — ’Ul)+ — kQ(UQ — U2)+,C)dt
0

T T
—/ (llu]|Tur — [Juzl|Tug, §)dt — / ([[va]|*v1 = [Jva||Tv2, ¢)dt.
0 0

By using continuously embedding theorem and (2.1), we have

& O < &gl < (HftH2 +[€1%) < CEn(t), (3.33)

(G, O < NGNS < (HC]&H2 +¢I?) < CEm(t). (3.34)

Therefore, we infer that
2 | " B(t)it < Co(Bu(T) — Bn(0)) +2 / el o / Pt
o N " " 0 0
T T
- / (D(t7£t)a g)dt - / (D(ta Ct)> C)dt
0 0
T
B / (K (g —v1)t — kP (ug —vg)*, )t (3.35)
0T
+/ (k*(ur — v1)" — kK (ug — v2) ™, Q)dt
0

T T
—/ (luallfur = fluz)|ug, £)dt —/ (lval[for = [lv2[|*v2, C)dt.
0 0

Setting ¢t = 0 in (3.30), we have

T
En(0) = En(T) + / (D(t,6).€)dt + /0 (D(t, ), )t

’ﬂ

+ / (ug —vp)* k2(u2 —v2)",&)dt
0 (3.36)

’*]

/ (ug —v1) T = K (ug —v2) ¥, G)dt
0
T

T
+ / (sl ur — [z |9, &)t + / (fol7o1 — [[val%0s, ¢)dt.
0

0

13



Moreover, thanks to the monotonicity of D, integrating (3.30) from 0 to T given
T T T
TENT) - [ En(tydt< [ dt [ (200 - o)t = 1 - w)* g)dr
0 0 t

T T
+/ dt/ (k:2(u1 —v)T — k‘2(u2 — )T, )dr
0 ¢ (3.37)

T T

4 [t [ o~ us) s, )i
0 t
T T

+ [t [l = Jealen, o
0 t

According to |(u; — v1)T — (ug — v2)™| < L|(ug — v1) — (ug — v2)| (L > 0 is a suitable
constant), ||(u,us,v,v)|l < R and (2.1), we have
(k% (ur = v1)™ = k*(uz — v2)*, )|
< LE?|[(ur — v1) — (uz — va)|| - [€] (3.38)
= LK€ — ¢|| - €]l < C(R)[| A€,

Similarly, then

|(k(ur = v1)™ = k*(uz — v2) ™, Q)] < C(R)|IVC%, (3.39)

(k% (w1 —v1)* = k(w2 — v2) ", &)| < C(R)| AL - [1&ll, (3.40)

(k% (ur = v1)™ = k*(uz — v2) ", G)| < CR)IIVE] - NGl (3.41)

Hence, combining with (3.35)-(3.36), then (3.23) holds. O

Now, we are ready to prove the main result of this section that the dynamical sys-
tem (H,S(t)) corresponding to (1.5)-(1.6) in the space H is asymptotically smooth.

Theorem 3.4 The dynamical system (H,S(t)) generated by the problem (1.5)-(1.6) in
the space ‘H is asymptotically smooth.

Proof. By Theorem 3.1, we know that By is a bounded absorbing set of semigroup S(t) re-
lated to (1.5)-(1.6) in the space H. By the definition of bounded absorbing set there
exists to > 0 such that S({)By C By for all t > to. Let B = Uy, S(1)Bo. It is clear
that B is a closed bounded forward invariant set for the dynamical system (#,S(t)) in
the space H. Therefore, for any bounded set B, we have S(t)B C By for t > t(B), i.e., for
all t > to + t(B), we have S(t)B C B, hence B is also an bounded absorbing set for this
system. Let (u1,v1) and (ug,v2) be two weak solution of (1.5)-(1.6) corresponding to two
different initical datas in the invariant set B, then

<u1(t),ult(t),vl(t),vlt(t)> = S(t)y, <u2(t),th(t),vg(t),vgt(t)> = SMy.  (3.42)
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Since all term of (2.13) are continuous with respect to the distance d given by the energy
norm || - || g, it satisfies the condition of Theorem 2.12. Let T > 0, according to the energy
equaliy (2.4), we have

T T T T
/0 (D(ul),ult)dt—i-/o (D(’Ul),vlt)dt-i—/o (D(UQ),UQt)dt-i-/O (D(’l)g),’l)gt)dt
T T T
+/0 (Hulnqul,ult)dt-i-/o (Hleqvl,vU)dt—i—/o (|| ug]| Tug, ugy )dt (3.43)

T
+/ (Hv2||qv2,vgt)dt S CB.
0

Step 1: Energy reconstruction
From (3.23), we define
T

T T T
Br(un, o va) = [ 108 Jalae+ [CI9C- 1l [ agRas [ v
v [ [ 1aeltelar+ [ ar [ vl el
+ / (s 73 = a3, )t + | / (loall7or = sz, )t
T
] [ Gl — ostus, @at] +] [ lonlios — alies, G|
0 0

T T
] [t [ Gl ~ sl s, )]
0 t

T T
| [t [ ol = foalton, coar .
0 t

(3.44)

furthermore,

T T T T
Br(ur,on,u2,00) < o [ 106 W+ [ 19N+ [ 1agPa+ [ vepar

T

T
+/0 [l ][ar = [luzf|*u2)]] - \ﬁlldt+/0 [([oa][To1r = floz[|*v2)]| - [IC]l
T

T
+/0 () fur = Jluzl|fuz)]| - |€t||dt+/0 I([[o1]|%01 — [Jo2]|Tv2)]| - IICtHdt}.
(3.45)

By Cauchy inequality and compact embedding theorem, we arrive at

T T ) T ) K T ) T )
| 1ai-nen+ [ nacka <o [ usepa+ g [Ciaia [ 1agea

T T (3.46)
< CB,K/ \|A1’°‘§||2dt + n/ E,(t)dt,
0 0
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and

T T ) T ) K T ) T )
vt de+ [ ivepa <o, [ ivepa§ [ iaipa [ ivepa

T T
< Cgﬁ/ ||Aé—ﬁg||2dt+n/ E,.(t)dt,
0 0

WhereO<a<%,0<ﬁ<i.
According to the Sobolev and Hélder inequalities, it yields

|(lua[ur = [ual|*uz)| = [(llua[Tur — [Jul|®us + [lu[|fuz — [luz]|?uz)]

< lluall¥ur — o + [[lua | = fluz|?|lual,

then
2
([ || Tur = [Juz]|%u2)||* = /Q | ([ [T = [Juz||Puz)|"da

2
S/ﬂ!llmllqlw—wlﬂIU1||"— lual|]Juz||"dz

2
< 2(JJwr||ur — ual® + [Juo]?[[Jur |7 = [uz)l?]”)
< C(R)|lu1 — uz?
< C(R)||A™%¢|?,

similarly, we have
-
(o701 = oz ]| 702) > < C(R)or — val® < C(R)[| A2 7¢I

By Hoélder inequality and compact embedding theorem, we infer to

T

T
/0 Nl 9 — sl %an)]) - (€]t + / Il 9 — ual%uz)]) - [t
T T
<, / Il s — 92 + / En(t)dt
0 0
T i T
< CB,H/ ||A10‘§Hth+/<a/ E,(t)dt,
0 0

similarly,

T

T
/0 [([[oa[To1r = floz]|*v2)]] - \|§||dt+/0 [([[oal[*o1 = flvzl[*v2)[ - [1Celld

T - T
< CB,K/ \|A§—ﬁg|y2dt+m/ En(t)dt.
0 0

16

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)



Therefore, combining with (3.46)-(3.47) and (3.51)-(3.52), for any x > 0, choosing § =
min{a, &}, 6= min{ﬁ,ﬁ}, we have

T T .
B (ur, v1, uz, v2) <Cisn(T) / | AV¢|2dt + Cis o (T) / 1432t
0 0
J (3.53)
+4I€/ E,(t)dt.
0

2
In line with Lemma 2.4, let Hy(s) = C, P**s»+2, p > 0, it is a strictly increasing, concave

function, and Hy € C(R") with the property Hp(0) = 0 such that
Ho((lu+ vll"(u+v) = JulPu,v)) = Ho(Cyllo]"*2) = ul]?,  Vu,ve Vax Vi, (354)

Hence, by Jensen inequality, it follows that

T T
| el s [ moe.g).ei
0 0 .
<75 [ (D(.6).c0a) (35)
= 7—[0</0T(D(t,§t),§t)dt),

where Ho(s) = T Ho(4). Similarly, we have

/0 Pt < Ho( /0 (0. Gt). (3.56)

By Cauchy’s inequality and Sobolev’s embedding theorem, there exists a small constan-
tnfor0<n<%suchthat

(D601 < 1601 [ (P = Pz )

1

: (3.57)
< CleN(llerelPPu, — fuze[273,)?)

< Cpli¢]l < Cull A ],

Similarly,

(D(t,), )| < CllAZ7¢||, 0 <

il
A\
N | =

(3.58)
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Therefore, combining with (3.53)-(3.58) and Theorem 3.3, we have

T T T
TELT) +5 [ Butae < Cof o+ D( [ (D). @i+ [ (D(t.).)a)
T T
-n 3N
+ [ 1A [ jaiicar

T T 1
+Cor [ 1415 P+ Car [ 143 Pat),
0 0

(3.59)
Step 2: Handling of the damping
Denote w = min{n, 6}, @ = min{7, 4}, from (3.59) we get that
T T
En(T) <Cor(o+ D [ (D.&).6)de+ [ (D(t.6). i)
0 0
T T
" CB,T/ | At + chT/ | AB-2c |t

0 0 (3.60)

T T
<Cor(to+D)( [ (D))t + [ (D4.G).G)at)
+ O suwp A€W+ sup [ABEC)])-

te[0,7) t€[0,7]

Let Qo(s) = (Ho + I)~ ( ) be a strictly increasing, convex function and (Ho +
I)7Y(s) < s for any s > 0. From (3.59) we infer that

Qo(En(T)) =(Ho+ 1) (fgg)
T T
S(H0+I)_1{;(H0+I)(/O (D(t,&),gt)dt+/0 (D(t, ), ¢ )dt)

bu Al up |[Az—%
(. 14"“€0l + sup | o} (3.61)

/OT (t, &), & )dt + /T(D(ta Ct)aCt)dt}

{ sup |A“¢(t) + sup [AZ==C(0)]I}-

t€[0,T)] te[0,T)

+

DO | =

DN =

+
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Setting t = 0 in (3.30), and combining with (3.40)-(3.41) and (3.49)-(3.50), we achieve

T T
/ (D, &), &)dr + / (Dt &), )
0 0

T
=FE,(0)— E,(T) — /0 (K% (uy — v1)" — k% (ug — vo) T, &)dr

’ﬂ

—+ / k2 u1 — 1}1 k2<UQ — ’U2)+, Ct)dT (3'62)
0

T T
/ (g |y — [fua |9, &) — / (lonll7o1 — f[va]|%02, G:)dr
0 0

<En(0) = En(T) + Car( sup [4'€()]+ sup Jas=c),
te[0,7)

te[0,T
then

Emn(T) +2Q0(Em(T))

. 3.63
< Eal0) = EnlT) + G sup 14601+ sup i) O
€10, €0

Since £(t), ¢(t) are uniformly bounded in D(A), D(A%) with D(A) —— D(A™¥) ——
Vo, D(A%) yey D(A%_JJ) < Vj, respectively. Exploiting the interpolation inequality

we obtain
A7) < [€O1Bs - IEOI < Cals@I™,  0<m<1 (36
and

1AZ=2¢(t)]| < I¢(t e

2

O™ < CRICHIT™,  0<m <L (3.65)
Therefore

En(T) +2Q0(Em(T))

< En(0)+ Car (s 161+ smp [<(OI). (360
te€[0,T] tel0,T
for any ¢ € (0, 1]. This implies that
IS(T)yr — S(T) w213,
1

2[T +2Q0] ' S lyr — v2l* + C, ° °
< 201+ 2Q0] {5l = el + Caar( sup IS+ s [6OI)} .67

207 +2Qo] {5 (I — el + Tl sup 601"+ sup [6(0)1%)%)7}-

t€[0,T t€[0,T]
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Choosing ¢ € (0, 3], we have

1S(T)yr — S(T)y2lln
) , 3 (3.68)
sﬁ[[uworl{;(uyl—y2\+cB,T< sup (€O + sup ()] >)2}] -
te[0,7]

te[0,7)

N

Let r(s) = \@((I—F 2@0)_1(§)> , and
o5 ({8}, {Srya}) = Cor( sup [[ur(t) — us(®)[° + sup [[or(t) —va(®)[*).  (3.69)
t€[0,T) te[0,T]

So we conclude that

1S(T)yr = S(Tyallu < r(llyr — vall + 0B ({Sry1}, {Sry2}))- (3.70)

It is clear that the function r satisfies all the requirements of Theorem 2.12. Final-
ly, according to the similar proof in [3] we get that the pseudometric Q%; of all solution for
(1.5)-(1.6) is precompact in the interval [0, T]. Hence, the dynamical system (H,S(t)) is
asymptotically smooth. ([l

Thanks to Theorem 3.1 and Theorem 3.4, we deduce the main result of this paper as
the following theorem.

Theorem 3.5 The dynamical system (H,S(t)) generated by the problem (1.5)-(1.6) in
the space H possesses a compact global attractor A.

4 Fractal dimension and generalized exponential attractor

In this section, we mainly prove the quasi-stability of the dynamical system (H, S(t)) as-
sociated to (1.5)-(1.6) to give the finite fractal dimension of attractors, and further obtain
the existence of the generalized exponential attractor A““P with finite fractal dimension in
a larger space HDOH. Firstly, we are going to prove that the dynamical system (H, S(¢)) is
quasi-stable on any bounded positively invariant set in H.

Lemma 4.1 The dynamical system (H,S(t)) generated by the problem (1.5)-(1.6) is quasi-
stable in a bounded positively invariant set B C H.

Proof. According to Definition 2.14, we only need to verify inequalities (2.13) and (2.14).
From (3.29), we have

& Bnlt) + (D16, &) + (D10, 6) =~ — 01— (s —v2)", &)

+ (K (g —v1) T = K (ug —v2) T, &) (4.1)

— ([lur]|*ur — [luz|[Tu2, &) — ([lvrl|To1 — [lv2]|Tv2, G),
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where (t) = w1 (£) — ua(t), C(£) = v1(t) — va(t), by virtue of (3.40)-(3.41), we achieve at
[ (R — o) = R~ )" 6)
< R agllel < CRIGIALP + Sl&l?) (12)
< O(R)En (1),
similarly, we have
(B = 01) ~ Bz = 02)*, @) < C(R) B (1) (1.3
According to (2.3), it follows that

(D(taét)7§t) + (D(t7 <t)7 Ct) > CpHét”P+2 + CP”Ct“P+2 > 0, (44)

using Holder inequality, the embedding Vo < L2+ (Q) and Vo < LPT2(Q), it yields

| = (Jual[ur = [luzl|*uz, &)| = (¢ + 1) /Q |Bur + (1 = O)uz|*[E][&|d

< (@ + D2l gy + 2l ) W Do 6 (5

< Cpllllagnll€llpr2 < C(l€ll3(q ) + 1€ellp42)
< CB,REm(t)a

similarly,

| = (loal*or = flv2]|*v2, &) < C REM(t). (4.6)
Together with (4.1)-(4.6), we conclude that

d

- Bn(t) < 20(R)En(t) + 2C5,2En(t) < C(R, B)En(D), (4.7)

in line with the Gronwall lemma, we get that
En(t) < €I B, (0), (4.8)

in addition, we see that (2.13) holds with a(t) = e“("B) where a(t) is locally bounded on
[0, 00| because of the boundedness of B C H. On the other hand, by virtue of the proof of
the Theorem 3.4, we claim from (3.67) that

1S(T)yr — S(T)y2l3,

1
<21 +2Qo) ™1 =lly1 — w2l + Cr( sup [|E@)|°+ sup ||C(@)]°
[ o] {2H 1— 2| BT(tE[O?T]H @l Sup I<@)] )} (4.9)

< [1+2Q0]  llyr — well* +2[1 +2Q0] 'Ci,r tg%%(ll&(t)”g +IC@I),
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where ¢ € (0, 1], Qo is defined in the previous section. Thus, we define the semi-norm as
follows

n# (&, Q) = [IE@ + 1@ (4.10)

By using the compact embedding V5 << Vi and V; << V4, we conclude that ny is a
compact semi-norm on H. Then (2.14) holds with

b(t) =[[+2Q0]™",  c(t) =2l +2Qo] ' Cpr,
it is easy to check that

b(t) € LYRT), lim b(t) = 0.

t—o00

Since B C H is bounded, so ¢(t) is locally bounded on [0, oc]. Then we conclude that the
dynamical system (H, S(t)) is quasi-stable in a bounded positively invariant set B C H by
Definition 2.14. Therefore the proof of the lemma is complete. 0

From the above Lemma 4.1 we know that the dynamical system (H,S(t)) is quasi-
stable on the compact global attractor A, which is a bounded positively invariant set of
‘H, and Theorem 3.5 ensures that (H, S(t)) has a compact global attractor in . Thus we
can immediately conclude the following results by Theorem 2.15.

Theorem 4.2 The compact global attractor A of the dynamical system (H,S(t)) has finite
fractal dimension.

Now, we will prove the existence of the generalized exponential attractor A“*P and it

has finite fractal dimension in a larger space H O H.

Theorem 4.3 The dynamical system (H,S(t)) generated by the problem (1.5)-(1.6) pos-
sesses a generalized exponential attractor AP with finite fractal dimension on the space
H=L%Q) x H2(Q) x L2(Q) x H1(Q) D H.

Proof. It is easy to see that the dynamical system (#,S(t)) is quasi-stable in a bound-
ed positively invariant set B C H by Lemma 4.1, thus we only need to prove that
the mapping ¢t — S(t)y is Holder continuous on the space H. Indeed, we know that
S(t)yy = (u(t), us(t),v(t),v(t)) = ¢(t) for every y = ¢(0) = (up,u1,vp,v1) € B. By virtue
of Theorem 3.1, there exists R > 0 such that [Jug||3, + [Jue|® + loel|}, + [lvel|* < R?, and
then

oo ()% = lluel? + luwell¥, + loell + loell¥-,
< C(lluell¥y + el + lloell¥, + lveell?) (4.11)
< Cp.
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Hence, for any 0 < t; <ty < T, it follows that

t2
15(t1)y — S(t2)yllg < /t [¢¢(s)||7ds < Cltr — ta]. (4.12)

In view of Theorem 2.16, choosing 7 = 1, therefore we conclude that the dynamical
system (H,S(t)) has a generalized exponential attractor A“? C H with finite fractal

dimension. O

Remark 4.4 Since the problem (1.5)-(1.6) is in one-dimensional space, and H}(Q) C
L1(Q)(1 < ¢ < 00), the nonlocal term ||u||7u and ||v||% don’t bring any difficulty.

Remark 4.5 If the nonlocal functions ||u||%u and ||v||%v turn into the polynomial func-
tions |u|%u and |v|% (q > 0), then all results in this paper still hold because of H}(Q) C
L1(Q) (1 < q < 00) in one-dimensional space.

Remark 4.6 When the dimension of space is bigger than 2, the exponential q of polyno-
mial functions |u|% and |v|9% (¢ > 0) in the equation is required to satisfy some certain
condition, see [3] for details.
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