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Abstract In this paper, we discuss several classes of convolution type singular integral
equations with variable integral limits in class H}. By means of the theory of complex anal-
ysis, Fourier analysis and integral transforms, we can transform singular integral equations
with variable integral limits into the Riemann boundary value problems with discontinuous
coefficients. Under the solvability conditions, the existence and uniqueness of the general so-
lutions can be obtained. Further, we analyze the asymptotic properties of the solutions at the
nodes. Our work improves the Noether theory of singular integral equations and boundary
value problems, and develops the knowledge architecture of complex analysis.
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1 Introduction

Singular integral equations (SIEs) are closely related to the classical theory of boundary value
problems for analytic functions, which has a wide range of applications in many fields, such
as quantum mechanics, asymptotic analysis, statistical physics and orthogonal polynomial
theory. Many scholars have systematically researched convolution type SIEs and formed a
rigorous theoretical system.

Gakhov [1-3] studied the general solutions of Riemann boundary value problems. Litvinchuk
[4] obtained the explicit solutions of SIEs in more general cases, and further developed the
Noether theory of the general SIEs. Muskhelishvilli [5] investigated the conditions of solvabil-
ity for SIEs with convolution kernels and discontinuous coefficients. Lu [6,7] considered the
explicit solutions and the solvability theory of convolution SIEs with constant coefficients, and
obtained some worthwhile results. Du and Shen [8] further dealt with the integral equations
of convolution type with variable coefficients. Subsequently, Li and Ren [9-12] developed the
theory of solvability and asymptotic theory for singular integral equations with the mixture
of convolution kernel and singular integral kernel in the case of non-normal type.

1* Corresponding author at: School of Mathematical Science, Qufu Normal University, Qufu, 273165, P.R.China.
2E-mail address: lipingrun@163.com (P. Li)



Based on the above work, in this paper, we will deal with SIEs of convolution type with
variable integral limits, and we investigate the asymptotic properties and Noether solvability
theory of solutions for such SIEs with variable integral limits under the solvability conditions.
The main aim of this paper is to solve the following three classes SIEs with convolution kernel
and variable integral limits.

(1) SIEs with two convolution kernels

\/Q_/w T—tdt—i-—/w —t)dt—l—%/%dt:n(ﬂ, T €R.
(1.1)

(2) SIEs of Wiener-Hopf with convolution kernels

g | vone a5 [ a—u, reme 0

(3) Dual SIEs with convolution kernels
AY(T) + WfO V() (T —t)dt + & [ & ¥) 2dt =n(r), T€RT;
Ay(r) + \/—27f7 W(t)ho(r — )dt + 5 [, #2dt =n(r), TER.

In Egs. (1.1)-(1.3), A, B,C, D are constants. The known functions h,k,n,h; € Hy,j = 1,2.
We require the unknown function ¢ € H;. The notations mentioned above can be refered to

(1.3)

Section 2.

It is well known that SIEs with variable integral limits, an important class of equations
in physics, is closely related to the Riemann boundary value problems. By the Sokhotski-
Plemelj formula and the principle of analytic continuation, we transform Eqs. (1.1)-(1.3)
into linear Riemann-Hilbert problems with discontinuous coefficients, and prove the existence
and uniqueness of analytic solutions given by integral-form. We propose a novel approach
different from the one used in the classical Riemann-Hilbert problems. In view of the theory of
classical boundary value problems for analytic functions, we study the properties of solutions at
nodes, and obtain the solvability conditions and asymptotic properties of the general solutions.
Therefore, this paper develops the theory of Noether solvability of SIEs and boundary value
problems, and extends the ones in [13-18].

This paper is arranged as follows. In Section 2, we give properties of the function classes
H{(H;,H}), Hi(H, H3), and the relation between Cauchy type integrals and Fourier trans-
form. In Sections 3-5, by using the boundary value theory, complex analysis and the system
of linear algebra, the explicit solutions and asymptotic properties are obtained under the
conditions of solvability, and the properties of solutions at nodes are further analyzed.

2 Preliminaries

R, C denote the sets of real and complex numbers respectively, R := R U {co}. As usual,

C(R), C(R) denote the sets of continuous functions on R and R respectively. For 1 < ¢ < oo,
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the space of Lebesgue integrable functions LI(R) = {CD @], < oo} with the standard norm

H¢m=:(4vw@ww){

where R™ = (—00,0),RT = (0,00), R = (—00, 00).
Moreover, we respectively denote by H(R), H(R) as the spaces of Holder continuous func-

tions on R and R.

In the following, we give some necessary preliminary knowledge and notations.
Definition 2.1. Let ¢ € L'(R) N L%(R), denote the Fourier integral transform W and inverse
transform W1 as

WIY(T)] = \/%/Rei‘wiﬂ(ﬂdﬂ W H®(s)] \/%/ e T P(s (2.1)

For simplicity, (2.1) can be denoted as
W (r)] = @(s),  WB(s)] = o(r). (2.2)
From (2.1) and (2.2), we know that
W LYR) N L*(R) — L*(R). (2.3)

Since L'(R) N L3(R) is dense in L*(R), from the Planchere theorem [19], the operator W can
be uniquely extended to a self-mapping

W : L2(R) — LA(R), (2.4)

and
1P, = |4, - (2.5)

We introduce the concepts of several classes Hy, Ho, Hs and H, H;, Hj.
Definition 2.2. If € L2(R) N H(R), we say ® € Hf. If & € H;, then W& = ¢ € H,.
Definition 2.3. If (1) ® € H(R); (2) For ¢ > 1,5 € Nuo, ®(s) = O(|s| ™), we say ® € Hj'
or Hy, where Noo = {s € R | |s] > 671,V > 0}.

For ® € H3" or H}, we say that W™'® = ¢ € H or H,.
Definition 2.4. If (1) ® € H(R) N H(NL), £ > L; (2) ®(c0) = 0, then & € H3’ or H}, and
Y € Hf or Hj.

For s € N, we put

I = {@ | 0(s) = O(s| )}, hy = HY(N,.), hs = {® | &(00) = 0}

If ® € hy N hs, we have

1 1
|B(51) — P(s9)] < a|— — —|", 51,50 € N, (2.6)
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where a € RT, ¢ € (0,1]. In (2.6), we let s5 — o0, since lim ®(sp) = 0, thus we have

§2—00

1
[@(s1)] < al—[",
S1
which implies ® € h;. Further, we get

/|(I>(s)|2ds §a2/ 15 ~2ds.
R R

(2.7)
When ¢ > %, it is easily seen that

|®], < oo, e, ®€L*R).

From Definitions 2.2, 2.3 and 2.4, Hj = HNhy, H; = HNhyNhs, hence H; ¢ H} ¢ HF C
H N L?, further, Hy C Hy C H;.

Definition 2.5. Let ¢, g € L*(R), then their convolution is defined by

1
vrglr) = o= / b(t)g(r — tydt. (2.8)
Obviously, we have
1 1
vrglr) = o= / V(t)a(r = )t = —— / g((r — t)dt = g = (), (2.9)

this implies, the convolution is commutative.

From the Holder inequality, we know that
Y * g € L*(R). By the convolution theorem [5,20], we have

Wl # g(7)] = WI(1)] - Wig(r)] = B(s)G(5).

(2.10)
Definition 2.6. Denote the Cauchy principal integral operator )V as follow
1 1
V(1) = P.V.— (7) dr= lim — / () dr. (2.11)
m Jp T —1 f:igom T—1

[ X, X\ (t—e,t+¢)
The operator V is a self-mapping under the modified notion of Cauchy principal value

integrals. Moreover, in view of the Poincaré-Bertrand formula and the Riesz theorem [11,21],

we know that V is an involution in L?(R), namely, V? = Z, where Z is a unit operator.
Definition 2.7. We denote the operators A, K as follows

AY(7) = ¢(=7),  Kip(7) = 9(7)sgn(7).
Obviously, we have A% = K? = T.
Lemma 2.1. For the function (1) = W™[®(s)], we can get

el R 7] = —®(s)sgn(s), se€R. (2.12)
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Proof. Denote Cauchy type integral ¢)(z) as

zb(z):% ff)dt 2 €C\R.

Substituting (2.2) into (2.13), it follows that

—ist
e
CI> s s—

\/27T/ 2mi Jgpt — 2

From the generalized residue theorem [12], for z € C*, we have

2mi tw—(z \/ﬂ/

W(2) dt.

—iszds
)

U (2) =

and for z € C~, we have

e, -
271 Rt—z \ 27 R+

By the Sokhotski-Plemelj formula [5], we obtain

Y (2) = P(s)e "% ds.

V(1) =t () + 0 (1) = —= [ (s)sgn(s)e “ds = W~

1
V2T Jr

where

() = lim Y7 (z),  ¢7() =lm ¢ (z). O

z—t z—t
2eCt 2eC—

Lemma 2.2. For the operators W, A, V, K, we have
(1) WKV + VKW =0; (2) YWA - AVW = 0.
Proof. (1) Note that, we may write (2.12) in the following form
WY = —-KW.

Similarly, we can verify that

WK =VW,

hence
WEKY = VWYV = - VKW.

(2) From (2.1) and (2.2), we know that
WIE(s)] = W [B(=s)] = d(=7), W'(7)] = W[th(—7)]

which implies

=AW, Al =W? KA—-AK =0,

it gives rise to

K2(s)],

AVW = AWK = AW AKX = WKA = VWA. O

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Lemma 2.3. If ¢» € Hy, and W (0) = 0, we have WV € HY, further Vi € H;.
Proof. By assumption, we have Wi = ® € H;. Notice that

lim ®(s) = 0,

§—00

and ®(0) = 0, one has K& € H and
/ |®(s)sgns|’ds < oo, i.e., K® € L*(R),
R

thus we get WV € Hy, further, Vi € H;. O

Lemma 2.4. (see [22-24]). If v,g € H,(Hs, H3), then ¢ x g € Hy(Hs, H3), thus we have
G € H{(H;,H3); it € Hy,g € Hy(H3), then ¢ x g € Hy(Hs), further, ®G € Hi(Hj).
Lemma 2.5. Let ® € H, we denote the Cauchy type integral as follows

D(2) = / ;I)Ss)zds, z ¢ R, (2.18)
then we can get
WT(r)] = 27(s), W (1) =2 (s), @7(s) = (s) = D(s), (2.19)
where
by o(r), T>0; S 0, T >0;
v ) 0, T <0, v n) —(7), T <O.

Proof. From (2.16) and Sokhotski-Plemelj formula, we have

2*(5) = SWIH(D)] + gWIKH(r)] P)(1+ sgu(r))edr = Wl (7)],

. =ﬁ/ﬂ§¢<

for the negative boundary value, we have

B (s) = W]+ WIKD()] = 5= [ wlr)senlr) = Deir = Wi ()L

2@
Further,
T (s) — 7 (s) = WU ()] = W (T)] = Wi (7)] = @(s). O
From Lemma 2.5, we know that the positive and negative boundary values ®*(s) of ®(z)
are the single sided Fourier integral transforms of 1% (7), respectively.

3 SIEs with two convolution kernels

We solve the following SIEs with two convolution kernels and variable integral limits

»(t)

\/%/1/1 dt—i-—/@/) —tdt—i—m Rt_Tdt:n(T), ngRl,)




where A, B,C, D are constants, and D # 0. The functions h, k,n € H;, and the unknown
function ¢ € H;.
Expanding t to ¢ € R, then Eq. (3.1) can be transformed into

Aw(T)—l—\/%_ﬁ /Ri/i(t)hl(T—t)sgn dt—i—— / Y(t)ky(T—1) dt—l—m / Y(t) =n(1), TE€ER,
(3.2)
where o o
m@) = 2w+ Sk, ke =2 - Sk,
in which L L
wir) = B ) e = O E
that is to say,
Sh(r), > 0; Sh(r), 7>0;
hl (7_) — 2 (7—) T — kl (7_) — 2 (7—) T iy
—%k(T), T <0, %k}(T), T<0
Applying the Fourier transforms to both sides of (3.2), then we have
H P
Ad(s) + #/ %dt + K (s)®(s) — Dsgn(s)®(s) = N(s), (3.3)
T RU—

where
WIhi ()] = H(s), Wlki(7)] = K(s), Win(7)] = N(s), W[y (7)] = @(s).

Denote the Cauchy type integral

1 (1)
O(z) = — | —=dt R A4
(2) %rét—z’ 2€CAR, (3:4)
by the Sokhotski-Plemelj formula, we can get
1 D(t
B (s) — & (s) = D(s), BH(s) + D (s) = — / ®) 4. (3.5)
T Jgpt—S

Substituting (3.5) into (3.3), then we shall solve the following Riemann problem in place
of (3.3)
7 (s) = J(s)27(s) + No(s), s€ER, (3.6)
where
A — H(s)+ K(s) — Dsgn(s)
A+ H(s)+ K(s) — Dsgn(s)’

N(s)

J(s) = A+ H(s) + K(s) — Dsgn(s)’

N()(S) =

Moreover, we can write J(s), No(s) in the forms

A—H(0)+K(0) s —0: N(0) s=0:
_A+H_(O)+K(0)(’ ) ) A+H(0)—|(—K(0) , ,
_ 2H . — N(s) .
J(s) = 1—m7 s € RT; No(s) = ATH) 1K G)-D s € RY;

A+H(s)+K(s)+D’ ATH(s)+K(s)+D>
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Since H, K, N € Hj, then we know that

lim H(s) = lim K(s) = lim N(s) =0,

§—00 §—00 §—00

which implies hm J(s) = 1. In this case, s = 0o is not a node of (3.6).

Let Ji(s) = A + H(s) + K(s) — Dsgn(s) have some zero-points di,ds,- - ,dy, with the
orders o, @y, - -+, auy, Tespectively; let Jo(s) = A — H(s) + K(s) — Dsgn(s) have some zero-
points ey, e, - , e, with the orders (3, (s, - , B, respectively, where d; # e;, o, 3;(1 =
1,2,-+- ;m;j=1,2,---  n) are non-negative integers. Let

Ei(s) = H(s—di)ai, H s —e;)%,

and
artagt oy =M, Oitfet+ By = M

Next, we only consider the case of non-normal type, that is, M; > 0, My > 0.
Without loss of generality, we take any fixed points zp = a+ib € C*, and 25 = a—ib € C™,
and rewrite (3.6) as

o+ (s) = gﬁ;i = ziiM:P(s)q)(s) + No(s), sER, (3.7)

where
1) = RO, P20,

and P € H. Note that, the solution ®(s) of (3.6) is continuous along R, and lim ®(s) = 0.

§—00

Denote
1 P(-0) 1 P(-0)

=\ ; Ay = —arg————= = In|l———— ]
Yo 0 + Mo, 0 argp(+0)7 Mo o an(+0) ’7 (3 8)

2w
and we say k the index of (3.7) which satisfies k = [A\o]. Let

)\:)\0_’{7 T="% — K,

hence v = XA+ i, A € [0, 1).
In order to prove the solvability of (3.6), we first introduce the sectionally holomorphic
function
2 — z8)7Felo®)  Imz > 0;
X(z) = (=) (3.9)
(z — z9) ™" Tmz < 0,

in which we have put

Fo(2) = i,/lnpo(s)sdsz, 2 €C\R, (3.10)

and
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Obviously,
)

kln = InPy(s) — InP(s), (3.11)

S — 20

where InPy € H, and we take a continuous single-valued branch of ln% which satisfies

Fo0 — 2§ 0 — z;
In—=2 =0 1 = tmi.
T 20 SR N 20 ™
Therefore, we rewrite (3.7) in the form
E — )M X
ot (s) = 2N =) “XTS) oo ). (3.12)

- Ei(s)(s — 20) X (s)

for convenience, we deal with (3.12) in the problem R_;, that is, ®(c0) = 0.
For homogeneous problem of (3.12), we consider the function

d(z *\ — '
- X(z)(E;(z) (z—25)" ™, Imz > 0;
Q=9 M (3.13)
X(2)B1(z) (z —20)~ ™, Imz<0.

From the principle of analytic continuation, we know that €(z) is analytic in C. Moreover,

by the generalized Liouville theorem, we have

K—M1—My—1

Q(Z) = UH—M1—M2—1(Z) = Z Cn—Ml—MQ—l—tZta
t=0
where Cy, - -+, Cy_n,—m,—1 are arbitrary complex constants. Therefore, the analytic solution

of (3.12) is given by

Ey(2)(z — 2)M X (2 U pty—mt,—1(2), Imz > 0;
@1(2): 2( )( 0) ( ) My —Ms 1( ) (314)
E1(2)(z — 20)M2 X (2)Us_pr,—m,-1(2), Imz < 0.
When x < M; + M,, we have Q(z) = 0, thus ®4(z) = 0.
To solve the non-homogeneous problem (3.12), we introduce the following function
Xo(2), Imz > 0;

Y(z) = 3.15
=) (z —25)(z — 20) " Xo(2), Imz <0, ( )

where Xo(z) = ™) then (3.12) is written as

Ot (s)Ei(s) O (s)Ea(s) No(s)E1(s)
V)5 — )M V()5 —20)% | Y H(s)(s — ) (3.16)
Define ] s
\I/(z):%/R\I/*(S)S_Z, 2 €C\R, (3.17)
where
\IJ*(S) o NO(S)El(S) U™ € H
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Via the generalized Liouville theorem, we know that

Again define
_®@)Ei(x) ;
W(z) = Y (2)(z—2%)™M1 V(z), Imz>0; (3.18)
T — Y(z), Imz <0,

obviously, W (z) is analytic in C\ {2}, thus we can obtain the solution of (3.12) with singu-
larities at d; and e;. Hence, we shall construct a Hermite interpolation polynomial

Q(2) =bpz? + -+ b,_12+ by, (3.19)

where o = M; + My — 1, and by,--- ,b, € C. Note that, ,(2) is uniquely determined, and
it has zero-points of the orders o;(i = 1,2,---,m), B;(j = 1,2,--- ,n) at d;, e;, respectively,
which implies

[(2)(z = 2)"]% oca= QP (2) |omas

*\ k1 (L
[¥(2)(z — 25) ]( ) |2=e;= Q(QL2)(Z) |2=e;
where
Ll :1,27-.- 7ai_17 Z:]_,Q’ ,m; L2:1’27... aﬂj_lv j: 1’2’... L.

By the Riemann boundary value theory, (3.12) has the particular solution

YO 1) (2 — ) — O, (2)], Tmz > 0
0y(2) = B (1 (E)E = %) = Qelz)], ’ (3.20)

Y (2)(z—20)M: *\K
e S )

where

(z—2)"X(2)=Y(2), zeC\R.

In view of linearity, we obtain the general solution of (3.12) as follows

B(z) = X(2)(z = 2)ME Y 2)F(2), Imz > 0; (3.21)
X(2)(z — 2)ME; (2)F(2), Imz <0,

where
F(z) = U(2)(z — 2)" — Qo(2) + E1(2) E2(2)Us—nty— Mo -1(2)-

Obviously, ®3(z) has the singularity at z = 2§ when x < 0. Due to ® € H, we must have

d
/\If*(s)—s =0, v=1,2--|xl. (3.22)
R

(s = z5)”

Taking the boundary values of Y(z), then we obtain

YH(s) =/ Po(s)Xo(s), Y~ (s) = : (3.23)
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hence we have
No(S) Xo(S) Po(S) (S)
2 TR -

and
S No(s)Ei(s)(s — 2g)M M Xo(s)(s = zg)M " .
(s = 2E5(s)Py(s) *  Po(s)E>(s) F(s),
where

Fi(s) = F(s) = Qp(s) + E1(5) E(8)Ug—ns—ap—1(8)-
By (2.20) we get the following closed-form solution

_ No(s) | No(s)(s — )" By (s)

o
() =—5 2Py () Ea(s) 324)
Xo(s)Fy(s) <Po(s) (5 — 2 — (s — za‘)MQ) . '
(s = 2)"v/Pols) \Euls) ™ 7 Ey(s)
Next, we consider the properties of the solutions at s = 0.
Suppose that s = 0 is an ordinary node, that is, A € (0, 1), then v # 0. Since
lim ®(s) = lim ®(s) = (0
lim ®(s) = lim 2(s) = (0),
then by (3.23) we can prove that
S'Ver*(s)
YH(s) = 57/ Po(s)e™ ), Y7 (s) = ——, (3.25)
Py(s)
where I'y(s) = I'g(s) — ylns, and I'y, € H. From (3.9) and (3.10), we have
£0 — 2z ‘
InPy(£0) = InP(£0) + kln 0 = InP(+£0) £ ki, (3.26)

again from (3.9) and (3.26), we obtain

P .1 (+0) KT ;
VvV Po(+0) = e2™/P(+0) = ¢ s NP o~ 55 3P(-0) _ i Py(—0). (3.27)

According to [5-7,13,25], when s > 0, it is clear that

6777”'87'7

2iel(s)

U(s) = Ao + Py(s), (3.28)

where
No(s)Eq(s)
VPo(s)(s = 25)M
and Wy(s)|s|* € H, \* € (0, \). Therefore, substituting (3.25)-(3.28) into ®*(s), one has

No(+0) cscym i No(—0)
2ie27mi N0(+0) .

Ay = "™ A(4+0) cot yr — A(—0) cscy, A(s) =

O (+0) =

(3.29)
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As in [4,13,26], when s < 0, we have
e1mis

\I/(s) - 27el'+(s)

Ay + Uy(s), (3.30)

where
Ay = — cot yme "™ A(—0) 4+ A(+0) esc T,
it gives rise to

O (—0) =

M0t [ N0 331)

2ienmi W
By comparing (3.29) with (3.31), and ¢™ # 1, we know that ®*(40) = ®(—0) if and

only if

¥ No(+0) = No(—0). (3.32)

Since ®(s) is continuous at s = 0, then we have
$(0) = d+(0) = 0,
and ®(0) = 0. Further, Ny(0) = 0, and so
N(0) = 0. (3.33)

If (3.33) is valid, for s € Ny = {|s| < ¢,Ve > 0}, we have ®* € Hj.

Suppose that s = 0 is a special node, then A = 0, v = i19. We have Uy € H near s = 0.
If ny # 0, from [5-7,22], (3.29) and (3.31) are still fulfilled, and W,(£0) exist and may not be
equal. Return to (3.29) and (3.31), we should modify ®*(+0) to

PF(+0) = % [637’”' — %25;8;1 +0(0)v/ Py(+0) sl_igrlo s [Wo(s) — A}, (3.34)
and
o+ (—0) = W [eSW‘ - %} +0(0)y/Po(=0) lim 5™ [Wo(s) — A], (3.35)
where ) e .
U(S) - El(S) (S_ZO) )

and when Kk > o+ 1,
an - E1(0>E2(O)CH—M1—M2—1

(25)"

Since ®T(+0) = ®7(—0), and Wy(s) is continuous at s = 0, then we have

A=(-1)

\Ifo(zl:()) - A,

in this case, (3.32) holds, and so (3.33) holds. On the other hand, if (3.33) is valid, thus ®(s)
is continuous at s = 0. When x > g + 1, we have the condition of solvability F'(0) = 0, that
is to say,

by = E1(0)E2(0)Cromnty—ar-1 + (—20)"W(0); (3.36)
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when xk < o+ 1, the constant b, takes the value

p, = =) / TS) g (3.37)

271 S

If o = 0, then v = 0, therefore J(4+0) = J(—0). We can also prove that ®(0) = 0 if and
only if (3.33) is valid. Under the condition (3.33), we have ® € H, and ®(0) = 0. Moreover,
when xk < ¢+ 1, we have the following conditions of solvability

bo=--=b, =0, (3.38)

then €2,(z) is a polynomial with the degree k — 1. When xk = 1, Q,(z) = b,. In this case, we
require that
U(s)(s = 2) ls=a:= bo;  W(5)(5 = %) [s=¢;= b (3.39)

and
/R W (s)(s — di) "~ 'ds = 0: /R W (s) (s — ;)" ds = 0, (3.40)

are satisfied, where
U1:1727"' 7ai_17 Z:1727 , ;5 U2:1727"' 76]'_17 921727 ) 1.

When x < 0, Q,(z) = 0. Moreover, when £ < 0, in order that ®; € Hf, we need (3.24) and
the solvability conditions as follows

/]R ;Ij*_i)ids = 0; /R V) g — 0, (3.41)

S—ej

Combining (3.40) and (3.41), when x < 0, we require that the following (3.42) holds

/R\I/*(s)(s —d;) "ds = 0; /R\If*(s)(s —e;) ds =0, (3.42)

where
U1:1727"' y Oy 221727 , 'U2:1,2,"' 75]'7 j:1727 , 1.

Under the assumptions and solvability conditions, (3.1) has the solution

1 —18T
(1) = \/—Q_W/be(s)e ds, (3.43)

where ®(s) is given by (3.24).

The results about the solutions of (3.1) are formulated in the following theorem.
Theorem 3.1. Under the case of non-normal type, the necessary condition of solvability for
problem (3.6) is (3.33).

(1) If s = 0 is an ordinary node, (3.33) holds. When k > o+ 1, Eq. (3.1) has Kk —p — 1
linearly independent solutions. When x = g+ 1, (3.1) has a unique solution. When k < o+1,
(3.1) is solvable if (3.38) holds. When x = 1, (3.39) and (3.40) hold, and when x < 0, (3.22)
and (3.42) hold.
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(2) If s = 0 is a special node, (3.1) is solvable if (3.33) and (3.36) are valid. The solutions
of (3.1) belong to the class H;.
Remark 3.1. Suppose that Ji(s), J2(s) have common zero-points ji, - - - , jr with the orders
1, , 0 respectively, where j,(1 < p < k') are different from d;(1 <i <m) and e;(1 < j <
n), the additional solvability condition should be fulfilled

NOGY) =0,  1=1,---,6,— 1.

Remark 3.2. SIE with a convolution kernel and variable integral limits is a special case of
Eq. (3.1), i.e., h(7) = 0 or k(7) = 0. In this case, the process of analysis is not fundamentally
different from (3.1), and will be omitted.

4 SIEs of Wiener-Hopf with convolution kernels

Next, we consider SIEs of Wiener-Hopf with convolution kernels and variable integral limits

U(t) N
\/%/ Y(t) dt+m Rt_Tdt—n( ), T€RT, (4.1)

where A, B, C are constants, and C' # 0. The known functions h,n € HS, { € (%, 1), and the
unknown function ¢ € Hy. Extending 7 to 7 € R by adding ¢~ (7) to the right side of (4.1),
we have

¢

A(T) +—/zp+ Ot (r — t)dt + n(rt)+¢ (1), T€eR (4.2)

By applying the operator W to (4.2), we get
Ot (s) = J(s)P (s) + No(s), s € R, (4.3)

in which

_ 1 N{(s)
I(s) = A+ BH*(s) — Csgn(s)’ No(s) = A+ BH*(s) — Csgn(s)’

and
WIRH ()] = H*(s), Wn(r)] = N(s), WEH(1)] = 3%(s), No(s) = J(s)N(s).
It follows from H, N € hs that

. 1 ) 1 .
sgg—noo J(S) = m, SEI_HOO J(S) = m, SILI{.IO No(S) = O, (44)
hence s = 0, 0o are nodes of problem (4.3).
Now, we give the definitions of v, and vy. Define
1. J(-oo) 1 | A-C

I | _
Yoo = Moo e = 5 N T Ty T omi VAL O

(4.5)
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where InJ(s) takes a continuous branch such that A, € [0,1). From [5-7], we know that
Yoo # 0 since C' # 0. Again denote

J(=0) 1. A+ BH*(0)—-C

1
Yo =X +in = 5—In (4.6)

omi J(+0)  2mi A+ BHH0)+C
We call £ the index of (4.3) which satisfies \g — 1 < k < Ag. Suppose that J~'(s) has some
zero-points d;(1 < i < m) with the orders a;(1 < i < m) respectively, then we put

m

E(s) =) (s—d)* M=a;+ - +ay. (4.7)

i=1
Here, we still only discuss the case M > 0. Rewrite (4.3) as

X))
) = TR B

O (s) + No(s). (4.8)

By the principle of analytic continuation and the generalized Liouville theorem, (4.3) has the

analytic solution

By(2) = X(2)(z = 2)MP._pr-1(2), Imz > 0; (4.9)
: X(2)E(2)Peori1(2), Iz < 0, '

Next, we consider the non-homogeneous problem (4.8). Put

Y(2) [(U(2)(z — 28)" — Q,(2)], Imz > 0;

Dy(z) = { PE—=)"H (4.10)
T (U (2)(2 = 25)" = Q,(2), Imz < 0,
where
Qp(2) =b,+bp_1z+ -+ bp2’ (4.11)

has zero-points of the orders «; at d;, and p = M — 1, this implies

=,

E
—~
N
N—

I

[W(2)(z—2)" P, 1<L<a;—1,1<i<m. (4.12)

Using the theory of classical boundary value, we can verify that (4.10) is the particular solution
of (4.3). Therefore, (4.3) has the general solution

X(z)(z—zS)M ek '
(P(Z) — E(z) [\IJ(Z)(Z ZO) Qp(z) + E(’Z)Plifol(Z)L Imz > O7

(4.13)
X(2)[¥(2)(z = 20)" — Qp(2) + E(2) Pa—p—1(2)), Imz < 0.

Further process is the same as section 3 and will be omitted.
Now, we discuss the properties of solutions at s = co. By [5,13,27], we have, near s € N,

Y (s)s*> € hy.

Notice that, in (4.13), we shall write P,_/(2) instead of Py_pr—1(2).
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Suppose that s = oo is an ordinary node, then Ay, € (0, 1), further 7, # 0. Consider the
positive boundary value ®*(s) as follow

B¥(5) = VO ) + (s — )" Qa(s)] + 0. (414)
where
Qi(s) = (s — z))ME~(s), Qa(5) = Pa_pr(s) — Q,(s)E71(s). (4.15)
We can see that @1(s) is bounded near s € No,. Moreover, when x > M, one has
Qa2(s) = O(ls — "), Y¥(5)Qa(s)(s — 25)" ™" = O(ls| ™). (4.16)
When 1 < Ay < £ < 1, we have |U*(s)| < 7y near s € N, then
T 1 t T N
O < g 1= = 52 [ 13 e <
where 7y, 7 take constants. Further, we obtain
YH(s)W(s) = O(|s| ), (4.17)
and by (4.15)-(4.17), when k > M, it gives rise to
dF(s) = O(|s| ). (4.18)
When k < M, P,_pn(z) = 0, then we require the solvability conditions as follows
b; =0, j=0,---,p—k—1. (4.19)

In this case, Q,(z) = >_"_(b, ;j2/. Moreover, when x > 0, (4.18) is still valid; when x = 0,

Q,(z) = b,, one must have
U(d;)(di — 25) =0b,, 1<i<m; (4.20)

when k < 0, we need that (3.22) and the following (4.21) hold

/ U*(s)(s —d;) "ds =0, (4.21)

where 1 <v < a;,1 <i<m.
When % <l < Ay < 1, there exists € > 0 such that Ao, — € > % Therefore, we have

Y (s)W(s) = O(]s| *="9), s€ Ny. (4.22)

Similarly, we can get
O (s) = O(|s| "), s€ Ny. (4.23)

Combining (4.18) and (4.23), when A\, > 3, it turns out that
P (s) =O(s]™), s € N, (4.24)
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where r > min {{, \oc — €}, thus > 3. Moreover, &+ € Hj.
When 0 < Ay < 3, by [13,24] we know that

YH(s)¥(s) = O(ls|™).

When x > M, in order that ®* € L?(R), (4.18) needs to be satisfied. When x < M, (4.19)
holds. Further, when x > 0, we must have

by_. = 0; (4.25)

when k < 0, we require that (4.19) and (4.21) are satisfied.

Under the assumptions and conditions of solvability, from [7,13,21], it is easily known that
ot e LA(R).

Suppose that s = oo is a special node, then A, = 0. It follows from (4.4) that v, # 0,
thus we can transform it to the case A\ < % Further discussions are the same as above.

In conclusion, we state the following result.

Theorem 4.1. Under the case of non-normal type, (3.36) is a necessary condition of solv-
ability for Eq. (4.3).

(1) If As > 3, in (4.13), we write P._p/(2) in place of P,_p—1(z). When £ > M, (4.1) has
xk — M linearly independent solutions. When x = M, (4.3) has the unique solution. When
Kk < M, (4.19) and (4.25) hold, in this case, (4.3) has the general solution. When x > 0, (4.18)
holds; when x = 0, (4.20) holds; when & < 0, (3.22) and (4.21) hold.

(2) If Ax < 3, when k > M, (4.18) holds. When x < M, (4.19) holds. When x > 0, (4.25)
holds, and when x < 0, (4.19) and (4.21) hold.

Under the conditions of solvability, (4.1) has the general solutions

Ur(r) = WHRT(s)], (4.26)

where @7 (s) is given by (4.14).

5 Dual SIEs with convolution kernels

Now we deal with dual SIEs with convolution kernels and variable integral limits

Ap(T) + \/% Jo v®)h(r —t)dt+ < [ %dt =n(r), 7€R™

B (0 C [ @ g - (5-1)
AY(T) + o fT Y(t)ho(T — t)dt + = fR —=dt =n(1), TERT,

where A, B, C are constants, and C' # 0. The functions hy, he,n € H;, and the unknown
function ¢ € Hy. Combining the two equations in (5.1) to the following (5.2):

/w dt—l——/w k(T — t)sgn(t)dt
1/) dt = n(1), T € R,

(5.2)

m gt —T
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where

h(r) =
then h, k € H,. Obviously,

()~ hg ()], R() = Sl (7) + B (7)),

N | —

h , > 0; i
U TR0 =)

1
h(r) =<2
%hQ(T), T <0, —she(1), T <O.

We apply the operator W to (5.2) and obtain

™ — S

AD(s) + BH(s)D(s) + 22 /R f“) dt — CO(s)sen(s) = N(s), scR,  (5.3)

where

and H, K, N,® € H{. We shall solve the following (5.4) instead of (5.3)
T (s) = J(s)®(s) + No(s), (5:4)

where
J(s) = A+ B[H(s) — K(s)] — Csgn(s) N(s)

A+ B[H(s) + K(s)] — Osgn(s)’ ofs) = A+ B[H(s) + K(s)] — Csgn(s)

From the analysis above, it is easy to prove that (5.4) has a unique node s = 0. Further
process is similar to section 3 and will be omitted.

6 Conclusions

In this paper, we mainly focus on three classes SIEs with variable integral limits in the case
of non-normal type. By means of the theory of complex variable functions and classical
boundary value problems, Egs. (1.1)-(1.3) are transformed into the linear Riemann problems
with discontinuous property in class Hy, further, we obtain the general solution given by
integral-form. Moreover, the novel method in this paper can effectively solve such equations
mentioned in [28-33], and we may also prove the existence and stability of solutions for Egs.
(1.1)-(1.3) in Clifford analysis (see [34,35]).

Recently, many scholars have studied SIEs with convolution kernels and non-linear SIEs
in multidimensional and hyper-singular fields, and gained a lot of excellent results. Based on
our results in this paper, we may consider the solvability theory of Eqgs. (1.1)-(1.3) in these
areas. More precise details will be omitted now.
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