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1 Introduction

Fractional calculus has been used extensively in the study of linear and nonlinear frac-
tional differential equations (FDEs) arising from real-world challenges. Many researchers in
such areas make considerable use of FDEs to make some concerns more approachable, such
as the modeling of nonlinear phenomena, optimal control of complex systems, and other
scientific research (see, for example, [48, 47]). Furthermore, multi-term time-fractional
differential systems can describe nonlinear phenomena seen in physics, mathematics, and
engineering. These types of equations have sparked a lot of attentions in recent years, as
demonstrated in [73, 69, 63] and the references included therein.

The theory of measure differential equations (MDEs, for short) covers some well known
cases. When give an absolutely continuous function, a step function, or the sum of an
absolutely continuous function with a step function, this kind of system corresponds to
usual ordinary differential equations, difference equations or impulsive differential equa-
tions respectively. Another advantage of considering MDEs is that we can possibly model
Zeno trajectories because gas a function of bounded variation may exhibit infinitely many
discontinuities in a finite interval. This type of system arises in many areas of applied
mathematics such as nonsmooth mechanics, game theory etc. see [7, 60, 74]. MDEs were
investigated early by [71, 70, 62, 23]. One can refer to the review paper [21] for a complete
introduction of measure differential systems. Recently, the theory of MDEs for R™ space
has developed to some extent [31, 32, 59, 77].

On the other hand, it is well known that the periodic law of the development or move-
ment of things is a common phenomenon in nature and human activities. However, in real
life, many phenomena do not have strict periodicity. In order to better characterize these
mathematical models, many scholars have introduced other definitions of generalized peri-
odicity, such as almost periodicity, asymptotic periodicity, asymptotic almost periodicity,
pseudo almost periodicity and S-asymptotic periodicity. Since S-asymptotically periodic
functions were first studied in Banach space by Henriquez et al. [43], there are some papers
about S-asymptotically periodic solutions for fractional evolution equations, one can refer
to [14, 15, 64, 53, 67, 54]. It is worth noting that S-asymptotically period function, which
was first proposed and established by Henriquez et al. [43], is a more general approxi-
mate period function between asymptotically periodic function and asymptotically almost
periodic function.

The properties of periodic solutions to functional differential equations, integral equa-



tions and partial differential equations have been extensively studied. Specially, because
fractional derivative has genetic or memory properties, the solutions of periodic bound-
ary value problems for fractional differential equations can not be extended periodically
to time t in RT. Therefore, many scholars began to study various extended solutions
of periodic solutions of fractional evolution equations(such as almost periodic solutions,
asymptotically almost periodic solutions, pseudo almost periodic solutions, asymptotically
periodic solutions, S-asymptotically periodic solutions and so on). For the related research
on the S-asymptotically periodic solutions of fractional evolution equations, one can refer to
[14, 15, 64, 53, 67, 54]. In [72], Shu et al. discussed the existence and uniqueness of positive
S-asymptotically w-periodic mild solutions for a class of semilinear neutral fractional evo-
lution equations with delay by using the contraction mapping principle on positive cones.
In [56], Li et al. discussed the positive S-asymptotically w-periodic mild solutions for the
abstract fractional evolution equation on infinite interval.

Due to the structures of such equations, investigating their solutions is challenging. To
the best of the authors’ knowledge, the existence of S-asymptotically w-periodic mild solu-
tions for abstract damped elastic systems with delay is a subject that has not been treated
in the literature. This fact and the interesting relationship between S-asymptotically w-
periodic mild solutions and S-asymptotically w-periodic functions are the main motivations
of this work.

Based on previous work ideas and methods [31, 35, 37, 42, 25|, in this work, we inves-
tigate the existence of S-asymptotically w-periodic mild solution to multi-term fractional

measure differential equations with nonlocal conditions and delay
n
CDtH’gu(t) + > DR u(t) = Au(t) + F(t, u(t), ur)dg(t), t>0,
k=1

u(t) = Qu)(t) + ¢(t), te [0, (1)

w'(0) = Qo(u) + 7,
where u(-) take values in a Banach space E; D} stand for the Caputo fractional derivative
of order 1, ap > 0 and all v, k = 1,2,--- ,n,n € N, are positive real numbers such that
0<fB8 <9< -+ <y < 1. We assume that A : D(A) C E — E is a k-sectorial
operator, and A generates a strongly continuous family {53, (t) };>0 of bounded and linear
operators on F, f : Rt x E x B — E is a suitable nonlinear function and ¢ : RT — R
is nondeacreasing and continuous from the left, dg denote the distributional derivative of
g (see [77]), the functions @, Qo : G(RT, E) — E will be specified later, where G(R", F)
denotes the space of regulated functions on R*, B := G([-r,0], E). For t > 0, u; € B is the
history state defined by u:(s) = u(t + s) for s € [—r,0], ¢ € B and ¢(0) € D(A), ¢ € E,



r > 0 is a constant.

The highlights and advantages of this paper are presented as follows:

(1) This paper is to construct the general principle for lower and upper solutions cou-
pled with the monotone iterative technique for the delay evolution equation involving
nonlocal in ordered Banach space, and obtain the existence of maximal and minimal
S-asymptotically w-periodic mild solutions, which will fill the research gap in this

area.

(2) The main method used in this paper is the monotone iterative technique in the pres-
ence of the lower and upper solutions, which is an effective and widely used method
to study the nonlinear differential equations as an application of the ordered fixed
point theorem. This method can not only study the solvability of the equations, but
also obtain the iterative sequence of the solutions, which provides a reasonable and

effective theoretical basis for solving the approximate solutions by computer.

(3) Monotone iterative technique is utilized to derive the existence results of S-asymptotically
w-periodic mild solutions, which will fill the research gap in this area by using regulated
functions, Henstock-Lebesgue-Stieltjes integral settings for measure driven equation

involving multi-term time fractional derivatives.

(4) The topological method that some authors have chosen to study existence of S-
asymptotically w-periodic solutions is the theory of fixed points, which has been a
very powerful and important tool to the study of nonlinear phenomena. Specifically,
authors have used contraction mapping principle, Leray-Schauder alternative theo-
rem, Schauder theorem and Krasnoselkii’s theorem. However, monotone iterative
method in the presence of the lower and upper solutions is the first time that it has
been used to study our concerned problem in ordered Banach space. Therefore, our

results are novel and meaningful.

This paper is organized as follows. The second part of the paper demonstrates pre-
liminary details. The third part states the existence of S-asymptotically w-periodic mild
solution by monotone iterative method in the presence of the lower and upper solutions
combined with (f3,~)-resolvent family. And the last section is provided an example to

illustrate the applications of the obtained results. Concluding part close this article.



2 Preliminaries

In this section, we briefly recall some basic known results which will be used in the
sequel. Throughout this paper, let (E, || -||) be an ordered Banach space with partial order
”<” induced by the positive cone K = {u € Elu > 0} (0 is the zero element of F), K
is normal with normal constant N. Let r > 0 be constants, we denote by Cy(R™, E) the
Banach space of all bounded and continuous functions from R* to E equipped with the

norm

[ulloo = sup [Ju(?)]|
teR+

and G(R™, E) denotes the Banach space of regulated functions on R* equipped with a norm

|ulloo = sup |Ju(t)]|, B := G(]—r,0], E') the Banach space of regulated functions from [—r, 0]
teR+
to I with the norm

16l ="sup [lo(s)]-

s€[—r,0]

Let SAP, (F) represent the subspace of Cj,(R™, E) consisting all the F-value S-asymptotically
w-periodic functions endowed with the uniform convergence norm denoted by || - ||. Then
SAP,(FE) is a Banach space (see [43], Proposition 3.5]). If v € SAP,(F), then it is not
difficult to test and verify that the function ¢ — u; belongs to SAP,,(B) (see [53, 54]).

For the rest of this paper, we define

Q= {u € G([-r,00), E) N Cp([~7,00), E)| u|_ro € B and ulg+ € SAP,(E)}.
It is easy to see that €2 is a Banach space equipped with the norm

ullo="sup [lu(®)].
te[—r,00)

Define a positive cone Kq by
Kqg={ueQu(t)e K, te[-r,00)},

then €) is an ordered Banach space with the partial order relation "<” induced by the cone
Kq, and Kq is normal with the normal constant N. Similarly, B is also an order Banach

space whose partial ordering ”<” induced by a positive cone
Kp ={¢ € Bl¢(s) € K, s € [-r, 0]}

with the normal constant N. For v,w € Q with v < w, we denote the order interval
{ulv <u <w} C Qby [v,w]. Furthermore, we denote {u(t)|v(t) < u(t) < w(t),t € [-r,00)}
in E by [v(t),w(t)] and {ut|vy < up < wy,t € [0,00)} in B by [ve, wy], respectively.



A partition of [a,b] is a finite collection of pairs {([t;—1,t],€i),i = 1,2,--- ,n}, where
[ti—1,t;] are nonoverlapping subintervals of [a,b], e; € [t;—1,t;],i =1,--- ,n and
Ui, [ti—1, ti] = [a,b]. A gauge 6 on [a, b] is a positive function on [a, b]. For a given guage &
we say that a partition is 0-fine if [t;—1, ;] C (e; —d(e;),ei+0(e;)), ¢ € {1,--- ,n}. Let u(t™)
and u(t*) denote the left limit and right limit of the function u at the point ¢, respectively.
We recall some basic definitions and properties of regulated function. For more details,
we refer to [68, 25]

Definition 2.1. [68] A function u : [a,b] — E is said to be regulated on [a,b], if the limits

lim u(s) =u(t™), t € (a,b] and lim u(s) =u(t"), t € [a,b)

s—t— s—tt

exist and are finite.

We denote by G([a, b], E) the space of all regulated function from [a, b] into E. It is well

known that the space G([a,b], E') is a Banach space endowed with the supremum norm.

Definition 2.2. [68] A set B C G([a,b], E) is called equiregulated, if for every e > 0 and
T € |a,b], there exists 6 > 0 such that

(i) If u € B,t € [a,b] and t € (T — 0, 7), then ||u(t™) —u(t)||r < e.
(ii) If u € B,t € [a,b] and t € (1,7 + ), then ||u(t) —u(r7)|g < e

Lemma 2.1. [68] Let {u,}2, be a sequence of functions from [a,b] to E. If u, converge
pointwisely to ug as n — oo and the sequence {uy}22 | is equiregulated, then u, converges

uniformly to ug.

Lemma 2.2. [12, 68] Let B C G(la,b], E). If B is bounded and equirequlated, then the set
co(B) is also bounded and equiregulated, where ¢o(B) define the closed convex hull of B.

The following result is a variant of the Arzela-Ascoli theorem for regulated functions

with Banach space values.

Lemma 2.3. [57] Assume that B C G([a,b], E) is equirequlated and, for every t € [a,b]
the set {u(t) : uw € B} is relatively compact in E. Then the set B is relatively compact in
G([a, ], E).

Next, we recall the definition of Henstock-Lebesgue-Stieljes integral.



Definition 2.3. [68] A function v : [0,0] — E is said to be Henstock-Lebesgue-Stieltjes
integrable w.r.t. g :[0,b] = R, if there exists a function denoted by (HLS) [, : [0,b] — E
such that, for every e > 0, there is a gauge 0. on [0,b] with

ti—1

Hznjq/;(ei)(g(ti) g(ti) — ((HLS) Otiq/)(s)dg(s)(HLS) [ ve)dgs)) | <
=1

for every d.-fine partition {(e;, [ti—1,t;]) i =1,2,...,n} of [0,0].

We denote by HILS)([a,b],R)(p > 1) the space of all p-ordered Henstock-Lebesgue-
Stieltjes integral regulated from [a,b] to R with respect to g, with norm || - [|grgp defined
by

Wllas; = ((28) [ Iwo)Pdgto))’”

Lemma 2.4. [35] Let p,q > 1 such that % + é =1, ¥ € HLS}([a,b],R") and g : [a,b] = R
be regqulated. Then the function H(t) = fot(t — 8)8W(s)dg(s) is regulated and

t

1) - He) < ([ - 97a9(9) WA g0, € @]

-

t 1

H@) -1 < ([ @4 = 7dg(0) WO 907, ¢ fab),

t+

where ATg(t) = g(t7) — g(t) and A”g(t) = g(t) — g(t7).
Let L}L([a, b, E) be the set of all u-integrable functions, where p is a measure.

Lemma 2.5. [26] Let for t € [a,b], Z(t) be weakly relatively compact in E. Suppose that
B C L}([a,b],E) is a bounded set and there is a function N(-) € Lj([a,b],R") such that
I6(t)||le < N(t) p-a.e. t € [a,b] for all b € B. If for every b € B,b(t) € Z(t) for u-a.e.
t € [a,b], then B is weakly relatively compact in LL([CL, b, E).

Definition 2.4. [66] An (8, v)-resolvent family {Sg, (t)}i>0 on E is said to be positive,
if Sgq,(t)x > 0 for each x > 60,2 € E, and t > 0.

Definition 2.5. [66] An (8, yx)-resolvent family {Ss., (t)}i>0 on E is said to be equicon-

tinuous, if the function t — Sg., (t) is continuous from (0,00) — L(E) on the operator

norm || - || z(g)-

In the following, we present the theory of fractional calculus about the Riemann-Liouville

integral and Caputo fractional derivative.



Definition 2.6. The Riemann-Liouville fractional integral of a function f € L} ([0,00), E)

loc
of order n > 0 with lower limit zero is defined as follows
bt —s)nt
I t:/ s)ds, t>0
o = [ 1)
and I°f(t) = f(t), provided that side integral is point-wise defined in [0, 00).
Definition 2.7. Let n > 0 be given and denote m = [n]. The Caputo fractional derivative
of order n > 0 of a function f € C™([0,00), E) with lower limit zero is given by
t (t _ S)m—n—l
Df(t) =T"""TD™f(¢ :/ —
g =)y T —n
and ¢D°f(t) = f(t), where D™ = d™/dt™ and [] is ceiling function.

For more progress and important properties about fractional calculus and its applica-

D™ f(s)ds,

tions, we refer the reader to [48, 65] and references therein.

Let A be a closed linear operator on the Banach space E with domain D(A) and denote
by p(A) the resolvent set of A.
Definition 2.8. [47]. Let E be a Banach space and let 5 > 0, v, o, k = 1,2,...n be real
positive numbers. Then A is called the generator of (B,7k)-resolvent family if there exists

k>0 and a strongly continuous function Sg~, : RT™ — L(E) such that

{)\ﬂH + Zak)ﬂk : Re(\) > n} C p(A)
k=1

and
n 1 00
N (ALY o\ — 4) u= / S (H)udt,
k=1 0
where Re(\) > k and u € E.
A operator A is said to be k-sectorial of angle @ if there exist § € [0, 7) and s € R such

that its resolvent is in the sector
K+ Sp:= {/<; +A:AeC,larg(N)| < % + 0}\{w},

and

M
A= wl|’
Lemma 2.6. [47/ Let 0 < 8 < v, < - <y <1 and ax > 0,k = 1,2,...n be given,

I = A~ <

AEw+ Sy

p>0 and k < 0. Assume that A is a k-sectorial operator of angle 5%. Then A generates

a (B,7k)-resolvent family Sg .-, (t) satisfying the estimate

C
< t>0 2.1
= L+ |r|(EAFL + >0 agtw)” = 7 (2.1)

for some constant C > 0 depending only on 3, .

15, ()



Definition 2.9. [43]. A function u € Cp(RT, E) is called S-asymptotically w-periodic if
there exists w such that

lim |ju(t +w) — u(®)] =0, ¥t > 0.

t—o00

In this case, we say that w is an asymptotic of w. It is clear that if w is an asymptotic
period for u, then every kw,k =1,2,---, is also an asymptotic period of u.

We now look for suitable the concept of mild solution to problem (1.1).

First of all, we consider the following linear multi-term time-fractional measure differ-
ential equations with nonlocal conditions of the form

“Dy Put) + 3 axDIu(t) = Au(t) + h(H)dg(t), >0,
k=1

u(t) = Qu)(t) +(t), tel-r0]
u’(O) = Qo(u) + w,

where h € G(RT, E).

Lemma 2.7. Let 0< 8 <, <--- <y <1landap>0,k=1,2,...n be given and A be
a generator of a bounded (f3,7y)-resolvent family {Ss., (t)}¢>0. Then mild solution of the
problem (2.2) is given by

u(t) = Sp., (1)[Q(w)(0) + ©(0)] + (1 * S5, ) ()Y + Qo(u)]

1+ k(@145 * S.,) (DIQ(w)(0) + o (0)]
k=1

+ [ Taoult = 9le)da(s)

fort >0, where Tg~, (t) = (¢ * S, )(t).

Proof. Let L(-) and (-*-)(-) denote the Laplace transformation and convolution, respectively.
With the goal of constructing a representation of the solution of (2.2) in terms of the family
{S5,4, (t) }+>0, and applying the Laplace transform to (2.2), we have
[B+1]-1
ML) (N) — w9 (0)AF—
j=0
n

+3 ay [wz[u](x) — 3 u@ (a1



Applying the given nonlocal conditions, we have
ML) () = M [Q(u)(0) + ¢(0)] = A7 + Qo(u)]

+ D AL (V) = > ard ™ [Q(u)(0) + 2 (0)]
k=1

k=1
= AL[u)(N) + LIR)(N).

This is equivalent to

(VD = A) LI (A) = MR(w)(0) + 9(0)] + A7~ [t + Qo(w)]
k=1

+ 37 N Q) (0) + 9(0)] + LAY, Re(A) > w.
k=1

Hence, assuming the existence of the family Sg,, (t) we obtain

L)) = X (M43 @ — 4)[Qu)(0) + ¢(0)]
k=1

+ A1 ()«3“ +) oA — A) _IW + Qo(u)]
=1

#3743 s - 4) T QMu)(0) + ¢(0)
k=1 k=1

+ (Aﬁ“ + é ap\T — A) LIR(N)

n
for all X such that Re(\) > w, A3+ + 37 ap\7% € p(A), then
k=1

Llu](A) = L[S ]JN[Qu)(0) + (0)] + LIp1] L[S ] (M) [¢ + Qo(u)]
+ > nLlP115-7 L1852, ] (N[Q() (0) + ¢ (0)]
k=1

+ LISp 1 JALLpsl (ML), Re(A) > w,

where




Inversion of the Laplace transform shows that

u(t) = Sp. (1)[Q(w)(0) + ©(0)] + (1 * Sp.4, ) () [Y + Qo(u)]

1+ k(@145 * Ss.,) (D[Q(w)(0) + 9 (0)]
k=1

¢
+ [ oot = hda(o)
This completed the proof. ]

The above representation formula allows us to give the following definition.
Definition 2.10 Let 0 < <y, <--- <y <landar>0,k=1,2,...n be given and A
be a generator of a bounded (B3, yi)-resolvent family {Sg ~, (t)}¢>0. Then a regulated function
u(+) : R — E is said to be mild solution of problem (1.1) if u(t) = Q(u)(t) + p(t), v (0) =
Qo(u) + ¢ and satifies the following integral equation

u(t) = 53,4, (0)[Q(1)(0) + ¢(0)] + (01 % S, ) (1) [¢) + Qo(u)]

3 (P18, * S50 (DIQ()(0) + 9(0)]
k=1

+ / Ty (t — $)F (s, u(s), us)dg(s), ¢ 0.
0

Moreover, if u is S-asymptotically w-periodic, then it is called S-asymptotically w-periodic
mild solution of problem (1.1).

Moreover, we noted that by the estimate (2.1), we have

t
T4 (Dll 202y = 105 * Sp ) Dl £y < /0 pp(t = Tl S5 (T)ldT

t
<T(1 - ) /0 05t — T)p1 ()| S ()|

7F(1 — %) t -7 T)dT
<SS ak/g p(t = T)p1-r, (T)d
(1 — )

= = P-n+1(1);
ED T
for all ¢ > 0. Hence there exists a constant C > 0 such that
175, (D)l 2By < CtP=m, (2.3)

First of all, in view of (2.1), we denote M :=sup ||Sg ., (¢)|| < 400, M > 0. We estimate
t>0

11



0148, * S5,y ()] as follows. Let 0 < e <y, — 3 be given, then

"901+,3ka * Sﬁv'yk (t) ”

t
=|T(v—B—¢) /0 P14 By (t = T)pry—pe(T)TPWFETLG,  (1)d7||
t
< F(”k"‘g“g)iﬁ 15 (F — 7)oy e ()T S (1) |,

where, thanks to (2.1), we have that

MB—kte—1

— B — )P mtetl -~
L(ye — B —¢e)r” 7k ||Sﬂ,vk(7')”§ 1+|f<;\7-5+1

Mr—wte
- >0
1+ A

Since € < 7, there exists a constant C' > 0 such that
- 1
TS5, ()] < C.

Therefore,

t
wHﬁ%*%%umscﬂngwa—ﬂ%kBAﬂm

= Cp1_o(t) = Ct " (2.4)

And then, in view of (2.1), we denote M := sup ||Sg,, (t)|| < 400, M > 0. We note that
>0

/oo R 1 et
o 14 [s[tFHT T (B4 1) sin(51)

for 1 < g +1 < 2 and therefore Sg -, (t) is, in fact, integrable. Hence, we have

61+ 850000 = | [ Sacu(61is] < [ 18000l

</t ¢ a
s
T Jo T IR[($TH D00 ansT)
1
° 1 Clr| PHim
<C/ ds = - .
o 1+ |k|sAtT (8+ 1) sin(5)

Moreover, we denote

Clw| 7
B+1)sin(747)

M :=sup |[(1 * Sg,) (1) =
t>0 (

12



In addition, we present the definitions of lower and upper solutions for the nonlocal
problem (1.1).

Definition 2.11. If a function v € Q with v|p+ € C(RT,E) N CYA(RT E) satisfies
Av(0) < A[Q(u)(0) + ¢(0)] and

DIFPu(t) + 3 areDFu(t) < Av(t) + F(t, o(t), v)dg(t), ¢ >0,
k=1
v(t) < Qv)(t) + (1), t € [-r0],

v'(0) < Qo(v) + 9,

then v(t) is named a lower solution of nonlocal problem (1.1). And if the inequalities in

above are all reversed, then v(t) is named an upper solution of nonlocal problem (1.1).
We give the definition of upper and lower mild solution.

Definition 2.12. If a function v € Q satisfies

(1) < 5.4, (D)[Q(w)(0) + @(0)] + (01 % 5.5, ) (D) [¢ + Qo(v)]

+ Z 0 (P148—, * 98,3,) (1) [Q(w)(0) + (0)]
k=1

+ /0 Tﬁy’Yk (t — S)F(S, ’U(S), Us)dg(s)7

then v(t) is named a lower mild solution of nonlocal problem (1.1). And if the inequality in
above is reversed, then v(t) is named an upper mild solution of nonlocal problem (1.1).
Next, we recall some properties of noncompactness which will be used in the sequel.
The Hausdorff measure of noncompactness of a bounded subset S of E is defined to be the
infimum of the set of all real numbers € > 0 such that S can be covered by a finite number

of balls radius smaller than e, that is,
afS)=inf{e >0: S C UL B(&,mi),& € E,ry <e(i=1,...,n),n € N},

where B(&;,r;) denotes the open ball centered at &; and of radius r;.

Now, we give the following useful lemmas.
Lemma 2.8. [8, 49] Let S, T be bounded subsets of E and A € R. Then
(1) a(S) =0 if and only if S is relatively compact;
(2) S CT implies a(S) < a(T);

13



(3) a(S) = a(S);

(4) a(SUT) = max{a(S),a(T)};

(5) a(AS) = |Na(S), where AS = {z = Az: z € S};

(6) a(S+T) < a(S)+a(T), where S+ T ={x =y+z:y€ 8,2 € Z};

(7) a(co(5)) = a(S);

(8) If the map Q : D(Q) C E — Z is Lipschitz continuous with a constant k, then
a,(QQ) < ka(R?) for any bounded subset Q C D(2), where Z is a Banach space.

Let W be a subset of G([a, b, E). For each fixed ¢ € [a, b], we denote W (t) = {z(t) : x €
W}. Next we will present some results of the Hausdorff measure of noncompactness in the
space of regulated functions G([a,b], E).

Lemma 2.9. [12] Let W C G([a, b], E) be bounded and equiregulated on [a,b]. Then a(W (t))

is regulated on [a,b].

Lemma 2.10. [12] Let W C G([a,b], E) be bounded and equiregulated on [a,b]. Then
a(W) = sup{a(W(t)) : t € [a,b]}.

Lemma 2.11. [22] Let E be a Banach space and B C E be bounded. Then there exists a
countable subset By C B, such that a(B) < a(By).

Denote by LS4([a,b], E') the space of all functions f : [a,b] — E that are Lebesgue-
Stieltjes integrable with respect to g. Let ug be the Lebesgue-stieltjes measure on [a, b]
induced by g. Since the Lebesgue-stieltjes measure is a regular Borel measure, then the
following results holds by Theorem 3.1 in [46].

Lemma 2.12. [46] Let Wy C LS ([a,b], E) be a countable set. Assume that there exists a
positive function k € LSy([a,b],RT) such that ||w(t)|| < k(t) pg-a.e. holds for all w € Wy.
Then we have b X
of / Wo(t)dg(1)) <2 / a(Wo(t))dg(t).
a a

We will make use of a version of Bellman integral inequality for Henstock-Lebesgue-
Stieltjes integrals, which can be found in [50](Theorm 4.4).

Lemma 2.13. [50] Let T > 0. Assume that a,m € G([0,T],R"). If the function y €
G([0,T],R*) satisfies the inequality

) < m(®)+ [ als)us)dats)
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for every t € [0,T], then

y(t) < m(t) + /0 a(s)m(s)es A dg(s).

3 Main Result

In this section, we discuss the existence of S-asymptotically w-periodic mild solutions
and for the system (1.1).
Theorem 3.1. Let E be an ordered Banach space, whose positive cone K C E is normal.
Let 0 < <y, <<y <landap >0,k =1,2,...n be given. A is an k-sectorial
operator of angle WTW, k=1,2,--- ,n with kK <0, and A generates a positive and compact
(B, vk)-resolvent family {Sg~,(t)}i>0 on E. Assume that w > 0 is a constant and the
nonlocal problem (1.1) has a lower mild solution 0@ and an upper mild solution w'® with
v <w®, Ifp e Kz, Qu)(0)+¢(0) € KND(A) andp € K, F:R* x Ex B — E is

continuous as well as the following conditions are established:

(H1) For each constant R > 0, there exists P(-) € HILSL(R™,R™) for some p > 1 such that

sup [|F(t,u(t), w)|| < POW(R), ¢ =0,
[ull <R

where W : [0,400) — R is a continuous nondecreasing function and

W (R)
R

lim inf

= wg < +00.
R—+o00

(H2) (1) There exists w > 0 such that for allx € E,¢ € B

lim ||F(t +w,2,6) — F(t,z,0)| = 0.

(2) F(t,u,u) is measurable for all u € G(RT, E).

(H3) For any t € RY, z1,29 € E and ¢1,¢2 € B with U(O)(t) <z < a9 < w(o)(t) and
v <1 <o <w?),
F(t7$27¢2) B F(t7x17¢1) 2 Qa

(H4) (1) The nonlocal functions Q(u), Qo(u) is increasing in order interval [v(®), w(©)];

(2) Q,Qo : G([-r,+x),E) — E are continuous and compact mapping, and there are

two positive constants cy, c1,dy, d1 such that

1Qo(w)l| < collull + do, Q)] < er|ull + di.

15



Then the nonlocal problem (1.1) has minimal and mazimal S-asymptotically w-periodic

mild solutions u,u € [U(O), w(o)], which can be obtained by the monotone iterative procedures

starting from v© and w®, respectively.

Proof. For each u € [0, w®], we have u; € [U(g),w(?)] = [O(t + 5),wO(t + s5)] C
SAP,(B) fort € Rt s € [-r,0]. Now, we define an operator Q : [v(9, w(®] = G([-r, +00), E)
by

[ S5 (DQ(w) (0) + (0)] + (21 % S0, ) (D + Qol(w)

+ 2 k=1 k(L1487 * S5, ) () [Q(1) (0) + (0)]

(Qu)(t) = + [T, (8 — 8)F(s,u(s),us)dg(s),  t>0, (3:1)

Qu)(t) + (1),  te[-r0]

From (H2)(2), the integral fg T8, (t — s)F(s,u(s),us)dg(s) is well defined. Clearly, if Q
admit a fixed point in G([—r, +00), E), then the system (1.1) admits a mild solution.

Now, we complete the proof by six steps.

Step.1. The set {Qu : u(-) € 0} is equiregulated.
For any b € (0,00), restrict u(t) to interval [—r,b). For any ¢ty € [—r,b), we have

1(Qu)(t) — (Qu)(t) I < (S, () = S,y (tg NIQ(w)(0) + (0]
+ [{(p1 S5 ) (1) = (1% S ) (¢ +)][¢+Qo( )|

n

arM . .
+;F _|_k5 % ‘/ t*sﬁ V(g — / (tarfs)ﬁ Yk ds ‘|[Q(u)(0)+¢(0)]||

+
to

+ H[Tﬂfyk (t - S) - Tﬁ,’yk (ta_ - 8)]F(S> U(S), uS)Hdg(s)

“%

N /t+ 1T, (t — 8)F (s, u(s), us)||dg(s)

<1987, (8) = Sgy (b M my - N0 (O] + Mt —t5| - [ + Qo(w)]|
8= _ (t+)1+5*'7k

+ 3 o[ s 10w + ¢(0)]

—wwmA 1T (= ) = T (&5 — )y P(5)dlg ()
+CWR) [ (6= )" P(5)da(s)

0

= Il(t) + Ig(t) + Ig(t) + I4(t) + [5(t), (3.2)
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where
Li(t) = [1Sp2. (1) = Sy (tg) | i) - 1Q(w)(0) + (0)

Ly(t) = Mt —t§] - [l + Qo(w)l,
n tHB— _ (ta‘)l-Fﬁ—“rk

B0 = 3 M|

k=1

Q) (0) + (),

Ia(t) = W(r) /0 Tt~ 8) — T, (8 $)ll(z) P(s)dg(s),

t

de:cwwq/(p-@W%P@mﬁg

to
From the expression of I»(¢) and I3(t), we derive that I»(t) — 0 and I3(t) — 0 as
t — tJ independently of u € €. Since the compactness of Sg., (t) and Tj, (t) for
t > 0 yields the continuity in the sense of uniform operator topology. We dedude that
I1(t) — 0 and applying dominated convergence theorem on I4(¢) and , we can derive
that I4(t) — 0 as t — tJ independently of u € Q. Let H(t) = fg(t — 5)B7 % P(s)dg(s).
Thanks to Lemma 2.4, we known that H(t) is a regulated function on R*. Therefore,

we have
t

() = CW) [ (6= 9" P(s)dal)

<cw()(I1H () - B+ / (= 5k = (k= 5P P(s) ldg(s))
—0 as t— tar independently of wu.

Therefore, ||(Qu)(t) — (Qu)(t{)|la — 0 as t — t§ independently of u € Q.

Similarly, one can demonstrate that for any to € (—7,b],||(Qu)(t) — (Qu)(td)|lo — 0
as t — t§. According to the arbitrariness of b, one can find that u(t) is defined on
[—7,+00). On the other hand, it is easy to see lim;_,o ||u(t +w) — u(t)|| = 0. Hence,
assert that {Qu : u(-) € Q} is equiregulated.

Step.2. Q : Q — Q is continuous operator. Let {u(™} C Q be a sequence such that u(™ — wu(t)

in Q as n — oo, then, u™(t) — u(t) in E and ugn) — ug in B for every t > 0 as

n — oo. For t € RT, by the continuity of F' and Q, Qq, one can see that when n — oo,

F(t,u™ ), ul™) = F(t,ut),w), Qou™) = Qo(u), Qu™) = Q(u).

and
1E (8, u™ (t),uf™) — F(t,u(t), )| < 2P(E)W (r) (3.3)
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and moreover for each ¢t > 0, we have

1Q(™")(t) = Qu)(B)]| < Sp, ()Q™) = Q(u)]
+ (01 % Sp.2,) (D) Qo (u™) = Qo(u)|

+ Y (@14 * ) (D1QW™) = Q(u)|

k=1

+C /0 (t — $)57W || F (s, ul™ (), u(™) — F(s,u(s), us)|dg(s). (3.4)

By the inequalities (3.3)-(3.4) and the dominated convergence theorem for the Henstock-
Lebesgue-Stieltjes integral, for each t > 0, we get that ||Q(u™)(t) — Q(u)(t)||o — 0
as n — oo.

Moreover, by Step 1, it can shown that {Q(u("))},‘?f’:l is equiregulated. Therefore,
taking account to Lemma 2.1, we derive that Q(u(™) converge uniformly to Q(u).

Hence, Q is a continuous operator.

Step.3. We prove that Q([v(?), w(®)]) c Q.

For any u € [v(9, w(?)], it is clear that (Qu) is defined on [~ 00), and because ¢ € B,

we have Qu|(_, o € B. Thus it is easy to show that the function

fit = S, (O[Qu)(0) + 0(0)] + (1 % S, ) (D[ + Qo(u)]

+ 3 k@15, * S52) (DQ)(0) + 0(0)]
k=1

—i—/o T3, (t —s)F(s,u(s), us)dg(s) € SAP,(E), t>0. (3.5)

Since ulg+ € SAP,(FE) and u; € SAP,(B) for all t > 0, ||u(t + w) — u(t)|| < € and
|tt+w — ut||g < € become arbitrarily small by choosing ¢ large enough. Hence, by the

continuity of F, there exists a constant t.; > 0 such that, for every ¢t > ¢, 1, we obtain

|t ult +w), uees) — F(t,u(t), up)]| < (3.6)

|

and we can find a positive constant ¢. o sufficiently large such that for ¢t > ¢, 2, by
(H1), we have

| E(t+ w,u(t + w), uprw) — F(Eu(t +w), urry) || < <. (3.7)

DN ™
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Then for ¢ > t¢ := max{t.1,te2}, from (3.5), it follows that

ft+w) = f(t) = Spy (t+ W)[Q)(0) + @(0)] + (01 * Sp ) (E + w)[¢h + Qo(u)]

+ > k(P15 * S5y (E+w)[Qu)(0) + (0)]
k=1

+ /0 T8, (t +w — 5)F(s,u(s), us)dg(s)
= S (8)0(0) = (01 % Sp, ) (B)[Y) + Qo(u)]

= k(@i * Sp.,) (D[Q()(0) + 9(0)]

— [Tt )Pl el
= Spy, (t +w)p(0) = Sp, (D)[Q(u)(0) + ¢(0)]
+ (1% S )t +w) = (91 % 832,) (1)) [+ Qo(w)

+ ) k(P15 * S5 (t+w)[Q(u)(0) + (0)]
k=1

- Z (D148, * I3 ) (1) Q(w)(0) + (0)]

k=1

+ /Ow T8, (t+w — 5)F(s,u(s),us)dg(s)
[ Tt ) (s s ) tn) = Fls,u(s) )
[ Tt (sl +-0), 1052 = Fi (), 0))
= T(t) + Ta(t) + Js() + Ja(t) + 5 (). (3.8)
Then
£t +w) = O < 1RO+ 1BO1+ 1BO1+ 1501+ 1501 (39)
Hence, we have

[T < 15,7 (8 + @)[Qu)(0) + P(O)]]| + (S5, ()[Q(w)(0) + @(0)]|

< (ISp (t + W)+ 1S5 D) - 1Q(w)(0) + 0 (0)]

201Q(u)(0) + ¢(0)||
=14 &[T S agt k)

it is implies that ||J1(¢)| tend to 0 as t — oo.
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On the other hand, note that by (2.1) we have sup,-., ||tS3,, (t)|| < oo, for each 7 > 0.
Since A is an w-sectorial of angle 7,5 then ||£[Sg,](A)|| = 0 as A — 0. Thus, by the

vector-valued Hardy-Littlewood theorem (see [2], Theorem 4.2.9) we conclude that
(g1 % Sp~,)(t)| =0 as t— oo. (3.10)
By (2.4), it is implies that
@148, * S, (t)|| = 0 as t — oo. (3.11)

Hence, we have

[ T2 < [[(01 % S, ) (8 + @) [90 + Qo(w)] = (91 % Sy ) (H)[Y + Qo(w)]]]
< [I(pr * Spy ) (E+ w) = (91 % Sy ) ()] - |90 + Qo(w)]

By (3.10), we deduce that ||J2(t)| tend to 0 as t — oo.

T3 < 1Y (@145 * Spoy ) (E+w)[Qu)(0) + (0)]
k=1

= > k(@15 * S50) (OIQ(0) + 2(0)]|

k=1

<> | [(prap—y * St +w)
k=1
— (P15 * S5) O] - 1Q()(0) + ()]

By (3.11), we deduce that ||J3(t)| tend to 0 as t — oo.

By (H1), we have

1 Jall < /Ow 1T (¢ + w = ) - | (s, uls), us)lldg(s)

< CW(r) /0 "t 4w — )P P(s)dg(s),
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we deduce that ||J4(¢)|| tend to 0 as t — oco. By (3.6), (3.7) and (H1), we have

19501 € [ 100 = )1 (s s ), 000) = Pl ), ) )
[ 1B = ) NPl ), ) = P (o)) g
<aCW ) ([ = 7 dg(e) WPl - [ T - 5ot

te 1 t
+ 40w (n)( /0 (t = )17 dg(s)) " | Plsmsp + € / 1T (t = 5)lldg(s)

<sew(r)( /0 -

which implies that ||.J5(¢)|| tends to 0 ad ¢ — co. Thus, from the above results, we

1 t
(4= 9" dg(5)) " [ Pllassg +2¢ | [T, (¢ = 9)]ds),

can deduce that

Tim [£(t+) — 7O = 0.
Combining this with the definition Q, we can conclude that Q(SPA,(F)) C SPA,(E),
and combining this fact with Step 2, we can conclude that (Qu) € € for any u €
[0, )], which implies that Q([v(?, w®]) c Q.

Step.4. We check that Q : [0 w©®] — [©© )] is a monotonically increasing opera-
tor. Since {Sg,,(t)}i>0 is positive, thus (1 * Sg,)(t), (P148— * Sp~,)(t) and
T3, (t) = (pp * Sp~,)(t) are also positive. On the one hand, in view of Definition
2.10, Definition 2.11, and the positivity of operators {Ss., (t)}i>0, (¥1 * Sg~,) (1),
(P148—; * Sy )(t) and T, (t) = (pg * S, )(t), we can deduce that for any t €
[0,00), (1) < (QuD)(t), together with v(O () = ¢(t) = (QuO)(t) for t € [—r,0],
we get v < Qu), Similarly, Ow® < w0 is available.

On the other hand, let v, u®? € [v(® wO)] with v < u?), we can see
vOt) <u () <u® ) <w @), tel-rad,
v(?) < u(i) < u(g) < w(?), t € ]0,00).
Thus, by (H1), (H2), and the positivity of T1(¢)(t > 0),T5(¢)(t > 0), we can get
Qu(l) < Qu@).

Consequently, Q : [, w(®] = [v(®) w()] is a monotonically increasing operator.

Now, we establish two iterative sequences {v(™} and {w(™} in [v(®), w®)] by

o™ = Qv (M = Q1) n=1,2---. (3.12)
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Using the monotonicity of Q, we can easily confirm that {v(™} and {w(™} satisty:

p® < 0 < @ <<y << << < D) <O (313)

Step.5. We prove that {v(™} and {w(™} are convergent in Q.

For any a € (0,400), restrict {v(™} to interval [—r,a]. Let V = {v™|n € N} and
Vo = {v(®V|n € N}. Then V(t) = (QVo)(t) for t € [—r,a]. In fact, v (t) = ¢(t) for
t € [~r,0], thus, {v™ ()} is relatively compact on E for t € [~r,0]. For Ve € (0,1),
we define a set {(QVy)(t)} by

QVo(t) = {Q 0™ ()0 € Vo, t € [0,a]},

where

Qv (1) = S, (N[Q(W(O) +0(0)] + (1 + S )t = [ + Qo(v )]

+ Z o [ S (01RO + (0

t €
+/ Ty, (t — 8)F(s,0 7V (s),0{""V)dg(s), t>0.
0

Then from the compactness of {Sg -, (t) }+>0, we obtain that the set Q°Vy(t) is rela-
tively compact in E for all € € (0,t). Moreover, for every v e Vyand t € [0, al], from
the following inequality

10 (1) = QU™ (1) < (1 * 54 (1) = 1 % Spe(t — [ + Qoo™ V)|

t—sﬁ Yk

+\|Zak | e QW0 + (0)as]

+] / T (6= 9)F (s, 0" (5), o)y ()]

< Me(l] + collo® o + do) +Z%)<nw< Ol +1llo™ oo + 1)
t

+CW(r) / (t —5)° " P(s)dg(s)
t—e

< Me(l] + collo® o + do) +Z%)W Ol + 1l oo + i)

oW ) (10 - He-ol + | (8 (1 e ) Ps)dg(s))

—0 as € —0,
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Step.6.

thus, the set {(QVp)(#)} is relatively compact, which implies that {v(™) (t)} is relatively
compact on E for t € [0,a]. Thus, we have proved that {v(™(#)} is relatively compact
on E for t € [—r,al.

Therefore, {v(™} is relatively compact in G([—r,a], E) by the Arzela-Ascoli Theorem,
which implies that there is convergent subsequence in v("). Combing with the mono-
tonicity and the normality of the cone, it is clear that {v(™} and {w(™} themselves

are convergent, i.e., there exist u,u € G([—r,a], E'), such that

w(t) = lim v™(¢), w@(t) = lim w™(¢), t € [-ral.

n—oo n—oo

According to the arbitrariness of a, one can find that u and @ are defined on [—r, 00).
On the other hand, it is easy to see lim;, |Ju(t+w) —u(t)| = 0 and lim;— o ||T(t+

w) —u(t)|| = 0. Hence, we can deduce that there exist u,u € €, such that

u(t) = lim v™(t), @(t) = lim w™(t), te[-r ). (3.14)

n—o0 n—o0

Taking limit in (3.12), we have

u=Qu, u= Qu.

Therefore u, uw € € are fixed points of Q@ and they are the S-asymptotically w-periodic
mild solution of the problem (1.1).

We claim that w and @ are the minimal and maximal S-asymptotically w-periodic

mild solutions of the nonlocal problem (1.1), respectively.

Taking limit of both ends of (3.12), we can deduce from (3.14) that
u=Qu, u= Qu. (3.15)

Applying (3.13), we can get u, @ € [v®,w®] C Q that are fixed points of Q and
u < u. In fact, let u € [v(o),w(o)] is an arbitrary fixed point of Q, then for every
t € [~r,00), we have v(O(¢) < u(t) < w®(t), and

o (t) = (QuV)(¢) < (Qu)(t) = u(t) < (Qu)(t) = w (),

namely,

Repeat this process, we get



Let n — oo, we can see u < u < u. Therefore u and @, respectively, are the minimal
and maximal S-asymptotically w-periodic mild solutions of nonlocal problem (1.1) in
[0, )], and w,% can be obtained by the iterative sequences (3.12) starting from

0@ and w®, respectively. The proof is finished. O

Theorem 3.2. Let E be an ordered Banach space, whose positive cone K C E is normal.
Let 0 < B < v < -+ <y <1and ap > 0,k = 1,2,...n be given. A is an k-
sectorial operator of angle %77(,]{7 =1,2,---,n with kK < 0, and A generates a positive
and equicontinuous (,7y)-resolvent family {Sa, (t)}i>0 on E. Assume that w > 0 is a
constant and the nonlocal problem (1.1) has a lower mild solution v and an upper mild
solution w© with v < w®. If p € Kg, Qu)(0) + ¢(0) € K ND(A) and ¥ € K,
F:RY x ExB — FE is continuous and satisfies the conditions (H1)-(H/) and the following

conditions

(H5) For each t € R, and monotone sequence {u™} C [0 w(©)], there exist constants
Lf>0,0< MLy(1+ 7 |agla® ) 4 MLy < & such that
(P00 < L (atu® @D + swp o)),
se|—r,

a({Qo(u™(1))}) < Lya({u™ ()}), a({Qu™ (1)}) < Lpa({u™(1)}).

Then the nonlocal problem (1.1) has minimal and mazimal S-asymptotically w-periodic
mild solutions u,w € [v(o), w(o)], which can be obtained by the monotone iterative procedures

starting from v(© and w?), respectively.

Proof. Let Q be defined by (3.1). From the proof of Theorem 3.1, we know that Q :
[0, O] = 0@ ] is a continuous increasing operator and v(©) < Qv Qw(® < (.
Hence, the iterative sequences v(™ and w(™ defined by (3.12) satisfy (3.13). By {Sg., (t)}i>0
is an equicontinuous resolvent family, from the Step. 1 of proof of Theorem 3.1, we obtain
that {v(™} and {w(™} are bounded and equiregulated in t € [—r, +00).

Next, we prove that {v(} and {w(™} are convergent in Q.

For Ya > 0, restrict {v(™} to interval [—r, a]. Let V = {v(|n € N} and Vj = {v(®*V|n
N}. Then V = (QVp). From Vy = VU{v(©} it follow that (Vo (t)) = al(V (t)) for t € [—r, a).

For t € [—7,0], in view of the fact that v(™(t) = Qu("~D(t) = ©(t), we can see

a(V(t) =0, tel[-r0. (3.16)
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For ¢ € [0, a], one can get

sup a({o'}(5)) = sup a({fv™(t+)}) < a({fv™(1)}). (3.17)

s€[—r,0] s€[—r,0]

Thus, by Lemma 2.2, we have

a(V(1) = a({QV(1)})
- {Sﬂ wOQE)(0) + 9(0)] + (91 * Sp.) () + Qo(v" V)]

k(1457 % S5.) B)Q(0V)(0) + (0)]

M:

b [ Tt = 9P (s, 0D 5), o)y () })

< (S5, (01" )(0) + O + o({ [ S (00 + Qo )1is})

S~ 1

Z (2145, * S5)(DQEWTV)(0) + (0)]
+o(d

ra(f / Ty (¢ — $)F(s. 00 (s), o )dg(s) })

= ap + a1 + o + as.

Evidently,
p 1= (S, ([Q"V)(0) + ¢(0)]}) < 2Ma({Q( ™ V)(0)}) = 2M Lya(V (1)).

According to Lemma 2.12, (H5), (2.5) and (3.17), we have
o = o{lor SO + Qo))
< 2Ma({(¥ + Qo(v"V)(1)})

< 2Ma({Qo(v™ V) ()})
— 2ML,a(V (1)),

o = a({zn:ak(smw—%*Sﬂ,%)(t)[Q(v("1))(0)+s0(0)]})

k=1

IN

23 loul [ gy I9san (= Dl Q)0

QMLth:I |O‘k|a’8 Tetl V(b);
= T+8—yw)
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a3 = a({ /Ot T3, (t — S)F(s,v("fl)(s),vgnfl))dg(s)}>

< 2 [ st 9lem - al{ (600 Do), o)) ds
0
< ac /0 (t — 55 *a({ (s, 0™ D (s), 0" D) })dg(s)
2C g~ +1 t
< il [ avis)dsts),

Consequently, we can deduce that for ¢ € [0, a],
2M Ly, S0_, |agaf e+t
L2+ 8~ )

20 Pkt t
B—awﬁrlLf/o a(V(s))dg(s).

a(V(t)) <2MLa(V(t)) + a(V(t))

+2M L,V (1)) +

Since MLy (1 + Y1 lag|a® =71y + MLQ < %, it gives that

2CaP~ 1L, !
S S ol = 2 ML+ S larla?1) —23E,) J et e

Hence, by Bellman inequality, a(V(¢)) = 0 in [0,a]. Combining with (3.16), we have
a(V(t)) = 0 in [—r,a], which shows that {v(™(¢)} is precompact on E for any t € [—r, al.
We can similarly show that {w(™(t)} is also precompact on E for t € [—r,a]. Hence, there
are convergent subsequences in {v(™} and {w(™}. Combining with the monotonicity and
the normality of the cone, it is clear that {v(™} and {w(™} themselves are convergent, i.e.,
there exist u,uw € C([—r,a], E), such that

w(t) = lim v™(t), @) = lim w™(¢), t € [—r,al.

n—00 n—o0
According to the arbitrariness of a, one can find that v and @ are defined on [—r, 00). On
the other hand, it is easy to see lim;_, ||u(t+w)—u(t)|| = 0 and lim;—, ||u(t+w)—u(t)|| =
0. Hence, we can deduce that there exist u,u € €2, such that

u(t) = lim v™(t), @)= lim w™ (), te[-r ). (3.18)

n—oo n—oo

Thus, from the Step.6 of proof of Theorem 3.1, u,w are the minimal and maximal S-
asymptotically w-periodic mild solutions of the problem (1.1), which can be obtained by
monotone iterative sequences starting from v(® and w(®. This completes the proof of
Theorem 3.2.
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In Theorem 3.2, the condition (H5) guarantees that the sequences {v(™} and {w(™} are
precompact. However, according to [39, 52, 30], we can replace (H5) by adding appropriate

conditions to the space E or positive cone K, see the following conclusions for details:

Corollary 3.3. Without assuming (H5), the same conclusions as Theorem 3.2 hold if E
is an ordered, weakly sequentially complete Banach space, whose positive cone K C FE is

normal.

Proof. Since E is weakly sequentially complete, Theorem 2.2 of [30] states that any mono-
tonic and ordered bounded sequence in E is precompact. Let u(™ be a monotonic sequence
in condition (H5), then, {F(t,u(™ (t),u(?))} and {g(u(™(t))} are monotonic and ordered-
bounded sequences. Based on the properties of measure of noncompactness, we can easily

get that (H5) is valid. Hence, according to Theorem 3.2, Corollary 3.3 holds. O

Corollary 3.4. Without assuming (H5), the same conclusions as Theorem 3.2 hold if E is

an ordered, whose positive cone K C FE is regular.

Proof. According to the proof Step.4. of Theorem 3.1, Q : [v(®, w(©] = [v( W] defined
by (3.1) is a continuous increasing operator, and 0@ < Qv Quw® < O, Since K is
regular, then by the fixed point theorem of continuous increasing operator (see [39], Chapter
3 Theorem 2.2), Q has minimal and maximal fixed point u and % in [v(®, w()], and u,u
can be obtained by the iterative sequences (3.17) starting from v and w©), respectively.

Consequently, Corollary 3.4 holds. O

Next, we discuss the uniqueness of S-asymptotically w-periodic mild solution for the

nonlocal problem (1.1).

Theorem 3.4. Let E be an ordered Banach space, whose positive cone K C E is normal.

Let 0 < B < v <o <y <1and ap > 0,k = 1,2,...n be given. A is an k-
sectorial operator of angle %,kz =1,2,--- ,n with k < 0, and A generates positive and

equicontinuous (3, 7y)-resolvent family {Sa, (t)}i>0 on E. Assume that w > 0 is a constant
and the nonlocal problem (1.1) has a lower mild solution v and an upper mild solution w(®)
with v < w©®. If o € Kg, Q(u)(0) 4+ ¢(0) € KND(A) andy € K, F:R* x Ex B —
E, Q,Qo : G([-r,+x),E) — E are continuous as well as (A1)-(A3) and the following

conditions are established:

(H6) (1) For anyt >0, x1,29 € E and ¢1, 02 € B with v (t) < z1 < zo < wO(t) and
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fu(?) < g1 < o < w((t)), there exist constant Cg1,Cy2,Cy > 0 such that

F(t,z2,p2) — F(t,z1,01) < Cpi(wa — x1) + Cra(d2 — ¢1),

(2) For anyt >0, uy,us € C(RY, E) with v (t) < uy < ug < w0 (t), there exist constant
0< NMCy, —|—]\70g +C > ar) <1 such that

Qo(u2) — Qo(u1) < Cy(uz —u1), Quz) — Q(u1) < Chluz — uy).

(H7) For any u™,u® ¢ [0 wO] withu® >« there exists a sufficiently small constant
Co > 0 such that
W@ 1) —u () > Cou® — V), t>o0.

Then the nonlocal problem (1.1) has a unique S-asymptotically w-periodic mild solution in

0)

[U(O),w(o)], which can be obtained by the monotone iterative procedure starting from v(© or

w®. .

Proof. First of all, we verify that (H5) is valid. Actually, for each t > 0, let {u(™} C
v(o), w@] be an increasing sequence, then u(n) C v(o), w(o) is also an increasing sequence.
t t ¢

For any m,n € Nt from (H6) and the normality of positive cone K, it follows that
17t ut™ ) = Pt u®™,a )] < NOpllu®™ = ulle + NCpallu7 =I5,
1Qo(u™) = Qo(u™)|| < NCyl[ul™ —u™ |5, [Qu'™) — Qui™)|| < NCh[[u™ —u™|5.

where N is the normal constant of K. Combing this with the definition of measure of

noncompactness, one can see

a({f(tu @), u) < Ly (a0 + s _a({u(5)}),

s€[—r,0]
a({Qu(u™(1))}) < Lya({u™(1)}), a({Qu™(1)}) < Lna({u™(1)}),
where Ly = max{NC1, NCy2}, Ly = NCy, Ly = NCj. Thus, (H5) is valid. Consequently,
from Theorem 3.1, the nonlocal problem (1.1) has minimal and maximal S-asymptotically

w-periodic mild solutions u, 7 € [v(9, w(?]. In what follows, we check that u = .
Let Q be defined by (3.1), it is obvious that w(t) = u(t) = ¢(t) for t € [—r,0]. For any
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t >0, by (3.1) and (H6), (H7), we can calculate that
0 < au(t)—u(t) = Qu(t) — Qu(t)
= S5 (1)(Q@) - Qw))
+ (1% Spy) (1) (Qo (@) — Qo(w))

+ Z (P14 * Spy ) (1) (Q(W) — Q(u))

k=1

b [ Tl — (s a(5), ) — Fsu(s) w)dg(s)
0

MOy (a(t) — u(t)) + MCy(@(t) — u(t)) + C > a(@(t) — u(t))

IN

+ o /O (Cri(a(s) — u(s)) + Cpa(Ts — u,))dg(s)

< Mcm ) — <>>+A70g<a<t> —u(t))

C t
+ CZ (@) ~ ult) + C(Cp+ 2 [ (@) — uls)dgls).
0
Hence, by the normality of the cone K, it follows that for ¢ > 0, we can obtain

() ~u(t)| < N(MCp+MCy+Cy ak)IIU(t)—U(t)HJrNC(CflJr%f)/O [a(s)—u(s)lldg(s)-
k=1

Since < 1, it get that

NC(Cp+ 42)
Jat) - ult)] < - Cn / a(s) — u(s)|dg(s).
(MC}L"'MC +C2k 1ak

By applying Bellman inequality Lemma 2.13, we can get u(t) = u(t) for t > 0. Consequently,
@ = u = w is the unique S-asymptotically w-periodic mild solution of nonlocal problem (1.1)
in [0, w®] and from the Theorem 3.1, we know that @ can be obtained by the monotone

0)

iterative procedure starting from v(® or w(®. This completes the proof of Theorem 3.5. O

At the end of this section, we establish an existence result of S-asymptotically w-periodic
positive mild solutions for nonlocal problem (1.1) without assuming the existence of upper

and lower S-asymptotically w-periodic mild solutions.

Theorem 3.5. Let E be an ordered Banach space, whose positive cone K C E is normal,

Let 0 < B < v < -+ <y <1and ap > 0,k = 1,2,...n be given. A is an k-

29



sectorial operator of angle ’)%777,]{: =1,2,--- ,n with k < 0, and A generates positive and
equicontinuous (3, vy )-resolvent family {Sg., (t) }s>0 on E. Assume thatw > 0 is a constant,
v € Kp, Qu)(0) +¢(0) € KND(A) and p € K, F : RT x K x Ky = E, Q,Qp :
G([-r,+00),K) — K are continuous and F(t,0,0) > 0 fort > 0. If the condition (H2)

and the following conditions are established:

(H8) For any R> 0, t >0, x1,29 € K with 0 < x1 < z9, ||z;|| < R and ¢1,¢2 € Kp with

0 <1< ¢2, [|¢ills <R,
F(ta $27¢2) Z F(t,$1,¢1) Z 97

(H9) For anyt >0,z € E and ¢ € B, there exist functions p;(-) € HLS)(RT,RY) for some
p > 1 and nondecreasing functions F; € C(RT,R*)(i = 1,2) as well as a positive constant

K such that
IE(t,z,0)|l < pi(t)Fi(llz]]) + p2(t) Fo(4]l5) + K,

where Fi and p; satisfy

liminfi(l) =G < oo, 1=1,2;
l—+o00 l

(H10) The nonlocal functions Q, Qo(u) are bounded and increasing for u € G([—r,+00), K)
with ||ullc < R such that

Q(R)
R

.. . Qo(R)
| f
it =

=17 < 400, liminf = < +oo.
R—o0

(H11) For any R > 0, t > 0, and the monotone increasing sequence {u™} C B(6, R), there
exist constants Ly, Ly, Ly, > 0 such that

a({F(tut ), u)) < Ly (a({u (1)) + e a({u'P (9)}h),

a({Qo(u™ (1)}) < Lya({u™(1)}), a({Q(u™()}) < Lua({u™()}).

(H12) The function s — [;(- — )P~ dg(s) belongs to HLSI(RT,RT).
Then the nonlocal problem (1.1) has at least a S-asymptotically w-periodic positive mild
solution u € G([—r,00), K) provided that

n s t 1
(M 4> apMy)m + Mn + leig (/0 (t— S)q(ﬁ_%)dg(s)> (Glpt sy + Glp2llgusy) < 1,

k=1 2
(3.19)

1 1 _
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Proof. Let a be any positive constant. For given ¢ € Kp, ||¢|lz < R. Define

QR = {’LL S C([—T’, ‘H’U, H < R te RY; u‘[—rO] €B ’LL( ) (p(t>7t € [_T70]}7

and the operator Q : Qr — K by

S8 (D[Qu)(0) + (0)] + (01 % S5, ) (D)[¢ + Qo(w)]
+ 2 k=1 (P18 * 957, (D[Q(u)(0) + 0(0)]

QU =3 4 (1 Ty, (t - 5)F(s,u(s), u)dg(s),  t e [0,al, (3.20)

L Q(u)(t) + (p(t), te [—7", 0]

From the hypothesis (H8)-(H10), the positivity of Sg., ()(t > 0) and the definition of Qg,
it follows that the positive mild solution of nonlocal problem (1.1) in R* is equivalent to
the fixed point of O.

Step.1. we check that there is a constant Ry > 0 such that Q(Qg,) C Qr,.

In view of (2.4), we observe that as M 1= sup ||@148—~, * S8, (t)]| < +o0.
>0

Indeed, if this were not so, it would follows that for any R > 0, there exists u € Q0p
such that ||Qu|| > R. In view of (2.5) and (3.20), for any ¢ > 0, we have

(Qu) (D < 193, (DIQEO) + (0)] + (o1 # S5, (1) + Qofo)]
+ Z o [ QU0+ p(Ods + [ T ¢ ) Flss ), 0o
< 15, (DIQUO) + (O] + 101 * $5.,) ()8 + Qo(an)]
+| Z o [ T T 5 QO + 0S| + | [ T 6= ) (st
< 1250 0QO) + 5011 + 1 s + Qoo
+ Z o /0 s ; LS00 (90 + (0]
/ [T (¢ = ) I1F (s, u(s), ws)dg(s)

< M (s + QUR) + F(] + Qulm) + (3 auds) (el + Q)

k=1
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Step.2.

Q=

+C .Fl / [p1(s)]Pdg(s +F2 /[pz )|Pdg(s )'(/Ot(t—S)q(ﬁmdg(S))

< (M3 b lplls + QURY) + FE(I] + Qo(R))

k=1

t 1 _
+Csup ([ (0= dg(0)) " FR sy + Fo(B el + K). (321

t>0

Hence, according to the above calculation, we can see

R<(M+Y" ardh)([lels + Q(R)) + M|l + Qo(R))
k=1

t 1 _
+Csup ( /0 (t = )" Mdg(s)) " (Fi(R) Ipr sy + Fo(R) Ip2llpsy + K-

Dividing both sides by R and taking the lower limit as R — oo, we can get

t 1
(M43 Mo+ M € sup ( / (t=5)10"Wdg(s) )" (Grllp1 g+ Co lpallimsg) > 1.
k=1 0

which is a contradiction (3.19). Thus, there is a constant Ry > 0 such that Q(Q2g,) C
Qg,-

The set {Qu : u(-) € Qr} is equiregulated.
For any b € (0,00), restrict u(t) to interval [—r,b). For any ¢y € [—r,b), we have

1(Qu)(#) = (Qu)(EI < [I(Sp.3. (1) = S (b NIQ(w)(0) + 0 (0)]]
+ [(p1 # Sp4)(E) = (91 % Sp ) (g )][¢+Qo( I

= arM B
+ 3 s | [ spmnas [* - o rasf i) + 0]

+
tO

+ [T (t = 8) = T, (tg — $)1F (5, u(s), us)lldg(s)

S— T

+ ||T5m€(t75)(t—S)F(S,u(s),us)Hdg(s)

g

< 185() = S0 () 1w - 1Q)(O) + ¢ (O)]| + Mt = &1 [+ Qo(u)]
n 8= _ (tar)l-i-ﬁ—%

+ YoM oy 19600 + <0l
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+ (f1(||U||)/ I T5, (t = 5) = Ta., (t5 — )| L(myp1(s)dg(s)

+ Folllusls) / 1T (= ) — T (8 — )|y (5)dg(s)

+K/ 1Ty (£ — ) — Ty (8 — 9)l| iy (5)

+Cf1(||u||)/+(’f—8)ﬁ " pi(s)dg(s)

to

+CF(lusle) [ (6= 5" pas)dals)
+CK t (t — 5)P " Mdg(s)

i
= 11 (t) + Lo(t) + I3(t) + Lo(t) + Is(t) + Is(t) + Ir(t) + Is(t) + Lo(t),  (3.21)

where
Li(t) = (1S53 (t) = S (t) () - Q) (0) + (0)],

I(t) = Mt —t§]- o + Qo(w)],
t1+5 Ve _ t+ 1+8—7k

ZakM\ Tor s | Q@O+,

14(t) = (fl(IIUII)/ 75 (t = 8) = To o, (85 — )|l Limypa(s)dg(s),

t+

I5(t) = Fo(ualls) / [T (¢ — ) — T (1 — ) Lmppa(s)da(s),
K/ 1Tt — 8) = Ty (8 — 8) iy (s),

t
(1) = CF(Ju) / (t — )" p1(s)dg(s).

to

Is(t) = CFa(]us|5) /+(t — )7 py(s)dy(s),

to

t
Io(t) = CK [ (t—s)PTkdg(s).
ty
From the expression of I5(t) and I3(t), we derive that I»(t) — 0 and I3(t) — 0 as
t — tJ independently of u € 2. Since the compactness of Sg., (t) and Tp., (t) for
t > 0 yields the continuity in the sense of uniform operator topology. We dedude that
I1(t) — 0 and applying dominated convergence theorem on I4(t), I5(t), Is(t) and Io(t),
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Step.3.

we can derive that I4(t), I5(t), Is(t), Ig(t) — 0 as t — t{ independently of u € Q. Let
Hi(t) = [i(t—s)""pi(s)dg(s), Ha(t) = [5(t — 5)P T pa(s)dg(s). Thanks to Lemma

2.4, we known that H(t) is a regulated function on RT. Therefore, we have

I;(t) = CFi(R) /t (=) pi(s)dg(s)

tO
< AN~ Ml + [ 1= = 6 = 9" )i ()do()
—0 as t— tg independently of wu,

and
t

() = CFAR) [ (6= 5/ pa(e)dy(s)

tO
< CR(R)(IH2(t) - Ha(t)]) + / (= )77 = (& = )" pa(s)lldg(s)
—0 as t— tg independently of wu.

Therefore, ||(Qu)(t) — (Qu)(t$)|lo — 0 as t — t§. independently of u € Q.

(Qu)(tg)lle — 0
(t) is defined on
[0,00). On the other hand, it is easy to see lim;_,o ||u(t + w) — u(t)|| = 0. Hence,

Similarly, one can demonstrate that for any ty € (—r,b], ||(Qu)(t) —

as t — tg . According to the arbitrariness of b, one can find that u

assert that {Qu : u(-) € Qr} is equiregulated.

We finally show that the operator Q has a positive fixed point on Qg .

We know that Q : Qr, — g, is a monotonic increasing operator based on (H8)-(H10)
and the proof Theorem 3.1.

Let v° = § € K and establish the iterative sequence {v(™} by
v = Qv =12, (3.22)
Then according to the monotonicity of Q, one can find {v(™} ¢ K and
=0 <M << <. (3.23)

Similar to the proof of Theorem 3.2, we can get a({v(™(t)}) = 0 in [—r,a], that
is, {v(™(t)} is precompact, hence, it has a convergent subsequence v(™) — 4 € Q,
combined with its monotonicity (3.23) and the normality of cone K, it is easy to know
that

o™ = ue G([-r a], K), n — oo.
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Taking limit of both ends of (3.22), and by the continuity of Q, we can get u =
Qu, which shows that v € G([—r,a], K) is a positive mild solution of the nonlocal
problem (1.1). According to the arbitrariness of a, one can find that wu(t) is defined
on [—r,00). On the other hand, by the method of Step.3 of Theorem 3.1, it is easy
to see limy_,oo ||u(t + w) — u(t)|| = 0, which implies that u(t) is a S-asymptotically
w-periodic mild solution for ¢ > 0. Hence, we know that the nonlocal problem (1.1)
has at least a S-asymptotically w-periodic positive mild solution u in G([—r, 00), K).

This completes the proof of the theorem. O

Theorem 3.6. Let E be an ordered Banach space, whose positive cone K C FE is normal,

Let 0 < B < v <o <y <1and ap > 0,k = 1,2,...n be given. A is an k-
sectorial operator of angle ’)%777,]{: =1,2,--- ,n with k < 0, and A generates positive and

equicontinuous (3, yy)-resolvent family {Sg, (t) }i>0 on E. Assume that w > 0 is a constant,
v € Kp, Q(u)(0) + ¢(0) € KND(A) and p € K, F : R" x K x Ky = E, Q,Qo :
G([-r,+00),K) — K are continuous and F(t,0,0) > 0 for t > 0. If the condition (H2),
(H8), (H11) and the following conditions are established:

(H13) For any bounded sets D C E, D C B, the set {F(t,z,¢)|t > 0,z € D,¢ € D} is
bounded, and

I [Pt +,2,6) - F(t,2,0)] = 0
forallz e E ¢ € B,

(H14) The nonlocal functions Q,Qo(u) are bounded increasing for u € G([—r,+0), K),
that is, for any v1,vy € G([0,4+00), E) with vo > v1 > 6, ||v1]] < R,

Qo(v2) > Qo(v1) >0, Q(v2) > Q(v1) > 0.

Then the nonlocal problem (1.1) has at least a S-asymptotically w-periodic positive mild
solution u € G(]—r,00), K).

Proof. Let R be any positive constant. For given ¢ € K, ||¢||g < R. Define
QR = {u € C([—’F, 00)7K)“|u(t)” < th € IR+;u|[—r,0] S Bau(t) = Qp(t)at € [—’I”, 0]}7

and the operator Q : Qr — K by

;

S8 (D[Qw)(0) + ()] + (1 % S5, ) (D)[¢ + Qo(w)]
+ 2=t k(P14 ¥ 95.,) (D)@ (1) (0) + (0)]

(Qu)(t) = + fot T3, (t = s)F(s,u(s),us)dg(s), t €10,al, (3.24)

Qu)(t) + (1),  te[-r0]
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From the hypothesis (H8), (H13), the positivity of Sg,, (t)(t > 0) and the definition of Qg,
it follows that Q : Qr — FE is well defined. Hence, if u is a fixed point of Q on Qg, then u

is undoubtedly a mild solution of nonlocal problem (1.1). Let

Ry = max [E @ u), w)ll, Ry = max [[Qo(u)ll, Rn= max [Q(u)].

t20,[lu(®)[l;lulls<R [uflc<R K ||<>o<R
Step.1. we check that there is a constant Ry > 0 such that Q(Qr,) C Qr,.

In view of (2.4), we observe that as M := sup ||@148—~, * S8, (t)]| < +o0.
>0

Indeed, if this were not so, it would follows that for any R > 0, there exists u € Q0p
such that ||Qu|| > R. In view of (2.5) and (3.24), for any ¢ > 0, we have

1(Qu) ()] < 11987, ()Q(u)(0) + ()] + (01 * Sy, ) (H)[Y + Qo(w)]

t—S’B Tk

e [ S QO + A0

" /0 T (¢ — 5)F (5, u(s),u2)dg(s)]

< 1185 (DQ)(O) + (O] + (21 * San) (O + Qo(w)]
t (t _ 3)5—%

+ H Zak/ msﬁ,m(é’)[Q(U)(O) + 90(0)]d6’”

—i—H/ T8, (t—s) (s,u(s),us)dg(s)H
< 1158, (£)p(0) ]| + ([ (01 * S, ) () [0 + Qo(w)]]]

t—sﬁ Vi

+Hzak/ T+ B =) Sﬂ,vk(S)[Q(U)(O)+<P(0)]d5\|
+/0 1T (& = S)| - 1F(5, uls), us) [ dg(s)

< Ml + Ba) + S+ Rp) + (3 andts) (s + )
k=1

+CR;- (/Ot(t - s)q(ﬁ_%)dg(s));

< (M + 3" o) (llells + Ri) + M| + Ry)
k=1

t 1
+ CRysup </ (t— S)Q('B*V’“)dg(s» ..
0

>0
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Hence, according to the above calculation, we can see

t 1
R< M+§ymm|wm+Rm+Mww+RH%mﬁg(/@—@mﬂwM@y.
1 t 0

Dividing both sides by R and taking the lower limit as R — oo, we can get the obvious
contradiction of 1 < 0. Thus, there is a constant Ry > 0 such that Q(Qg,) C Qg,.

Step.2. The set {Qu : u(-) € Qr} is equiregulated.
For any b € (0, 00), restrict u(t) to interval [—r,b). For any ¢y € [—r,b), we have

1(Qu)(t) — (Qu)(t) I < (S, () = Sy (tg NIQ(w)(0) + (0]
(1 # Spy ) (1) = (01 % Sy )t + Qo( )|

n M .
+;F ikﬁ = ‘/ tfsﬁ Teds — / (taF,S)B e ds| | Q(w)(0) + ¢(0)]

+

b [ N6 = 9) = T (65 = )1, us) ) ()
0

(=}

+ | T pt—s) (= 8)F (s, u(s), us)l|dg(s)
< 1881 () = S (8 ey - (l(O)l + Ri) + Mt — t§] - ([[0]] + Ry)

n +B—k Bk
I (SR

4Ry [ 1006 = 9) = oo (65 = ) o)

+0Rf/ (t — s)Pdg(s)

0

= Il(t) + Ig(t) + Ig(t) + I4(t) + [5(t), (3.25)

where
Li(t) = 18,4, (1) = S (15 ) |l ey - 110(0) + Rl
I(t) = M|t —t5] - (¥l + Ry),

Z v 18—k _ t+ 1+8—k 10(0) + Ral
Qg ‘ 2 0) + hils
L2+ 58— )

tt

MU—MAOMMN—$—%%@ odg(s).

I;(t) = CRy /j (t —s)dg(s).

to
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From the expression of I5(t) and I3(t), we derive that Iz(t) — 0 and I3(t) — 0 as
t — tJ independently of u € (2. Since the compactness of Sg., (t) and Tp,, () for
t > 0 yields the continuity in the sense of uniform operator topology. We dedude that
I,(t) — 0 and applying dominated convergence theorem on I4(¢) and , we can derive
that I,(t) — 0 as t — tJ independently of u € Q. Let H(t) = fot(t — 5)P7dg(s).
Thanks to Lemma 2.4, we known that H(t) is a regulated function on R*. Therefore,

we have

t

() = Oy [ (1= s)"dg(s)

tO
< ORI = HEDI + [ 1 =97 = (1 = 5"
—0 as t— tar independently of u.

Therefore, ||(Qu)(t) — (Qu)(t{)|la — 0 as t — t§. independently of u € .

(Qu)(tg)lla — 0
(t) is defined on
[0,00). On the other hand, it is easy to see limy_, ||u(t + w) — u(t)|| = 0. Hence,

Similarly, one can demonstrate that for any tg € (—r,b], ||(Qu)(t) —
as t — tg . According to the arbitrariness of b, one can find that u
assert that {Qu : u(-) € Qr} is equiregulated.

Step.3. We finally show that the operator Q has a positive fixed point on g, .

In view of (H1), (H8) and (H14), we verify that (H8)-(H10) hold, we know that Q : Qr, —
R, is a monotonic increasing operator based on the Step 3 in the proof Theorem 3.5.

Let v* = § € K and establish the iterative sequence {v(™} by
v = QU("_I), n=12---. (3.26)
Then according to the monotonicity of Q, one can find {v(™} ¢ K and
=00 <M <<y <., (3.27)

Similar to the proof of Theorem 3.2, we can get a({v(™(t)}) = 0 in [~r, a], that is, {v(™(¢)}
is precompact, hence, it has a convergent subsequence v(") — u € Qy, combined with its

monotonicity (3.27) and the normality of cone K, it is easy to know that
o™ = ue G([-r,a], K), n — oo.

Taking limit of both ends of (3.26), and by the continuity of Q, we can get u = Qu, which
shows that v € G([—r,a],K) is a positive mild solution of the nonlocal problem (1.1).
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According to the arbitrariness of a, one can find that u(t) is defined on [—r, 00). On the other
hand, by the method of Step 3 of Theorem 3.1, it is easy to see lim;_,o0 ||u(t+w)—u(t)|| =0,
which implies that u(t) is a S-asymptotically w-periodic mild solution for ¢ > 0. Hence, we
know that the nonlocal problem (1.1) has at least a S-asymptotically w-periodic positive

mild solution u in G([—7,00), K). This completes the proof of the theorem. O

4 Applications

In this section, we give an example to illustrate our main results. Let
B,y > 0(k = 1,2,...,n) be such that 0 < f < =, < .- < < 1. Consider the
following measure driven differential equation:

/

n
Dot u(t, ) + 3 ax°DVu(t, x) = Au(t,z) + Tu(t, z)

k=1
+Sm§u+(%3))dg(t)’ (t’$) € RF x [O,ﬂ'], se [_T; 0]7
U,(t, 0) = U(t,ﬂ') = 0, t e R+7 (41)

u(t,x) = [ plt, s)log(1 + [u(s, z)[)ds + o(t,2), (t,x) € [-r,0] x [0, 7],
ou(t,x u(t,x
étt Yimo = 6J|F|S(t7¥)| +(x), x€[0,7),

\

where A is Laplace operator, a > 0,7 < 0 are constant, g : [0, 7] — R is a nondeacresing, left
continuous function, p(t, s) is a continuous function from [0, 0o)x [—r, 0] to R*. Furthermore,
define the operator A : D(A) C E — E by Au = Au+ 7u and

D(A) ={u € E:u,u’ are absolutely continuous, u” € E,u(0) = u(r) = 0}.

Then it is well known that the operator A is k-sectorial with x = 7 < 0 and angle 7 (and

hence of angle 24%) for all 4, < 1,k =1,2,--- ,n). Since 8,7 > 0,k =1,2,--- ,m be such

that 0 < 8 <7, < --- < <1, by Lemma 2.7 , we deduce that A generates a bounded
(B, vk )-resolvent family {Sz -, (t)}i>0-

We choose the workspace E = L?(]0,7],R), which is an ordered Banach space with
L?—norm || - ||2 and partial-order “ <7, K = {u € L*([0,7],R) : u(z) > 0, a.e. z € [0, 7]}
is a normal cone. Note B := G([—r,0] x [0, 7], E) with the normal cone Kz = {u € B :
u(t,z) € K,t € [-r,0], a.e. x € [0,7]}. We define

flt,z,u(t,z),u(t + s,x)) = W, t e RY, s€[-r0].
Qo(u(t,x)) = (m, Qu(t,z)) = /Oa p(t, s)log(1 + |u(s,z)|)ds.
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For u € [0, 7], we set @(t) = p(t,-), ¥ =1(-), u(t) = u(t,-), u(s) =u(t+s,-) and

|ul

F(tult), u) = St u(t, ), ult +5,)), - Qolu) = -

Qu) = Aﬂwwn%u+mmm

Then, equation (4.1) can be transformed into the form of abstract nonlocal problem (1.1)
in L%([0, 7], R).

Further, from the definition of functions f and g, we have

PG u(e) )l < gl [Qolutt. o) < glull Q2] < [ plt s)dslul.

We deduce that condition (H4) is satisfied with ¢y = é and dg =0, ¢ = fo (t,s)ds and
di = 0. Additionally, (H1) is satisfied with P(t) = 3 and W (r) =

Theorem 4.1. Assume that w > 0, f: RT x [0,7] x K x K — E be continuous and the
conditions (H2) is satisfied. If the following conditions

(A1) f(t,2,0,0) > 0 for (t,z) € R* x [0,7], and there is a function 0 < w = w(t,z) €
G([—r,00) x [0,7]) satisfying lim; oo w(t + w, ) —w(t,-) = 0, such that

DM Bu(t, ) + 32 e DV w(t,x) > Ault, x) + rult, z)
+f(t,x,w(t,x),l;;:(lt + s,))dg(t), (t,z) € Rt x [0,7],s € [-1,0],
w(t,0) =w(t,7) =0, teRT,
w(t,z) > [ p(t, s)log(1 + |w(s,z)|)ds + ¢(t, x), (t,z) € RT x [0, 7],
[ 22602 > Qo(w(t, ) + (), z € [0,7].

(A2) there exists a constant | > 0 such that for any z € [0,7],t € RT and 0 < x1 < 29 <
w(-,1),0 < ¢1 < d2 < wy,

f(t, @2, d2) — f(t,21,01) = 0
hold, then all the conditions in Theorem 8.1 are satisfied, our results can be applied to
system (4.1). Also, the problem (4.1) has minimal and mazimal S-asymptotically w-periodic
solutions u,u € G([—r,00), L2([0,7],R) N SAP,(L?([0, 7], R)) between 0 and w, which can

be obtained by monotone iterative sequences starting from 0 and w.

Proof. From the condition (Al), it follows that vy = 0 and wy = w(z,t) > 0 are lower

and upper S-asymptotically w-periodic mild solutions of the problem (4.1), respectively.
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Thus, by the condition (A2), one can find that the condition (H2) holds. Therefore, from
Theorem 3.1, we can obtain that the problem (4.1) has minimal and maximal time S-
asymptotically w-periodic mild solutions u,uz € G([—r,00), E) N SAP,(F), which can be

obtained by monotone iterative sequences starting from 0 and w, respectively. O

5 Conclusions

This paper has established some of results concerning the existence of maximal and min-
imal S-asymptotically w-periodic mild solutions for this class of multi-term time-fractional
measure differential equations in order Banach space, by means of the method of lower
and upper solution. In the furture work, we study the existence of the S-asymptotically
w-periodic mild solutions for a class of multi-term time-fractional measure differential equa-

tions involving non-instantaneous in Banach spaces.
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