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1 Introduction

Incorporating spatial variation into models is clearly central to understanding many bi-
ological and physical systems. Diffusion has been frequently used to model movement
in spatially deterministic models [32, 38|. Diffusion is a local process in which particles
move infinitesimal distances in infinitesimal units of time. Thus, Lee et al. [15] argued
that, for processes where the spatial scale for movement is large in comparison with its
temporal scale, nonlocal models using integro-differential may allow for better estimation
of parameters from data and provide more insight into the biological system. Usually, the
classic nonlocal model can be described by the following single equation

w =D [/R J(z — y)ult,y)dy — u(t, )| + f(ul(t,z)), (1.1)

where the kernel J(x) is a probability density. The nonlocal model (1.1) with monostable
nonlinearity has been widely investigated by authors (see [2, 3, 4, 5, 6, 41]).

The purpose of this work is to investigate the exponential stability of the epidemic
model with nonlocal dispersals

{ut(:ﬂ,t) =dy[(J1 *u)(z,t) —u(z,t)] + h(u(z, t),v(z, t — 7)), zeR, >0, (L2

v(x,t) = do[(Jo x v)(x,t) — v(x, )] + g(u(z, t — 12),v(x, 1)),

where 71 > 0 and 7 > 0 represent the time delays, u(z,t) and v(z,t) represent the spatial
concentration of the bacteria and the infective population at a point x € R and time
t > 0, respectively. d; > 0 and dy > 0 are diffusion coefficients. (J; % u)(z,t) (J2 *v)(z,t)
represent the total number of the bacteria and the infective population arriving at x from
all possible locations y at time t, respectively.
If the diffusion kernel
Ji(x) = 0(z) + 0" ()

with § being the Dirac delta function (see [24]), h(u,v) = —aju + h(v) and g(u,v) =
—av + g(u), then (1.2) reduces to the traditional reaction diffusion systems

{ut(x,t) = dyug, (2, 1) — aqu(z,t) + h(v(z,1)), zeR. t>0. (1.3)

Ut(xvt) = dQU:cw(xat) - OéQU(ZL‘,t> + g(u(x, t))»

Hsu and Yang [12] investigated the existence, uniqueness and asymptotic behavior of
traveling waves for (1.3). See also [8, 10, 49, 50] for some special cases. More recently,
Hsu et al. [13] extended (1.3) to more general systems and obtained the existence and

stability of traveling waves.
If dy =dy =0, h(u,v) = —aju + av and g(u,v) = —ayv + g(u) for some constant
a >0, (1.2) reduces to the classic ODE epidemic model
{ut(a:,t) = —aqu(z,t) + av(z, t), teR. >0, (1.4)

v(z,t) = —au(z, t) + g(u(z,t)),
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which was proposed in [9] to model the cholera epidemic spread.
From the view of mathematics, letting u = v, d; = ds, J; = Jo and h(u,v) = g(u,v) =
—au+h(u), (1.2) is equivalent to the following single equation with the nonlocal dispersal

w(z,t) = d[(J xu)(x,t) — u(x,t)] — aulx, t) + h(u(z,t)), (1.5)

which can usually be used to describe the growth and spatial spread of single species
population. Yu and Yuan [55] investigated the existence of traveling waves for (1.5).
Especially, when h(u) = pue™?, Pan [33] showed the existence of traveling waves of (1.5).
We refer to some references about the more general nonlocal monostable equation with
delays or without delays, see [33, 35, 34, 39, 46, 48, 54, 57| and some references cited
therein.

In this article, we are mainly concerned with the existence and exponential stability of
traveling wave solutions for (1.2). More precisely, following the ideas from [12, 13|, we can
also construct a pair of suitable upper and lower solutions relying on careful local analysis
near the stationary solutions. By using the theory in [34], the existence of traveling
wave solutions connecting two equilibria is admitted. On the other hand, the stability
on traveling waves is an important and interesting project. The stability problems of
traveling waves for some specific reaction—diffusion have been widely studied, by using
the spectral analysis method [37, 43|, a squeezing technique via the upper and lower
solutions comparison [7, 30, 40, 47] and the weighted—energy method [13, 14, 17, 18, 19,
29, 25, 36, 44, 49, 50, 52, 53] and many references cited therein. By using weighted—energy
method, authors [19, 35] also investigated the stability of traveling wave fronts for single
equation with nonlocal diffusion. Recently, there have been many studies on the stability
of other types of equations, see [1, 11, 16, 23, 45, 51, 56, 58, 59] and many references cited
therein. However, the stability of traveling wave solutions for multi-component systems
with nonlocal dispersals is less reported, see [53]. Motivated by the work of [13, 27, 28],
we will use the weighted energy method to establish the L'-weighted, L'~ and L?*-energy
estimates for the perturbations between solutions of (1.2) and the traveling wave solutions,
and show that all solutions of the Cauchy problem for the considered systems converge
exponentially to traveling wave fronts provided that the initial perturbations around the
traveling wave fronts belong to a suitable weighted Sobolev spaces.

The rest of our paper is organized as follows. In Section 2, we introduce some nota-
tions and main results. In Section 3, by using the the weighted energy method and the
comparison principle, we study the asymptotic stability of traveling wave fronts of (1.2).
In Section 4, we give an application.

2 Main Results

A traveling wave solution of (1.2) is a pair of solutions with the form wu;(z,t) = ¢1(x +ct)
and wuy(x,t) = ¢o(x + ct) for some functions ¢;(-) € C*(R,R), ¢ = 1,2, where ¢ > 0 is
a constant corresponding to the wave speed and £ := x + ct is the moving coordinate.



Substituting (uq(z,t), us(z,t)) = (91(£), P2(€)) into the system (1.2), we can derive the
following wave profile equations

1(Jo (& =)o (y)dy — d1(8)) + h(d1(E), ¢a(& — 1)),
2 (g F2(E = 9)da(y)dy — 92(€)) + g(d1(€ — e72), 92(€)).

Our goal is to prove the stability of monotone solutions of (2.1) satisfying the following
conditions:

i (61(€). 62(6)) = 0 andlim (61(¢). 62(¢)) = K (2.2)

For convenience, let us denote the coefficients of the linear parts of h(u,v) and g(u,v)
at the equilibrium 0 = (0,0) and K = (k1, ko), respectively, by

Q] = (9uh(0,0), Qg = vg(O 0) 61 &,h(0,0) 62 ug(O 0)

a1 = Oyh(k, k), Gz = 0,9(k1,ka), Bi = Oph(ki,ka), B2 = 0ug(ks,ks).

Two vectors (uq,--- ,u,) < (vg,-+-,v,) in R” means u; < v; for i = 1,2,--+ ,n. An
interval of R" is defined according to this order. For convenience, denote by 0; the first
differential operator with respect to the i-th variables, and 0;; the second differential
operator with respect to the ¢-th and j-th variables.

In order to state our main results, throughout this article, we assume the nonlinearities
h(-) and g(-) satisfy the following assumptions.

(J) Ji € C(R), Ji(x) = Ji(—x) > 0, [5 Ji(y)dy = 1,1 = 1,2, and [, 2|7 Ji(z)e Mdr <
oo for every A >0, 7 =0,1,2, i1 =1,2.

(H1) Assume hy := 0sh >0, g1 := 01g > 0 on the interval [(0,0), (ki, k2)].

(H2) Assume o; <0, &; <0,
ajay < Bi1f2 and g > 5162-

Since h(-), g(-) are C?, the assumption (H1) is equivalent to the following quasimono-
tonicity assumption:

there exist constants m; > 0,1 = 1,2 such that the functions h(u,v) := myu—+h(u,v)
and §(u,v) := mov + g(u,v) satisfy

W(@1(€), 82§ — 1)) = W1 (), o (€ — em)), (23)

9(91(€ — cm2), 92(€)) = G(Y1(§ — 72), ¥a(§)), (2.4)
for any (&) = (¢1(£), 42(8)), ¥(§) = (¥1(§),¥2(€)) € C(R,R?) satisfying 0 <
(&) < 9i(§) < K forall§ e R and i =1,2.



The assumption (H2) can help us to investigate the characteristic roots of the linearized
equations for the profile equations (2.1) at the equilibria 0 and K, respectively.

The ¢, is actually the threshold speed such that the linearized equation of (2.1) at 0
has positive eigenvalues. Given a fixed ¢ > 0, let A\;(c) be the smallest positive eigenvalue
of the linearized equation of (2.1) at 0, and As(c) be the largest negative eigenvalue of
the linearized equation of (2.1) at K.

Now we recall the known result on the existence of traveling wave fronts (see [21, 31]).

Theorem 2.1 (Existence). Assume (J) and (H1)-(H2) hold. There exists a positive
constant ¢, > 0 such that (1.2) admits a positive traveling wave front (¢1(z+ct), pa(x+-ct))
with the wave speed ¢ > ¢, and satisfying (2.2). For 0 < ¢ < ¢y, the system (1.2) has no
positive monotone traveling wave solution satisfying (1.2).

Next, we state the stability result of traveling wave fronts derived in Theorem 4.1.
Before that, let us introduce the following notations.

o Let I be an interval, especially I = R, then we denote L*(I) by the space of the
square integrable functions on 1.

o The space H*(I) (k > 0) means the Sobolev space of the L*~functions f(z) defined

on I whose derivatives <& f(i = 1,--- , k) also belong to L*(I).

o Let us write L2 (I) and W*P(I) by the weight L?*-space and weight Sobolev space
with positive weighted function w(z) : R — R, respectively. For any f € L2(I) or
WHP(I), its norm is given (resp.) by

1l = ( /Iw(w)lf(x)\zdx)m or {1l sy = Z /

Furthermore, we set H(I) := Wk2(I).

|pd )I/P.

o Letting 7" > 0 and B be a Banach space, we denote by C°([0,T]; B) the space of
the B—valued continuous functions on [0, 7] and L*([0,T]; B) as the space of the B—
valued L*-function on [0,7]. The corresponding spaces of the B—valued functions
on [0, 00) are defined similarly.

Define the weight function w(-) by
fi <
W(E) = wi(§), for €&, wy (€) 1= e VEE0), (2.5)
1, for &> &,

where v and & is large enough, which will be determined later.
In order to obtain the stability, we assume the nonlinearities h(-) and g(-) satisfy the
following assumptions.

(H3) 0;;h < 0 and 0;;9 < 0 for i,j = 1,2 on the interval [(0,0), (k1, k2)].
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(H4) Assume a; + 32 < 0, ap + 31 < 0,
20_61—|—Bl+62<0 and 2@2+Bl+62<0

Let (¢1(€), p2(€)) be a traveling wave solution of (1.2) satisfying (2.2) with the wave
speed ¢ > ¢,. Motivated by the work of [13, 27, 28], we will adopt the weighted energy
method to establish the L'-weighted, L'~ and L?-energy estimates (see Section 4) for the
perturbations between solutions of (1.2) and (¢1(&), $2(§))-

Moreover, we recall the following lemmas from [12, 20], which will play an important
role in establishing the L'-weighted, L'~ and L?-energy estimates.

Lemma 2.1. (1) If ¢ > c., A(c,A) = 0 has two positive roots A\i(c) < Aa(c) in (0,AS,).
Moreover, fi(c,\1(c) +¢€) <0 fori=1,2 and A(c, \i(c) + ) > 0 when € > 0 is small
enough, where

file,N) = di/ Ji(y)e Mdy — ch —d; +ay, i = 1,2.
R

(2) Let A = (a;j) be a two by two matriz such that a; < 0, i = 1,2 and a;; > 0 for
1 # j. Then the system of the following equalities

{anxl + ajpxs <0 (> 0,7esp.), (2.6)

a1 + agxs < 0 (> 0,7esp.),

has a solution (x1,xz5) with x; > 0, i = 1,2, if and only if det A > 0 (< 0, resp.).

Then, by the comparison principle and Holder inequality, we can obtain the following
stability result.

Theorem 2.2. (Asymptotic stability) Assume that (J) and (H1)-(H4) hold. Let 7 :=
max{7, 7 }. For a given traveling wave front (¢1(x + ct), pa(x + ct)) of (1.2) satisfying
(2.2) with the wave speed ¢ > c,. If the Cauchy problem (1.2) with the initial data
(uo(z, 8),v0(x, s)) satisfying the following conditions

ug(w,8) — d1(x + cs), vo(w,s) — dao(x + cs) € C(LL(R) N HY(R)),

0 < (ug(z, s),vo(x,s)) <K for (z,s) € R x [—7,0], (2.7)

then the solution of (1.2) with initial data (ug(zx,s),ve(x,s)) uniquely exists and satisfies

sup |u(z,t) — ¢1(z + ct)| < Ce ™, sup|v(x,t) — oz +ct)| < Ce ™™, ¢t >0
z€ER z€R

for some positive constants . and C'.



3 Exponential stability of traveling wave fronts

This section is devoted to proving the exponential stability of noncritical traveling wave
fronts of (1.2) and (2.2) with an exponential convergence rate. Throughout this section,
it is assumed that (J) and (H1)-(H4) hold. We first give some auxiliary statements about
the global solutions of the Cauchy problem (1.2) and the comparison principle. Via the
standard energy method and continuity extension method (see, [25, 26]), we have the
following result.

Proposition 3.1. Assume that (J) and (H1)—(H4) hold. If the initial data (uo(x, s), vo(z, s))
satisfies (2.7), then (1.2) admits a unique solution (u(x,t),v(x,t)) such that

u(-,t) — ¢1(- +ct), v(-,t) — do(- +ct) € C(LLR) N HY(R)) fort € [0,00) and
0 < (u(z,t),v(z,t)) <K for (z,t) € R x [0,00).

Similar to the proofs of Proposition 3 in [29], Lemma 3.2 in [42] and Lemma 3 in [22],
we easily obtain the following comparison principle.

Proposition 3.2. Assume that (J) and (H1)-(H2) hold. Let (u™(x,t),v"(z,t)) and
(ut(z,t), vt (x,t)) be the solutions of (1.2) with the initial data (ug (x,s),vy (x,s)) and
(ug (z,s),vq (z,8)), respectively. If

(ug (z,8), vy (z,8) < (ug (z,8),vg (z,8)) for (x,5) € Rx [-T,0].

Then
(u (2,8), 07 (1)) < (u* (@, ), 0% (2,8)) for (2,1) € R X R,

Assume the initial data (ug(x,s),vo(z, s)) satisfies the assumptions of Theorem 2.2.
Let ug (7, 8) = min{ug(z, s), ¢1(z + ¢s)}, vy (7, s) = minfvg(x, s), po(z + cs)}, ud (x,5) =
max{ug(z, s), ¢1(x +cs)}, v (z,5) = max{vy(z, s), p2(x + cs)} and (u*(z,t),vE(x,t)) be
the nonnegative solutions of system (1.2) with the initial data (uZ (x, s), v (z,s)). Then
it follows from Proposition 3.2 (the comparison principle) that

0<u (z,t) <u(z,t), ¢p1(z+ct) <ut(z,t) < ki,
0<v (z,t) <v(z,t), dox + ct) <vt(x,t) < ky

for (z,t) € R x Ry.
Denote

U+ (57 t) £ u+(§ —ct, t) - ¢1(§) (5 t) é (5 —c, t) - ¢2(€)

and
U_(ga t) = ¢1(£> - U_(f - Ctat)v V_(ga t) = ¢2(£) - U_(g - Cta t)y

where ¢ = x + ct. Furthermore, since
Uy (&5), Vo (&) < (Uo(&, ), Vo(&,9)) < (Ug (€:9), V5" (€:9)), (& 8) € R x [=7,0],
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by the Comparison Theorem, we have
U (z,1),V (2,1) < (U(z,1),V(2,1) < (U (z,1), V' (2,)), (2,t) € R x [0,00).
Therefore, our goal is to show that there exist positive constants C' and p such that

sup |[US(&,1)], sup |[VE(E )] < Ce™, t>0. (3.1)
£eER £ER

For convenience, we denote the column vectors

X (&) =(UE1),V(E—cm,t—m))", Y1) = (UE - ena,t — 1), V(D)
D(&) :=(¢1(£), ¢2(€ — em))T, W(E) == (¢1(€ — cma), $a(E))"

For the sake of convenience, let us simply denote U™ (&,t), VT (&, t) by U(E,t), V(& 1).
Hence, U(&,t) and V (&, 1) satisfy

WU (E,t) + cOU(E,t) — da[(Jr U)(E 1) = U(E,t)]
=h(U(&t) + ¢1(8), V(§ — cmi, b — 71) + ¢2(€ — c71)) — h(91(E), 92(§ — 7)),
V(& 1)+ cOV(Et) — daf(Jo % V) (E,1) = V(& 1)]
=g(U(§ —c2,t = 12) + ¢1(§ — cm2), V(& 1) + 02(€)) — 9(01(§ — c72), 92(8)),
with the initial data

(3.2)

UO(&? S) = Ug( 73) - ¢1(£ + CS),
Vo(€,5) £ ug (€, 5) — ¢2(& + cs),
where (£, s) € R x [—7,0]. Obviously, Uy(z, s), Vo(z,s) € X, and Proposition 3.1 implies
that the solution U(&,t),V (£, t) € N, for each t € [0, +00).
According to (H3), it is easy to see that (3.2) is equivalent to the following system:

WU(E, ) + cOcU (€, 1) — du[(Jy + U)(f,t) — U 0)] = VA(2()) X (E,1)
= lX(f BHTA(D(§)) X(& 1) <
WV (€ 1) + OV (€, 1) — 2[(J2 * V)(é t) = V(& 1)] = Vg(¥(E)Y (&)
= 1Y(€ HTB(Y())Y (&) <
where ®(¢) < ®(¢) < ®(€) + X(&,t) and \Il(f) < U(€) < U(€) + Y(£,t). To obtain the

estimations of (3.1), we first establish the L}Ul—energy, L'-energy and L%-energy estimates
for (U(&,t),V (&, 1)) in the following subsections.

(3.3)

3.1 L}dl—energy and L'-energy estimates

Then we have the following results.

Lemma 3.1. Assume that (J) and (H1)-(H4) hold. For any ¢ > ¢, and v = M (c) +¢ (
e > 0 small enough), there exist positive constants p and C' such that

t
(T8 s, ) + IV )l ) + / e ([U(3) s, @ + 1V ($)]ls, ))ds < C

for each t > 0, where wy(§) = e~ (=€)



Proof. Multiplying the equation (3.3) by e*w;(§) for some p > 0, respectively, and
integrating it over R x [0, ¢], we can obtain

0> / /00 eMw10:U (€, 8) + et*wy (cﬁgU(f, s)—di(JyxU)(E, s) +diU(E, s)
0 —00
—aU(§s) = BiV(E —ems =) )deds
B / /°° ("W U(E,8))s — pe*wiU(§, s) + (ce U (€, 8))e + cyetw U(E, s)
0 —00
—uy (dl(Jl «U)(E,8) — (dy — a)U(E,8) + BV (€ — em, 5 — 7'1)>d§d8
= U D)l sy — [To(O) s, ) — //' BBV (€ — emr,s — m)deds

// ( ptey— dl/Jl(y)e_Wd?/+(d1—041)>d€ds

> UG, ) ey, ) — 1U6(0) 12, ®)
/ / ( W+ oy —dy / Ji(y)e dy + (dy — ozl))dfds
0 oo
—/0 /_oo Bret T, V(€ 5)dEds — /—n /_Oo Bretstme=1em, V (€, 5)dEds.
Hence, we have
DNty + [ [ b€ (=uter—d [ e+ @ - an))deas
- /Ot /oo BretEt ey, V(€ s)dEds < Cy (3.4)
for some constant C > 0. Similarly, it follows from the second equation of (3.3) that
0> / / 15D,V (€, 5) + ey (@V(g, s) — do(Jy % V)(E, 8) + doV (€, )
—agV (&, 8) — PoU(€ — cmo, 8 — Tg))dfds
= [ [ Vi . - pe (€9 + eV € e + etV €
—w (d2(J2 * V(&5 8) = (d2 — a2)VI(E, 8) + BoU(€ — c7a, 8 — T2)>d€d8
= VDot~ Vo, — [ [ nditle = em, s — s
/ / B V(€ ( —ptey—d /R Jo(y)e™ " dy + (dy — a2)>d§ds
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> eV ()l @ — 1Vo(0)lls, )

/ / V(€ s < —p+cy—dsy /R Ja(y)e Ydy + (dy — a2)>d5ds

0 00
—/ / ﬁge“(””)eVCTleU(ﬁ,s)dﬁds—/ / Boet st e1em ) (€ s)dEds.
0 —00 —T9 J —00
Thus, it holds

eV (-, Oz, R)—i—/ / i V(g s <—u—|—6’y—d2/J2(y)eVydy—l—(dg—@g))dfds
R

—// Boestm) =120 17 (€ 5)déds < Cly (3.5)
0 J—-oo

for some constant Cy > 0. Let v = A\; + &, where € > 0 is small enough such that
fil\ +¢) <0 for i = 1,2. By Lemma 2.1, there are two positive constants p and ¢ such
that

pfl(V) +qfBre T = p( —cy+dy / Jl(y)e_”ydy — (d1 — 041)) + qfBae 7™ < ()
R
and

pbie " + qfa(y)+ = pbre T + q( —cy+ds / Ja(y)e™Vdy — (dy — 0‘2)) <0
R

Multiplying (3.4)—(3.5) by p and ¢, respectively, and adding them, we can obtain
e (PIUC O, @+ gV C Dz, m) = (b pA2() + B / 1T 9)llzs, s

<QM+(Jf2( )+ pBre 7 /HV $)|lz, ®yds
< pCi +qCy, (3.6)

where f;(v) = —ey+d; [ Ji(y)e "Ydy — (d; — «;), i = 1,2. By taking y > 0 small enough,
it follows that

- (pu +pfi(y) + qﬁze‘m) >0and — (qu +afo(y) + pﬁle‘Wl) > 0.
Then we establish the key energy estimate
t
UG Ol @ + 1IVE Bz, @) +/0 S (HU( sy, ) + HWS)HL@(R))CZS < Ce .

This completes the proof. 0J

Using the L, —estimate of Lemma 3.1, we further have the following L'-estimate.
Lemma 3.2. Assume that (J) and (A1)—-(A2) hold, in addition, (A3) holds. For any

¢ > ¢, there exist positive constants ., & and C' such that

e“t(HU(-,t)HLl(R) + ||V(at>||L1(R)) S C fO’f’ all t Z O
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Proof. Multiplying the inequalities (3.3) by e#* and integrating it over R x [0, ¢], we can

obtain

0>// O, 5) + e QU (E ) + e ( — il « U)(E,5) + AU(E, )
—e”(hﬂﬁ(®> (65) + ha(®E)V(E = emys — 7)) deds

= [ v s - peues) + (e Ui e+ e ~ il = U)e.9)
+dU(E, )~ (@EOIU(E.s) — ha(@(E)V(E — em,s — ) ) deds

= Ul ~ WO+ [ [ o= m@(@)) e, spicds
— /t /OO €“sh2(q) V — CT1,S8 — Tl)dé-ds

0 —00
U Dl — U0l // uhlﬁmwwmw

// W)y (D(E + 7)) dgds_/ﬁ/ My (B(€ + cmy )V (€, 8)deds

/71/ eI h(®(€ + )V (€, 5)dgds

v

= U )@ = 1UO) @)

t &o 00
[ ) (@eues + eovie.)des, (3.7
0 —00 &o
where Q1(§) := —p — h(®(£)) and Qs () := —eH " hy(P(E + cy)).
Since wy(£) > 1 for £ < &, by Lemma 3.1, we have
t réo
[ [ e (@eues + eovie.)des|
0 J—o0
t
< Co [ e (I8, o+ IV, )
<G (3.8)
for some positive constants Cy and C5. Then it follows from (3.7) and (3.8), we have
PNl + [ [ (U + OVEs)deds <G 69
&o
for some positive constant Cg. Similarly, there exists a constant C7 > 0 such that
V(1) 1y + / | e (ieues) +thovies)dds < 30
o
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where Uy (§) := —eF2 g1 (¥ (€ + cm2)) and Us(§) := —p — g2(V(E)).
Summing (3.9) and (3.10), there exists a constant C' > 0 such that

(UG Dl + IV Dl w)

/ [ e ([ +t@]us) + [0 + ()] Ve, o) deds
€o

(3.11)

Taking p = 0, according to the assumption (H4), we see that

Jm (@) +246(8)) = —ha(kn, k2) — g1(ky, bp) = —an — B2 >0
and

(0 (Qa(8) +26(8)) = —ha(ky, k2) — g2k, ) = —02 — B > 0.
Then choosing &y > 0 large enough and p > 0 small enough, for £ > &y, we have

(00 + IV Ol < C forall 20,

This completes the proof. O

3.2 L? —energy estimate

Now we begin to establish the following L?-energy estimate.

Lemma 3.3. Assume that (J) and (H1)-(H4) hold. For any ¢ > c,, there exist positive
constants & and C' such that for t > 0, we have

U2y + 1V ()72 < C.

Proof. Multiplying the inequalities (3.3) by U(&,t) and V (&, s), respectively, and inte-
grating them over R x [0,¢], we can obtain

02 [ [ T{wre ne+ e e =2 [ KU UlE Sy + 20076,
- 2Ug >(h< ()U(E,5) + ha(®E)V (€ = emi,s — ) ) }deds

> [ [T {wre e ewie e+ [t vy~ i [ hUAE )y
F2LU(E, ) — 2 (BO)U(E:5) — hal®E)U(E,5) — hal®E)VA(E — e, s — ) paeds

S A e /+°° B(E + en))V2(E, o)deds



+/%/%w (—2h1 (D(€ —hﬂ®@ﬂﬂﬂ@s)+wa¢@+c¢mv%gg)g@
= UG Ola) — IV O) e //oo D&+ en))V(E, s)deds

(e /:’ ) (FUOUE 5) + Fl)VA(E,5) s, (312

where F1(€) := —2h1(P(£)) — ho(P(€)) and Fo(&) := —ha(P(E + cm)).
Since wy(£) > 1 for £ < &y and 0 < U(E,t) < ki, Lemma 3.1 can guarantee that

&o &o
/ U2<§7t)d€ S kl/ wlU(€7t)d§ S kan(vt)HL}ul(]R) S C’e—#t for t > 0.

Similarly, it yields

o
/ V2, t)dE < Ce™™ for t > 0.

Then,
[ (v + movie )|

< 08/0 /_i U2(€, s) + V2(€, s))dfds < Cy,

where C and Cy are positive constants. Thus, it holds

t +00o
W6l + [ [ (FOUE) + RoViE )das <o 319

for some positive constant Cyg.
Similarly, there exists a constant C7; > 0 such that

+oo
V(D5 R)+// RL(EU (€ +R2(§)V2(§,s)>d§ds§(]n, (3.14)

where Rq(§) := —g1(V (£ + cm2)) and Ra(€) == —g1(V(E)) — 292(¥(E)).
Summing (3.13) and (3.14), it follows

UG D@ + IV L)
.Fl Rl U2 , S .FQ RQ V2 , S ddS_C. 3.1
[ [ AE©rR©) ) + (RO + RaO)V € ) Jaits <0 (315)
According to (H4), it yields

lim <]:1(§) + Rl(f)) = —2hy(k1, ko) — ho(k1, ka) — g1(ki, ko) = =201 — B1 — B2 > 0

E—+o0
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and

lim (-7:2(5) + RQ(S)) = —ho(k1, ko) — g1(k1, ko) — 2ga(k1, ko) = =200 — 31 — By > 0.

E—+o0

Thus for & > 0 large enough and £ > &, it holds
Fi(€) + Ri(§) > 0 and Fo(§) + Ro(§) > 0.
By (3.15), it holds
UG D@ + IV 2@ < C.

Then the assertion of this lemma follows. This completes the proof. O

In order to derive a L*-energy estimate for (Ug(&,t), Ve(€,1)), we differentiate the
system (3.2) with respect to &, we can obtain

O (&) + ceeU (€,1) — dy ((Jy * U
— (VA(X(€.1) + @(€) — VA(®(€) ) #'(€) = M) <0,

OV (6,) + cOgeV (€, 1) — da (o + V) (€:1) — v§<s t)) Vg(Y (€:1) + (©)Ye(. 1)
= (Vv (&) + (&) — V(W () ) W'(€) =

(3.16)
Similar to the process of Lemmas 3.1-3.3, we can obtain the following result.

Lemma 3.4. Assume that (J) and (H1)—(H4) hold. For any c¢ > c., there exist positive
constants & and C' such that for t > 0, it holds

1Ue(, )72y + Ve(, )] 2wy < C.
3.3 Proof of Theorem 2.2
Lemma 3.5. Assume that (J) and (H1)—(H4) hold. For any ¢ > c,, it holds
1O 8)l| ey < Miye3#,

_1
IVC )o@ < Maem 3!

for some positive constants iy, po, My, Ms and t > 0.
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Proof. It is easily checked that

0G0l = [ U300 < swp el [ 10C0lag
R £eR R
= UG Dl - UG Dl (3.17)
for any ¢ > 0. Since U(-,t) € H*(R) — C'(R), by Holder inequality, we have

2 ¢ ¢ 2\ [* 20\ 2
v =2 [ vetoutondg <2 [ eopa) ([ o)
<2[UC )l z2(=00) - U )l 22(—00,6)
for any ¢ € R and ¢t > 0. Then it follows that
UG e @) < 200C )2 - 1T )2, VE > 0. (3.18)

Combining (3.17) and (3.18), we have

10C )y < 20Dl s gy - 10Dy 8> 0.
According to Lemmas 3.2 and 3.4, there exist positive constants p; and M; such that
[U( )| o) < Mye™sMt Wt > 0.
Similarly, there exist ps > 0 and My > 0 such that
IV ()] o) < Mge_%‘“t, vVt > 0.

This completes the proof . 0]

Proof of Theorem 2.2 By Lemma 3.5, it is easily see that

sup [uf (z,t) — ¢s(x + ct)] < Ce ™™ (i =1,2), V> 0.
T€R

Similarly, we can verify that for any ¢ > c,, it holds

sup |u; (x,t) — ¢s(x +ct)| < Ce™ (i =1,2), V> 0.

zeR

Since
0 <y (x,t) < wuglz,t), pi(x 4+ ct) <uf(z,t) <k (i =1,2),
the squeezing argument implies that

sup |u;(x,t) — ¢s(x + ct)| < Ce™ (i =1,2), V> 0.
z€R

This completes the proof of Theorem 2.2. O
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4 An application

In this section, we give an application as follow. If h(u,v) = —ayu + h(v) and g(u,v) =
—asv + g(u), then (1.2) reduces to the traditional reaction diffusion systems:

{ut(:c,t) = di[(Jr*+ u)(x, 1) —ulz,t)] — arulz, t) + h(v(z, t — 7)), T ER, t>0,

vi(z,t) = do|(Jo x v)(x,t) — v(z, t)] — agu(x, t) + g(u(z, t — 12)),
(4.1)

where u(z,t) and v(z,t) represent the spatial concentration of the bacteria and the in-
fective population at a point x € R and time ¢ > 0, respectively. d; > 0 and dy > 0
are diffusion coefficients. (J; * u)(x,t) and (J2 * v)(x,t) represent the total number of
the bacteria and the infective population arriving at x from all possible locations y at
time ¢, respectively. —aju is the natural death rate of the bacterial population and the
nonlinearity h(v) is the contribution of the infective humans to the growth rate of the
bacterial. —asv is the natural diminishing rate of the infective population due to the finite
mean duration of the infectious population and g(u) is the infection rate of the human
population under the assumption that the total susceptible human population is constant
during the evolution of the epidemic.
Before applying the results of stability, we give the following assumptions.

(J) Ji € CR), Ji(x) = Ji(—x) >0, [ Ji(y)dy = 1,i = 1,2, and [ [z Jy(z)e *dx <
oo for every A > 0, 7 = 0,1,2,¢ = 1,2. Furthermore, J; and J, are compactly
supported.

(A1) h(u) and g(u) are nondecreasing on (0, +o00) and h”(u) < 0 and ¢”(u) < 0 for all
€ (0, 400).

(A2) h,g € C*(RT,RY), h(0) = g(0) = 0, ks = g(k1)/az, h(g(k1)/a2) = aiky and
h(g(u)/as) > aqu for u € (0, k1), where k; is a positive constant.

(A3) min{ay, as} > max{B;, B2}

The existence result can be found in [21] without delays, the existence of system 4.1
can be obtained similarly, here we just review the result of existence.

Theorem 4.1 (Existence). Assume (J) and (A1)—(A2) hold. There exists a positive
constant ¢, > 0 such that (4.1) admits a positive traveling wave front (¢1(x+ct), po(x+ct))
with the wave speed ¢ > ¢, and satisfying

hm L (61(8), ¢2(€)) = 0 and hm L (#1(8), 92(6)) = K. (4.2)

For 0 < ¢ < ¢, the system (4.1) has no positive monotone traveling wave solution satis-
fying (4.2).
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In order to apply the stability result, we first give a description of the hypothetical
conditions.

It is obvious that the assumption (A1) is equivalent to the assumptions (H1) and (H3).
From (A2), it is easy to know that 8,83 > ajas holds. And assumption (A3) implies that
—Qq + Bg <0, —ag + Bl <0, —2aq + 51 + Bg < 0 and —2a9 + 61 + Bz <0 hOlCl7 in other
words, the assumptions (A2) and (A3) are equivalent to the assumptions (H2) and (H4).

Similar to the process of Lemmas 3.1-3.3, we can also obtain the following results.

Lemma 4.1. Assume that (J) and (A1)—-(A3) hold. For any c > c., there exist positive
constants & and C' such that for t > 0, it holds

1UC 0122w + 1V (D)7 2m) < C
and
1Ue(, )72y + Ve, )] 2wy < C.

Then, by applying the techniques of weighted energy method, comparison principle
and the squeezing argument, we can get

sup |u(z,t) — ¢1(x +ct)| < Ce ™™ and sup |v(z,t) — go(x +ct)| < Ce ™™, Vi >0.
z€eR zeR
This means that all solutions of the Cauchy problem for the considered systems 4.1 con-
verge exponentially to traveling wave solutions provided that the initial perturbations
around the traveling wave fronts belong to a suitable weighted Sobolev space. This com-
pletes the explain of application. O
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