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Abstract

In this paper, we consider the long-time dynamics of solutions for the nonclassical diffusion
equation with time-dependent memory kernel when nonlinear term adheres to critical growth,
where the time-dependent memory kernel is used to describe the aging process of viscoelastic
conductive medium. Under the new theory framework, we first establish the well-posedness
and regularity of the solutions, and then we prove the existence and regularity of the time-
dependent global attractors in the time-dependent space Hg(Q2) x L2, (R*; Hg(§2)) by use of
the delicate integral estimation method and decomposition technique.
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1. Introduction

Let Q C R? be a bounded domain with smooth boundary 9€2. The asymptotic dynamics of
the following nonclassical diffusion model with time-dependent memory kernel

0w — Adyu — Au — /000 ke(s)Au(t — s)ds + f(u) =g, (z,t) € Q x (7,+00), (1.1)

u(z,t)|ogo =0, t€ (7,+00), u(z, 7) = ur(x,t), x€Q,te(—o0,T], (1.2)

are investigated in this article.
Suppose that the time-dependent memory kernel function k;(s) is nonnegative, convex and
summable. And let

ho(s) = / 1(y)dy, Vs € RY, t € R.

*This work was partly supported by the NSFC Grant (12161079,11961060,11961059,12061062).
fCorresponding author.
E-mail: wangxuan@nwnu.edu.cn, 1872412053@qq.com, hanxiaoling9@163.com, gaochenghua@nwnu.edu.cn.



Evidently,
pe(s) = —0ske(s).

Remark 1.1. We can construct the the memory kernel function p(s) through the func-
tion u and . Let p € C*(RT) N LY(R*) be a nonnegative and nonincreasing function and so
Jo" 1(s)ds = m. And suppose that e € C'(R;RT) satisfying

e'(t) <0, VteR,
and there exist a positive constant M, such that
sup(e(t) + |€'(t)]) < M.
teR

So, we can define

Furthermore, assume that the map
(t,8) = u(s) : R x RT — R

satisfies the following conditions:
(H;) For every fixed t € R, the map s — p(s) is nonnegative, nonincreasing, absolutely contin-
uous and summable. The total mass of y; is defined by the formula

)= [ o),

and satisfies

tlg%én(t) > 0.

(Hy) For every T € R, there exists a function K, : [r,+00) — R which is continuous and
summable on any interval [, T, such that

pi(s) < K- (t)ur(s), for every t > 7 and every s > 0.
(Hs3) For almost every fixed s > 0, the map t — pu(s) is differentiable for all ¢ € R. Besides,
(t,s) — p(s) € L=(K) and (¢,s) — Ouue(s) € L(K)

for every compact set K C R x RT.
(H4) There exists a constant § < %, such that

Osput(8) 4 Ospie(s) + 6k (t) e (s) < 0, for every t € RT and almost every s > 0.

Remark 1.2. Obviously, the memory kernel function u(s) in Remark 1.1 satisfies (Hy)-

2 T
(), with K-(t) = S0




Remark 1.3. Hereafter, we also give a classical and physically relevant example that be
gained by setting
1
p(s) =e P and k(s) = e ”* Vs € R,
p

where p is a positive constant. In such the case,

__P_
e <@ VsecRT VteR.

et) =

1 __»
arctant, ui(s) = —e “0° and ky(s) =
£

1
pe(t)

Then, the memory kernel function p(s) satisfies (Hy)-(Ha), with K, (t) = 8522((‘;))

1
2

N

About that forcing term, assume that g € L?(Q2). And let the nonlinearity f € C*(R) with
f(0) = 0 and satisty

[f(@)] <CA+ ™), f'(u)>~Ci, VueR, (1.3)

where 1 < p < 5,C > 0, Cis a positive constant. Besides, assume that f satisfies the dissipation
condition

liminf f/(u) > — A1, (1.4)
|u|—o00
here, Ay > 0 is the first eigenvalue of the strictly positive Dirichlet operator A = —A with

domain D(A) = H?(2) N HL(Q) on (L*(Q),{-,-),]| - |I). Obviously, (1.4) implies the following
relations: for some 0 < 6 < 1 and a positive constant cy,

(F(u),1) > (1= B) [l — ey, (15)

1
(flu),u) > (F(u),1) = 5 (1= 0)||ull — ¢f, (1.6)
where F(u) = [ f(s)ds.
The nonclassical diffusion model

Ou — Adyu — Au+ f(u) =g (1.7)

is widely used in the fields of heat conduction theory and fluid mechanics, which describes a heat
conduction process or a fluid diffusion process (see [1, 7, 18]). When the conductive medium or
fluid is a viscoelastic material, the corresponding model is

Oru — Adyu — Au — /000 E(s)Au(t — s)ds + f(u) = g. (1.8)

Furthermore, if the viscoelastic conductive medium or fluid also has aging characteristics, then
the corresponding model is (1.1). Because of the model of viscoelasticity with memory (Es-
pecially the viscoelastic model with time-dependent memory kernel) has profound application
background and research prospect, the asymptotic behavior of solutions for the equation has at-
tracted extensive attention and research interest of many scholars (see [4-6, 9-11, 23, 27, 29-31]
and relevant references).

For the usual nonclassical diffusion equation (1.7), there are many research results on this
model (see [25, 26, 28, 32, 33] and relevant references). In [28], the existence and continuity



of the global attractor which are independent of the parameter u of pAdiu are considered and
discussed. In [26], for both autonomous and non-autonomous case, the existence and regularity
of the attractor is proved when the nonlinearity satisfies the critical exponent growth. Besides,
for the nonclassical diffusion equation with fading memory (1.8), we also have achieved a series
of research results on this model. In [30, 31], for both autonomous and non-autonomous case, the
asymptotic regularity of solutions and the existence of attractor is obtained when the nonlinearity
satisfies the critical exponent growth by use of asymptotic prior estimation and decomposition
technique.

Compared with the above mentioned model (1.8), when the memory kernel function is de-
pendent on the time variable ¢, the problem will become more complex and interesting. From
the perspective of application, viscoelastic heat conductive medium or viscoelastic fluid has ag-
ing characteristics. This has aroused our strong research interest, so the long-term dynamical
behaviors of solutions for the viscoelasticity model (1.1) will be studied in our paper. In fact,
time-dependent memory kernel can lead to some essential difficulties in analysis. Firstly, there
will be difficult in defining auxiliary variable n* and its derivative function with respect to time.
Secondly, the classical estimation methods and differential inequalities for the nonclassical dif-
fusion equation with fading memory (when the memory kernel function is independent of time
variable t) are no longer applicable to the study of (1.1). This will add many difficulties to the
dissipative estimation and the compactness verification of the solution process. Inspired by the
idea in [4, 5, 19, 27|, under the new technical framework, we successfully overcome these essential
difficulties in the estimation and proof by use of the delicate integral estimation method and
decomposition technique. Finally, we establish the well-posedness and regularity of solutions,
and then prove the existence and regularity of the time-dependent global attractor.

The structure of this paper is as follows. In Section 2, we introduce some concepts and
preliminary results; in Section 3, we achieve the well-posedness and regularity of the solution;
in Section 4, we prove the existence and regularity of the time-dependent global attractor cor-
responding to the problem (1.1), (1.2).

In the following, for brevity C denotes a positive constant.

2. Notations and preliminaries

As in [14], a new variable which denotes the past history of Eq. (1.1) is defined by

Jo ut—r) 0<s<t—r,
2.1
' (s) = {777(5—75—1-7 +f u(t—r)dr, s>t—r. (2.1)

Using ui(s) = —0ski(s) and ky(co) = 0, it is easy to see that the system (1.1), (1.2) is
equivalent to the system

O — Adyu — Au — /OOO pe(s)Ant(s)ds + f(u) = g (2.2)

with the initial-boundary conditions

u(x,t) = x e, t>r,
n'(x,s) =0, (x,8) €N xR, t > T, (2.3)
u(z,t) = ur(z,t), z€Q t<7

( ) :"77'(1'75)’ (fL‘,S) EQXR+7



where u(-) satisfies the following condition: there exist two positive constants R and ¢ < ¢, such
that

o0
/ e~ %||Vu(—s)%ds < R,
0

here, the constant § is defined in the assumption (Hy), and | - || denotes the norm of L?(£2).

The following notations as those in Pata and Squassina [21] will be used. Let A = —A with
domain D(A) = H}(Q) N H?(Q). For the family of compact nested Hilbert spaces Vi, = D(A2),
the inner products and norms in this family of spaces are defined by the formula

(u,v)s = (A3u, A20), |uls = |A3u|, Vs€R, Vu,ve D(A32),

where (-, -) and || - || mean L?(2) inner product and norm, respectively. Then, H = L?(Q), V| =
Hi(Q), Vo = Hy(Q) N H*(Q).

Obviously, we have compact embedding D(A%l) e D(A%z) for any s; > s9 and continuous
embedding D(A2) < L%(Q) for all s € [0, 5).

For every fixed time ¢ and every o € R, according to the assumptions about memory kernel
wt(+), we denote the family of Hilbert spaces of functions by L/zu (RT;V,), which are said to be
time-dependent memory space

M7 = L, (R Va) = (65 RY = Vi | [ ml)el(9)ds < +o0).
endowed with the inner products and norms respectively,
0 &g = [ (o) (61,15
€135 = [ mlE )2

Now let us introduce the family of Hilbert spaces
H? =V, x M7,
with the endowed norms
1203 = ll(w,n)Fe = llullz + 1|3 -

In particular, H; = HY.
In view of (Ha), for every n* € M? and every t > 7,

I3y < B (@)lln* e (2.4)
therefore, we have continuous embedding
M7 — MY .
The linear operator T; acting on M/ is defined by
Tin' = —0sn' with domain D(T;) = {n* € M7 |0sn' € M7 ,7n*(0) = 0}.

Due to the assumption (Hy), for every fixed ¢ the function s — py(s) is differential almost
everywhere with Osp(s) < 0. Similar to [17], we have

1 [e.e]
Ty =5 [ (o)l (s)ds <0, vt € DITL) (2.5



Evidently, T; is a dissipative operator. In fact, it is easy to see that T is the infinitesimal
generator of the right-translation semigroup on M{. Especially,

T, C Ty (2.6)

and {T;};>, are increasingly nested extensions of each other.
Owing to (2.1), we have

o' (s) = —0sn'(s) + u(t) = Tyn' + u(t). (2.7)

Details of the proof can be found in Lemma 3.2.
The following abstract results will be used to testify the compactness and dissipativity of

the solution corresponding to the problem (2.2), (2.3).

Lemma2.1. (/13, 24]) Let X,B and Y be three Banach spaces. For T > 0, if X ——
B<—=Y, and

W = {ue LP([0,T); X)|Owu € L"([0,T];Y)}, with r>1, 1 <p < o0,

Wi ={ue L>*(0,T); X)|0pu € L"([0,T];Y)}, with r > 1.

Then,
W —— LP([0,T]; B), W1 —< C([0,T7]; B).

Lemma 2.2. ([3, 16, 22]) Assume that p € CY(RT) N LY(RY) is a nonnegative function,
and satisfies: if there exists so € RT such that p(sg) = 0, then p(s) = 0 for all s > so holds.

Moreover, let By, B1, Bo be Banach spaces, here By, B are reflexive and satisfy
Bo —— Bl — BQ.
IfC c Li(R“‘; By) satisfies

(i) C is bounded in Li(R; Bp) N H;(]R‘F; Bs);

(ii) sup |In(s)||5, < h(s), Vs € RT, h(s) € L,(RT),
neC

then C is relatively compact in LZ(RJ“; By).
By distx, (A, B) we denote the Hausdorff semidistance from a set A C X; to a set B C X;:

distx, (A, B) = supdistx, (z, B) = sup inf ||z — y||x,.
z€A z€AYEB

Lemma2.3. [34] Let (M,d) be a metric space and U(t,T) be a Lipschitz continuous dy-

namical process in M, i.e.,

d(U(t, 7)my, U(t, 7)ma) < CeXEd(my, mo),



for appropriate constants C and K which are independent of m;, 7 and t. Assume further that
there exist three subsets My, Mo, M3 C M such that

distp (U (¢, 7) My, U(t, 7)My) < Lye 1),

distpr (U (¢, 7)Ma, U(t, 7)Ms) < Lge™ 27,

for some v1,v9 >0 and L1, La > 0. Then it follows that

distar (U (¢, 7) My, U(t, 7)Ms) < Le V),

where v = Kf}/’l’iw and L = CLy + Ls.

Lemma 2.4. (/5])(Gronwall-type lemma in integral form) Let T € R be fized, and also let
A [1,4+00) = R be a continuous function. Suppose that for some € > 0 and every T < a <

b, the integral inequality

b b b
A(B) + 22 / Aly)dy < Ala) + / a1 (9)A(y)dy + / a2(u)dy,

holds, where q1, g2 are locally nonnegative functions on [T,+00) satisfying

b t+1
/ q(y)dy <e(b—a)+c1 and sup/ q2(y)dy < ¢,
a t

t>1

for some c1, co = 0. Then,

Co et

A(H) < e (A7) 4 2

), Vt=T.

As described in [8, 12, 15, 20], we introduce the following concepts and abstract results
about time-dependent dynamical system, which are used to investigate the long-time dynamics

of solutions.

Definition 2.5. Let X; be a family of normed spaces. A two-parameter family of operators
{U(t,7): X7 = Xy, 7 < t, 7 € R} is said to be a process, if for any 7 € R,
(i) U(r,7) =1d is the identity operator on X;;
(ii) U(t,s)U(s,7)=U(t,7), VT <s<t.

Assume that X; is a family of normed spaces. For every ¢ € R, the R-ball of X; is defined
by:
Bi(R) = {z € X¢[|z]|lx, < R}.

Definition 2.6. A family € = {Cy}ier of bounded sets Cy C Xy is called uniformly bounded,
if there exists a constant R > 0 such that Cy C Bi(R), Vt € R.



Definition 2.7. A uniformly bounded family By = {Bi(Ro) }ter is called a time-dependent
absorbing set for the process U(t,T), if for every R > 0, there exist a tg = to(R) <t and Ry > 0
such that

T<t—tg=U(t,7)B;(R) C B:(Rp).

The process U (t, ) is said to be dissipative as it possesses a a time-dependent absorbing set.

Definition 2.8. The smallest family A = {A;}1cr is called a time-dependent attractor for
the process U (t, ), if A satisfies the following properties:

(i) Each A is compact in Xy ;

(ii) A is pullback attracting, that is, it is uniformly bounded, and the limit
lim disty, (U(t,7)Cr, Ar) =0

T——00

holds for every uniformly bounded family € = {C;}icr and every t € R.
Theorem 2.9. ([12, 20]) If U(t,T) is asymptotically compact, that is, the set
K = {8 = {K}ter| Fach Ky is compact in Xy, R is pullback attracting }

is not empty, then the time-dependent attractor A exists and coincides with A = {Ai}ier. In

particular, it is unique.

Definition 2.10. A function t — Z(t) and Z(t) € X; is a complete bounded trajectories
(CBT) of the process U(t, ), if and only if

(i) sup [|Z(#)][x, < oo;
teR

(i) Z(t)=U(t,7)Z(1),V7 <t, T € R.
Definition 2.11. A time-dependent attractor A = {As}er is invariant, if for all T < t,
U(t, T)AT == At.

Theorem 2.12. ([8, 12, 15]) If the time-dependent attractor A = {Ai}ier of the process
U(t, 1) is invariant, then it coincides with the set of all CBT of the process U(t, 1), that is,

A={Z|t - Z(t) € X and Z(t) is CBT of the process U(t,T)}.



3. Well-posedness and regularity of solutions

In order to obtain the dissipative estimation and well posedness of the solution, we need to
prove the following preliminary results.

Lemma3.1. Let u € L*([1,T];V,) and also let
D(u,nr) = 3(t = 7)?6(0) [l Lo (.10, + 2l Rse -
Then, we have that n* € M2 C My with
"3 < T(w,mr), ¥t €77,

and
17" 13se < T(w,nr) K7 () € L ([T, T)).

Proof. Since p,(-) is nonincreasing, we can obtain from (2.1)

I [13¢

t—7
:/ ]/ (t —r)dr| ds+/ +(8)n-(s —t+71) —l—/ u(t —r)dr|*ds
T 0

t—T o0 t—T1
g/ MT(S)S/ |yu(t—7~>ugdrds+/ ()l (s — £+ 7) +/ u(t — r)dr|2ds
0 0 t—1 0

o

t—1
< /0 11 (5) 52l e g 7,0,y 5 + 2 /0 (s £ — 7)o ()1 2ds
+2(t_T)QHUH%M([T,T};VU)/(; MT(S+t—T)d8
<30t = 72l gy /O ir(s)ds + 2 /0 e+t — 7)o (s)]2ds
< 3(t = 720 [0l 2or ) + 2 /0 PRBIERSIEER
= F(U,TIT)-
It follows from (H2) and (2.4) that the latter inequality also holds. The proof is complete. O

Lemma3.2. Let u € L>([r,T);V,). If n, € D(T,), then ot € D(T,), for everyt €
[7,T], nt € WHo([r,T]; M?) and the equality

ot = Tn' + u(t)
holds in M? .

Proof. Differentiating (2.1) with respect s and ¢ in the weak sense, we have

u(t —s), s<t—r,
dsn' (s) = (3.1)
Osnr(s—t+71), s>t—r,



by u(t) —u(t — s), s<t—r,
Ou (5) = { u(t) —Osmr(s—t+71), s>t—r.

And by (2.1), we find that

7' (0) = 0.
Moreover, since p-(+) is nonincreasing and 7, € D(T;) C MZ, we obtain
2 . 2 * 2
o e = [ et = s + [ ur(s) 0w (s = ¢+ 7) s
t—T1

< ’Q(T)HUH%W([T,T];VU) + ||a$777'H%\4$7

thus, 9sn' € M2, namely, n* € D(T,).
Be similar to the above estimation, we have

ess sup [|9n'||me < oco.
te[r,T)

Applying Lemma 3.1, we obtain that n* € W1 ([r, T]; M?).
By (3.1) and (3.2), we have the equality

8t77t = Trnt + U(t)
holds in MZ?.

Remark 3.3. Due to M2 — M/ and (2.6), for any fized t, the differential equation

ot = Ten' + u(t)
holds in MY .
Remark 3.4. When n; € D(T,), we can obtain from (2.4) and (3.3)
105" 134y < Eu,m) K- (1), Vit € [, T],

where S(u, 1) = 1)l 110 + 10607 12

(3.2)

(3.3)

(3.4)

(3.5)

Lemma3.5. Suppose that u € C([7,T);V,) and n, € CY(R*,V,) N D(T,). Then, the

following inequality

b 00 b
iy = [ @) + Qa5 kst < g + 2 [ G gt (36)

holds for all T <a <b<T.

Proof. For every € > 0 small, let the cut-off function

0, 0<s<e,
-1, e<s<2,
1, 2e<s< 1
E’
¢=(s) =
2 —¢gs, %<s<%,
0, %és.

10



We denote
pi (s) = de(s)pe(s), ve(t,s) = pi (s)In'(s)]12,

hence,
/O Guetods = 5 [ et (3.7)

For every fixed ¢t and for every s, we deduce that from Lemma 3.1

s ye(t,s) € Ll(RJr)7

t [l ()] € CH([r, T)).
Thus,

SLe(t,9) = 0 () )2 -+ 2 (5) (0 (), ()

From (2.1) and (3.2), we can get that

sup sup ([[n']|o + [[0n'[lo) < oo
te[r,T] se[e,g]

Bearing in mind (Hj) on the compact set K = [r,T] x [, 2], we know that there exists C. > 0,
such that

d
|aye(ta 3)‘ < Ca(z)e(s) < CeX[g%](s)- (38)

Hence, it follows from (3.8) that

o d
/ sup |—ve(t, s)|ds < oco. (3.9)
0 telr7) dt

We define
MY* = L7 (R*;V;).

Multiplying (3.4) by 2n' in M;*°, we can obtain that

2<8t77t7 nt>M£7’E = 2<Tt77t7 nt>MtU’£ + 2<u(t)7 nt>Mf’5'

Owing to (3.7), we deduce that
tot TR VR
20" ) wpe = | pi(s) g llm(s)llgds
0
* d

= | (&' (7)) = Qe ()]l (s)117)ds
o dt
d, 402 > TPNIE

= g7 e /0 Frpuy (s)||n" (s) |5 ds.

By (2.5), we find
2Tt = [ O ()]s

11



Consequently,

d * [ 3
7 lgpe = /0 (Oupi5 (5) + Ospig () 1" ()1 7ds + 2(u(t), n') pyre. (3.10)

t

By virtue of (3.7) and (3.8), it can be seen that the map t — |[n'||3 o is absolutely continu-
t
ous. Thus, integrating (3.10) over [a,b] , we get

b 00
e~ 1B~ [ [ @) + a0l as
b
) / (u(t), )yt (3.11)

Next, let us show (3.11) pass to the limit (3.6) as ¢ — 0.
For any fixed ¢, we have

2e o)
0< I l3ge = In*l3ee < /0 Mt(5)||77t(5)”c2rd5+/1 pe(s)[n'(s)[[5ds — 0.

Be similar to the above estimate, we obtain

ult), Y — (u(),n’)asy

Using (H;), (H2) and applying Lemma 3.1, we can obtain that

VE® |ul)lollnllazg
VE@ )oK 00" |lazz € L' ([a,b]).

Thanks to Lebesgue dominated convergence theorem, we get

/a< u(t), Mosdt—>/ Madt

G (t,5) = —(9esti (5) + Dspig (5)) In' ()17,
q(t, 5) = —(Oppe(s) + Dspue(5)) ' ()15

[Cu(t), ") gz |

N /A

We set

By use of (Ha4), we have

G:(t, 5) = —(9e(5)Orpe(s) + 0c(5)Dspe(s) + de(s)pe(s)) 11" (31|
> 8 (t) ()10 ()15 — éX[s,Qa}(S)Mt(s)”nt(s)ug

> —6k(t)m(s)In*(s)5 — %x[a,ga](S)ut(S)Hnt(ﬁH?f
€ LY([a,b] x RT).

In addition,

I )2 < / 107" () llodly)? / 107" )2y,

12



Since p(+) is nonincreasing, we obtain

()" ()15 < S/o pe()Iosn’ () 5dy < s0sn'[3gy < E(u,nr)sK-(2).

And we can presume that € < 1, so

s
gX[a,Qs}(S) < 2x[0,21(8)-

Combining with the two estimate, we have

1><[f.;,251(S)Mt(S)HTlt(S)Il?f < 25(u, m7)X[0,2)(8) K (1) € L' ([a, 0] x RY).

Consequently, we find a positive function

U(t,s) = 8 (t)pe(s)lln' (5)I5 + 25w, n7)x(0,21 () K~ (8) € L ([a, 0] x RY),

satisfying
q&(ta S) 2 _w(ta S)'

According to Fatou Lemma and using ¢.(t, s) — ¢(t, s) almost everywhere, we deduce that

b 00
/ / q(t,s)dsdt < hmmf/ / qe(t, s)dsdt.
a JO

Finally, we conclude that (3.6) holds. O

Theorem 3.6. For all 7 < a < b < T, the following estimate

1307 + 9 / )17 (5) 347 dsdt < 13 / / (Bupie(s) + Dupie(s)) ' (s) |2 dslt

b
< 72 +2 / (ult). ') arz (3.12)
holds.

Proof. Take two sequences

{n"} ¢ CYHRT;V,) N D(T,) and {u"} C C([1,T); Vy),

such that
=, u'—u.
We set
s u™
t —r)dr, O<s<t—r,
77tn(s)_ 0 ( ) iy n
n(s—t+71)+ [, (t—r)dr, s>t—r1.

Thanks to Lemma 3.5 and the assumption (Hy), we deduce that

b
I g + 6 / O™ ()Rt < [l +2 [ (@™t (313
a

We will show that the sequences is passing to the limit in the above inequality.

13



Bearing in mind Lemma 3.1, we obtain
17" =13 < T —u,mt =) Ko ().
Hence, the pointwise convergence
n'™ — ntin M7, Vt € [a,b]
holds. And
™ 3 = I Rges  £@In™ 13 = £ @0 13g, ¥t € [a,0].
By Lemma 3.1, we know that
k0™ Ry < KT (U, 17) (K(1))* € LY ([a,b]),

where we have used (Hz2) and k(t) < K (t)k(7). According to the dominated convergence
theorem, we have

[ o g [ Kol

It can be easily shown that
(W™ (), n"™) pg — (u(t),n")are, for almost every ¢ € [a, b].
Using x(t) < K, (t)k(7), we find
(™ (#), 0" ) aag | < VRl @llo 0™ [ary < CK-(t) € L ([a,8]),
here, C' = sup(/k(7)T (u", nim) |u™lc((r,7;v,))- By the dominated convergence theorem, we have
n

b
/ (W (1), 7™ agpdt — / "

This completes proof. O

Definition3.7. Let g € L*(Q) and also let T > 7 € R. A binary 2(t) = (u(t),n') is said
to be a

e strong solution of the problem (2.2), (2.3) on the interval [1,T], if

(i) (u,n") € Lo([, T, HY),
(ii) The function n' satisfies the formula (2.1),
(iii) For every ¢ € Vi and almost every t € [1,T],

(Oru, @) + (Opu, d)1 + (u, ¢)1 + /0°° i (s)(n'(s), o)rds + (f(u), d) = (9,0);  (3.14)

e weak solution of the problem (2.2), (2.3) on an interval [7,T],
(i) if there exists a sequence of regular data (u™, ™) € H2 such that

(u?,n?) = (ur,ny) in ’Hl, (u,nt) e L*([r, T};Htl), and u" — w in C([7,T}; V1),

where, (u},n?) is the sequence of the strong solution of the problem (2.2), (2.3) with initial data
o = (un ) € H2,

(ii) The function n' satisfies the formula (2.1),

(iii) For every ¢ € Vi and almost every t € [1,T], Eq. (2.2) satisfies (3.14).
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Theorem 3.8. (Well-posedness and regularity) Let T > T be arbitrary and (1.3), (1.4) hold.
If g € L*(Q) and the assumptions (Hy)-(Hy) are valid. Then,
(i) for any (ur,n;) € HL, the problem (2.2), (2.3) admits a weak solution (u,n') satisfying

t
.

t t
sup ()1 + [ Iu(r)dr+ [ sl e+ [ Jow(rlar < @

here, Q = max{Q1,Q2}. In addition, if there exists a sequence of regular data (u®, 1) € H?
such that

() — (ur,r) i HE,

then v — w in C([1,T]; V1);
(ii) for any (ur,n,) € H2, the problem (2.2), (2.3) admits a strong solution (u,n') satisfying

t
-

t
sup ()13 + [ [u(r)Bdr+ [ w)llrpr < Qa
2T T

(iii) moreover, the solutions of the problem (2.2), (2.3) depend on initial data continuously.
That is

21(t) = 2(0)l13 < CXENEDea(r) = 25(7) 3y 21,20, €Hy, L E [T,
or
l21(0) = 220l < CeOTMN D aa(7) — 22Tz 21,022 €M € [T,

where z1(t), z2(t) are two weak solutions of the problem (2.2), (2.3) with initial data z1, =

(u17'7 7717)7 22, = (UQT ) "727)7 Tespectively.

Proof. Multiplying (2.2) by u, we have

d

3 (el + 1ull?) + 2lully + 200"y + 2(f(u), w) = 2(g, u) = 0. (3.15)
In view of (1.4), we obtain

=2(f(u),u) < 2(1 = 0)[|ull? + dey,
here, 6 € (0,1). And it is easy to see that
1
2(g,u) < Ollull? + WHQHQ'

We define
N(t) = [lull® + [lulF.
Then

d

1
VO + Ollullf +2(u, 1)y < )\TQIIQIIQ +dey = Qo (3.16)

15



Integrating (3.16) over [7,t], we get
t
t)+6 Hu ||1d7’+2/ (u,n")ppdr < N(1) + Qo(t —7), Vt=T.
Applying Theorem 3.6, we know

t t proo
N+ B +0 [ Talar = [ @uts) + 0m(s) (o) s
SN + el +Qolt —7), Ve=7

We set
N(t) = N(t) + [In'[I3,-
Then
201, <N < 1+ D0l
Therefore,

N(t) +9 / Ju(r)|2dr — / /0 " @upn(s) + Dupu()II” () [dsdr < N(r) + Qolt — 7).

Namely,

t t
sup 2(¢) 3 + / u(r) | 2dr + / w12 dr < C(RT, gl 0,6, Aseg) = @i,

Taking the multiplier d;u in (2.2) yields

10cull® + |0pull? = —(u, Dpu)1 — /OOO pe(s) (' (), purds — (f (w), Opu) + (g, Opu).

In view of (1.3), we have

[{f (@), e} < NF @I 11 10pull Lo < CO A [[u(®)[7)[1Ose]l1-

And we can obtain from (H;) that

o0

- /0 () (0(s), Byudrds| < Ol /0 () 1 (3) s

< |3tUI|1(/OOO pue(s)ds) (/OOO e(s)n'(s)[Fds) 2
< llowullvv/E@) 101z -

N

Then

g
lowl2 < CQlu®)ls + 1+ Ju()]? l Iy oyl

12

1 P g
OO+ Q-+ Qf + Vr@l g + 2P loral
12
1
< 210l + CCRT. gl 0.6, A, cn)(1 + w0) 1/ 12,)

1
= §H@tUH% + Q11+ sl l3),  VEE 1, T].
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Therefore,
t t
[ o(s) s < 2010+ [ n)llds) < Q.
Multiplying (2.2) by —Au, we have
d
gz (el =+ lel2) + 2llull3 + 20w, 7% a2 + 2(F (w), = Au) = 2(g, = Au) =
By virtue of (1.3), we obtain

~2{f(w),~au) = =2 | f/0)|VuPde < 26 ul}

Obviously,
2(g, ~Au) < ul + g1
Define
Ni(®) = [l + [l
Then
SN0+ ol + 20,10z < 21l + gl

Integrating (3.25) over [7,t], we have

t

t
Ni(t) + HUH%dTJr?/(u,n’")Mzdr< +201/ lu(r)|3dr + llgl* (¢ = 7).

T

Thanks to Theorem 3.6, we find

/Hm@v+unmﬂ+a/' Pl 2 e

<Nm>+wmme+%n/Wm J2dr + gl — 1), Vi T

We set
Nit) = Ni(0) + o3
Then
201 < ML) < (L4 30 2(0) B
Thus,

/Ww@+§/ |mwm«wx—ma/wLW®+Muwﬂ

Applying Gronwall inequality, we conclude that

t t
sup ()13 + [ Juldar+ [ n)lrpar
27 T T

C(HZ(T)H?-[%?Ta lgll, 0,8, A1, Cl,Cf) = Q3.
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(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

YVt > .

(3.28)



Let {w"} be an orthonormal basis of L?*()) which is also orthogonal in V; and —Aw’ =
Njwl, j=1,2,---. And let {¢"} be an orthonormal basis of Lit (R™; V1) which is also orthogonal
in Lit (RT; V1) and —A¢7 = \;¢7, j =1,2,---. For every n € N, the finite-dimensional subspace
is defined by:

Hy =span{w',--- ,w"} C Vi, M, =span{¢',---,("} C L (R*;V4).

P, : Vi — H, is denoted by the orthogonal projection onto H,; Q : Lit (R V1) — M, is
denoted by the orthogonal projection onto M,,.

The initial datum 2z, = (u,,n,) is approximated with a sequence {z" = (u?,n™)} C H2,
where

ur = Pour — up in V7, (3.29)

N = Qunr — 1y in ML (3.30)

For every n € N, let 2" = (u™,n'") be the approximation solutions of the problem (2.2),
(2.3). Where, u" = E?ZITj”(t)wj, 17 e CY([r,T)) and n'" AL (¢ )¢, VS CY([r,T)). So,
for every test function ¢ € H,, and every t € [7,T], 2" = (u" 757”) solves the followmg system:

(Opu™, ) + (O™, )1 + (u", ) +/0 pe(s) ("™ (s), ¥)1ds + (f(u"), )
= (9:¢), (3.31)

and

0 (s) = { o (1 =), VessioT (3.32)

nt(s—t+T) +ft Tut(t—r)dr, s>t—T.
Assume that ¢ € H,, is fixed. Then for every n > m, we have (3.31) holds. Multiplying
(3.31) by an arbitrary ¢ € C§°([r,T]) and integrating (3.31) over [r,T], we find
T

T T
/ (O (), dr + / (O (), Wyrdr + / o (1), B)rdr

T T
w e [T enasaes [Couenar= [t @5
Evidently, for the sequence {2"}, the estimates (3.20), (3.22) and (3.28) are valid. Then,

O™ is bounded in L*([r, T]; V1);
u™ is bounded in L*([r, T|; V2);
u" is bounded in LQ([’T, T); Va);
n'™ is bounded in L™ [7,T]; Mt2).

Since Hf(u”)HLH% < C(1+ |[u™]f) < C, we deduce that

f(u™) is bounded in LH%(Q).
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For the Galerkin approximation solutions 2" = (u™,n'™), we know that there exists a binary
z = (u,n?) such that (subsequence if necessary)

dpu™ — dyu weakly in L2([r, T]; V1); (3.34)
u" — u weakly™ in L>([r,T]; Va); (3.35)
u"™ — u weakly in L*([r,T]; Va); (3.36)
n'™ — ¢' weakly* in L*([r,T]; M}); (3.37)
Fu™) = f(u) weakly in L' 5 (Q). (3.38)
Applying Lemma 2.1, we can obtain from (3.34) and (3.35)
u" — win C([1,T]; V1), (3.39)

and the pointwise convergence
u"(x,t) = u(x,t) a.e. in Q x [r,T].
According to the continuity of f,
fw™(z,t)) = f(u(z,t)) a.e. in Q x [1,T]

is also valid.

Using (3.34) and (3.36), we easily obtain the convergence of the first term to the third term
at the left end of (3.33). We will deal with the remaining two terms.

Due to ¢ € H,, C Vi, it is easy to see that 1 € P,LPT1(Q). Thus, (3.38) ensures

(f (") = f(u),¢)dr =0

holds. Owing to the boundedness of f(u") and f(u) in L1+%(Q), applying dominated conver-
gence theorem, we deduce that

T
/ o(f(u™) = f(u),¥)dr — 0.

Let us show the convergence of fTT © Jo° pr(s)(n™(s),¢)1dsdr. To this end, we set

777:77:}_7777 ,ELTZUZ_’UJ‘IH
and for every t € [1,T],
7=n" =, at) = u"(t) - ul?).
Taking account of (Hz) and using
() Jo u(t = ¢)dc, 0<s<t—r,
n\s)= _
Tr(s —t+71)+ [T at—¢)d¢, s>t—
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we have

1913,
< K011

—cmy([ ol [ Tt — O)dc|3ds
[Tl =t n+ [ a - gaclias

t—1
00

< 0BT = 2l grrpn) /0 pr(s)ds + 2 /0 pir(s + ¢ — 7)1, (5)3ds)
< OB = 1)l vy s (7) + 20 ) = 0, ¥t € [7,7).

Due to the uniqueness of the limit, we obtain that ¢' = n'.
Obviously,

/0 " () 1 (s) s
—/0_Tut<s></osan<t—<>d<,¢>1ds+/°° e(8) (7 (5 — £+ ), 1ds

t—1

[Tt [ at - oacunas

t—r 0

:/0 Mt(s)s/o <ﬂ(t—C)>¢>1dCds+/0 pe(s 4+t — 1) (s), 1) 1ds
+/t_ Mt(s)s/ (u(C), ¥)1d(ds.

Using (Hz) once again, we get
t—T s

[ s [ - 0. vhdcas
0 0

t—1 s
< [ ms [t =hiviacas
< Nallerap 9T = 7P Kr(t)s(r) 50, ae te[nT],

| o) [ @@ wnacas

t—1 T

00 t
< / (s)s / 1&(C) [l 1d¢ds

t
< Nallegrrw Yl (T = 7)?Ke(t)s(r) = 0, ae. te[rT],

/OOO pi(s 4+t = 7)1 (s), vhrds < [V KOV R0 g =0, ae. te[rT].

Consequently,
o0

lim pe(s)((s),p)1ds =0, a.e. te[r,T].

n—oo 0
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And

/ " () (), s

< [ s hlelds
0
< VORI g € LN([r, T))-

Apply the Lebesgue dominated convergence theorem, we get

lim / / (s s),¢)1dsdr = 0.
n—oo

Finally, we obtain that z = (u,n") is a weak solution of the problem (2.2), (2.3). Similarly, the

existence of the strong solution of the problem (2.2), (2.3) can be proved.

Now, let us show the continuous dependence of the solutions on initial values. Assume that

21(t) = (ua(t),nh), z2(t) = (u2(t), 15)

are two weak solutions of the problem (2.2), (2.3) on [r,T]. Then the difference 2(t) = z(t) —

29(t) = (a(t), ') satisfies
Oy + Adyu + Au + /00 pi(s)Aft(s)ds = — f(u1) + f(uz),
0

where

ﬁt(s):{f0~t_r s<t—r,

Nr(s—t+71) —f—f Ta(t—r)dr, s>t—r.
Multiplying (3.40) by @, we have

d

GEO+2 [ m) i), apnas

= =2[|all§ — 2(f (u1) — f(ug), @(t))
2.
sg__5GfHuH2 + O+ [lug |5t + [zl )@l e
2 N _ — ~
g_x||u|\2+C(1+||u1||If P (gl B
< C(R,M)F(L), telrT),

where F(t) = (||a||* + ||@||?). Integrating the above estimate over [r,t], we find

F(O) +2 [ (@), i)aydy < P(r) + C(RN) [ Plo)dy, te [n1)

According to Theorem 3.6, we know that
) t
T2, +6 / DI (6) By < 713, +2 [ (@) g
Setting F(t) = F(t) + ||7[]3,1, we have
t
12017 < F(t) < ClE@)I3,-
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Combining (3.42) with (3.43), we get
F(t) < F(r) + OB | ' Fly)dy
Applying Gronwall inequality, we obtain '
1Z@)I3 < Ce“BAED ()|, ¢ € [ T].

At the same time, we have proved the uniqueness of the weak solutions of the problem (2.2),
(2.3). Besides, similar to the above estimates, we can also show the continuous dependence on
initial data (i.e. the uniqueness) of the strong solutions of the problem (2.2), (2.3). O
Thanks to Theorem 3.8, a process U(t, ) corresponding to the problem (2.2), (2.3) can be
defined by:
2(t) = U(t,7)z(1) : HE — H},

which is continuous from H. to H;.

4. Existence and regularity of time-dependent global attractor

4.1. The existence of time-dependent absorbing set in #;

Theorem 4.1. (Dissipativity) Suppose that g € L*(Q). If (1.3), (1.4) and (Hy)-(Hy) hold,
and there exists a sequence of reqular data (u”,n") € H2 such that
(W, n?) = (ur,r) € Br(R) C M,
then there exists Ry > 0, such that the process U(t,T) corresponding to the problem (2.2), (2.3)
possesses a time-dependent absorbing set in H}, namely, the family B, = {B;(Ro)}ier.

Proof. Using Poincaré inequality and (H4), we can obtain from (3.17)

0)\1 .
o [ uePar+ 5 [ liar o [ @) yasar

SN(7) + Qu(t — 7). (4.1)
Namely, . .
N(t) + 2 / N()dr < N(F) +e / N(r)dr + Qu(t —7),

here, € = min{%&)\l, %9, 0 ir[lf | k(r)}. Applying Lemma 2.4, we deduce that
re|T,t

)

N(#) < N(r)e st 4 Qe

1—e¢
Moreover,
D2, <N < (14+ — 2 es(t=T) & 4.2
3 .
lz(®)l5 SN < 1+ Al)IIZ(T)IIH;e + (4.2)
. 2(1++L)R?
where RZ = 21?1:_5. Then for every R > 0, there exist a ty = to(R) = éln ( Pfg) t and
0
Ry > 0 such that
T<t—t)= U(t,T)ET(R) C Et(Ro).
The proof is complete. u
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4.2. The existence of time-dependent global attractor in H;

Next, we will testify the asymptotic compactness of the solution process U(t, 7) corresponding
to the problem (2.2), (2.3). To this end, we need to make some decompositions about nonlinear
term, solution and solution process.

About the nonlinearity f, inspired by [2], we decompose it as follows:

f(s) = fo(s) + fa(s),
where fo, f1 € C1(R) and satisfy:

Ifo(w)] < CA+ |ulf™), VueR, 1<p<5, (4.3)
fo(w)u >0, YueR, (4.4)
[fiw)| < C(1+ul”), YueR, 1<y<4, (4.5)
E&gﬂwﬁfﬁy (4.6)

Influenced by the idea in [26], the solution z(t) = (u(t),n') of the problem (2.2), (2.3) is
decomposed as follows:

2(t) = 21(t) + 22(t), with u(t) = v(t) +w(t) and n* = " + &,

here 21 (t) = (v(t),¢?) and 22(t) = (w(t), &) solve the following equations:

O + Adyw + Av + h pi(s)ACH(s)ds + fo(v) =

0
¢t + 05Ct = v(t), (4.7)
,U(xat)’aﬁ =0, ’U(.Z',T) :UT(xat)7

Ct(x’ S)|QQ =0, CT(xv 5) = UT('T7 8)7

where,
Jov(t—r) 0<s<t—r,
sy =4 "
CT(s—t—i-T —i—f vt —r)dr, s>t—r,
and
ow + Adyw + Aw + / 1 (s)Ag (s)ds + f(u) — fo(v) = g,
0
Ot + 0561 = w(t), (4.8)
w(z,t)ogo =0, w(x,7)=0,
gt(xv S)|aQ - 07 g’r(x, S) = 07
where,

l(s) {fOtTt—r T, 0<s<t—r,
0 (t—r)dr, s>t—rT.

Analogue to the proof of Theorem 3.8, the existence and uniqueness of the solution of Egs.
(4.7) and (4.8) can be obtained. Further, it is easy to know that the solution processes Uj(t,7)
and Usx(t, ) corresponding to Egs. (4.7) and (4.8) can be defined. For simplicity, we set

U(t,m)zr = Ui(t,7)21(T) + Ua(t, 7)22(7) = 21(t) + 22(1),

where z1(7) = 2(7), 22(7) =0.

Similar to Theorem 4.1, the following result can be gained.
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Lemma4.2. Assume that fo satisfies (4.3), (4.4). If there exists a sequence of reqular data
(u?,n*) € H2 such that

(ur,n?) = (ur,n-) € B-(R) C Hia
and (H1)-(Hy) hold, then the solutions of (4.7) satisfy the estimate:
I (D)5 < C(R)e 7. (4.9)
Proof. Multiplying the first equation in (4.7) by v and integrating over 2, we find
d 2 2 2 t
g oI+ loll) + 2Mlolly + 2(v, ¢y + 2{fo(v), v) = 0. (4.10)

We define
F(t) = lvl® + [lv].
In consideration of (4.4), we deduce that

d
SF() + 2ol + 200, ¢y <0 (4.11)

Integrating (4.11) over [7,t], we have
t t
F(t) + 2/ lo(r)|3dr + 2/ (0, apdr < F(r), V> (4.12)
T T
Thanks to Theorem 3.6, we get

t t
FO + ¢ +2 [ or)lRdr+6 [ )| )] pdr

<SFE) + 63, V=T

We set
Ft)=FO) + ¢ 3-
Then
1
I3y < F() < @+ )l 0l (4.13)
Consequently,
t t

FO+2 [ Jo@)ldr+6 [ )¢ 6) B pdr < (o). (4.14)

That is,

F(t) + 2e4 /t F(rydr < F(1)+e1 /t F(r)dr,

here, e1 = min{\;, 1,4 ir[lf | k(r)}. Applying Lemma 2.4, we obtain that
re|T,t

F(t) < F(r)e a1t

Furthermore,
1
la@®l3p < F(H) <1+ X)IIZ(T)\I?{;G’““’” < C(R,Ap)e =177, (4.15)

where [[2(7)[[31 < R. This completes the proof. O
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Lemma4.3. Assume that the nonlinearity f satisfy (1.3), (1.4) and (4.3)-(4.6). If g €
L2(Q) and (Hy)-(Hy) hold, and there exists a sequence of reqular data (u?,n™) € H2 such that

(uf, 1) = (ur,nr) € Br(R) C Hy,

then for each time T' > 0, there exists a positive constant I = I(||g|[, |23z, T, A1), such that
the solutions of (4.8) satisfy:

|U2(T + 7, 7)22(T)

2y =laT+0)?, <L (4.16)

T+ T+T

Proof. Multiplying the first equation in (4.8) by A%w, we have

d t
GO + 2wl + 2" wit) 4
= 2(g, Asw) — 2(f1(v), ATw) — 2(f(u) — f(v), ATw), (4.17)

where G(t) = |[w(t)||2 + ||lw(®t)||3. It is easy to know that
3 3

1 4|2
(g, A¥w)) < L) + (4.18)
4 3 )\?

We can obtain from (4.5) and (1.3)

—2(f1(v), ASw)
< 7 A% T
<C/Q(1+|v| )| Asw|d

5

( / (1+ o] ) da) B / Adwl ¥ do)
Q Q

1
L+ [olza)lAsw] s

|w]|2 4+ C (4.19)
3
and

—2(f(u) — f(v), Asw)
<cC / (L4 fuP™ 4 o)) ASw]da
Q

—1 —1 1
< Ol + 101758 ) wlssll A3 w]
—1 -1 1
<l + ol sl Abw]
< collwl, (4:20)

where cg = co(Q, R, A1), and we have used the embedding Vi < L' V3 < Ll?s, Vi — LS.
3 3
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Thus, inserting (4.18)-(4.20) into (4.17), we get

St +2(e w®) g < (eo— Dlw +C. (4.21)

M

Integrating over [r,T + 7|, we have

T+t
G(T—l—T)—l—Q/ <§T,w(r)>M%dT

T+T
<G +eo-3) [ Ju)jar+cT (4.22)

Define
G(t) = [lw®)F + w3 + 1€ 4
3 3 M.

t

Applying Theorem 3.6, we get that

T+T 3 T+1
G +7)+6 [ KOG <0 +(@=3) [ Jular+CT. (423)
That is
T+t
G(T+17)<G(r) +ar / G(r)dr + CT. (4.24)

By Gronwall inequality, we conclude that
G(T+71)<e(G(r)+ CT) = CTe™.
Similarly,

le2(T+7)I7 s <G(T+7)<OTer" = 1.

T+T7

We complete the proof. O
Moreover, for any & € L2 (R*; V1), Cauchy problem (see [3, 16, 22])

0t = =08 +w, t>T,
{ K ¢ (4.25)
§M=¢&r,
has a unique solution ¢' € C([r,+00); L,,, (RT; V1)) and explicit expression:
fo (t —r)dr, 0<s<t—m,
gs) =9 ", (4.26)
o wt—r)dr, s>t—r.

We denote by B; the time-dependent absorbing set obtained by Theorem 4.1. Then, we set
Kpr =1Us(T, 7)B -,
here, IT: V4 x L,,(R*;Vq) = L, (RT;V7) is a projection operator.

Lemmad4.4. Let z(t) = (w(t), &) be a solution of the problem (4.8). Suppose that the
nonlinearity satisfies (1.3), (1.4) and (4.3)-(4.6). If g € L?(Y) and the assumptions (Hy)-(Hy)
hold, then for every given T > 7, there exists a positive constant Iy = Iy ([|B+l31), such that
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(i) Kr is bounded in L7, (R*; V%) NH, (RT;V1);

(i) sup [[€7(s)lIF < In.
nTekr

Proof. In view of (4.26), we deduce that
w(t—s), 0<s<t—r,
asft(s) = (427)
0, s§>t—T.

And thanks to Lemma 4.3, it can be shown that (i) holds.
Next, it is easy to know that

S T—1
||§T(S)|| - fo |w(T —r)||1dr < 0 |lw(T —7)|1dr, 0<s<T—r, (4.28)
1 X .
o llw(T = r)|dr, s>T—1,
holds. From (4.16), (ii) is proved. O

Lemma4.5. Let the assumptions of Lemma 4.4 hold. Then for every given T > 7, Us(T, 7)B,

1s relatively compact in "H%p

Proof. Indeed, applying Lemma 2.2 we know that Kr is relatively compact in L,, (R™; V7). And
using the assumption (Hy) once again, we obtain that Kp is relatively compact in L, (RT; V7).
Furthermore, from the compact embedding: Vi << Vi, we conclude that

3

Us(T, 7)B, is relatively compact in Hi-.
The proof is complete. O

Theorem 4.6. Let U(t,7) be the solution process of the problem (2.2), (2.3). Suppose that
the nonlinear term f satisfies (1.3), (1.4) and (4.3)-(4.6). If g € L*(Q)) and (Hy)-(Hy) hold,
then the process U(t,T) possesses the time-dependent attractor A = {Ai}ier in Hi. In addition,

the attractor A is invariant, namely,

Ult,T)A; = Ay, Vt=T.

Proof. Let B, = {B;(Rp)}+cr be the time-dependent absorbing set obtained from Theorem
4.1. From Lemma 4.2 and Lemma 4.3, for a large enough positive constant Ry, it is easy to
know that ) .

the family B = {B} (R1) }1er is pullback attracting,

1
here By (1) = {¢ll¢]l, 4 < B}
t
In fact, combining (4.9) with (4.16), we deduce that
1 1
distyy: (U(t, )8+, B}') < distygs (U1(t, )8, + U(t, 7)%B,, B} )

1
= dlStfH% (Ul (ta 7)%77 Bts)
< C(|B g )e 17,
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here, 1 = min{A;, 1,9 inf x(r)}.
re(r,t]
If there exists a sequence of regular data (u”,n”) € H2 such that
(u,m2) = (ur,m7) € By (R) C ML,

then for the bounded (in H!) set B, = {B,(R)},cr corresponding to initial data (u,,7,), by
Theorem 4.1, there exists a tg = to(R) such that

T<t—to=U(t,7)B.(R) C Bi(Ry).
Thus,
disty1 (U(t, 7)Br, By) < wefttoeer(t=")

where w = sup ||U(t, 7)Br| -
0<t—7<to k
Applying Lemma 2.3 and Theorem 3.8, we can obtain that

o=

disty1 (U(L, 7)Br, Bi') < C(HBer)eﬁ(t*T).

Combining with Lemma 4.5, we have the process U (¢, 7) corresponding to the problem (2.2), (2.3)
is asymptotically compact in H;. Therefore, applying Theorem 2.9, Theorem 2.12 and Theorem
3.8, we can show the existence and invariance of the time-dependent attractor 2 = {A;}1er in
H}, that is

U(t,7)A; = Ay,

and
A= {Z|t - Z(t) € Hi and Z(t) is CBT of the process U(t,7)}.

We complete the proof. O

4.3. Regularity of the time-dependent attractors

Subsequently, we will prove that the time-dependent attractor 2l is bounded in H? and the
bound is independent of t.
To this end, we make a decomposition of the solution z(¢) of the problem (2.2), (2.3):

U(t,T)zr = 2(t) = 21(t) + 22(t) = Us(t, 7)z1, + Us(t, 7)22,,

where, z1(t) and z3(t) solve the following equations, respectively,

[e.o]

Ov + Adww + Av + / we(s)AC(s)ds = 0,

0Ct + 0sCt = v(t), ’ (4.29)
v(z,t)|on =0, v(z,7)=ur(z,t),
Ct($73)|8ﬂ =0, CT(;U,S) :777(%3)7

where,
Cs) Jo v(t—r)dr, 0<s<t—m,
S) =
Gr(s—t+71)+ g_TU(t—r)dr, s>t—r,
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and

o0

Ow + Adyw + Aw + /0 pi(s)AE (s)ds + f(u) =

6t£t + 8S£t = w(t)v
w(z,t)|sgn =0, w(x,7)=0,
gt(x’ 5)|8Q = 07 57’(1,’ 8) = Oa
where,
[Jw(t—r)dr, 0<s<t-—r,
ghs) =3 0
o w(t—r)dr, s>t—r.

Be similar to the proof of Lemma 4.2, we can obtain easily that

|Us(t, )21, g < Cem=7),

(4.30)

(4.31)

Theorem 4.7. Let 2zo(t) be the solution of (4.30) with initial data z9(T) € A, satisfying

|z2(7)[l32 = 0. And also let g € L%(Q). If the presumptions (1.3), (1.4) and (Hy)-(H

then {A¢}ier is bounded in H? and the bound is independent of t.
Proof. Taking the scalar product of (4.30) with —Aw, we find

%Gl( t) + 2w(t)l|3 + 26", wt) sz + 2(f (u), —~Aw) = 2(g, —~Aw),

where G1(t) = lw(t)|[f + [[w(t)[3.
It is easy to know that

1
2g, ~Aw) < 2lgl> + 3wl

Due to the invariance of 2, we obtain

IIU(t,T)Z(T)IIH;g <C.
From (1.3), we can get that

~2(f(u), ~Aw)| < C / (1 -+ [ul?™) |Vl | Vuldz
C+ HUHPQ(p IVl 1 [Vl s
1
<O+ IIUH% Mullsfwl2

1

where, we have used the embedding Vi — L8
3
Combining the above estimates, we obtain

d
7;G1(0) + lwl3 +2(¢", w(t)) a2 < C.

Integrating (4.33) over [7,t]|, we have

/ l|lw(r)]|5 dr+2/< (’I")>M3d7‘ < Gi(r)+ C(t—7).
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Vi LY and V; < LS.
3

4) hold,

(4.32)

(4.33)



Thanks to Theorem 3.6, we get

/ leo(r) |3 + / P ()2 pdr < G1(7) + C(t - 7), (4.34)

where,
G1(t) = w1 + w3 + €132
Namely,

t) + 2e9 /t Gi(r)dr < Gi(1) + &2 /t Gi(r)dr+ C(t — 1), (4.35)

here, 2 = min{ )‘21, 3.0 II[lft] k(r)}.

Applying Lemma 2.4, we deduce that

_ - Ce®?
Gi(t) < Gu(r)e™ T + 1
Since
1
2252 < Ga(t) < (1 + E)H@(W\%ga (4.36)
we get that
1 —eo(t—T Ce
||Z2(t)”3.¢g <1+ )\*1)”22(7)”3136 att=r) PR
Ce®2

Then, [[Us(t, 7)22, [ly2 is uniformly bounded with respect to ¢.
We set

K = {z|l=(t)llpz < 11}
We can obtain from (4.31) and (4.37) that

lim disty1 (U(t, 7)Ar, K} =0, VteR.

T——00

Due to the invariance of the time-dependent attractor 2, we obtain
distyr (A, K7) =0, Vt€R.
Hence, A; C K2 = K?. Finally, we conclude that {A4;};cr is bounded in H? and the bound is
independent of ¢.
This finishes the proof. O
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