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1 Introduction

In 2013, Ahmad et al. proposed the concept of a complex-valued metric space, and obtained
common fixed-point results for multivalued mappings with the greatest lower bound property [1].
As a generalization of the b-metric spaces [2], the notion of a complex-valued double-controlled
metric space was presented in [3]; After that, Amiri et al. have established common fixed-point
theorems for multivalued mappings with the greatest lower bound property in this space [4].
Recently, with the establishment of the concept of a F-metric space [5], there are also many
interesting results appeared. For instance, by using orbital a-admissibility, Aydi et al. have
improved the fixed-point theorem for a-t)-contractive mappings [6], or several generalizations of
the fixed-point results of Reich and Jungck were given in [7]. Furthermore, numerous authors
aim to extend and innovate many known results in the corresponding papers, such as Zhu et
al. introduced the concept of a generalized F-metric space [8], and proved some fixed-point
theorems satisfying Geraghty contraction or JS-contraction, etc, which generalized many fixed-
point results in F-metric spaces. For more details, see [9-20]. Inspired by the above results,
we have some new opinions with generalized F-metric space, some examples and corollaries are
used to enrich our results, and we apply one of the results to solve a class of linear algebraic
equation problems, which satisfies all the conditions of Corollary 3.5.

T*Corresponding author: Email address: chuanxizhu@126.com(C. Zhu).



2 Preliminaries

Firstly, let F be the family of all functions f : (0,+0c0) — R, satisfying
(Fy): f is nondecreasing;
(Fy): lim S, = 0 if and only if lim f(Sn) = —oo, where {S,,} C (0, 4+00).

Definition 2.1([8]). Let X be a non-empty set, consider the mapping D : X x X — [0, +00).
For all &, &2, & in X, suppose that there exist (9, f) € [0,+00) X [, such that

(D1) D(&1, &) = 0if and only if & = &;

(D2) D(&1, &2) = D(&2, &1);

(Ds) f(D(&1, &) < f(D(&1, &3) + D(83, &2)) + 6, if D(&1, &2) > 0,

then the function D is called a generalized F-metric on X, and (X, D) is called a generalized

F-metric space.

Example 2.1. Let X =R, f(£{) = § =3, and

_ 1
28>

1 e—el .
D(€17§2): 26 3 617&527

0, &1 = &
For all &1, &5,&3 in X, we have

1 < 1 n 1
eléi—&| = glei—&l 4 elé3—¢&2| 9’

thus (X, D) is a generalized F-metric space.
Definition 2.2([8]). Let (X, D) be a generalized F-metric space and {£,} be a sequence in X.

(1) For any € > 0, if there exists a positive integer N such that D((,§,) < € for all n > N, then
{&,} is called F-convergent to ¢ € X;

(2) For any e > 0, if there exists a positive integer N such that D(&,,&m) < € for all n,m > N,
then {&,} is called a F-Cauchy sequence;

(3) A generalized F-metric space (X, D) is called F-complete if any F-Cauchy sequence in
(X, D) is F-convergent.

From[1], we investigate the multivalued mappings with the greatest lower bound property in
generalized JF-metric spaces, some similar definitions are given as follows:

Definition 2.3. Let (X, D) be a generalized F-metric space and NCB(X) be the set of non-
empty, bounded and closed subsets of X. For each &; in R, we denote A(&1) = {2 € R: & < &}

In addition, for each z € X and A, B € NCB(X),

(i) A(z, B) = Upe p AD(2,0)) = Upe p{u € R: D(2,b) < u;



(i) A(A, B) = (MNae a Aa; B) N(Mye p Ab; A))-

Definition 2.4. Let (X, D) be a generalized F-metric space and R : X — NCB(X) be a
multi-valued mapping. For all z,y € X, define A,(Ry) = {u € Rlu = D(z,z2) : z € Ry}.

(i) The multi-valued mapping R has the lower bound on (X, D) if for all z,y € X there exists
ug € R such that ug < w for all u € A,(Ry);

(ii) The multi-valued mapping R has the greatest lower bound on (X, D) if there exists a great-
est lower bound of A,(Ry) in R, and we write D(z, Ry) = inf{D(x, 2) : z € Ry}.

3 Main results

In this section, we introduce a new common fixed-point theorem for the multivalued map-
pings. In addition, we obtain other fixed-point results in this space, which satisfy more general
contractive conditions.

In [8], let ® be the set of all functions ¢ : [0,00) — [0, 00), where ¢ satisfies:
(1) continuous and nondecreasing;
(2) for any ¢t > 0, li_>m ¢"(t) = 0.

Obviously, ¢(0) = 0, and ¢(t) < t for any ¢ > 0.

Theorem 3.1. Let (X, D) be a F-complete generalized F-metric space and R,S : X —
NCB(X) be multi-valued mappings. Suppose that there exists ¢ € ®, R and S have the
greatest lower bound on (X, D) such that

¢(0(x,y)) € A(Rz, Sy) (3.1)
for all z,y in X, where 0(z,y) = %D(az,y) + %W, a,b > 1 and A\, p > 0 with
A+ p < 1. Then R and S have a common fixed-point.

Proof. By selecting any xzp € X, from (3.1), there exists z1 € Rx such that

¢(9(:n0, 1‘1)) S A(Rl‘o, S$1)

Thus for all a € Rxg,b € Sx1, we have

¢(0(x0,21)) € A(a, Sz1) = | {u€R:D(a,b) < u},
be Sz

and
¢(0(x0,71)) € A(Rzo,b) = | ) {u€R:D(a,b) < u}.

a€ Rxg

Since x1 € Rxg, then there exists xo € Szq such that D(z1,z2) < ¢(0(x0,x1)). In addition,

by using (3.1), we obtain
(Z)(Q(J:‘Q,:El)) S A(R:EQ,S.%'l).



Similarly, owing to xe € Sz, thus there exists x3 € Rxo such that D(xg,x3) < ¢(0(x2,21)).
By repeating the above process, we can construct a sequence {z,}, where zo,+1 € Rxay,
Top+2 € STan4q for all n € N, thus we have

D(xon+1, Tant2) < ¢(0(x2n, Tant1)), (3.2)
and
D(xont2, xont3) < @(0(x2n42, Tant1)), (3.3)
where N D Rian) D g )
H Lon, LlT2n T2n+1, OT2n+1
0 =D — 3.4
($2nax2n+1) ab (x2n7x2n+1) + ab 1+ D(.%'Qn,RLCQn) ) ( )
and
A D(z , Rz D(x ,Sx
e = Do o)+ P e DltmanSiss) (5
T ) n

Suppose that there exists n € N such that x9, = 2,41, it can be proved that xo,+1 = Ton12.
If not, consider Definition 2.2, we have

0 < D(z2n+1, T2n+2) < d(0(x2n, Tont1)) < ¢(%D($2n+1, Stont1)) < %D($2n+la Ton+2),

contradiction. As a result, x9,4+1 is a common fixed-point of R and S.

On the other hand, if z9,11 = Zon4o for some n € N, then xo,10 = xopy3 and xop10 is a
common fixed-point of R and S. If not, it can be deduced that

0 < D(xon+2, Tan+3) < ¢(0(z2n+2, Tont+1)) < ¢(%D($2n+1, STont1)) < %D($2n+1u$2n+2) =0.

Therefore, we assume that z,, # x,41 for all n € N. By using (3.2) and (3.4), we have
D(zon+1, Ton+2) < ¢(0(x2n, Tant1))
A
< ¢(5D(x2n,$2n+1) + %D(3U2n+la Stont1))

A
< ED(Z‘M,HS%H) + %D(w2n+hx2n+2)7

and so D(Z2p41, Tant2) < %D(ajgn,mgnﬂ), where 0 < < 1.

a’—p ab—p

Similarly, using (3.3) and (3.5), we obtain
D(xont2, xont3) < 0(0(T2n42, Tant1))
A
< (5 D(@ansz o) + 25 D(@antr, Srans1))
A 0
< JD(xQn—i-Z, Tont1) + ED(QSQ"H’ Ton42),

A A
thus D(z2p+2, Tont+s) < %D(x2n+1,$2n+2), where 0 < % < 1.

As a consequence, D(zp, Tpt1) < %D(mn_l,xn). Then,

A+ A+
D(%n, Tni1) < ab“D(xn_l,xn) <. < ab'u}nD(xg,xl),
it follows that
lim D(zp,zp+1) = 0. (3.6)
n—oo



Now, it will be shown that {x,} is a F-Cauchy sequence. According to mathematical induc-
tion, suppose that lim D(x,,z,4x) = 0 for some k € N, consider (Ds3), we have
n—oo

f(D(xm xn+k+1)) < f(D(iL‘n, wn+k) + D(xn+k7 xn+k+1)) + 0.

From (3.6), we can get li_>m D(xp, xpik) + D(Tpik, Tnik+1) = 0. Moreover, according to (Fs),
n—oo

we obtain

lim f(D(n, Tpyrt1)) < nh_)rgo J(D(xn, Tpir) + D(@piry Tpyrg1)) + 90 < —oo,

n—o0

hence,

nlgn;o D(zy, Tpikt1) = 0.

As aresult, lim D(zp,zn4x) = 0 for all £ € N, thus {z,} is a F-Cauchy sequence and there
n—oo

exists an element 8 in X such that z, — (.

Finally, we will prove § is a common fixed-point of R and S. From (3.1), we obtain

(ZS(H(LUQn,IB)) S A(Rfl‘zn,Sﬁ) g A(l‘Qn—i—l)S/B)v

and
(0(8,22041)) € A(RB, Szani1) C AR, wans2),
where A\ D( Rxon)D(B,S5)
A ﬂ L2n, L1L 20 )
9(«'1:2717 ﬁ) - abD(xZTL”B) t ab 1+ D($2n7 Rl’2n)
and

A D(B8, RB)D(xan+1, Sxan
e

Therefore, there exist two sequences {u,} C RS and {v,} C S/, such that

A p D(xopn, Rron)D(B, S8
D(.’L'Qn+171)n) S ¢(JD(J:2”,B) + E (1 I D(IQn)7 R(xQn) ) )

and
A p D(xons1, STont1)D (B, RB)
< — — .
D(Un7$2n+2) = ¢(abD(/87x2n+l) + ab 1 I D(,B,RB) )
It follows that
. . A 1% D($2n7$2n+1)D(6,Sﬁ)
< - J— = =
nlgn;OD(xZn+1a Un) Iy HILH;O (z)(abD(meB) + ab 1+ D($2n,x2n+1) ) ¢(0) 07
and
. . A p D(x2n i1, T2ny2)D(B, Rf)
< - Jha— — —
Jig Dlns 22n42) < iy 95D amnst) + 5= D gy ) =90 =0
i.e.
lim D(x2p41,vn) =0, (3.7)
n—0o0
and
h_)m D(up, zon42) = 0. (3.8)

According to (Ds3), we have

f(D(Bv ’Un)) S f(D(57:U2n+l) =+ D($2n+1a Un)) + 5a



from (3.7), we get li_}rn f(D(B,v,)) < h_)m f(D(B, xan+1) + D(x2n41,vn)) + 6 < —o0, then

lim D(f3,v,) =0,

n—oo
ie. v, = B.

Similarly,
f(D(Un, /B)) S f(D(Un, x2n+2) + D($2n+2, /8)) + 57

from (3.8), we get
lim D(uy, ) =0,

n—oo

ie. up, — B.

Owing to RS and Sf are closed subsets, it follows that § € (R3() Sf), thus the proof is
completed.

Example 3.1. Let X = [0,1], D(&1,&) = (&1 —&)? forall &,& in X, f(r) =In z and § = In 2.

In addition, let R&; = [0, %], S& = [0, 2], ¢(6) = §,a = v2, b=2and A\ = u = 55. Anyone
can easily check that D(&1, RE1) = SL€2, D(&, S&) = 3812 and A(R&1, S&) = A((55 — 2)?).

Suppose that 2£; < &2, we have
&1 20

(LS (6 - )
1 2, 1 _ fopsi 361
<00 2 oy 1+ Le2 100
. 1 100 17()() (§I7R§1)
- 2((\[) (gl 52) (\/5)2 1 +D(§1,R§1)D(£2’S£2))

= ¢(0(&1,62)),
then ¢(0(&1,82)) € A(RE1, SE2).

Therefore, the conditions of Theorem 3.1 are satisfied, R and S have a common fixed-point
£E=0.
If two multi-valued mappings R and .S are supposed to be equal, then Theorem 3.1 reduces

to below corollary.

Corollary 3.1. Let (X, D) be a F-complete generalized F-metric space and R : X — NCB(X)
be a multi-valued mapping. Suppose that there exists ¢ € ®, and R has the greatest lower bound
n (X, D), such that
¢(0(x,y)) € A(Rz, Ry)
for all z,y in X, where 0(z,y) = %D(x,y) + “%, a,b > 1 and A\, p > 0 with
A+ u < 1. Then R has a fixed-point.

Obviously, if two multi-valued mappings R and S are supposed to be self-mappings, then the
following corollary holds.

Corollary 3.2. Let (X, D) be a F-complete generalized F-metric space and R, S : X — X be
self-mappings. Suppose that there exists ¢ € ® such that

D(Rz,Sy) < ¢(0(x,y))



for all z,y in X, where 6(z,y) = %D(x,y) + %%7 a,b > 1 and A\, p > 0 with
A+ < 1. Then R and S have a common fixed-point.

In [9], let L be the family of all continuous and nondecreasing functions w : [0,400) —
[0, +00), where w satisfies:
(1) w(0) =0, and w(x) > 0 for each z > 0;
(2) T}Ln;o xn = 0 if and only if nhﬁnolo w(zy) = 0, where {z,} C (0, +00).

Theorem 3.2. Let (X, D) be a F-complete generalized F-metric space and R, S : X — X be
self-mappings. Suppose that there exists w € L such that

for all z,y in X, where

M(z,y) = max{D(z, Rx), D(y, Sy), D(x,y)}.

Then R and S have a unique common fixed-point.

Proof. By selecting any z¢p € X, we can construct a sequence {z,} such that zg9,+1 = Rzay,
and xopyo = Swont1. If xo, = xonyq for some n € N, then xo,11 = Tonto, and S0 Ta,41 IS a
common fixed-point of R and S.

In fact, if zop4+1 # Tont2, from (3.9), we have
D(zon+1, Tont2) = D(Rxop, Stont1) < M(xon, Tont1) — w(M(z2n, Tont1)),
where

M (2o, xon+1) = max{D(z2n, Tan+1), D(Tont1, Tan+2), D(xon, Tont1)} = D(Tant1, Tant2)-

It follows that
0 < D(z2n+1, Z2n+2) < D(@2n+1, Tont2) — W(D(T2n41, Tan2)) < D(@2nt1, Tant2),
contradiction. Similarly, if 9,41 = Z2p+2 for some n € N and x9,+2 # Tan+3, then
D(@on+2, Tan+3) = D(Tan+3, Tant2) = D(RTan+2, STant1) < M(Tont2, Ton+1)—w(M (Tant2, T2nt1)),

where

M (xon+2, Tont1) = max{D(z2n+12, Tan+3), D(Tont1, Tant2), D(Tant2, Tont1)} = D(@on42, Tants).

So we have

0 < D(x2n42, T2ny3) < D(Tan42, Tony3) — w(D(22ny2, T2nt3)) < D(T2nt2, T2n43),
contradiction, thus we get xop42 = Ton+3, and 2,42 is a common fixed-point of R and S.

As a consequence, we suppose that x, # x,+1 for all n € N, and it can be easily deduced
that
D(2on41, Tant2) < D(w2n, T2nt1), (3.10)

and
D(x9n42, Tant3) < D(Tan+1, Tant2)- (3.11)



Owing to (3.10) and (3.11), we obtain D(zy, zp4+1) < D(zp—1,xy) for all n € N. Moreover,
{D(xn, nt+1)} is a monotonous nonincreasing sequence and we assume that li_>m D(zp, xpny1) =
n—oo
e> 0.

If e > 0, so by letting n — oo at both sides of (3.10) and (3.11), we get
e<e—w(e) <e,

contradiction. It can be easily shown that lim D(z,,z,4+1) = 0, following the proof process of
n—o0

Theorem 3.1, we get {x,} is a F-Cauchy sequence and there exists an element § in X such that
Tn — B.

Now, we will prove § is a unique common fixed-point of R and S. If 8 # RS, then

0 <inf{D(z,B) + D(z,Rx) : x € X}
<inf{D(x2n, B) + D(x2n, Rx2,) : n € N}

< 0asn— oo,

contradiction, thus 5 = Rf.

Uniqueness: Suppose that 8 and n are two common fixed-points of R and S, § # n, so that

0 < D(B,n) = D(RB,Sn) < M(B,1) —w(M(B,1)),

where
M(B,n) = max{D(8, RB), D(n, Sn), D(8,n)} = D(B,n).
Hence,
0 < D(B,n) < D(B,n) —w(D(B,n) < D(B,n),
contradiction.

It follows that D(8,n) = 0, i.e. 8 = n, the proof is completed.

Example 3.2. Let X =R, for all z,y in R, Rx = @ +x, Sy = % +1,and w(t) =1— e—lt
for all t > 0.

Furthermore, let f(t) = —%, 0 =1, and

lz—y .
D(.’L’,y):{e ya .iU?é Y;

0, T =4y.

It can be proved that (X, D) is a generalized F-metric space (see [5]), and

Sl Rr £ Sy,

D(R.T S ) = ‘
Y

Suppose that 2 < 4|z — 1| < |z — y|, we have

z—y lz—y|
Tl < o

and
|z~

e e +1< eleyl,




Thus,
D(Rxﬂgy) < D(x7y) _w(M(xay)) < M(l‘,y) —w(M(x,y)),

where M (x,y) = max{D(z, Rz), D(y, Sy), D(x,y)}.

Obviously, the conditions of Theorem 3.2 are satisfied, R and S have a unique common
fixed-point & = 1.

It is clear that if R and S be equal, then Theorem 3.2 reduces to the following corollary.

Corollary 3.3. Let (X, D) be a F-complete generalized F-metric space and R: X — X be a
self-mapping. Suppose that there exist ¢ € ® and w € L, such that

D(Rx, Ry) < ¢(M(x,y)) —w(M(z,y))
for all z,y in X, where
M (z,y) = max{D(z, Rx), D(y, Sy), D(z,y)}.

Then R has a unique fixed-point.

Theorem 3.3. Let (X, D) be a F-complete generalized F-metric space R, S : X — X be
nondecreasing mappings. Suppose that there exists a continuous and nonincreasing mapping
T:X —[0,1), such that

D(Rzx,Sy) < (Tx — Ty)M(z,y) (3.12)

for all z,y in X, where

M(z,y) = max{D(z,y), D(z, Rx), D(y, Sy)}.

If f € F is an invertible function, then R and S have a unique common fixed-point.

Proof. By selecting any xg € X, according to the property of R and S, we can construct a
nondecreasing sequence {x,}, such that xe, 1 = Rra, > w2, and zopt2 = STopt1 > Topyr for
all n € N. Inspired by the proof process of Theorem 3.1 and Theorem 3.2, we also assume that
Ty # Tny1 for all n € N. From (3.12), we get

D(x2n+1, Tont2) = D(Rxon, Stont1) < (Txon — Txoni1) M (z2n, T2n11),

where
M (x9p, xon41) = max{D(z2n, Ton+1), D(z2n, Tont1), D(Ton41, Tant2)}

= max{D(xan, Tant+1), D(T2n+1, Tant2)}-
If M(:L’gn, {L‘Qn_H) = D($2n+1, x2n+2), then

D(zon+1, Ton+2) < (Tron — Twont1)D(T2n+1, T2n+2),

contradiction. Hence,

D(zon+1, Ton+2) < (Twon — Txon+1)D(Ton, Tant1)-

Similarly, we have

D(x9p43, ant2) = D(Rxont2, Stont1) < (Trant2 — TTont1) M (T2n42, T2n+1),

Nej



where

M (xon+2, on+1) = max{D(Ton+t2, Tan+1), D(Ton+t2, Tan+3), D(Ton+t1, Tant2)

= max{D(T2n+2; Tant1); D(T2n42, Tants)}

Obviously, M (z25+2, Zan+1) = D(x2n+2, Tan+1), hence,

D(xon+3, ont2) < (Tront2 — TTony1)D(xon42, Tant1)-

As a result, D(xp, zpy1) < (Txp—1 — Txy)D(xp—1,xy) for all n € N, we obtain

= n— n
D(J;n—lvxn) ’
and so . .
(xg,
Z 2 k1) Z Taxg—1 — Tay) =Tz — Tay, < 00,
= D(xp—1, k) =
then

lim D(zk, xp11)

=0
k—o0 D(xk_l,:rk) ’

which implies there exist x € (0,1) and ng € N such that D(zy,xn+1) < £ D(xp_1,xy) for all
n > ng, it can be easily proved that

lim D(xp—1,2,) = 0.

n—oo

By continuing the proof process of Theorem 3.1, we get {z,} is a F-Cauchy sequence and
there exists an element 8 in X such that x,, — (.

Now, we will prove R = 3, if not, owing to (D3), we have
f(D(/Ba Rﬁ)) S f(D(6,$2n+2) + D($2n+2, R/B)) + 5

= f(D(B, zan+2) + D(RB, Szan+1)) + 9
< f(D(B,x2n42) + (T8 — Twopy1)M(B, 22n41)) + 0,

where

M(B,x2n41) = max{D(B, v2nt1), D(B, RB), D(T2n41, Tant2) }
= D(B,RB) as n — 0.

It yields that
FHA(D(B, RB)) = 8] < D(B,wan+1) + (T — Twant1) D(B, RB),
by using the property of T', we obtain n11_>ngo FYf(D(B,RB)) — 6] < 0, then
lim f(D(5, RF)) < —
which is contradict with D(8, R3) > 0. Therefore, 8 = Rf.

Similarly, owing to the continuity of T, we have

f(D(B,58)) < f(D(B,x2n41) + D(x2041,56)) +
f(D(B, x2n+1) + D(Rxan, SB)) +
F(D(B, x2n41) + (Txoy, — TB)M ($2n75))+5

—00 as n — o9,

10



as a result, g = Sp.

Uniqueness: Assume that $ and ~+ are two common fixed-points of R and S, v # 3, and so

0 < D(B,7) = D(RB,Sv) < (TB—Tvy)M(B,~),

clearly, M(5,7) = D(B,~), thus,

0<D(B,7) <(TB—=T)D(B,7), (3.13)

and
0 < D(v,B) < (Ty—TB)D(v, B). (3.14)

According to (D3), if T8 # T, it can be proved that (3.13) and (3.14) cannot be established
at the same time. As a consequence, D(8,7) =0, i.e. =, the proof is completed.

Using Theorem 3.3 with R = S, we can easily obtain the following corollary.

Corollary 3.4. Let (X, D) be a F-complete generalized F-metric space and R : X — X be
a nondecreasing mapping. Suppose that there exists a continuous and nonincreasing mapping
T:X —[0,1), such that

D(Rz, Ry) < (Tz — Ty)M(z,y)

for all x,y in X, where
M(z,y) = max{D(z,y), D(z, Rx), D(y, Ry)},
then R has a unique fixed-point.

Since 0 < T'(z) < 1, thus Theorem 3.3 can reduce below corollary.

Corollary 3.5. Let (X, D) be a F-complete generalized F-metric space and R, S : X — X be
self-mappings. Suppose that there exists k € [0, 1) such that

D(Rzx,Sy) < kM(x,y)
for all x,y in X, where
M(z,y) = max{D(z,y), D(z, Rz), D(y, Sy)},
then R and S have a unique common fixed-point.

Let R =5 in Corollary 3.5, it follows that

Corollary 3.6([8]). Let (X, D) be a F-complete generalized F-metric space and R : X — X
be a self-mapping. Suppose that there exists k € [0,1) such that

D(Rz, Ry) < kD(z,y)

for all z,y in X, then R has a unique fixed-point.

4 Application

In this section, we will apply Corollary 3.5 to solve a system of linear algebraic equations as
follows:
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Consider the following linear algebraic equations:

a11x1 + apx2 + ... + apey, + f1 =0,

ap1T1 + Ap22 + ... + Gy + B, =0,

and
c1y1 + ci2y2 + ... + cipyn + 1 =0,

Cn1Y1 + Cn2y2 + .. + CnlYn + Bn =0.

Then (4.1) can be written as Az + f = O, where A = (aij)nxn, O = 0,0,...,007, = =
(w1, 22, ...,2,)T and B = (B1, B2, ..., Bu)T. Similarly, (4.2) can be written as Cy + 8 = O, where
y - (y17y27 "'7yn)T and C = (Cij)nx n-

Let X =R", for all z,y in X, D(z,y) = max |z; — i), f(r) =In x and § = In2. Moreover,
we define two self-mappings R, S : R" — ]R" as

Rz = Bx + f3, (4.3)

and
Sy = Dy + B, (4.4)
where B = (bij)an, bii = a;; +1 and bij = Qyj ifi # j, and also D = (dij)an, dii = ¢;i+1 and
dij:cz-j le# ] .
Clearly, the linear algebraic equations (4.1) and (4.2) have a common solution z* in X if and
only if * is a common fixed-point of R and S. For all 1 < i < n, suppose that

n

> (bijz; — dijy;) < max Vk(zj - yj), (4.5)
<j<n

j=1
where 0 < k < 1. From (4.3)-(4.5), we get

n

2
D(Rx,Sy) = max Z; bijxj — dijy;)]° < 11<n]a<xnk( —y;)? < kM(z,y).
]:

Obviously, all conditions of Corollary 3.5 are satisfied, R and .S have a common fixed-point

x*, and so z* is a common solution of the linear algebraic equations (4.1) and (4.2).

5 Conclusion

In short, we have obtained some interesting and latest fixed-point results in generalized F-
metric spaces, and also an application for solving the linear algebraic equations. Applying these
results to the field of integral equation or differential equation is worth spending more time to
study.
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