d-dressing method for three-component coupled nonlinear Schrédinger
Equations

Shuxin Yang*®, Biao Li **

“School of Mathematics and Statistics, Ningbo University , Ningbo 315211, P. R. China
bSchool of Foundation Studies, Zhejiang Pharmaceutical University, Ningbo 315500, P. R. China

Abstract

The dressing method based on 4 x 4 matrix d-problem is extended to study the three-component coupled
nonlinear Schrodinger (3CNLS) equations. The spatial and time spectral problems related to the 3CNLS
equations are derived via two linear constraint equations. A 3CNLS hierarchy with source is proposed by
using recursive operator. The N-solitions of the 3CNLS equations are given based on the d-equation by

selecting a spectral transformation matrix.
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1. Introduction

The study of multi-component nonlinear systems has attracted more and more attention, since they
can describe a variety of complex physical phenomena and have richer dynamical behaviors than low-
component systems. Among the various solutions of these models, the soliton plays a crucial role in il-
lustrating some related phenomena. In recent years, many methods for solving soliton solutions have been
proposed, including inverse scattering transformation (IST) [1], Darboux transformation (DT) [2], Hirota
bilinear method [3-6], é—dressing method, etc. The é—dressing method, as an extension of IST, is based
on the inverse scattering theory and Lax framework. It is a powerful tool for constructing and solving
integrable nonlinear equations and describing their transformations and reductions. It was first proposed
by Zakharov and Shabat [7], and further developed by Beals, Coifman, Ablowitz, ManBakov, Fokas et al.
[8—12]. So far, a large number of integrable equations have been successfully studied by the 0-dressing
method [13-27].

The coupled nonlinear Schrodinger (NLS) equations have been widely used in nonlinear optics, deep

ocean, Bose-Einstein (BE) condensation and other fields[28-34]. Therefore, this paper mainly considers
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the three-component coupled nonlinear Schrodinger (3CNLS) equations[35]:

. 1 2 2 2

iy + St + o (lurl” + lual”™ + luz|*)u; = 0,

, 1

it + Sihrn + o (lur|* + lual* + lus*)us = 0, (1.1)

. 1 2 2 2
i3 + Sz + o (lugl” + lual” + luz|*)us = 0.

Here, u; = uj(x,t)j = 1,2, 3 are the complex functions with the temporal variable ¢ and spatial variable x,
and o > 0(< 0) stands for the attractive (repulsive) interactions. There has been increasing interest in the
study of the dynamic properties of system (1.1). For example, the vector soliton solution has been derived
through the Horita bilinear method [36, 37], the bright-bright solitons have been obtained by Darboux trans-
formation (DT) method from a trivial seed solution with u3 = 0 [38], the initial-boundary value problem
has been investigated by extending the Fokas unified approach [39]. However, to our knowledge, there is
still no research work on system (1.1) by using d-dressing method. For convenience, we take o~ = 1 for the
following analysis.

The layout of this paper is organized as follows. In Section 2, starting from the d-equation, we propose
a new Lax pair with singular dispersion relation for system (1.1) using the d-dressing method. In Section
3, based on the relationship between 0-dressing transformation matrix and potential matrix, we derive a
3CNLS hierarchy with source. In Section 4, the N-soliton solutions formula of system (1.1) are constructed.

Finally, the conclusions will be drawn based on the above sections.

2. Spectral problem and Lax pair

2.1. The spatial spectra problem

We consider the 4 X 4 matrix 6-problem in the complex k-plane,

Oy = YR, 2.1

with a boundary condition y/(x, ¢, k) — I,k — oo, then a solution of the equation (2.1) can be written as

Yk) =1+ -—
Z—

1'f W(Z)R(z)dz/\dz = [ + YRCy, 2.2)
2mi

where C; denotes the Cauchy-Green integral operator acting on the left. The formal solution of d-problem
(2.1) will be given from (2.2) as
wk)=1-(I-RCy)™. (2.3)

For convenience, we define a pairing [14]

1 _ 1 _
=5 f f Fog" (dk ndk, (fy = (fI) = —— f f FR)dk A dF,
Tl 27
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which can be shown to possess the following properties

(.9 =& ) (fR& =(figR"), (fCrg)=—(f.8Ch). 2.4

It is easy to prove that for some matrix functions f(k) and g(k), the operator C; satisfies

gL I)CCy + [g(R)Ck]f () Cr = [g(R)Cil[f (K)Ci].- 2.5

It is well known that the Lax pairs of nonlinear equations play an important role in the study of integrable
systems. Such as Darboux transformation, inverse scattering transformation, Riemann-Hilbert method,
algebro-geometric all depend on on their Lax pairs. Here we prove that if the transform matrix R(x, t, k)
satisfies a simple linear equation, the spatial-time spectral problems of system (1.1) can be established from
2.1).

Proposition 1: Let the transform matrix R satisfies
R, = ik[J,R], (2.6)

where J = diag(1,—1, -1, 1), then the solution y of the 0-equation (2.1) satisfies the following spatial

spectral problem
Y — k[ y] = Oy, (2.7
where
0 -uy -u5 -uj
u 0 0 0 )
0= = i[J, (YR)]. (2.8)
u 0 0 0

us 0 0 0

Proof. Using (2.3) and (2.6), we get
Yy = ikyRo3Cr(I — RCy) ™" — ikposRCi(I — RCy) ™. (2.9)
According to the definition of C;, we can obtain
ikyRCy, = i(YR) + ik(y — I). (2.10)
Since RCy, =1 —-1-(I — RCk) , then we have
RC\(I-RC)™ ' =U-RCy)™' -1 (2.11)
Substituting (2.10) and (2.11) into (2.9), we obtain

Wy = —iYRYJY + iJk(I — RCy) ™ — ikyJ. (2.12)



From (2.10), we can get
k(I = RC)™ = WRW + ki, (2.13)

Substituting (2.13) into (2.12), we have Eq.(2.7).

2.2. The time spectral problem

Proposition 2: Suppose that R satisfies the linear equation
R, = [R,Q], (2.14)

where

Q=0Q,+Q, ——lk2J+ ff@df dé, (2.15)

which comprises both a polynomial part Qp(k) and a singular part Qy(k) and w(€) is a scalar function.

Then the solution Y of the d-equation (2.1) leads to time spectral problem

w= R = SO~ 0w + kO, 2.16)

Proof. We first use the polynomial dispersion relation onlyQ = Q, = —ik®J. From equations (2.2), (2.3)
and (2.15), we find that

W, = —ilk*WRCJ(I — RCy)™" = K2yJ(I — RCY)™ — ik*yJ. (2.17)

Through the following direct computation,

KPYRCy = (CYR) + k(R) + K2y — 1),
K*(I = RCy)™" = ((CYR) + (WRY + k(YR) + k),

then (2.17) is changed to

Wi = —ilYR), Tl — iR, JIYRW — ik[(WR), Tl + ik>[J, /]

(2.18)
= 2iJ(CYRY y + QR + kQy + iK* [, 1.
By virtue of (2.6), (2.7) and (2.8), we have
(WR): = QWR) + ilJ, (kyR)],
WRYY = QWRY S + 2iJ(kyR)*!
i | (2.19)
(kyRY! = —JQ<wR>d’“g - 70x

WR) = WRY"™ = J(JWR) = JWR)"™) = [J, <wR>]=—%JQ.



Substituting (2.19) into (2.18) leads to the time-dependent linear equation

] . 1
Yy = 2iJ(§JQ<wR>"’"g = 3000 + QURW + kQu + iK1,y
= QUWR) — WRY™ 1y + (kQ = I Q. + ikLJ.u]
i

= EJ(QZ — QY + kQ + ik [, y].

3. Recursive operators and equation hierarchy

(2.20)

In this section, we derive 3CNLS equations with a source. First, we define the 4 x 4 matrix M = yJy .

By using the Eq.(2.8) and definition of M, we can prove the following proposition.
Proposition 4: Q defined by (2.8) satisfies a coupled hierarchy with a source M

O + 20, JAN"Q = i[J, (w(k)M(k))], n=1,2,...

M, - ik[J,M] = [Q, M].

Proof. Differentiating Q with respect to ¢ gives

Qt =ilJ, <¢R>t]
Because of f(k)Cy = f(k), then we have

WR), = 9y, (k) = Al - (I = RCy); ']
= O[YR,(I - RCy)"1Cy

= yR,(I - RCy)™".

By using the properties (3.3), we can obtain
Or = ilJ. WR(I = RCY™', D] = ilJ, @R I- (I + R"CY™H)].

From the é—equation (2.1), we have

gl,l/_l — _Rd/_l,

which leads to

wHl =1-d+R"Cp™".

Therefore, using (2.4) and (2.14), Eq. (3.4) can be simplified to

O, = ilJ, (B +yQdy 1.

3.1

(3.2)

(3.3)

(3.4)

3.5)

Here we shall consider ,, = a,,k"J, @, = const and the fact that Q; — 0 as k — oo, then the above equation



can be further simplified like

O, = ilJ, (W QY )] + il J, () ")]

= i, [J, (OK" M (k)] + il J, (k)M (k))]

(3.6)
= 2ia, J(OK" M(K)*ITYy + i, {w(k)M(K))).
By using (2.7), it can be checked that M(k) satisfies the equation
M, —ik[J,M] - [Q,M] = 0. 3.7
From Eq.(3.7), they satisfy the following equations
M =10, M°H),
‘ ' (3.8)
MY = 2ikI MO + [Q, M),
which lead to
Mdiag — J+(9;1[Q, Moff]’
3.9
M =i(A -k,
where

A= _%J@x - —[0.87'10.1D.

The operator A usually be called as recursion operator. We expand (A — k)~! in the series
A-k)"'=- Z KIAL
j=1
By using ok = 76(k)ojps1,j = 1,2,..., we can derive that
Z(ék"—f'w-lQ = —A"Q.
j=1
Substituting it into (3.6) leads to the Eq.(3.1).

4. N-Soliton solutions of cmKdV equation

In this section, we will construct the N-soliton solutions of the syetem (1.1) still based on the d-equation
(2.1),we first introduce a spectral matrix R as

0 —Cljezm(k)é(k - /_Cj) —bjezm(k)é(k - /:éj) —Cjezig(k)5(k - IXCJ)
N | 210(k) — .
aie ok —k 0 0 0
R:nz s ( f) .1
T bier RSk~ k;) 0 0 0
¢;e? 05k — k;) 0 0 0



where k;, 7(_,-, lAc_,', j=1,2,... are constants distinct from each other, (k) = —kx — Kt Substituting (4.1) into
(2.8) leads to

up = =2i{YR)2;
1 _
= ff('lfzz({)Rzl({) + Y23(DR31(0) + Yoa(OR41 ()AL N dE 4.2)
N
= - Z(ajem(k’) Yoo (k;) + b_jezie(lz’)lﬁ23(l~<.j) +c jem(f(’)1/124(/Ac )}
=
Substituting (4.1) into d-equation (2.1) and resorting the properties of function, we can obtain
L (Ya@Ra@) o ae e
i =1+ o [ [ POR D0 naz - I = Gl
1 Un@RQ) o sn bR
k)= — 2 2t dENdE = - Y ———— i (ky), 4.3)
Ya3(k) me [k {AdE ; P2 Ya1(ky)
1 Un@QRUQ) o G
Yaa(k) = i f ng NdE = —n; k_—lxcmllle(km)
then introducing notation A,, B;, C,, written as
_ % ek _ b iy _ _Cm 2k,
Ap(k) = P k,,e , Bi(k) = P ]Ele , Cpu(k) = P i{me . 4.4)
From(4.3), we have
N — - - ~
Ynk) =1~ Z Ap(R[A j(kp oo (k) + Bk (ky) + C ik k)],
p.j=1
N —— ~ = ~ = ~
Yoz (k) = — Z Bi()[A j(kpyaa (k) + Bj(kppas(ky) + Ci(kpraa(k;)], 4.5)
Ji=1
N I ~ ~ ~ ~ A
Yra(k) = - Z Crn(O[A j(ki W22 (k) + B j(kn)Was(k;) + Cj(ky)raa(k)],
Jjim=1
taking z = z; , z = Z; and z = Z; respectively, we have
(I + M)oa(k) + Nyra3(K) + Pyraa(k) = E,
My (k) + (I + Ny (k) + P (k) = 0, (4.6)

Mo (k) + Moz (k) + (I + Pyras(k) = 0,

where E = (1,---, )T, and M, N, P are N X N matrix

N - = - N - = -
Mup= > Ajk)ApK), Nup= > Ajkn)Byk), Pup= > Ajk)Cplky),

N
=1 j=1 j=1



N N N
= > Bik)Ayk)), Nup = Bikn)By(k), Prp= " Bika)Cplky),
J=1 j=1 j=1

=z
=

M,,,,,:ZC(k)A k). Ny, = ZC(k)B(k) Py, = ZC(k)C(k)

J=1 J=1

then we can solve 1//24(12), Y (k) and o3 )

Yoa(k) = (I + X)) 'Y,
Yan(k) = (I + X2) ' Ya, (4.7)

Yos(k) = (I + X3) '3,

where

=[(I+ M) P—M'PI'[(I+ My'N - MU+ N)IIM™'(I+ N)- M"'NI"'[M™'P - M™'(I + P)],
Xo =N +M) =+ N MI'INT'P = (I + N PN+ NP =N+ P+ N)'M - N 7'M,
X; = [P'N-P U+ NP U +M)-P'MI[(I+P)'M—-P'MI"' [+ P)'N - P'(I + N)],
Yi=[(+M)'P-M'PI"'(I+M"E,
Yo=[N"'U+M)—U+N)"'M"'"N'E,

Ys=[P'N-P'U+N)P'E.

Hence, the N-soliton solutions of the system (1.1) take the form

ur = 2i(han (k) + has (k) + hayoa(k))

=2i[hi(I + X))'Y1 + ha(l + X2)7'Ys + hs(I + X3) 7' V3]

_ | B . 4.8)
=2itr[({ + X1)” Yl + (U +Xp) Yohy + (I + X3) Yshs]
2 >det(1 + X1+ Yihy) + det(/ + X, + Yrhy) + det(/ + X3 + Y3h3) 3—
=2 —
det( + X)) det(l + Xy) det(l + X3) .
. >det(1 + X1 +Zihy)  det( + Xp + Zohy)  det(I + X3 + Zzh3) ]
up = 2i + -3, “4.9)
det( + X)) det(l + Xp) det(l + X3) |
. >det(1 + X1+ Lihy) det(l + X, + Lohy)  det( + X5 + Lzhs) ]
Uy = 2i -3, (4.10)
det + X)) det(l + Xp) det(l + X3) _

where

hy = (g o, hiy), hj = a;e®®,
hy = (hy1, 2, shan), hyj= bjem(]}j),

hy = (hay b3+ hay), hsj = c; e,



5. Conclusion

In this paper, we have presented the dressing method based on the d-problem to study the three-
component coupled nonlinear Schrodinger (3CNLS) equations (1.1). By means of the d-dressing method,
we have obtained the spatial and time spectral problems associated with the 3CNLS equations. Then we
proposed a 3CNLS hierarchy with source by using recursive operator. Finally, the N-soliton solutions of
the 3CNLS equations have been constructed based on the d-equation by selecting a special spectral trans-
formation matrix. It is hoped that our results can help enrich the nonlinear dynamics of the NLS-type

equations.
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