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Abstract

This paper is devoted to the study of the periodic initial boundary value problem and Cauchy
problem for the coupled KdV equations. By the Galerkin method and sequential approximation,
we get a series of a priori estimates and establish the existence of classical local solution to
the periodic problem for the system. Then we obtain the existence and uniqueness of global
smooth solution when the coefficients of the system satisfy certain conditions by energy method,
conserved quantities and nonconservative quantity I(u,v).
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1 Introduction

In this paper, we consider a class of coupled KdV (Korteweg-de Vries) equations as follows:

{ Up + 26Uy + AUggy = —2b(uv)y, z € Rt >0 a1

v + bug + bovg + Vgge = —b(|u|?)z, T ERE>0

where u(z,t) is a complex value function, and v(x,t) is real-valued, the coefficients a, b, ¢ are real
constants which are not zero. Deconinck and Nguyen [4] derived the system (@) in the process
of deriving the NLS-KdV (nonlinear Schrodinger-Korteweg-de Vries) system with the traditional
ansatz used in [6] from a generic system which has nonlinearities that are quadratic, cubic, etc.
And in this paper, it has been proved that the system (@) has at least the following conserved
quantities.

Ho(u):/oo wdz, Hl(v):/oovdx,

—0o0 —0o0

o b b
Hs(u,v) = / (= |uz)® + Evz - 61)3 — blul*v — blu|? — 5112) dz.
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KdV equation
U + 66Uty + Ugze = 0,

is a unidirectional shallow water partial differential equation discovered by Dutch mathematicians
Korteweg and De-Vries when they studied the small amplitude long wave motion in shallow water,
and they gave the solitary wave solution. Then, Zabusky and Kruskal [27] considered the periodic
boundary conditions for the KdV equation, and simulated the initial and exact solutions, finally
obtained some special properties of the KdV isolated wave. The KdV equation is widely used in
solid state physics, plasma, quantum theory and so on [B, [7]. So far, various properties of individual
KdV equation, including infinite symmetry, infinite multiconserved quantities, inverse scattering
transformation, Painleve property, Backlund property and Darboux transformation have been well
known [17, 25, 26]. In addition to the individual KdV equation, researchers have recently discovered
a series of different forms of coupled KdV systems in the practical physics and mathematics fields,
which are commonly used to describe the near-resonance interaction between hierarchical fluid
internal waves [8], interstellar near-resonance wave interaction [9], etc. And how to use the known
theories to explore the various properties of these nonlinear systems and their solutions has gradually
become one of the attention topics of researchers. Later, the first coupled KdV equation

(1.2)

up + 6auu, — 2bvv, + Qg = 0,
(e 3/87“)1: + B'U;rxx = 07

was proposed by Hirota, which were derived to model the interaction of water waves. Here «, 3, b are
constants. And Hirota and Satsuma [[14] obtained the isolated subsolutions and three fundamental
conserved quantities of the coupled system (@) In [15], using the iterative Darboux transformation,
the authors firstly obtained the analytical solution and non-singular complex solution of the following
coupled system

{ up + 6vv, — 6uUy + Uge, = 0,

vy — 6uv, — 6vUy + Vypgr = 0.

In [1], Basakoglu and Giirel proved the existence and smoothness of a global attractor in the energy
space of the following coupled system

Ug + QUger + 3a(u?)y + B(v?), =0, €T
Ut + Vgae + 3uv; = 0,

by smoothing estimates, where a € (i, 1), € R. Similar works can also be referred to [2, 16, 19,
20, 23, 24].

The literature proving the existence of solutions for the KdV equation or its derived system by
the Galerkin finite element method can be referred to [[13, 18, 21]. In particular, Guo [L1] researched
the existence of periodic solution of the KdV system as follows

u + f (U)z + Ugze = 0, reRt>0
u(z,0) = u(x, T),u(z + 21, t) = u(zx,t), >0
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and obtained the weak solution space as L>(0,T; H*(—1,1)) N C*(0,T; L*(—1,1)), where [ > 0. By
using the Galerkin finite element method and a priori estimation, Yang [22] studied the initial
boundary value problem of a generalized KdV system

Ut + f (u)a: = QUgg + /BUxmm YIS R+7t >0
u(,t)]i=0 = uo(x),
u(z,t)|z=0 =0, u(z,t) =0 (xr — 00)

and obtained the weak solution space as L>(0,T; H3(RT)), where o > 0, 8 < 0. Ding and Wei [5]
investigated the existence of the periodic solution for the coupled system as follows

U + QUUy + aovy + Bruy + BotPuy + Buses = k1lee, reRt>0
v + 0(uv)y + €vvy + €0V, + douy = koUsy, reR,t>0 (1.3)
uli=0 = (), v|t=0 = vo(), O<z<1

u(z+1,t) = u(z, t),v(z+ 1,t) = v(z,t),

and obtained the weak solution space as L>(0,T; H3([0,1])), where «, 0, 81, £2, 3, 6, € are real con-
stants. The unknown functions u,v are all real-valued functions. In addition, we can prove the
similar problems by other methods. By the conserved quantities and priori estimates, Guo and Tan
[10] researched the global existence and uniqueness of smooth solution to the initial value problem

of the following coupled system

Ut = Ugyy + OUU, + 200,
vy = 2(uv) .

In [12], He established the existence of smooth solution to the system of coupled non-linear KdV
equations

{ up = a(Uggy + Ouuy) + 2bvv,,

Vp = —VUgzg — Uz,

where a and b are constants. His proof depended on the presence of dispersive terms in both
components and did not extend to the system of non-linear KdV equations with a hyperbolic
partial differential equations.

In this paper, we concern with the coupled system (EI)

{ up + 2buy + Aty = —2b(uv),, ze[-LI,t>0 (1.4)
v + bug + bovg + Vgge = —b(|ul?) s, x € [-1I,t>0
with the initial value conditions
ule=0 = uo(x), v|=0 = vo(x), x € [-1,1] (1.5)
and the periodic conditions
u(z+1t) =ulx —1,t), v(z+1,t) =v(x—1,1). >0 (1.6)



Boling Guo, Qi Guo

It can be seen that the system (@) - (@) is a dispersion system when k; = k2 = 0 in the
system (B) and the unknown functions include a complex value function, which leads that the
highest derivative in the calculation process cannot be controlled by the lower derivatives, thus
furtherly increasing the difficulty of proving the existence of the global smooth solution. Firstly,
we construct the existence of classical local solution of the system (@) — (@) by the Galerkin
finite element method and sequential approximation. Next, through the conserved quantities and
nonconservative quantity I(u,v) of the system, we obtain a series of priori estimates and then we
achieve the existence of global smooth solution. Finally, we prove the uniqueness of the smooth
solution.

Now, we state our main results as follows:

Theorem 1.1. If the following conditions are met,

(1)ac >0, > %50_5;

(2)ug,vo € H™([-L,1]),m > 4, and they are periodic functions with period 2l;

then the periodic initial value problem ([L.4) — ([L.6) admits a unique global periodic smooth solution
with up(x),vo(x) as initial values, and there holds

u(z,t),v(z,t) € LR H™([-1,1])).

If only the condition (2) is met, then there exists a constant Ty > 0 such that the system (@) - (@)
admits a unique local periodic smooth solution with uy(x),vo(x) as initial values, and there holds

u(z,t),v(z,t) € L0, To; H™([-1,1])).

For the priori estimates of the solution to the system (Q) are unconcerned with the period
parameter [, we can derive the global smooth solution as I — oo, a.e. * € R. Theorem Il is the
global smooth solutions to the periodic initial boundary value problem for the system (@) and
Theorem 2 is the global smooth solition for the Cauchy problem.

Theorem 1.2. Assumed that up(x),vo(z) € H™(R),m > 4, then there exists a constant To > 0
such that the system ([L.4) — ([L.5) admits a unique local smooth solution with ug(x),vo(z) as initial
values, and there holds

u(z,t),v(x,t) € L>(0,To; H™(R)).

If ac >0, < > 3V5=5 e satisfied on this basis , then there is a unique global smooth solution of the

problem (@) — (]E) satisfying
u(z,t),v(z,t) € L (RT; H™(R)).

Remark. We define the generalized solution of the coupled system (@) - (@) as follows. Here
we let Q = [—1,1] or R.

Definition 1.1. The set of solution u(x,t),v(x,t) € L>®°(RT; H™(Q)), m > 2 is called a generalized
periodic solution of the coupled KdV system (dj - (@) or ([L.4) — (@) if for any test function
P(z,t) € ® = {Y : ¢ € C®°(0,T] x Q),¥(x,T) = 0,YT > 0}, there hold the following integral
identities:

T
/ / (uthy 4 2butpy, + azp s + 2buvihy)dedt + / uop(x,0)dr = 0,
0 Q Q

4
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T b
/ / (v + bupy, + 51121/195 + Ve + |u]21/1x)dxdt + / votp(z,0)dx = 0,
0 Q Q

with the periodic and initial conditions (@) - (@)

Theorem 1.3. Assumed that ac > 0, < > 355 gnd Ug, Vg € H%Q),m > 2, then there exists a

10
unique generalized solution of the system (@) - (@) or (@) — ([L.5) satisfying

u(z,t),v(x, t) € L°(RT; H™(Q)).

Proof. Taking the sequences of the initial values {u}},{vi} € H™(Q),m > 2, when i — oo,
{ud}, {vi} are strongly converge in H™(Q) to ug and vg. Then we can prove that {u’(x,t)}, {v'(z,t)}
are strongly converge to u(w,t) and v(z,t) respectively in L= (R*; H™(R2)). Thus u(z,t),v(z,t) €
L>®(R*T; H™(R2)). From the standard method, we can prove that u(z,t),v(x,t) is the unique gener-
alized solution of the system (@) - (@) or (@) - (@) satisfying the Definition [T, here we omit
the details.

Notations. Throughout the paper, C' stands for a generic positive constant, which may be
different from line to line. We will use the notation A < B to denote the relation A < CB for
conciseness.

This paper is organized as follows. In section 2, we present several function spaces and symbols,
which will be frequently used throughout the rest of the paper. In section 3, we construct the
approximate solutions by the Galerkin finite element method and prove the existence of classical
local solution by sequential approximation. In section 4, we give some priori estimates by the
conserved quantities and nonconservative quantity I(u,v), then we obtain the existence of global
smooth solution. The uniqueness of smooth solution will be proved in section 5.

2 Preliminaries

In this preliminaries section, we introduce some function spaces, symbols and a lemma which
play an important role in our proofs.

C*([~1,1]) denotes a complex valued function space which is continuously differentiable & times
on the interval [—1,].

LP([-1,1]) denotes that the Lebesque measurable complex valued function f(z) on the interval
[—1,1] has a p'P-integrable space, and its norm is expressed as

l
151, = ([ 1Pz
Denote the inner product as follows:
l —
(ro)= | S gD e

where g(z,t) represents the complex conjugate of g(x,t), then L?([—[,1]) is a complete complex
Hilbert space.
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*([—1,1]) denotes a space where Lebesgue measurable function f(z) is almost bounded on the
interval [—[,[], and its norm is expressed as

[[flloo = esssup | f(z)].

ze[—1,]

H#([~1,1]) denotes a complex valued function space with generalized derivatives D¥u(|k| < s) €
L?([~1,1]), and its norm is expressed as

k
lulfs = > 1D ull3:

k|<s

H§([—1,1]) denotes the closure of an infinitely differentiable function with compact support
C3°([—1,1]) in the norm sense of H® on the interval [—(,].

W([—1,1]) represents the function space composed of D*u(|k| < m) € LP([—1,1]), where D*u
is the weak partial derivative of u, and its norm is expressed as

lullfy, = D D .

[k|<m

L*>(0,T; H*) indicates that the complex valued function u(x,t) belongs to the H® space as a
function of z, and there holds

sup |lu(-,t)||ms < oo.

0<t<T
Lemma 2.1. (Sobolev inequality) Given € > 0,n, there exist a constant C' which depends on € and
n, such that

o
< Cllull2 + 6||

Hﬁum_ e k<n

TL

H H2 < Cllull2 + 6H H2 k<n

3 Existence of local solutions

In this section, we prove that (@) - (@) admits at least one classical local solution by using the
Galerkin finite element method and sequential approximation. Firstly, we construct the Galerkin
finite element solution.

Choosing {w;(x)} is the basis function of N-dimensional space S* C H?*(R), where S* =
{p(x),x € [-1,1]; p(x) periodically expand to C3(R), p(z) is the quintic polynomial on the interval
[ih, (i+1)h], i = —m,1—m,---,0,1,--- ;m—1, mh =[,R is the real axis }, and the basis function
{w;(x)} is a characteristic function class of the ordinary differential equation y” = —\y with the
boundary conditions y(—[) = y(1). Let the approximate solutions be:

m—1 m—1
ul(zt) = Y pitwi(z), o)=Y Gtw,(),
j=-m j=—m
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and the coefficient functions 7;(t), (;(t) satisfy the periodic problems of nonlinear ordinary differ-

ential equations:

(ut’w])+2b(u )+a( Uprr) j)—|—2b((uhvh)x,w]~)zo7 j=-m,1—m,--- ,m-—1

(3.1)
(vt7wj)+b(v j)—i-b(”l)h’l) )+C( Vpzas j)+b((’uh|2)x,w]‘):0, j:—m,l—m,‘-- 7m_1
(3.2)
m—1
uM(@,0) = Y 0j(0)wj(x) = ug(x), Z Gi(0)w;(x) = g (x)- (3.3)
Jj=—m j=—m

where {7;(t)} are complex value functions,while {(;(¢)} are real-valued functions. Because of the
linear independency for {w;(z)} and the denseness of {w;(z)} € H4(R) C H'(R), there exists a
complex constant ¢; and a real constant d; such that

ug(x) i%) uo(x), vg(:c) ﬂ) vo(x), (3.4)

n;(0) =c¢j, ¢(0) =

If u"(z,t) and vhﬁ, t) satisfy (@) — (@), then u"(x,t),v"(x,t) are a set of finite element solutions
L.4).

of the problem ([L.
The solutions of Cauchy problem of nonlinear ordinary differential equations (@) - (@) exist,

for
8uh m—1 m—1 )
k=—m k=—m
ot o =
(anj) = (a E Ckwkaw] Z Cllg wkaw]
k=—m k=—m

Since the basis functions {w;(x)} are linearly independent, det(wy,w;) # 0. And from the priori
estimation of " and v" by the following lemmas, we can know that the solutions n;(t), (;(t) of the

problem (@) - (@) exist.

Lemma 3.1. Let ul(x),vf(z) € L%([~1,1]), then there exists a constant C > 0 such that
h h
[l |3 + l" I3 < C,
where the constant C is only related to |[ul||2, ||vh]|2.

Proof. Multipling 7;(t) by (@), and summing about j we get

(uf' u) + 2b(uly, u") + a (g, u") + 20((u"0")g, u) = 0, (3.6)

1d

= 2 . =-2 , .
u) =0, b((u"v™) g, u") b(u"v", uy)

Re(ul',u") = > S |[u"3,  Re(2bu’, u") = Re(au

Z‘J):E’
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Multipling ¢;(t) by (@), and summing about j we arrive at
(g, ")+ b(ul, o) + b0, ") + (] g, ") + ([0 )0, 0") = 0, (3.7)

where

1d
(vl o) = S B b e") = bl o) = (o, o) =0,

Trx)

b((Ju"*)z, ") = D(ufv", u?) + b(uo", u).
Combining (@) and (@) and taking the real part we have

d
(3 + 1" 3) = 0.

Integrating the above equality with respect to t € [0, 7], one gets

[ (T3 + 1" ()3 = [u"(O)3 + 0" (0)]3 < C.

Lemma 3.2. Under the conditions in Lemma B, and ul(z), vl (z) € H?([-1,1]), then there exists
a constant To > 0 such that for any t € [0,Ty], there holds

g 13 + 102113 + lluge |3 + g, 113 < C.

Proof. Multiplying 7;(t) by (u} 4+ 2bul® + aul,, + 2b(u"v"),, —Aw;) = 0 and summing about j we

arrive at
(uft 4 2bul + aul,, + 20(u"v"),,ul,) =0, (3.8)
where
ho,h Ld, no h
Re(uyf, uz,) = _§£Huxu27 Re(2bu + aux:r:xvu:r:a:) =0,
and in the above relations we have used w}(z) = —Aw.

Multiplying ¢;(t) by (v} 4+ bvft + bvhol + cv .+ b(|u"|?),, —Aw;) = 0 and summing about j we
obtain

(U?—f—bv‘g—f-bvhvﬁ_’_cvmmm+b(|uh| )1‘7 xw) =0, (39)
where
l
hony_  1d 2 hy_ hyh by — 2 h\3
(o 0h) = =5 b (Bl ol o) =0, (rotulot) = = [ (o) da.

Combining (@) and (@) and taking the real part we have

d
S+ < ||vh|!2+b/ d:r:+6b/ a2l do = 0.

Thus, we can get the following estimate:

d h h h h h h
3 (azllz + Tz l12) S ez 311z lloo + uzllzllvz lloo- (3.10)
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Similarly, multiplying n;(t), (;(t) by (ul + 2bul + aul,, + 2b(u"v"),, \w;) = 0 and (v} + bl +

ool + colt -+ b(|u|?), A2w;) = 0 respectively, and summing about j we arrive at

(uf 4 2bul + aul,, + 20(u"o"),,ul ) =0, (3.11)
0.

TXTIT
(v + bog + b3t + cvlfyy + b(1U" )0, V) (3.12)

By calculation, combining (El I) and (Eli) and taking the real part we have

d

d l l
I+ Gl lB 56 [ obeh P+ sb [ full o

T rTTr T T TTr T

! _ _
+ Re2b/ (4uluh ot 4 whul b ) dz = 0.
—1
Thus, we can get estimate as follows:

d
7 (a3 + vz l2) < llvzall3lvzlloo + luzalllvzlloo + lugallzllvgs ll2lluzlloo (3.13)

Finally combining () and () we get
d
T (s ll3 + ez 3 + lluge 13 + vz 113) S lugl + 10113 + luzall3 + luz, 13-

Thus by the above inequality we get, if ul, v} € H?([~1,1]), there exist constants Tp,C' > 0,
such that for any t € [0, Tp], there holds
h h h h
gl + oz 13 + llugell3 + llvze|I3 < C.

Lemma 3.3. Under the conditions in Lemma B2, and ul(z), vl (x) € H3([-1,1]), then there eists
a constant Ty > 0, such that for any t € [0,Ty], there holds

h h
g |3 + [lor' (13 < C.

Proof. Differentiating (@) and (@) with respect to ¢, then multiplying by 7 (t) and (j(t) respec-
tively and summing about j we can get

(Bt 4+ 2bE; + aFyyy + 20(Ep0" +u'F + Eol +u"F,), E) = 0, (3.14)
(Fy + bE, 4 b(Fol' + 0" F,) + cFppe + b(Eyul + u'E + ELu" + uhE), F) = 0, (3.15)

where E 1= u}, F := o',
Applying integration by parts and taking the real part, we obtain

b l

d l
GUEBIE+1F1D) = [ ob@iEP + |PP)do - 26 |
-1

L
u"EF dz + 2bRe/ ulFE dz
— 1

l _
—b / (u!EF +uhEF)dx
-l
<b([[uflloo + [0 o) (IENIE + | F113)-
Combining Lemma B3, we get

d
G IBIE+1FI2) S Iz + I1F1I3:

9
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Thus, if ul(z),vf(z) € H3([~1,1]), there exist constants Ty, C' > 0, such that for any ¢ € [0, Tp],
there holds
1ENZ +1I1FIz < C.
Lemma 3.4. Under the conditions in Lemma B3, and ul(z), vl (x) € H*([~1,1]), then there eists
a constant Ty > 0, such that for any t € [0,Ty], there holds
eaall? + [1vhae 13 < C.
Lemma 3.5. Under the conditions in Lemma B4, and ul(z), vl (x) € H*([~1,1]), then there eists
a constant Ty > 0, such that for any t € [0,Ty], there holds
el + o3 < C.
Proof. Differentiating (@) and (@) with respect to ¢, then multiplying them by 7} (¢) and (}(t)
respectively and summing about j we can get
(Bt + 2bE; + aFyyy + 2b(Ep0" + u'F + Bo! +u"F,), E,p) = 0, (3.16)
(Fy + bF, + b(Ful + 0" F,) 4 ¢Fppe + b(Epu + uE + Eyu” + ulE), F,p) = 0. (3.17)

Similarly to the estimations of Lemma BT — B33, combining the above two and taking the real
part we get

d
1Bl + 1F013) S 1B ll3 + (1723 + 1.

Thus, by the Gronwall inequality we obtain that, if ult(z), vf!(z) € H*([~,1]), there exist constants
Ty, C > 0, such that V¢ € [0, Tp], there holds

| E:|I5 + | Fx 13 < C.

Lemma 3.6. Under the conditions in Lemma B3, and ul(z), vl (x) € H*([~1,1]), then there eists
a constant Ty > 0, such that for any t € [0,Ty], there holds

h h

Thanks to the Lemma BT1—B@, we obtain the result about the existence of classical local solution
as follows.

Theorem 3.1. If ug(),vo(x) € H*([~1,1])) and they are periodic functions with period 21, then
there exists a constant Ty > 0 such that the periodic initial value problem (@) - (E) admits at
least one classical local solution with ug(x),vo(x) as initial values satisfying

u(z,t), v(z,t) € L=(0,Ty; C3([—1,1])).

Proof. Thanks to Lemmas Bl — B@, we obtain that there exist a constant Ty such that for any
0 <t < Ty, {u} and {v"} are uniformly bounded in H*([—1,1]), and the upper bound continuously
depends on the initial values, therefore we can select subsequences (still recorded as) {u"}, {v"} such
that when h — 0, {u"}, {v"} are weakly star converge in L°°(0, Tp; H*([—1,1])) to u and v respec-
tively; and {ul}, {v!'} are weakly star converge in L>(0,Ty; H*([~I,1])) to u; and v; respectively.
Especially, in L>(0,Ty; L*([-1,1])), {(u"v").}, {v"v]} and {(|u"|?).} are weakly star converge to
(uv)z, vv, and (Jul?), respectively.

Therefore let h — 0, we can obtain that the classical local solutions of the coupled problem
(L4) — (L.d) exist and satisty w(z, ), v(z, t) € L=(0, To; C3([-1,1])).

10
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4 Existence of global solution

In this section, we prove the existence of global smooth solution.
The set of solution v = u(z,t),v = v(x,t) for the periodic initial value problem (@) - (@)

satisfy (@)l,(%u(.,@,v(.,t) € O3([=1,1]), ugan (1), Vaga(t) € H'([~1,1]) satisfy the initial
value condition ([l.5) and periodic condition ([l.§) and we know that, Vx,¢, the initial functions
uo(x),vo(x) should be the periodic functions with period 2I. In the following lemmas, it is assumed
that u(z,t),v(x,t) are periodic solutions with ug(x),vo(z) as initial values respectively.

Lemma 4.1. Assume that ac > 0 and ug(z),vo(z) € H*([1,1]), then for any T > 0,t € [0,T] there
holds

lullF + llolfn < C,
where the constant C' depends on a,b, ¢, |uo|| g1, [|[voll g -

Proof. Taking the inner product of (@)1, (@)2 with % and v on the interval [—[, ] respectively,
we have

(ut + 2bug + aUgry + 26(uv)y, u)

0, (4.1)
(V¢ + bug + Vv 4 CVpee + b(Jul?)z,v) = 0,
Then summing (@) and (@), taking the real part and using integration by parts we get

1d

l l
LAl + 10)2) =26Re / witz de — b / ([uf2)sv da.
2 dt y y

Finally, we obtain
Sl + ol =0,
and integrating it in t € [0,T],VT > 0, we have
lul, T3 + loC, TS = [luoll3 + [lvoll3.
Through the conserved quantity Hs(u,v), we get
Hs(u,v)|—1) = Hs(uo,vo0)|[—1
where

év2) dx.

l
a c b
Ha(u, o)1 = [ Cglual+ 52 = 20° = bluPo — uf - 5

. 2 6
Thus by Lemma B, if ac > 0, we have

l
a c b b
o+ 5 el <l o)l 0+ | 5o+ lulPo 4 bluP + 202)

0] 0]
ol lollso + [ollul3lvlloc + [bl1ull3 + - l1vl13

<C+ — —
_+6 5

11
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Bl 13 3 2, 151, (|3 2, 1Bl o
6 W3 lvalls + [olllullzloliz llvzllz + [blllullz + 5 llvll2
|| 2 5 2
3 [vall2 + C(b, o) [[ull3 [|v]l3
b 2 M 2
+[bll[ullz + - llvllz
<C(,c, ||lull2, [lv]l2) +

<C+

Id

Q
<C+ llvall3 + C (b, 0) ol +t3

¢]

ol

where C(b, ¢, ||ul|2, ||v]|2) represents a constant related to b,c,||ul2, ||v]2, and C(b,c) also has a
similar definition. Thus,

|a]

]
5 lvall3 < C0, ¢, |lullz, [[v]2)-

e +

And we complete the proof of Lemma E.

Lemma 4.2. If the following conditions are met,
3v5-5,

(Lac >0, < > =¥35=2;

(2)uo, vo € H?([~1,1));

then for any T > 0,t € [0,T] there holds

”UmH% + HvxccH% <C,
where the constant C' is related to a, b, c, ||uoll g2, ||[vol g2 -

Proof. Before proving this lemma, we give a claim, that is I(u,v) is bounded, and

!
I(u,v) = /l(27a2c\uml2 + (15¢® + 15ac® — 3a’c)v?, — 90abe|uy|?v 4 (25bc? + 25abe — 5a*b)v2v
—(60abe + 306¢%) (Jul?) pvy ) daz.

Let
l
I (u,v) = / (71 |uzz|? + 7202, + v3|ue 2o + 4020 + 5 (Jul?)2v,) d,
—1

where v;(i = 1,2, 3,4) are undetermined coefficients and 71, y2 are the same sign and not zero, that
is, the same positive or negative numbers, thus there holds

[tz l3 + 02z 3 < C + Psllluzl3lvlloo + [valllvzll3lvllo + stz ll2lve 2]l ulloo
<C. (4.3)

where the constant C is related to v;(i = 1,2,3,4,5), [|ul| g1, ||v]| 71 -

Next, we prove the claim. Firstly, differenting I (u, v) with respect to ¢ we have

l
&Il (Ua 'U) = / 'Yl(u:czruwzt + Tmuwzt) + 279U Vgt + '73(’u:c‘27)t + UpUztV + quxtv)
-1

+'74(Ug2cvt + 2v0500¢) + 75((|U|2)xtvz + (|u|2)zvmt) da. (4.4)

12
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where

l l
/ (Uga Uzt + Ugglhzgt) dT = / — 1Ob|um\2v$ + 6b]ux|2v$3 — 2b(Wpg V3 + U7 0,3) da,
—1 -l
(4.5)

l l
/ Qg Vppt AT = / - 5()1)5,;1)32mj + 4b|ux\zvx3 + 2b(UU g v3 + Ulzzv,3) dx, (4.6)
-1 -1

l l
/ (|ux|2vt + UgUggV + Ugtigv) da = / b|ux]2vx — 3a|um|2vx + (a — c)|ux|2vx3 — 5b|ux|2vvx
1

+ 2b|u| 20, v20 + 20|ulPvvgs — blug*(Ju)?), dz, (4.7)
l l
/l(vgvt + 20vgv5) dz = /l — 3cvpvl, — 4b|ulPvve, — 2b|ul?v,s — bovd dz, (4.8)
l

l
/ ((|u\2)xtvx + (\u|2)xvm) dz = / (2¢ + a)|ux\zvx3 + (¢ — @) (WUpgpVy3 + Ulgrvys) — b\u|2vx3
1

— 2b|ug|*vvy + 8buFvpve — b(UTiggvv, + Tgvv,) da.
(4.9)

Combining the above equalities (@) - (@), we get

d
*Il(ua U) < (_107117 - 373a)|u:m:’2vx - (5'72[7 + 3'746)7)951)9201

dt
+ (691D + 4yab 4 y3(a — ¢) + v5(2¢ + a)) [ug[*v s
+ (=207 + 272 + v5(€ — @) (WtgaVys + Ullzzvys) + Ol + [[vza3) + O, (4.10)
where the constant C is related to v;(i = 1,---,5),a,b, ||ul| g1, ||[v|| 1. Therefore in order to enable

the right side of the () to be controlled by ||uze||3 + ||vzz||2 + C, the coefficients of the top four
items on the right end of the () should be 0, that is
—107v1b — 3v3a =0, 5y2b+ 3y4¢c =0,
6710 + 4720+ y3(a — ¢) +¥5(2c+a) =0,  —2by + 2by2 + 5(c —a) = 0.
From these we can obtain the relationship between 71, v2,7v3,v4 and 75 as

_ 5¢% + bac — a? _ 10 _ 25bc? + 25abe — 5a”b _ 20ab + 10bc
T2 = T 942 71, 3= 3a 7, V4= OTa2e 71, Y5 = 942

71-
(4.11)

At the same time, in order to guarantee the coefficients 71, 72 are the same sign and not zero, there
must hold 5¢2 + 5ac — a®? > 0, thus the relationship between the parameters a,c is obtained as
follows:
>0, <> 3v5 -5
ac , = > —.
a 10

Combining (m) and (Ell), we have
d
all(u,v) < Li(u,v) + C.

Applying the Gronwall inequality, we know that I;(u,v) is bounded. And combining (@), we

finally obtain that desired reslut.
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Lemma 4.3. Under the conditions in Lemma B3, and ug,vo € H3([1,1]), then for any T > 0,t €
[0,T] there holds

el + lloell3 < C,
where the constant C' is related to a, b, c, ||[uol| g3, ||vo|| g3 -

Proof. Differenting the equations (@)1, (@)2 with respect to ¢ and taking the inner product with
ug, vy respectively on the interval = € [—[,1] we have

(ugr + 2bugzy + augs; + 2b(ugv + upvy + Upvy + UV ), ur) = 0, (4.12)
(vit + buge + b(vivg + VL) + cv3y + b(ugl + uy Uy + Tzuy + Uggu), ve) = 0, (4.13)

Summing () and (), taking the real part and using integration by parts, we obtain

b l

d l
Sl ) == 3 [ w2l + o) do - 20me [
—1 -l

l
U ViU dx + 2bRe / Uy dx
-1
l
—b/ (ugTrvy + Ugupvy) do
-1
< bt o + ozlloe) el + e )

Finally, we have

%(HWH% Hoel3) S lluell3 + floell3.

Combining the Gronwall inequality, we derive that for any 7" > 0,t € [0, 7], there holds
a3 + [loel3 < C.

Lemma 4.4. Under the conditions in Lemma B23, then for any T > 0,t € [0,T] there holds

[uszall3 + lveasll3 < C-

where the constant C' is depends on a,b,c, ||uol| g3, ||vol| g3 -

Proof. Taking the inner product of (@)1, (Q)2 with % ., and v, respectively we have

(ug + 2buy + atgzy + 2b(uv)y, Uggr) = 0, (4.14)
(v + bug + bovg + cvgyy + b(|u|2)x, Vgzz) = 0. (4.15)

Thus, taking the real part of () we obtain

!
al|tgee||d = — Re/ (ug + 2buy + 2buyv + 2buvy ) Uy, do
—1
< (Nuell2 + 2bllue 2 + 2b[|v|[oo[[uall2 + 2b[ullos [[ve ll2) [Uzaz 2,
and applying the lemmas -1 — B=3, we have

Huxzz||2 S C. VT > O,t € [OaT]

14
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In the same way, we can get the following estimate
HvxrmHQ <C. VT > O,t S [O,T]

And we complete the proof of Lemma £2.
Similar to the proof of the Lemmas 871 — B4, if ug(z), vo(z) € H™([—1,1]),m > 0, we obtain the
following lemma by the induction argument.

Lemma 4.5. Assumed that ug(z),vo(x) € H*([-1,1]),s > 0, then for any T > 0,t € [0,T] there
holds

Jotas 13 + e 3 < C. (4.16)
where the constant C is depends on a,b, c, ||uol| ms, ||voll ms-

Proof. This lemma will be proved by the induction for s. According to the Lemmas B — B4, we
can know that the estimate holds for 0 < s < 3.

Now we assume that the estimate holds for s = M — 1 > 3, and we will prove that () holds
for s = M.

Using the integration by parts we get

1d :
§a||uxzv1 H% = — 2bR€ /I(U’U)$IM+1’U,IJVI dz

l l

<ugar |2 4 [Jvgar |2 4+ C + b/ g [Pvpda — b/ (Wv M1 TUpnr + Uy v ) d,
-1 -1
(4.17)

1d ) l l )
——Jvpm|z=—=0b [ (vvg)pmvomde —b | (|Ju]®) 10,0 do

b

l l
< g ”% + |lvgn ||% +C+ 2/ (’UZM)QUQC dr — b/ (Tuyn 1V + Ul i1v ) dee.
-l -1

(4.18)
Combining (l4_17l) and (M) we have

d
3 (a2 + [lopallz) S a3 + flogas 12+ 1,
then combining the Gronwall inequality, we derive that

lugar 13 + lloga |3 < C.

Thus by the induct method, we can obtain the estimate ()

5 Uniqueness of smooth solution

In this section, we prove the uniqueness of global smooth solution in Theorem Il
The proof of Theorem @ Supposed that uy, v, and us, ve are two sets of solutions to the system
(Q) — (@) Let ¢ = u; — ug, ¢ = v1 — vy, we have

pr + 2b@:c + apres = _2b(90xv2 + puo; + ¢xu1 + ¢u1x) (51)
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= —2b(u220 + u26z + pzv1 + PU14), (5.2)
(bt + b¢a} + c¢xaca; = _b(UQ(bac + Ula:(b) - b(“?m@ + UQ@ + %Tl%: + TM;CP) (53)
= _b(v2¢x + Uleb) - b(SOTQx + QU9 + U1Py + Ulz@)y

and SO(:L"O) = QZ)(ZL‘,O) = 0,(,0(%’4—[,15) = @\T — lat)a¢ :L‘"i'lat) = ¢($ - lat)'
Firstly, taking the inner product of (p.1) and (p.2) with ¢ respectively, and taking the real part
after the summation we get

d l l l
GlelE =0 [ lePrasdo b [ ePorde—b [ (0105 + o+ waop+ @osp) do

l
b / (18P + Tizdyp + 12,0 + Tasdep) da
—1

2 l
<bY (lurelloo + lvrelloo) (213 + 18113) — b/l(ulczsxso + UG + U$eP + Uaap) da
k=1 B
(5.5)

Secondly, taking the inner product of (@) and (@) with ¢ respectively and summing them we
have

d l l l
G101 = [ edtdn =20 [ vndtdo—b [ (uardp+ Tt + o+ ura6p) do
-l -l -l

l
—b / (u2dP + T dps + Tabps + u1dP7) da
—1

2 l
<0 (ltkzlloo + [vkzlloo) (lll3 + l115) — b/l(um%wm% + Uppp + u1¢P;) d.
k=1 -
(5.6)

Combining (@) — (@) and applying integration by parts we get

d 12 -
a(l!s@H% +19115) <0 (ukalloo + l1vrellos) (lll3 + l913) +b/lZ(ukx¢§0+ukx¢S@) dx
k=1

Eond
N N
—_

<b) (lukzlloo + lokzlloo) (lell3 + IB113)- (5.7)
k=1

Thus, by the Gronwall inequality we obtain ¢ = ¢ = 0 when uy,ug,v1,v2 € L(0,T; H3[~1,1]).
This completes the proof of Theorem Il
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