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Abstract In this paper, we study nonlinear elliptic equation with mixed
boundary value condition in annular domain. It is assumed that the non-
linearity is asymptotically linear and depends on the derivative term. Some
results on the existence of solution are established by nonlinear analysis meth-
ods.
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1. Introduction

In this paper, we study the following nonlinear elliptic equation with gradient term
in annular domain

—Au = f(|z|,u, |%| -Vu)  in Bs\By,
ou (M)

Y G
oB,  Ovlon,

)

where B, == {z e R" : |z| < i},i=1,2,n>2, f: RxR xR —=R. f= f(rs,)
is continuous and C' with respect to (s,£). 9/0v denotes the outward normal
derivative.

Because of the wide interest in mathematics and applied mathematics, the ex-
istence of solution of elliptic equation in annular domains has been investigated by
many authors, see [1,2,6,8-10,13-19,24-26, 30] and the references cited therein.
When f(r,s,§) = sP, the equation is known as Lane-Emden equation. In [18],
Ni and Nussbaum established numerous results concerning the uniqueness and
nonuniqueness for positive radial solution, when the domain is a ball or an annulus.
When the domain 2 is star-shaped and f(r,s,&) = s%g, the well-known Pohozaev
identity implies that the problem has no solution (see [20]). Brezis and Nirenberg [4]
proved that the perturbation of lower-term can reverse this situation. If € is an
annulus, Pohozaev theorem does not work any more since the annulus is not a star-
shaped domain. Therefore, it is possible that the constraints for the growth of f can
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be removed. Provided f(r,s,&) = —s + s>V 1 Coffman [5] pointed out that there
are many rotationally nonequivalent positive solutions and the number of these so-
lutions is unbounded as r — +oo. The case f(r,s,£) = g(r)h(s) was considered by
Lin [15] and the case f(r,s,&) = Ak(r)g(s) was studied by Wang [24]. Uniqueness
of solutions was also studied when f(r,s,£) = f(s) (see [17]) or f(r,s,§) = P + s¢
(see [30]). Recently, Dong and Wei [9] studied the existence of radial solution for
elliptic equation with Dirichlet boundary value condition.

However, all of the above papers are devoted to the superlinear problems. In
this paper, we focus on the asymptotically linear equation with mixed boundary
value condition. There are some known papers related to asymptotically linear
problems, such as [12,21] for second order elliptic equation, [29] for non-local elliptic
equation, [27] for fourth-order elliptic equation and so on. For Sturm-Liouville
equation involving p-Laplacian with mixed boundary condition, we refer to [22].

To state our main results, we introduce the following assumptions:

(FO) For (r,¢) € [1,2] x R, f(r,0,¢) is uniformly bounded and f(r,0,¢&) # 0;

(F1) There exists k € ZT, and two continuous functions a(r), @(r), such that either
of the following holds uniformly for (r,s,£) € [1,2] x R x R:

i (k- %)QWQ(TL —2)2C% < a(r) < r*" 2 f,(r, 5,6) <a(r) < E*n?(n — 2)2C%;

n?

i, k*r?(n—2)2C% < a(r) <r* 2 fy(r,s,€) <a(r) < (k+ %)27r2(n —2)2C2

where
2n72
On= iy
is a constant.
The first main result of this paper is given as follows.

Theorem 1.1. Assume that (F0)-(F1) hold. Then equation (M) has at least one
nontrivial radial solution.

Remark 1.1. We give a concrete example to illustrate the above result. Let n = 3.
Consider the following boundary value problem:

4 __
—Au = W(k +¢)2m2u + h(% -Vu) in Bo\Bi,
‘ B 3u‘ B
Yo, ~ avlop, ~

1
where 0 < [g| < ok k € Z*, his C! continuous and there exist constants my,mg > 0

such that 0 < my < h(¢) < me for any ¢ € R. It is easy to know (FO0) is satisfied.
Besides, ¢ < 0 and ¢ > 0 correspond to the case i and ii of (F1), respectively.
Theorem 1.1 implies that the above problem has at least one radial solution.

Some other asymptotically linear cases can also be considered with the following
assumptions:
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(F2) f(r,0,6) =0, for all r € [1,2],£ € R;

2( — 2)202
0 < liminf 72" =2 f,(r,s,€) < limsupr?"~2f,(r,s,£) < u
(FS) s—0 s—0 4
< liminf 722 f,(r, 5,€) < limsup 7?2 f,(r, s,£) < +o00
|s|—+o0 |s|—=+o0

uniformly for (r,€) € [1,2] x R;
(F4) there exists My > 0, such that for any r € [1,2],s € R, € R,

f(r,s,€)

S

| < Mo;

(F5) f satisfies the local Lipschitz condition: there exist constants L and K, such
that
7,.211—2|fs(,r,’ S, £)| < L(TL - 2)20721

and
" fe(r,5,6)| < K(n—2)Cy
for any r € [1,2],|s| < p1, |§] < p2, where py, po are positive constants, which will

be determined later. Moreover,

2 T 2L
L<—, K<—-——.
4 2 T

Theorem 1.2. Assume that (F2)-(F5) hold. Then equation (M) has at least two
nontrivial radial solutions. One of them is positive, and the other one is negative.
1
Remark 1.2. Consider the case n = 3, f(r,s,§) = T—4h(s)(l + 7y(§)), where
1
|T| < 57 v E Cl(Rn)v |7<£)| < 13

7-(2

Z(Ss+6A+3), s<—-A—-1;

2
T35+ A2 —25), ~A—1 <5< —A;

4
2
2
2
Z(B(S—A)2+28), A<s<A+1;
2

I(8s—6A—3), s=2A+1.
Obviously, h is a C* function. It is easy to know that for 7 small enough and A big
enough, all assumptions of Theorem 1.2 are satisfied.

The approaches of the present paper are based on some methods of nonlinear
analysis. We derive an equivalent ordinary differential equation for (M), and then,
deal with the corresponding ordinary differential equation. Some fixed point the-
orems are used and some iterative methods are also introduced to overcome the
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difficulty caused by the gradient term. Schauder’ s fixed point theorem is essen-
tial to the proof of Theorem 1.1. Meanwhile, Mountain pass theorem and iterative
technique are applied to prove Theorem 1.2.

This paper is organized as follows. In Section 2, we derive an equivalent ordinary
differential equation and introduce some function spaces. Section 3 is devoted to
proving Theorem 1.1. We first study the special problem provided that the nonlin-
earity does not contain the gradient term. Then, the general case involving gradient
term is considered. To prove the second main theorem, we apply Mountain pass
theorem to establish existence of solutions for the non-gradient problem in Section
4. Finally, the proof of Theorem 1.2 is given in Section 5.

2. Preliminaries and Equivalent ODE

For x = (x1,- - ,x,) € R™, denote r = |z|. Then
T:\/ma
1du dQJ n—1du

Au = div(Vu) = div(-—z) =

rdr dr2? rodr’

Hence, the elliptic problem (M) is equivalent to the following second order differen-

tial equation
n—1

—u"(r) - u'(r) = f(r,u(r),u'(r)) (2.1)

with mixed boundary condition

r

u(l) =4/(2) =0.
Let ¢ = ¢(r), which will be determined later. Then (2.1) implies

n—1

= (' (r)*u”"(t) — " (r)u'(t) — (ryu'(t) = f(r(t), ult), ' )t (r).  (22)

,
To make the gradient term in the left of (2.2) vanish, we choose ¢(r) such that

n—1,

t"(r) + . t'(r)=0 (2.3)
and
t(1)=0, ¢(2)=1 (2.4)
Let .
t(r) = cn(1 - Tn_Q), (2.5)
where
2n72
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Therefore,
) = 2 (26)
Meanwhile, (2.5) implies
t _n£2
r= (1 — C—n) ,
and .
#(r) = (n~2)Cu (1 - Ci) (2.7)
From (2.2) we have
gy = ), (@ (r))
(t) ()2 (2.8)
Let g:RxR xR — R,
r(t))?n—2 1 s
oltossn) = (= g s 0= DG, (1 - ) ).
It follows from (2.6) that
(@) U
g(t7 5777) - (’fL _ 2)2(Cn)2f(r(t)a S, T/(t) )7
(r($)* 2 U
gs(t,s,m) = (n— 2)2(C¢n)2f‘s(r(t)7 S, 0 )s
and
_ (@)t n
gn(tvsvn) = ( — Q)Cnff( (t)v ,T’(t))
Since
7,,2n72
g(tvuaul(t)) (n — 2)20%f(r7uaul(r))a
(M) becomes the following problem
{ (1) = gt u(t), (1)), Aons

From (F0)-(F5), g satisfies the following conditions:

(GO) ¢(t,0,n) is uniformly bounded for (¢,71) € [0,1] x R and g(¢,0,7) # 0;
(G1) There exists k € ZT and two continuous functions §(¢) and B(t), such that

either of the following holds uniformly for (¢,s,7) € [0,1] x R x R:

1

L (k—2)m? < B(t) < gs(t,s,m) < B(t) < kK2n%;

2 =
1

i K < B(t) < gs(t,s,m) <B(t) < (k+5)°7;

2
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(G2) g(t,0,n7) =0, for all t € [0,1],n € R;

2
0 < liminf gs(¢, s,n) < limsup gs(¢, s,m) < —;
s—0 4

(GS) s—0
< liminf g4(¢, s,n) < limsup gs(¢,5,m) < + oo;
|s| =00 |s| =400

uniformly for (¢,7) € [0,1] x R;
(G4) there exists M > 0, such that for any ¢ € [0,1],s € R,np € R,

g(t,s,m)
S

)

(G5) g satisfies local Lipschitz condition: there exist constants L and K, such that

| <M

lgs(t,s,m)| < L
and

lgn(t,s,m)| < K

for any ¢ € [0,1],|s| < p1,|n] < p2, where p1, p2 are positive constants, related to
p1, p2 in (F5), which will be determined later in Lemma 4.7. Moreover,

72 T 2L
L<—, K<———.
<4’ <2 T

Now we introduce the working spaces. Define I := (0,1). Let C'(I) be the
space of continuously differentiable functions in I, and

Cr(I) :={u € CHI),u(0) = /(1) = 0},
equipped with the norm

= t "(1)]. 2.9
Jull = ma Ju(t)] + max [/ (1) (2.9)

It is easy to know that C'(I) and C},(I) are Banach spaces. Denote by Hi,(I)
the closure of Cj,(I) in Hilbert space H'(I) equipped with the scalar product of
HY(I). Since C},(I) is densely imbedded into H},(I), Hi,(I) is the completion of
Ci,(I) by H' norm. Hence, H},(I) is also a Hilbert space equipped with the scalar
product of H(I).

By a standard argument, we know that the eigenvalue problem

—u” = \u,

uw(0) =u'(1)=0

(2.10)

possesses a class of eigenvalues {\;}, where

1
)\k:(k—§)27r2, k=1,2,---.

It is well known that

al 1 := ( / (1)) ¥
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2
. . . . ™ .
is an equivalent norm in H'(I). Notice that \; = —, and the corresponding

eigenfunction of A; is denoted by ¢, which is positive in I. Moreover, from

N i [ul |32
ueH, (Duz0 |[ulF2”

we know
2
llullzz < —flullms, Ve Hy(I). (2.11)

3. Proof of Theorem 1.1

In this section, we first consider some special cases, where the nonlinearities do
not contain the gradient terms. The similar argument can also be found in [28].
Consider the following problem:

—u" = h(t,u),

u(0) =u'(1) =0,

(3.1)

where h: [0,1] x R — R is continuous and C'! with respect to u.
The following comparison theorem is known as Theorem of Strum-Picone (see
[23]), which describes the location of the zero points of nontrivial solution.

Lemma 3.1. Let © = z(t) and y = y(t) be the solutions of equations
2 (t)+ Pt)z =0 (3.2)

and
y'(t) + Q(t)y =0,

respectively. Assume that there exist t1 and ta, t1 < ta, such that y(t1) = y(t2) =0,
and P(t) = Q(t), P(t) £ Q(¢),t € [t1,t2]. Then x(t) has a zero point in (t1,t2).

Lemma 3.2. Assume that m?m? < P(t) < M?7?, P(t) # m?r?, M?7?, t € [0,1],

where m, M are positive constants. Then for any successive zero points of x(t),
denote by t1 and to, 0 < t1 < to < 1, the following holds:

L <t t1 < 1

M2

Proof. See [9]. O
The following lemma is essential to prove the existence of sulution concerning

(3.1).

Lemma 3.3. Assume that either of the following holds:

1 1
i (k- 5)%2 < P(t) < K*72, P(t) # (k — 5)%2,1379;

1 1
i Kt <P(t) < (k+5)°n®, P(8) # K2, (k + 5)*n”.
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Then problem

only has the trivial solution x(t) = 0.

Proof. Assume that there exists a solution z(¢) # 0 satisfying z(0) = /(1) = 0.
To prove the lemma we make some extensions by

x(t), te0,1];
22— 1), te (1,2,

and

Hence, it is easy to check that
—z" = P(t)z, 7(0)=z(2) =0.

For Case 1, we notice that y(t) = sin(k— )7t is a solution of y/+(k—3)?%y = 0.
Now we compare Z(t) with y(t) by Lemma 3.2. Obviously, the zeros of y(¢) in [0, 2]
are t; = 52,0 <i < 2k — 1,i € Z. Hence, y(t) has 2k zero points in [0,2], which
implies Z(t) has at least 2k — 1 zero points in (0,2) . Since Z(0) = Z(2) = 0, we
know that Z(¢) has at least 2k 4+ 1 zero points in [0,2] . Denote by 1, ,tog+1
the zero points of Z(t) in [0,2] such that 0 = #; < #3 < --+ < fory1 = 2. For any
successive zeros ;,t;+1 € [0, 2], Lemma 3.2 implies that

_ _ 1
tig1—t;>—, 1=1,--- , 2k.
k
Then, we get
2k 1
2-0=toy1 — 11 :;(ti+l_ti) >2k‘E =2,

which leads to a contradiction.

For Case 2, we notice that y(t) = sin k7t is a solution of y” + k*w%y = 0. Then
the zeros of y(t) in [0,2] are t; = £,0 < i < 2k,i € Z. Hence, y(t) has 2k + 1
zero points in [0, 2], which implies Z(¢) has at least 2k zero points in (0,2). Since
Z(0) = Z(2) = 0, we know that Z(t) has at least 2k + 2 zero points in [0, 2]. Denote
t1, -+ ,tog+2 as the zero points of Z(t) in [0, 2] such that 0 = ; <t < -+ < foppa =
2. For any successive zeros t;,t; 11 € [0, 2], Lemma 3.2 implies that

_ _ 1
t; —t; >
+1 k+

,i=1,,2k+1.

[N

Then, we get

2k+1
1

2—0=topqo—t1 = Z(fi+1*fi)>(2k+1)'k T =2
i=1 t2

which is also a contradiction. O
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Remark 3.1. It should be pointed out that this result is quite different from the
result for Dirichlet problem. For Dirichlet problem, it is well-known that when
P(t) locates between two successive eigenvalues, the linear equation only has trivial
solution. This difference is mainly owing to the fact that Dirichlet condition ensures
the right endpoint is also a zero point of the solution, so more accurate estimate
about the distance between two zero points can be obtained. However, the same
argument can not be applied to mixed boundary value problem, because the right
endpoint 1 is not a zero point of the solution any more. We use the extension
to treat the problem as a Dirichlet problem in [0,2]. Actually, if the assumptions
in the lemma are replaced by (k — 1)272 < P(t) < (k + 3)?x2, P(t) may cross
an eigenvalue of Dirichlet problem in [0, 2], which can not ensure the result. For
example, if k =1, %2 < P(t) < % , then P(t) may cross 72, which is an eigenvalue
of Dirichlet problem in [0, 2].

The following lemma ensures the existence and uniqueness for problem (3.1).

Lemma 3.4. There ezist two continuous functions B(t) and B(t), such that either
of the following holds uniformly:

i (k- %)2772 < B(t) < hu(t,u) < B(t) < k2r%;

i, K < B(t) < hult,u) < B(E) < (k+ %)%2.

Then the equation (3.1) has a unique solution.
To prove the above lemma, we first show the following results.

Lemma 3.5. Assume that all of the assumptions of Lemma 3.4 hold. The equation
(3.1) has at most one solution.

Proof. Assume that uq(t),u2(t) are the solutions of (3.1), namely,
—uy = h(t,u1), —uy = h(t,ug).
Let v = u; — uo. Hence,
—u" = —uf +uf = h(t,ur) — h(t,uz) = hy(t,us + 0(uy —u2))u, 0<6<1,

and u(0) = «/(1) = 0. According to Lemma 3.3, we know u = 0. O
Now, we consider the existence of solutions for equation (3.1). Rewrite equation
(3.1) in the following form:

—u" = h(t,u) — h(t,0) + h(t,0) = ( / 1 halt, 9u)d9)u + A(t,0).
0

For any u € C},(I), from Lemma 3.3 we know that the linear boundary value
problem

= (/01 halt, Hu)dﬂ)v +R(t,0), v(0)=v'(1) =0 (3.3)

has a unique solution v € C},(I).
Define operator P : C},(I) — Ci,(I). For u € C},(I),
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is the unique solution of equation (3.3). Then the existence of solution is equivalent
to the existence of fixed point of P in C},(1).

Lemma 3.6. The operator P is continuous.

Proof. For any sequence {u,} C C},(I) satisfying u, — ug as n — oo, let
v, = Pu,, then we have

ol = ( /O 1 halt, Hun)dﬁ)vn + h(t,0). (3.4)

Claim that {v,} is bounded in C},(I). If not, ||v,| — oo. Let wy, = v,,/||vn]|. Then
{wn} € C3 (D), ||wn|| = 1, and

h(t,0)

1
—wl = / hy(t, 0u,)dO ) w, + ) 3.5
(f, et Oun)a0)n+ S0 (35)
Hence,
"l < Bt)+1 .
[whll tgl[gﬁ]ﬁ()Jr <00
From
t
i) =)+ [ wills)ds, (3.6)
0

wn(t) = w,(0) —l—/o wh (s)ds, (3.7)

{w!,} and {w, } are uniformly bounded and equicontinuous sequence of functions. By
Ascoli-Arzela Theorem, {w],} and {w,} contain a uniformly convergent subsequence
respectively (for convenience we also use the same notation), such that

Wp—Wo, Wi, —>.

It is easy to know wg € C},(I).
From (3.5) and (3.6), we obtain

W (1) = w,(0) — /O t ( /O (s, B )i, + h(5’0)>ds. (3.8)

[[on|

Let n — oo, from (3.7) and (3.8), we have

€
o
—

~+
~—

wo(0) + /Ut p(s)ds,
o(t) = p(0) — /Ot (/01 hu(s,9u0)d9w0>ds.

Therefore,
1
,wé’:/ P (t, Oug)dOw.
0

By Lemma 3.4, we have wy = 0, which is a contradiction with ||wg|| = 1, so {v,} is
a bounded sequence. Then, by (3.5) we know {v/'} is bounded and {v}}, {v,} are
bounded and equicontinuous sequences of functions. By Ascoli-Arzela Theorem,

’
Up—>00, V,,—¥0-
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Then we know

Let n — oo, from the above we obtain

1
ol = (/0 Bu(t, 0u)d0) o -+ h(1,0).

By the uniqueness we know vy = Pug, which completes the proof. O]
Lemma 3.7. P is a compact operator.

Proof. For any bounded set S C C},(I), we claim that P(S) is bounded in
Ci,(I). Otherwise, by an analogous manner as the proof of Lemma 3.6 we will get
a contradiction. For every u € S, v = Pu is defined by (3.3). Since |[u||, ||| are
all bounded, then |[v”|| < co. Then we conclude that {v'}, {v} are bounded and
equicontinuous. By Ascoli-Arzela Theorem, P is a compact operator. O

Lemma 3.8. P(C},(I)) is bounded in C}(I).

Proof. If not, there exists a sequance {uy}, ||Pun| — oo (n = o0). Let v, = Pu,.
Then (3.4) holds. Take wy, = v,,/||v,||. Then {w,} C Ci,;(1), ||lwn| =1, (3.5), (3.6),
(3.7) and (3.8) hold. Then we get

Wp—wp, Wi, —>¢

and [lwo|| = 1. Since { [ hy(t,6u,)dd} is bounded in L2(1),

1
/ (£, 1 )0 — By (1)
0

in L2(I). Obviously,
B(t) < ha(t) < B(1),

where ((t), 3(t) satisfies either i or ii in Lemma 3.4. Let k — oo, from (3.7) and
(3.8), for a.e. t €1,

—w( (t) = ha(t)wo(t), wo(0) = wy(1) =0.

Hence, wy = 0, which is a contradiction to |Jwpl|| = 1. O

Proof of Lemma 3.4. The uniqueness is given in Lemma 3.5. To obtain the
existence, assume D = {u € C},(I), |lu|| < K + 1}, where K is given in Lemma
3.8. The continuity and compactness are established in Lemma 3.6 and Lemma 3.7,
respectively. By Schauder’s fixed point theorem, the operator P : D — D has at
least one fixed point. O
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Next, we study the existence of boundary value problem involving the gradient
term. For any v € C3,(I), consider the following problem:

—’U/N = g(ta u, U/)7

u(0) = /(1) = 0.

(M),

Lemma 3.9. Assume that g(t,0,p) # 0 and either of the following holds uniformly:

i @—%%¥<§@<gﬂumm<ﬁ@<k%%

i K < B(t) < gult,u,p) < B(t) < (k+ %)2772-

Then, for any v € Ci,(I), problem (M), has a unique nontrivial solution w,.
Proof. The proof can be obtained by Lemma 3.4. O

Lemma 3.10. Let all of the assumptions of Lemma 3.9 hold. Then, for any v €
Ci,(I), there exists a positive constant p, independent of v, such that

[luo|| < p

for all solutions u, obtained in Lemma 3.9.

— 00. Then

Proof. Assume that there exists {v,} such that ||u,,

1
,ugn = (/ gu(t,ﬁuvn,v;)d@u% +g(t,0,0)).
0

Denote wy, = Uy, /||y, || and then |lw,|| = 1. Since (GO) holds, the second term in
the above equation is bounded. Then a similar argument can be obtained, as the
proof of Lemma 3.8. O

Proof of Theorem 1.1. Define B, := {z € C},(I),||z|| < p}, where p > 0 is the
uniform bound in Lemma 3.10. We consider the operator @ : B, — B,. For every
v, Qu denotes the solution w, of (M), determined by Lemma 3.9. By Schauder’s
fixed point theorem, @) has at least one fixed point. O

4. Variational method

In this section, we consider (M)popg by means of variational methods. In fact, the
problem (M)opg is non-variational because of the influence of the gradient term.
We first study auxiliary problem (M),,. For any fixed v € C},(I), we callu € H3,(I)
a weak solution, if

e = [ gteue. ooy v e

1

Then the weak solutions are equivalent to the critical points of the Euler-Lagrange
functional J, : Hy,(I) — R,

Lumzézmem—[G@mwmu
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where .
G(t, u,n) := / g(t,s,m)ds.
0
Let ut = max{u,0}, v~ = min{u,0}. Consider the following problem
—u = gF(t,u,0’),
9=( ) (1)
u(0) = u/(1) = 0.
where
g(t78777)7 s 20, _ 0, s >0,
g (t,s,m) = g9 (t,s,m) =
0’ 8<O; 9(7575777)7 S<O

Define the corresponding functional J; : Hi,(I) — R as follows:
1
Te() = ghuln — [ @) we ()

where GE(t,u,n) = [}’ g*(t,s,n)ds. Obviously, Jf € C'(H},(I),R). Let u be a
critical pomt of J i7 which 1mp11es that u is a weak solution of (4.1). Furthermore,
by the weak maximum principle it follows that « > 0(< 0) in I. Thus u is also a
solution of problem (M),. Hence, a nontrivial critical point of J,f (J,) is actually
a positive (negative) solution of (M),.

Lemma 4.1. Under the assumptions (G3) and (G4), JF is unbounded from below.
Proof. (G3) and (G4) imply that there exist € > 0 and C. > 0 such that

2
7r
G*E(t,s%,n) > (Z—l—zs)\si\z—cg, Vtel, seR, neR. (4.2)

N =

From (4.2) we obtain

1 I
T (ko) < 5l - 57 +o) [ #dar+ [ ca

2 k>
< Sleally ~ St Ol +
k? T te
<5 - 4T)H901”%” + C-. (4.3)
i
Then lim JF(kg;) = —oo. O

k—+o00

Remark 4.1. Obviously, there exists v > 0 independent of v, such that
Jf(ik%) <0, forall k>~

Lemma 4.2. Assume that (G2)-(G4) hold. Then there exist p, R > 0 such that
JE(u) = R, if |[ullg = p.
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Proof. From (G2)-(G4), we can take g9 > 0, Cy > 0, 7 > 2 such that

1 2
G (ts,m) < (5 —<o)lsP” + Cols|" (4.4)

Then Poincaré inequality and Sobolev inequality imply

2
.z
Julfy — 52 [ uae = Co [ fulra
I I

2
s
T — %o
2
4

Ty (w) >

> 51— Mullz = CsCollullg, (4.5)

N = N =

where Cj is the Sobolev constant. Choosing |lul|g: = p small enough, we obtain
JE(u) = R>0. O

Lemma 4.3. Suppose that (G3) and (G4) hold. Then every Palais-Smale sequence
of J has a convergent subsequence in Hy(I).

Proof. It suffices to show that every (PS) sequence {u,} is bounded in Hj,(I).

We prove the case of J;F, and the case of J, can be proved analogously. Assume

that {u,} € Hi;(I) is a (PS) sequence, i.e.,
JH(un) = ¢, (J) (un) =0 asn — +oo. (4.6)
From (G3) and (G4) we know that
g7 (t,5,0")s] < C(L+ [s).

(4.6) implies that for all ¢ € H}, (1),

/ (U;ﬂ/?/ — 9" (t, un, v')s@) dt — 0. (4.7)
I

Setting ¢ = u,, and using Holder inequality we have

2 = / 0 (b s 0 Yt 4 (T (1) )

< / 0% (b, 4, 0 Yt + (1)t 11
I

< O+ OllunllZz + o(W)[[unl . (4.8)
We claim that ||uy||, . is bounded. Otherwise, passing to a subsequence,
lun||2e — 400, asn — +oo.

Un
We put w, :=

= . Then [|wy || . = 1. Moreover, from (4.8) we know
l[wnll

o) lunlla

[unllz llunllL

len |7 < 0(1) +C + <o(1) +C+o()[[wnllar-

Hence, ||wy| g is bounded. Passing to a subsequence, we may assume that there
exists w € H},(I), |[w||,» = 1 such that

Wy — w, weakly in Hy,(I), n — +oo,
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Wy — w, strongly in L2(I), n — 4o00.

From (4.7) it follows

t(¢ /
/w;<p’dt—/7g st V) gt = o(1), ¥ o € HY(D). (4.9)
I 1 lunllze
Taking ¢ = w,,;, we know ||w ||g: = o(1), which implies w™(t) = 0, a.e. in I and

thus w(t) > 0.
If w(t) =0, from (G4) we get

|g+(t,un,v’)| _ |g+(t7un7'ul)

lwn < Mw,, — 0.

l|tn ]| L2 B Un
We have )
AL ULILD
n—-+0o0 ||un||L2

If w(t) > 0, up = wpllun||Lz = +o0o. (G3) implies that there exists 6 > 0 such that

-+ t / + t / 2
i inf C %) e C G T s
n— 400 HunHL2 n— 400 Unp, 4

From the above two cases, for all t € I,

+ t / 2
T ALCLUTUD By (4.10)
n—too w2 4

Taking ¢ = 1 in (4.7), since ¢1 > 0,w > 0, from Fatou’s Lemma we derive

7T2 !
— | wprdt = [ widt
4 Jr T

= lim w! ol dt
n>+Foo I n‘)@l

— 1 g+(t7uﬂ7vl)
= 1m z - 7
n—too Jr o [Jun| L2

+ /
/ lim inf M(pldt
I

notoo lug |z

(pldt

WV

2
> (7 +6>/stoldt7

which follows that w = 0. This conclusion contradicts with ||wy|/z2 = 1, s0 ||ty -
is bounded. Then, from (4.8) we know that {u,} is bounded in H3,(I). O

Lemma 4.4. Let (G2)-(G4) hold. Then, for any v € C},(I), problem (M), has at
least one positive weak solution and one negative weak solution uir € Hi, (I).

Proof. Let
+ : +
= f max J , 4.11
‘o wlen\lli 56[%,}%] v (w(s)) ( )

where
UE = {4y € C((0,1], Hy, (1)) : $(0) =0, ¥(1) = typ1},
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v is given by Remark 4.1. Since Lemma 4.3 holds, Mountain pass theorem implies
that there exists a weak solution u; such that

N1, kY +0,,E) _
(JU ) (uv)_()? Jv (uv)_¢1€n£i Slél[g’)i]'] (1/}(5))

The proof is completed. O

Lemma 4.5. Let v € C},(I). Then there exists a positive constant co independent
of v such that

llug |7 > co
for all solutions u of (M), obtained in Lemma 4.4.

+

Proof. Since u;" is a solution of (M),, we have

/ |(ul))?dt = / E(t,u, v uEde.
I

From (G3) and (G4) we know there exist € > 0, ¢ > 0 such that
2

s
g (t, 5%, )| < (7~

/| Y2t < —76/|ui| dt+cs/\ui| dt.

By Poincaré inequality and Sobolev embedding, we obtain

€)[sE| + c|sT|> Y, foranytel, seR, neR™

Hence,

fi

—€
(1= Al llin < cclluyllia < eeed [luyllFn,
4
which implies the conclusion. O

Lemma 4.6. Let (H1)-(H3) hold. Then there exists a positive constant p, which is
independent of v, such that

lug |l <P
for all solutions u;r obtained in Lemma 4.4.

Proof. We only give the proof of J;, the case of J is similar. We suppose, by
contradiction, there exist subsequences {v;} and {u,,}, such that {v;} c C},(I),
{u,,} € Hy (1) and

() (1) =0, gy L2 = +00 85§ = +o0.

Then for all ¢ € H}, (1),

/I(um’—g (£ 1, 0} )i ) dt = 0. (4.12)

From (4.12), a similar argument like in Lemma 4.3 will lead to a contradiction,
which completes the proof. O

Now, since f is continuous in all variables and v € C}(I), using the regularity
theory we know that u} is C2, see [3]. As a consequence of Sobolev embedding
theorem and Lemma 4.6, the following lemma is trivial.
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Lemma 4.7. Assume that v € Ci,(I). Then there exists two positive constants p
and po, independent of v, such that

max [u ()] < pr,  max|(ug) ()] < po.

5. Iterative method and proof of Theorem 1.2

In this section, we prove Theorem 1.2 by some iterative arguments, which was
established in [7]. Define map

T:Hy(I)— Hy(I), Tvw uy,

with domain D(T) = Ci,(I) C Hi;(I). Here u, is the solution of (M), giv-
en by Lemma 4.4. For any v € H};(I), the map is well-defined, and actually,
D(C},;(I)) € Ci;(I) because of the regularity theory. Moreover, denote Bj :=
{z € H},(I),]|z|| < p}, where p > 0 is the uniform bound in Lemma 4.6. Then,
T(Cy;(I)) C Bs. Hence, T(C},(I)) C BsNC4,(I). It should be pointed out that, in
contrast to the proof of Lemma 3.4, T is a multivalued map because of the absence
of uniqueness. Recall that z is a fixed point of map T, if and only if x € T'(z).

Proof of Theorem 1.2. We prove the existence of positive solution and the
negative one is similar. Construct a sequence {u, } C B; N C},(I) as the solutions
of
—Uy, = 9" (t, un, Up,_1), (IE)
un(0) = uy (1) =0,

n

obtained by Lemma 4.4, and choose uy € B; N C},(I). Hence, u, € B; N C},(I).
By (IE),, and (IE);,+1, we know

[t =t = [t )i~ wit
[t =)t = [ g () i = )
Then
[t g1 — tonl 2 = / (67 (b tnsn, ) — 67 (&t 1) (101 — )t
:/I (g7 (@t g1, un) — g7 (6 wn, ul)) (Ung1 — up)dt
+ /Ig+(t, Uy ) — g1 (E tn, uly 1)) (Uns1 — uy)dt
:/Ig:[(t,un + 0(Ung1 — Un), Ul (Un 1 — up)?dt
[ bty 0, = )y = ) 1 = ),

where 0 < 0 < 1, 0 < ¥ < 1. Using hypothesis (G5), (2.11) as well as Cauchy-
Schwarz inequality, we obtain

[t — a2 < L / (s — wn)2dt + K / (uy — 1) (ttmgs — )t
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4L
< ﬁHuTH’l - UHH%II + K||un — tn_1|[m1|[Uns1 — unl| 2
4L 5
< ﬁ”un-i-l - unHHl + THUTL - un—1||H1||un+l - un”Hl-
Hence,
2Km
[tnt1 = un|lm < ;gijZHun-—unleHL

From (G5) we know that L < 7n2/4 and k := 2K7/(n? — 4L) satisfying k € (0, 1).
It can be easily seen that {u,} C Hi,(I) is a Cauchy sequence, which implies that
there exists u* € Hj,(I) such that u* € T'(u*). According to the regularity theory,
it follows that u* € C2(I), which is actually a classical solution. Finally, from
Lemma 4.5 we know that |[u*||g1 > co, which means that u* is nontrivial. O
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