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ZERO BIFURCATION DIAGRAMS FOR
ABELIAN INTEGRALS: A STUDY ON
HIGHER-ORDER HYPERELLIPTIC
HAMILTONIAN SYSTEMS WITH THREE
PERTURBATION PARAMETERS

Xianbo Sun’? and Pei Yu®f

Abstract In this paper, we present the zero bifurcation diagrams for the
Abelian integrals of two hyperelliptic Hamiltonian systems with three pertur-
bation parameters using an algebraic-geometric approach. The method can be
used to study the bifurcation diagrams for higher-order Hamiltonian systems
with polynomial perturbations of any degree.
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1. Introduction

The polynomial vector field

0 0
J— — _— = 0
g, T - 9@ +ef(@)y] 99
with 0 < e < 1 is a result of perturbation on the Hamiltonian system,
t=y, y=-g(@) +ef(a)y, (1.1)

which has the Hamiltonian H(z,y) = y; + [ g(y)dz. When analyzing limit cycles
arising from Bogdanov-Takens bifurcation, the normal form

#=y, §=-1+2"+e(ao+ma)y
is usually used for codimension two [18], and
t=y, §=-1+a +e(ap + a1z + azz®)y

for codimension three of cusp case, see [7]. For codimension four of cusp case, the
reduced perturbed Hamiltonian is given by (see [19]),

i=y, §=-14+2"+¢e(ao+ a1z + ar® + azz’)y.
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The bifurcation diagrams have been obtained for codimensions two, three and four
by a sophisticated analysis. In [28], Xiao studied a codimension five bifurcation of
cusp case, for which two different truncated systems were obtained by applying the
principle re-scaling and central re-scaling. The first truncated system is a Hamil-
tonian system, and its bifurcation diagram was obtained. The second truncated
system is the following 5th-degree perturbed Hamiltonian,

b=y, y=x(x—1)(z—-a)(x—7p)+eclag+ arx + az?)y. (1.2)

The unperturbed system (1.2) can be classified into 11 cases according to the values
of @ and 8 when it has at least one period annulus [28]. The Hopf bifurcation surface
was obtained for all values of o and 5. However, the limit cycle bifurcation surfaces
on the whole period annulus are still unknown. The main difficulty of the analysis
is due to the higher order of the Hamiltonian. The outer boundaries of the period
annulus of the system (1.2).—¢ have two degenerate cases, one is the nilpotent-saddle
loop when a = 8 = 1, and the other is the cusp-saddle cycle when a = 0 and § = %,
as shown in Figure 1(a) and (b), respectively.
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Figure 1. Phase portraits of system (1.2) showing (a) a nilpotent-saddle loop for « = 8 = 1; and (b) a

cusp-saddle cycle for « =0, 8 = 2

5.

Perturbation on Hamiltonian systems is also a main topic in the study of the
weak Hilbert’s 16th problem, proposed by Arnold [1] for studying the maximal
number of zeros of the Abelian integral, which is the first order approximation of
the return map,

A(h,d) =£ q(z,y)dx — p(z,y)dy, heJ,
h

for the perturbed Hamiltonian system,

&= Hy(x,y) +ep(r,y), 9=—He(z,y)+eq(z,y),

where p(x,y) and q(x,y) are polynomials of degree n > 2, H(x,y) is of degree
n + 1, Ty represents closed algebra curves of H(x,y) which are parameterized by
{(z,y)|H(z,y) = h, h € J}, J is an open interval, 0 is a set of coefficients of p(z,y)
and ¢(x,y), and € represents small perturbations satisfying |¢| <« 1. Some relatively
new estimated bounds for general n can be found in [23,24] and references therein.
More relative references on study of the number of zeros of Abelian integrals for
perturbed integral systems can be found in [17]. A so called “much weaker” case

is defined by H = % + [g(x)dz, p = 0 and ¢ = f(x)y, for which the perturbed
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Hamiltonian is reduced to system (1.1), and the corresponding Abelian integral has
a simple form,
A(h, ) = (x)ydx.
T'n

System (1.1) is called type (m,n) if g(z) and f(z) are polynomials of degree m and
n, respectively. A lot of works on the study of A(h,d) with various polynomials
f(z) and g(x) were reported, for example, see [6] for type (3,2), and [2-4,27,32] for
type (5,4) with symmetry. For type (3,2), the authors not only deduced the sharp
bounds for the number of zeros but also obtained the bifurcation diagrams. The
main tools used in these studies are Picard-Focus equations and Ricatti equations.
Because of symmetry in type (5,4), the perturbation terms are reduced to three,
and the dimension of Picdrd-Focus equations is thus the same as that of type (3,2).
The sharp bounds were obtained for most cases, however the bifurcation diagrams
have not been obtained and an advanced analysis is needed. We also noticed that
the existence and uniqueness of limit cycles in system (1.1) without restriction on
the first order bifurcation have been reported in [5,10] and references therein, and
the integrability of system (1.1) was summarized in [21]. The lower bounds on
the number of system (1.2) with more higher order perturbation terms have been
studied in [25, 30, 31].

When the Hamiltonian is of degree more than four, i.e., the degree of g(z) is
more than three without symmetry, it is more difficult to obtain the bifurcation
diagrams with three perturbation parameters, since the dimensions of the Picard-
Focus equation and Ricatti equation become higher and some new perturbation
terms will appear when analyzing the centroid curve (see the method in [6]). It is
almost impossible to analyze the intersection of the lines (planes) and curves (sur-
faces) by a classical method. In this paper, we will propose a method to analyze the
zero bifurcation diagrams of the Abelian integrals for the three parameter perturba-
tion of higher order Hamiltonian systems. We use the method to obtain bifurcation
diagrams for two perturbed systems which exhibit truncated codimension-5 bifurca-
tions, and present the results for a higher order perturbation of a Hamiltonian. We
will not only show this integral is Chebyshev, but also give the exact zero bifurcation
diagram.

The rest of the paper is organized as follows. In section 2, we give the asymptotic
expansions of the Abelian integrals A(h) and M (h) for two degenerate cases, which
are obtained by using the methods developed in [13,15,16,26]. Then we present the
Chebyshev criterion [9,22], which is the generalization of the method developed in
[20] to determine the monotonicity of two Abelian integrals. It was efficiently used to
bound the number of zeros of some Abelian integrals with more than two generation
elements. In our work, we will apply it to “restrict” the perturbation parameters
with the help of “combination” skill, which is essential in the bifurcation diagram
analysis. In order to achieve this, we need a primary analysis on the unperturbed
systems and the Abelian integrals A(h) and M(h). Especially, for the saddle-cusp
cycle case, instead of directly studying the original system, we transform the system
to an equivalent system with the same Abelian integral of the original one. The
main aim of this step is to demonstrate that our method can deal with general
polynomial perturbations involving three parameters. In section 3, we study the
bifurcation diagram for A(h) using the asymptotic expansions and the combination
skill. In section 4, we consider the bifurcation diagram for M(h). Finally, in section
5 we discuss the Hamiltonian systems with higher-degree perturbations and give a
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complete zero bifurcation diagram for this problem.

2. Asymptotic Expansions and Chebyshev Criteri-
on

Consider system (1.2) with & = = 1. The Hamiltonian is

2 4 5
LSy (2.1)

2
Yy T
My =S5 +y e

satisfying H = h for h € (0,2%) and z € (—1,1), as depicted in Figure 1(a),
which shows a family of closed orbits I'j, surrounded by a homoclinic loop I' L with
a nilpotent saddle of order one at (1,0). Correspondingly, we have the Abehan
integral,

A(h) = aofo(h) + alfl(h) —+ CLQIQ(h), (22)

where
I,(h) = % 2"ydr, n=0,1,2. (2.3)
Ty

Next, consider system (1.2) with o =0 and 8 = £, yielding the Hamiltonian,

ﬁ(m,y) =

2 3 2 4 5
L e (2.4)
2

_ra v
5 5 5’

satisfying H(z,y) = h for h € (—1295-,0) and = € (0,1), as given in Figure 1(b),
showing a family of closed orbits I'j, surrounded by a saddle-cusp cycle Iy, with a
nilpotent cusp of order 1 at (0, 0) and a hyperbolic saddle at (1,0). Correspondingly,

we have the Abelian integral,

Z(h) = aojo(h) + alfl(h) + agjg(h), (25)
where I,,(h) = 5%; z"ydz, n =0, 1, 2.

Introducing the transformation u = —%x +1,v= —% and the time scaling
dr = 3‘2/5§dt into (1.2) yields the perturbed Hamiltonian system, (x and y are still
used instead of u and v for convenience),

dz d 2

=V % = —l’(fﬂ + g) (z — 1)® + e[aoqo(z) + a1q1(z) + azqa(z)]y,  (2.6)
where

5V 15 V15 V15
qo(z) = 5 q1(z) = T(l —z) and g¢o(x) = T(xQ —2z+1).

The above perturbed Hamiltonian system is a cubic polynomial perturbation to the
Hamiltonian,

N 4
Hlen=-ptyts 5 -3 %

satisfying H*(z,y) = h for h € (— 44570) and x € (— ,1), as depicted in Figure 2,

showing a family of closed orbits I';, surrounded by a saddle-cusp cycle I'j, with a
nilpotent cusp of order one at (1,0) and a hyperbolic saddle at (—2,0).
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Figure 2. Phase portrait of system (1.2) showing a family of closed orbits.

The Abelian integral of the perturbed Hamiltonian system (2.6) is given by
M(h) = agJo(h) + a1 J1(h) + azJ2(h), (2.7)
with J;(h) = .. ¢:i(x)ydz. By [14], we have
h
243 — /3125
)= 3125 A( 243 h)

which will be analyzed in the following sections.

The asymptotic expansions of Abelian integrals are proposed to study its zeros
near the endpoints of the annuluses, and these zeros correspond to limit cycles near
the centers, homoclinic loops and heteroclinic loops, see [11,29], and the book [14].
In this work, we will apply the expansions to study the dynamics of the Abelian
integrals on the whole period annulus.

2.1. Asymptotic Expansion of A(h)
A(h) has the following expansion (see [12,13]):

A(h) =eo(6) + e1(8) | - % 4 [2(0) + mocs (9)] = %) I - % v
+ [e3(0) + mic1(8) + maca(6)] (h — 55) + O((h _ %)Z)

for 0 < 710 —h <1, m; (i =0,1,2) are some constants, and

A(h) = bi(8)h'T, (2.9)

i>0

for 0 < h < 1. The explicit expressions of the coefficients ¢;(d) are obtained by
using the formulas in [12] as follows:

25V/2
<0(9) = 73072
01(5) = 4140(&0 +a; + ag),

02(5) = g(Ch + 2a2),

(858&0 + 143a1 + 78&2),
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with the constant /~10 < 0, and the coefficients b;(§) can be obtained by applying
the program in [13] as

bo=2mag, b =£(21a0+12a1+4a2),
™

b
27 32

(1379 ag + 872 a1 + 440 ay) .

Thus, using the expansions (2.8) and (2.9), we can easily obtain the expansions for
I;(h) and its derivative I(h), which will be used in the following sections.

2.2. Asymptotic Expansion of M(h)
By [13,15,16,26], we obtain the expansions of M(h) as follows:

M(h) = eo(8) + Booer (8)|h] + ex(8)hIn |kl

. (2.10)
+ [63(5) +miei(d) + m§eg(5)} h+ O(|h\8),
for 0 < —h <« 1, where mj, m5 and By are constants with By > 0, and
4 \i+1
M) =" d;(5) (h + E) : (2.11)

Jj=0

for 0 < h+ % < 1. The coefficients e;(d) can be computed by applying the methods
developed in [15,16,26], given by

1000+/10
€y = M (99@0 +55a1 +35(12),
er = —2V2V5 ag,
10
62:7§(a0+a1+a2),

and d;(J) can be obtained by employing the program in [13],

V10
do = ”15 (25a0 + 15a1 + 9as),
V10
dy = 2= (1025 a0 + 435 a1 + 369 az) ,
480
v 10
dy = 3o (85085 aq + 33843 a1 + 28557 ag)

Similarly, we can easily obtain the expansions of J;(h) and its derivative J/(h) by
using the expansions (2.10) and (2.11).

2.3. Chebyshev criterion

For convenience of analysis in the next section, we introduce some preliminary
results related to Chebyshev criterion.

Definition 2.1. Suppose fo(x), f1(x),..., fn_1(x) are analytic functions on an real
open interval J.
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(i) The family of sets {fo(x), f1(z),..., fn—1(z)} is called a Chebyshev system
( T-system for short) provided that any nontrivial linear combination,

kofo(z) + kifi(x) + - + kn-1fu-1(z),

has at most n — 1 isolated zeros on J.

(ii) An ordered set of n functions {fo(z), f1(z),..., fn_1(z)} is called complete
Chebyshev system ( CT-system for short) provided that any nontrivial linear
combination,

kofo(w) + ki fi(z) + -+ kic1 fi-a (),

has at most ¢ — 1 zeros for all : = 1,2,--- ,n. Moreover it is called extended
complete Chebyshev system (ECT-system for short) if the multiplicities of
zeros are taken into account.

(iii) The continuous Wronskian of {fo(x), f1(x),..., fn_1(x)} at € R is defined
by

Wlho(a), fi(@).. o)) =| A el

k— k— k—
ED @) (@) - 5D ()

where f/(z) is the first order derivative of f;(z), and fl-(J )(x) is the jth order
derivative of f;(x), 7 > 2. The definitions imply that the function tuple
{folx), fi(x), -, fr—1(2z)} is an ECT-system on J, so it is a CT-system on
J, and thus a T-system on J. However the inverse is not necessary true.

Let res(f1, f2) denote the resultant of fi(x) and fo(z), where fi(z) and fo(x)
are two univariate polynomials of x on rational number field Q. As it is known,
res(f1(z), f2(z)) = 0 if and only if fi(z) and f2(x) have at least one common root.

Let res(f, g, x) and res(f, g, z) denote respectively the resultants between f(x, z)
and g(z, z) with respect to x and z, where f(z,z) and g(z, z) are two polynomials
in {z, 2} on rational number field. res(f,g,x) is a polynomial in z and res(f, g, z)
is a polynomial in z. Regarding the relation between the common roots of two
polynomials and their resultants, the following result can be found in many works
on polynomial algebra, such as [8]. For completeness we give a short proof.

Lemma 2.1 ( [8]). (i) Let (zg, 20) be a common root of f(x,z) and g(x,z). Then,
res(f,g,20) = 0 and res(f, g,20) = 0. However, the inverse is not necessary true.

(ii) Let res(f,g,z) have a unique real root on some open interval («, ), and
res(f, g, ) have a unique real root on some open interval (vy,0). Then, there exists
at most one common real root of f(x,z) and g(x,z) on (o, B) X (7,6).

Proof. (ii) is obvious if (i) is true. So we only prove (i). A two-variable polynomial
can be treated as one univariate polynomial of one variable with the other treated
as a parameter. Taking f(x,z) = f.(z) and g(z, z) = ¢.(x) which are polynomials
of x with parameter z. Let z¢ be the common root of f,,(z) and g,,(z), where z is
the common root of f,, (z) and g, (z). Then, res(f.,(x), g:,(x)) = res(f,g,20) =0,
and therefore, res(f.,(2), gz, (2)) = res(f, g,20) = 0. O
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Let H(xz,y) = U(z) + % be an analytic function. Assume there exists a punc-
tured neighborhood P of the origin foliated by ovals 'y, C {(z,y)|H(z,y) = h, h €
(0,hg), ho = H(OP)}. The projection of P on the z-axis is an interval (x;, x,) with
x; < 0 < . Under these assumptions, it is easy to verify that 2U’(z) > 0 for all
x € (x,2,)\{0}, and U(x) has a zero of even multiplicity at x = 0 and there exists
an analytic involution z(x), defined by U(x) = U(z(x)), for all = € (z;,z,). Let

L;(h) = fi(x)y**~tdx, for h € (0, hy), (2.12)
n

where f;(x),i=0,1,...,n—1, are analytic functions on (x;, z,) and s € N. Further,

define
b i @) Fi()
ST U(x) U(x(2)

Then, we have

Lemma 2.2 ( [9]). Under the above assumption, {Io,I;,--- ,I,_1} is an ECT
system on (0,hg) if {lo,l1, -+ ,ln—1} is an ECT system on (x;,0) or (0,z,) and
s>n—2.

Lemma 2.3 ( [22]). Under the above assumption, if the following conditions are
satisfied:
(i) Wllo, 1y, ..., 1;] does not vanish on (0,2,) fori=0,1,--- ,n—2,

(ii) Wllo,l1, ..., ln—1] has k zeros on (0,x,) with multiplicities counted, and

(i) s > n+k — 2,

then, any nontrivial linear combination of {lo,Iy,--+ ,L,_1} has at most n+k — 1
zeros on (0, hg) with multiplicities counted. In this case, {Ip,11, -+ ,I,_1} is called

a Chebyshev system with accuracy k on (0, hg), where Wy, 11,...,1;] denotes the
Wronskian of {lo,11,...,1;}.

3. Bifurcation Diagram of A(h)

In this section, we study A(h). We write H(z,y) = 4 + U(x), and U(z) — U(z) =
(x — 2)q(z, 2z) = 0, where
q(r,2) = 2* +4232 + 42222 + 422% +42* —152° — 15222 — 152 22
— 1523 +2022 + 2022+ 2022 — 102 — 10 2,

which defines the involution z(z) on the period annulus. We have the following
result.

Lemma 3.1. 2hI;(h) = . Si(x)y’de = I;(h), where Si(z) = o' 4+ Gy(x), with
Gi(z) = :f)zgii(f))él and Gy(z) = 153;%%, in which g;(z) is a polynomial in x.

Proof. Multiplying I;(h) by X2/@ — 1 yields

2U (z) +y*
L(h :f DY ivde
w=§ =5

. (3.1)
= (% 22U (x)ydx +% xind:ﬂ> , 1=0,1,2,3.
2h Th Th



2742 X. Sun & P. Yu

By Lemma 4.1 in [9] (with k = 3 and F(x) = 22U (x)), we have

jQ{ 22U (z)yde = Gi(z)y’de, (3.2)
IVY IV
whers G0 = o 34— 2 v

gi(z) =i(42? =192 + 3522 — 30z + 10) + 42" — 16 2% + 252% — 202 + 10.

Substituting (3.2) into (3.1) proves Lemma 3.1. O
Without loss of generality, we assume that n = Z—g and A = Z—; if ag # 0. Further,
let

Ti(h) = j{ (x + %:ﬂ)ydx. (3.3)

Then, A(h) = az2(nlo(h) + AZ1(h)). By Lemma 3.1, we have

Lemma 3.2.

T, (h) = jé [51(2) + %52(9[;)];,3613; 27, (h).
Let S, S,
Li@) = (35) @) - (5) @),
1 1
) = (B2 @) - (252 ()
Then,
L) = (2 @) - [ (2) ) o
dx dz \U'’ dz L\U’ dx’
d 0 0 dz
%ﬁl(fﬂ) =5 (Li(r)) + %(ﬁz(m))@,
where 42 = —Z:Eig So we obtain
WILo)(z) = 3095,:5(; Z>?)17((?Z>1)7’
B Lo(x) Li(x) B (x— 2)3 Q2(z, 2)
W[Lo(x), Ll(ﬂ?)] - Lg(m) L’l(x) - 9001‘22’2(2 — 1)14(!E — 1)1413(‘%7 Z),
. o) — Lo(z) L1() B —(z—2)° Q3(x, 2)
W[LO( )“Cl( )] B L6(I) ﬁll(it) o 90056222)\(2 - 1)14(1‘ — 1)14P3(I,Z)’

where
P(x,2) =42 +82%2 +1222° + 16 2° — 1527 — 3022 — 452% + 202 + 40 2 — 10,
Q1(z, z) and Q2(z, z) are two-variate polynomials of degree 11 and 24, respectively.

Qs(x,z) = y12(x, 2)A — y11(2, 2), in which y11(x, 2) and y12(x, 2) are two-variate
polynomials of degree 24 and 25, respectively, and Qs(z, z) is of degree 25.
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Computing the resultant of ()1 and g with respect to z, and applying Sturm’s
Theorem, we can show that @)1 and ¢ have no common zeros for € (0,1). There-
fore, W[Lo] does not vanish for « € (0, 1). Similarly, we can show that P(z,z) and
W Lo, L1] do not vanish for = € (0,1).

Computing the resultant of 1o and ¢ with respect to z, and applying Stur-
m’s Theorem, we can prove that 712 and ¢ have no common zeros for = € (0, 1).
Therefore, v12 does not vanish for z € (0,1). Solving y12(x, 2)A—v11(x, z) = 0 gives

~ y(z, 2)

)\(.’E,Z) - 712(1‘ Z)’ (34)

for which we have the following result.
Lemma 3.3. A(z,z) is monotonic for x € (0,1), and A(z, z) € (=2, —1).
Proof. A direct computation shows that

)\/(I,Z) _ 8)‘(3772) + a)‘(xaz)% _ '721(‘%2)

ox 0z dr  yoa(w, 2)

Computing the resultant res(yz22, ¢, z) and applying Sturm’s Theorem, we can prove
that res(y22,¢, 2) has no zero for x € (0,1). Therefore, 22 does not vanish for
x € (0,1), and so the function A(z, z) is well defined.

Computing the resultant res(vy21,¢, z) and applying Sturm’s Theorem, we can
show that res(ve1, ¢, 2) has a unique zero in [3223‘27 19341708772] C (0,1). Further, com-
puting the resultant res(y21, ¢, ) and applying Sturm’s Theory show that

res(va1, ¢, ) has three zeros for z in the three intervals:

130431 65215 71233 1113 123841 1935
5242887 262144 |’ | 524283 8192 . 10485767 16384 |

Therefore, if 72; and ¢ have common roots on (—+,0) x (0, 1), the roots must lie in

4
one of the following three domains:

D, - -_ 130431 65215 ] [47393 94787}
| 5242887 262144 65536 131072 |’
Dy | 71233 1113} o {47393 94787]
| 5242887 8192 65536 131072 |’
Ds - __ 123841 1935] « [47393 94787} .
| 1048576 16384 65536 131072

The resultant res(%, %, z) has no zeros in [égggg, 19341708772] C (0,1), implying that ¢
reaches its extreme values on the boundary of D;. By Sturm’s Theorem, we know
that the derivatives of the four functions obtained by restricting ¢(z, z) on the four
boundaries of D; (i = 1, 2) have no zeros. Therefore, g(z, z) gets its maximal and

minimum values at the four vertexes on each D;. A direct computation yields

_ —30744752459453635399 : _ —7870962560150761458239
HEXQ(”T?Z) = T73786976204838206464 e q(: 2) = Txss0465081478580854784

_ _ —15560983032441920664435 : _ _ —927524200079375
HB%XQ(%Z) T T T18889465931478580854784 0+ AT q(, 2) = — Tigss00006842624 -

The minimum and maximum values have the same signs on each D;. Hence, ¢
and 27 have no common zeros on each D;. Therefore, 751 does not vanish for
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x € (0,1). This implies that X (z,z) # 0 for x € (0,1). Thus, A(z, z) is monotonic
for € (0,1), and so

. 1 .
ili% =Mz, 2) = -3 il_}ml = ANz, z) = -2
This completes the proof of Lemma 3.3. O

Lemma 3.3 implies that when A € (=2, —%), W|[Lo, £1] has a simple root for
x € (0,1), and W/[Lg, £1] has no roots for z € (0,1) when

A€ (—o0, 2] J [—%,4—00).

By Lemmas 2.1 and 2.2, we have the following result.

Lemma 3.4. A(h) has at most two zeros (counting multiplicities) on (0, &) for A €

(=2, —%), and at most one zero (counting multiplicity) for X € (—oo, —=2] J[—3, +00).

o (h) + L(h)
Mi(h) + Is(h
w(h) = Io(h)

Then,
A(h) = Io(h) (1 + r(h)).

The asymptotic expansions (2.8) and (2.9) yield the values of x(h) at the end of
annulus,

R(L) = tim MO TR A1

S A TS
0= i MO EEG) @9
T h50 To(h) =0.

Lemma 3.4 together with the endpoint values (3.6) implies the following proposition.

Proposition 3.1. The ratio x(h) is monotonic for A € (—oo,—2]J[—3,+00).
More precisely, k(h) is degreasing on (0, 2%) when A € (—o0, —2|, and increasing on
(0, 55) when X € [—3,+00).

Lemma 3.5. If «/(h) has zeros, they must be simple. Moreover, x'(h) has 2n + 1
simple zeros on (0, 55) for any X\ € (—13,—1), and 2n simple zeros on (0, 55) for
any A € (=2,—3).

Proof. Firstly, we give a short proof for the first assertion by using an argument
of contradiction. Let h* be a zero of x’(h) with | multiplicities, [ > 2. Then there
must exist an 7 such that n+r(h) has a zero at h = h* with [4+1 (> 3) multiplicities.
Because Jy(h) > 0, the relationship between A(h) and n + x(h) implies that A(h)
has a zero at h = h* with [ + 1 (> 3) multiplicities. This contradicts Lemma 3.4.

With the expansion of I;(h) near h = 55, given in (2.8), a direct computation
shows that

oy v gy v (AL(R) + I3 (R)Io(h) — (M (h) + Ia(R)) 15 ()
Wlzg) = lim '(h) = lim 12(h) :

= sign [—20(12 + 11A)] oc.
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In particular, when A\ = 11, a further computation shows (210) —00. Moreover,
using the expansions of I;(h) and I}(h) near h =0 in (2.9), we can prove that

M (h) + I5(R)|Io(h) — [M1(h) + I2(R)]Ii (R A
(0) = Jim w/ () = tim 2O <>]o<;g(h[) () + BNGE) _ A+

Because Ag < 0, it is obvious that «/ (h) has different signs at the two endpoints of

the interval (0, 55) if A € (=12, —1), and has the same sign at the two endpoints of
(0, 55) if A € (=2, —12]. This completes the proof. O

Proposition 3.2. (i) '(h) has a unique simple zero on (0, 55) for any

A€ (—=8.-3), namely, k(h) decreases from £(0) to a1 minimum value k(h*) at

h = h* and then increases to r(55) for any A € (=P, —%).
(ii)
12 6
>K)(7) for A € (_ﬁ,_ﬁ),

1

20

1 6
K %) for A\ = ——

1

< KZ(%) for A € (—%,—é).

Proof. By Lemma 3.5, for a fixed A € (—13,—1), if #/(h) has three or more

than three simple zeros on (0, 35), then there must exist an n such that 7 + x(h)

has at least three zeros. This implies that A(h) can have at least three zeros,
which contradicts Lemma 3.4. Therefore, s (h) has a unique zero on (0, 55) for any
A € (=12,—3). The signs of #’(0) and #’(55) when A € (—13,—3%) determine the
property of m(h) The proof of part (ii) directly follows the endpoint values in (3.6).

O

#(0) =

Proposition 3.3. «'(h) has no zeros on (0, 55) for any X € (—2,—13], that is, r(h)
is monotonic (decreasing) on (0, 20) for any \ € (-2, —%)

Proof. By Lemma 3.5, for a fixed A € (—2,—12], if #/(h) has four or more than
four zeros on (0, 55), then there must exist an 7 such that 1 + x(h) has at least
three zeros counting multiplicities. This contradicts Lemma 3.4.

Next, we prove that & (h) does not have two zeros. Suppose otherwise x’(h) has
two zeros for A € (—2,—12]. We have known that ’(0) < 0 and /(55) < 0, which
implying that x(h) is decreasing at the endpoints of the interval (O, 210) Further,

for A € (— ,—%},

1 A 1
-0 () -3
A0 >mlg) =6 T
where 2 2+ & € (=%, -] This clearly indicates that there must exist an 7 such

that n + /<;(h) has at least three zeros. This contradicts Lemma 3.4. The endpoint
values determine its decreasing, so the proof is complete. O
Summarizing Propositions 3.1, 3.2 and 3.3, we have the following theorem.

Theorem 3.1. For system (1.2) with « = 8 = 1, the Abelian integral A(h) has the
following properties:

(i) When X € (=00, — ], A(h) has a unique zero on (0, 55) if and only if n €

€ (=
(—/1(0)7—.%22%1)). n = —k(h) corrlespgnds to A(h) = 0. In partzcular{ U{h.en
A= —11, ' (55) = 0 andn = —k(55) imply that A(h) has a zero of multiplicity
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two at the endpoint h = 5. So (A\,n) = (— 8, k(55)) = (=5, 17) is a double

homoclinic loop bifurcation point, denoted by DL.

(i) When X € [—%,400), A(h) has a unique zero on (0, 55). if and only if n €
(—k(55), —#(0)). n = —r(h) corresponds to A(h) = 0. In particular, when
A= —1 K'(0) =0 and n = —k(0) = 0 indicate that A(h) has a zero of
multiplicity two at the endpoint h = 0. So (\,n) = (=5, —r(0)) = (=3%,0) is
a double Hopf bifurcation point, denoted by DH.

(iii) When X\ € (—,—2L), A(h) has a unique zero on (0, 5) if and only if n €
(—£(0), —k(55)), and A(h) has two zeros on (0, 55) if and only if

nE (—m(%),—minﬁ(h)) = (—ﬁ(%),—m(h*)).

In particular, n = — (—0) corresponds to a zero at h = % and another zero
at h = h! satzsfymg r(h') = K(55).

(iv) When A€ (=L,—3), A(Rh) has a unique zero on (0, 4) if and only if n €
(—k(55), —K(0)) = (—r(55),0), and A(h) has two zeros on (0, 55) if and only

if
n € (= £(0), —mink(h)) = (0, —x(h")).
In particular, n = —k(0) corresponds to a zero at h = 0 and another zero at
h=h" satisfymg k(h") = k(0).
(v) When A = —2, A(h) has two zeros on (0, 55) if and only if

n € (—x(0), —mink(h)) = (f n<210> — min H(h)) = (0, —r(h*)).

In particular, n = —x(0) = (2—0) = 0 corresponds to the zeros at endpoints,
one at h = 0 and another at h = 5. So (A\,n) = (—2<,0) is a homoclinic-hopf
bifurcation point, denoted by HL

(vi) For all X € (—3,-1), n = —mink(h) defines the double limit cycle bifurca-

tion curve C.

The corresponding bifurcation diagram is shown in Figure 3. The Hopf bifurca-
tion lineis Ly: n = O derived from n = —k(0), and the homoclinic loop bifurcation
line is Lo: 17+ —|— = 0 obtained from n = —Ii(%). The expressions of the degen-
erate blfurcatlon pomts DL, DH and HL are defined in (i), (ii) and (v), respectively.
The curve C is defined by the analytic expression: n = —mink(h) = —x(h*) in (v),
or A(h) = A’(h). Note that

K (h*) = [AL(R7) + I(h)] To (h*) — Ig (h*) [ (h*) + To(h*)] = 0

defines a monotonic function A\ = II(A*). Thus, n = —k(I1"'(X\)). A direct compu-
tation with the asymptotic property of I;(h) and I/(h) gives

lim #'(\) =~ lim &'(h*)= 1 and  lim n'(\) = — hm k' (h*) = 0.
A——12 h*— 35 6 A—s—12 *—0

Therefore, the double limit cycle curve C is tangent to the line L; at DH, and
tangent to the line Lo at DL. Table 1 shows the distribution of the number of zeros
of A(h) and the corresponding phase portraits of system (1.2) with « = =1 in
different regions V;, i = 1,2,...,5. It should be noted that the singular point (1, 0)

is a nilpotent saddle when n+A+1 = 0 and a degenerated saddle when n+A+1 # 0.
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HL\ DH

Va

Figure 3. Bifurcation diagram of system (1.2) for « = 8 = 1 with n = Z—g and A = %, showing the
Hopf bifurcation line Lj, the homoclinic bifurcation line L2, the degenerate bifurcation points DL, DH
and HL, and the curve C characterized by one zero of multiplicity two.

Table 1. Distribution of zeros with phase portraits.

Region %1 Vs V3 V4 Vs

Zero 1 0 1 0 2

Portrait

4. The Bifurcation Diagram of M(h)

In this section, we study M(h). We write H*(z,y) = § + U*(x), and U*(z) —
U*(z) = (x — 2)q*(x, z) = 0, where

¢ (r,2) =92 + 9232 + 92222 + 9223 +92* — 152% — 15222
— 15222 —152% —b522 —5x2—522+15x+ 152,

which defines the involution z(z) on the period annulus of H*(z,y). Introducing
the notation I7(h) = .. z'ydx gives
h

5V15

Jo(h) = TIS(h)a
Jy(h) = %1»5 (15 (h) — I ()],
Jo(h) = @ (I3 (h) — 217 (h) + I (h)].

We have the following result.
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Lemma 4.1. (i) 2017 (h) = .. S (z)yPdz = IF (h),
h

(if) 20Ji(h) = .. S7* (x)yPde = Ty(h),
where S (z) = x* + G¥(z), with G¥(z) = D91 @) i which g5 (x) is a polynomial

30(z—1)
m x; and
S5 (x) = TSO (z),
* % \/ﬁ * *
Si*(z) = T3 [So (z) — S} ('7;)]7
V15

S5* (@) = == [S5(2) — 287 (@) + S5 ()]
The proof of part (i) is similar to that of proving Lemma 3.1, and the proof of
part (ii) directly follows the relation between I (h) and J;(h).

Similarly, we assume that n = ¢¢ and A = 2L if ap # 0, and introduce
2 az

Ti(h) = Ji(h) + ~Ja(h) = é [12) + $a2()] el (4.1)

A

i
Then, M(h) = nJo(h) + AJ1(h). By Lemma 4.1, we have
Lemma 4.2.

M (h) = }f st + %Sz*(x)}y:‘dx 2 7(h).

h

Let
L) = ()@ - (g ) Gl
it = (T Y0 - () o,
then d d /S d g S dz
priC @((U*)/)@) T dz [((U*)')(z(x))} dz’
L) = (L) + (L)
where 4 = *Zggi; Thus, we obtain
WL (@) VIole —2)Qitr. )

N 27xz(3z+2)% (z —1)

Ly(z) -~ Li(z)

WL BN = (8 @) () @

(.’L‘ — Z)3 Q§($7 Z)
812222 (2 — 1) (3242° (z — 1) B2 +2)° P.(z,2)’

Lg(x) — Li(x)
(L5) (z) (£7)' ()

WILg(x), L (2)] =

_ (0 - =) Q3(,2)
4052222(z — 1)19(2 + 32)%(z — 1)10(2 + 32)° P2 (z, 2)’
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where
P.(2,2) =92 + 18222 4+ 2722* +362° — 1522 — 30wz — 452> — 52 — 102 + 15,

Q7 (z,2) and Q3(x, z) are two-variate polynomials of degree 13 and 26, respectively.
Qi(x, 2) = viq(z, 2)A — 71 (2, 2), in which ~§;(x, 2) and v{y(x, 2) are two-variate
polynomials of degree 27 and 26, respectively, and Q%(z, z) is of degree 27.

Computing the resultant of P, and ¢* with respect to z, and applying Stur-
m’s Theorem, we can show that P, and ¢* have no common zeros for x € (0,1).
Therefore, P, does not vanish, and so WL, Li] and W[L§, L3] are well defined.
Similarly, QF(x, z) does not vanish by Sturm’s theorem, therefore W[L§] does not
vanish for z € (0,1).

Using the similar method in proving Lemma 3.3, we can show that 21 does not
vanish, and further we can prove that Q3 (z, z) and ~7, do not vanish for = € (0, 1).
Therefore, W[L§, L;] does not vanish and the function

_ @, 2)
Mz, z) = 2 (@.2) (4.2)

is well defined by iy (z, 2)A — v (x, z) = 0.
We have the following result.

Lemma 4.3. \(z,z) is monotonic for x € (0,1), and A(z, z) € (—1,0).

Proof. A direct computation shows that

N, 2) = OX(z, 2) N ONw,2) dz _ 3, (z, 2)

oz 0z dr  Yiy(z,2)

Applying Sturm’s Theorem to the resultant res(vy3;,¢*, z), we can prove that 73,
does not vanish for z € (0,1). 3, does not vanish for z € (0, 1), which can be shown
by applying the method used in proving Lemma 3.3. This implies that A (z, 2) is
well defined and X (z, z) # 0 for z € (0,1). Thus, A(x, z) is monotonic for z € (0, 1),
and so
il—>mo = ANz, z) =0, i1_>ml = ANz, z) =—1.
This completes the proof of Lemma 4.3. O
Lemma 4.3 implies that when A\ € (—1,0), W[L{, £3] has a simple root for
€ (0,1), and WIL§, £35] has no roots for z € (0,1) when A € (—oo, —1] J[0, +0).
By Lemmas 2.1 and 2.2, we have the following lemma.

Lemma 4.4. M(h) has at most two zeros (counting multiplicities) on (—+=,0) for
A € (—1,0), and at most one zero (counting multiplicity) for

A € (00, —1] [0, +00).

Let
_ AMi(h) + J2(h)

o(h) = Jo(h)
Then,
M(h) = Jo(h)(n +I(h)).
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The asymptotic expansions (2.10) and (2.11) yield the values of ¥(h) at the end of

annulus,
AJi(h) + Ja(h) 354 55\

= 1. =
9(0) = i =255 9 »
45 _h—>—% Jo(h) a 25

Lemma 4.4 together with the values at the endpoints implies the following propo-
sition.

Proposition 4.1. The ratio 9(h) is monotom'c for A € (=00, —1]J[0, +00). More
precisely, 9(h) is increasing on (—+5,0) for A € (—oo,—1] and decreasing on
(- 45, 0) for A € [0,400).

Moreover, we have the following result.

Lemma 4. 5 If 9'(h) has zeros, they must be simple. In fact, it has 2n + 1 simple
zeros on (—+5,0) for any X € (—4.,0), and 2n simple zeros on (—+=,0) for any
A € (717 171)

Proof. We first give a short proof for the first assertion by using an argument of
contradiction. Let h* be a zero of ¢ (h) with [ multiplicities, [ > 2. Then there must
exist an 7 such that n 4+ J(h) has a zero at h = h* with [ + 1 (> 3) multiplicities.
Because Jo(h) > 0, the relationship between M(h) and n+9(h) implies that M (h)
has a zero at h = h* with [ 4+ 1 (> 3) multiplicities. This contradicts Lemma 4.4.

With the expansion of J;(h) near h = 0, given in (2.10), a direct computation
shows that

(A1 (h) + J5(h)]Jo(h) — [Ai(h) + J2(R)]Jo(R)

¥(0) = lim ¥/ (h) = lim

h—0 h—0 Jg(h)
= —sign[Byo(11A + 7)]oo
Further, using the expansions of J;(h) and J/(h) near h = —-t in (2.11), we can

prove that

./ 108 o
V(= Tag) =, m, 7 (0)
ML) + )] Jo () — D () + Jo (W) Ty ()
h——24 Jg(h)

Because Bgg > 0, it is obvious that 9¥’(h) has different signs at the two endpoints
of the mterval (—45,0) if X € (—75,0), and has the same sign at the two endpoints
if Ae(-1,— ] This completes the proof. O

Proposition 4.2. (i) #'(h) has a umque simple zero on (—+£,0) for any A €
(—1%,0), namely, 9(h) increases from 9(—+5) to a mazimum value 9(h*) at h = h*
and then decreases to ¥(0) for any X € (— ik 0).

(i) I(—5) < D(0) for X € (=5, —=5), U(—45) = 9(0) for X\ = =& and
(=) > 0(0) for A € (~,0).

Proof. By Lemma 4.5, for a fixed A € (—15,0), if ¥'(h) has three or more than
three simple zeros on (—4&,0), then there must exist an 7 such that n + J(h) has
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at least three zeros. This implies that M(h) can have at least three zeros, which
contradicts Lemma 4.4. Therefore, ¢'(h) has a unique zero on (—4&,0) for any

A € (—£,0). The signs of ¥'(—+) and ¢'(0) when A € (—7%,0) determines the

property of ¥(h). A direct comparison on the values at the endpoints proves part
(ii). O
Proposition 4.3. ¥'(h) has no zeros on (—+,0) for any X € (—1,—1%], that is,
9(h) is monotonic (increasing) on (—4,0) for any X € (=1, —%].

Proof. By Lemma 4.5, for a fixed A € (—1,—15], if ¥'(h) has four or more than

four zeros on (—%, 0), then there must exist an n such that n + J(h) has at least

three zeros counting multiplicities. This contradicts Lemma 4.4.
Next, we prove that ¢/ (h) does not have two zeros. Suppose otherwise ¥ (h) has

two zeros for A € (—1,—1]. We have known that ¢¥'(—) > 0, and 9¥'(0) > 0,

implies that 9(h) is increasing at the endpoints of the interval (—-=,0). Further,

A,
for A€ (=1,—-%],

35 B\

999

3y 9 4
Lot == ) <90
5 + 25 45 <9(0)
This clearly indicates that there must exist an 7 such that n + ¥(h) has at least
three zeros. This contradicts Lemma 4.4, and so the proof is complete. O
Similarly, summarizing the results in Propositions 4.1, 4.2 and 4.3, we obtain
the following theorem, as illustrated in the bifurcation diagram given in Figure 4.

V,

HC

V. DH

Figure 4. Bifurcation diagram of system (1.2) for « = 0 and 8 = % with n = Z—O and A = 21 showing
2 ag
the Hopf bifurcation line Lj, the heteroclinic bifurcation line L2, the degenerate bifurcation points DC,

DH and HC, and the curve C characterized by one zero of multiplicity two.

Theorem 4.1. For system (1.2) with a« =0, 3 = 2, the Abelian integral M(h) has
the following properties:

(i) When X € (=00, —5], M(h) has a unique zero on (—4,0) if and only if n €

(—9(0), —9(— %)) with n = —I(h) corresponding to M(h) = 0. In particular,

45
when A = —%, ¥ (0) = 0 and n = —9(0) imply that M(h) has a zero of
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multiplicity two at the endpoint h = 0. So (A\,n) = (—15,9(0)) = (—5,0) is

a double heteroclinic cycle bifurcation point, denoted by DC.

(ii) When A € [0,+00), M(h) has a unique zero on (—4,0) if and only if n €
(—=9(—+5), —9(0)) with n = —9(h) corresponding to M(h) = 0. In particular,
when X = 0, ¥'(—55) = 0 and n = —I(—+t) yield that M(h) has a zero of
multiplicity two at the endpoint h = — 5. So (A,n) = (0,=9(—45)) = (0, —2¢)
is a double Hopf bifurcation point, denoted by DH.

(iii) When X € (=35, —=%), M(h) has a unique zero on (—4=,0) if and only if
n € (—=9(0), —9(—+5)), and M(h) has two zeros on (—+=,0) if and only if
n € (—maxd(h),—9(0)). In particular, n = —9(0) corresponds to a zero at

h =0 and another zero at h = h** satisfying 9(h**) = ¥(0).
(iv) When A € (—2,0), M(h) has a unique zero on (—55,0) if and only if 1 €

.
(=9(—55), —9(0)), and M(h) has two zeros on (—4,0) if and only if n €
(—maxd(h), —9(—x)). In particular, n = —9(— %) corresponds to a zero at

h= —% and another zero at h = h*** satisfying 9(h***) = 19(—%).

(v) When A = —2, M(h) has two zeros on (—+5, 0) if and only if n € (—maxI(h),
—9(—45)) = (—maxI(h), — ). In particular, n = —9(—45) = —0(0) = — 3
corresponds to zeros at endpoints, one at h = —4% and another at h = 0. So
(A7) = (—%, %) s a heteroclinic-Hopf bifurcation point, denoted by HC.

(vi) Forall XA € (_T71’ 0), n = —maxd(h) defines the double limit cycle bifurcation

Curve.

It is seen from Figure 4 that the Hopf bifurcation line is Li: n + %)\ + % =0
derived from n = —19(—%), and the heteroclinic cycle bifurcation line is Ly : 77—|—g)\—|—
% = 0 obtained from n = —1¥(0). The expressions of the degenerate bifurcation
points DC, DH and HC are given in (i), (ii) and (v), respectively. The curve C
is defined by the analytic expression, n = —maxd¥(h) = —9(h*) in (v), which is
equivalent to M(h*) = M’(h*) and

0 (h*) = [M{(h*) + Jy(h*)] Jo(h*) = Jo(h*) [N (%) + J2(R*))] = 0

Similarly, we can prove that the double limit cycle curve C is tangent to L; at DH,
and tangent to Ly at DC. Therefore, system (1.2) with & = 0 and 8 = 2 has one
limit cycle in the regions V7 and V3, one limit cycle of multiplicity two on the curve
C, two limit cycles in V5, and no limit cycles in regions V5 and Vj.

5. Conclusion and Discussion

In this paper, we have successfully analyzed the hyperelliptic Hamiltonian system-
s (1.2) with three perturbation parameters by using the algebraic criterion and
asymptotic property with the help of combination of Abelian integrals. We ob-
tained complete bifurcation diagrams for two cases: a = =1and a =0, g = g
The method we developed provides an efficient tool to study zero bifurcation dia-
grams of Abelian integrals for a wide class of perturbed Hamiltonian systems. The
method can indeed deal with general polynomial perturbations, in particular for
the systems with the degree of perturbations higher than that of the unperturbed
Hamiltonian systems. As an example, consider the following perturbed Hamiltonian
system,
b=y, y=a(r—1)3+¢c(ao+ asz® + azz’)y.
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We can follow the procedure developed in this paper to obtain the bifurcation
diagram, as shown in Figure 5.

n
Va2
DL
Vi
Ly HL DH A
V3
A\
Lo

Figure 5. The zero bifurcation diagram of th (ao +asz® 4+ ara)ydx with n = Z—g and A = %, showing

the Hopf bifurcation line L;: 7 = 0 and the homoclinic bifurcation line Ly : 1 + % + % =0,
and the degenerate bifurcation points HL = (— 3262 0), DL = (— 132941 _976_) and DH = (0,0). Zero
bifurcation in the regions is as follows: one zero in Vi and V3, one zero of multiplicity two on C, two

zeros in V5, and no zeros in Vo and Vj.

Acknowledgement

This work was partially supported by the National Natural Science Foundation of
China (11861009), National Science Foundation of Guangxi (2018GXNSFAA138198),
the Program for Innovative Team of GUFE (2018-2021), and the Natural Sciences
and Engineering Research Council of Canada (R2686A02).

References

[1] V. 1. Arnold, Ten problems, Adv. Soviet Math., 1990, 1, 1-8.

[2] R. Asheghi and H. R. Zangeneh, Bifurcations of limit cycles from quintic Hamil-
tonian systems with an eye-figure loop, Nonlinear Anal. (TMA), 2008, 68, 2957—
2976.

[3] R. Asheghiand H. R. Zangeneh, Bifurcations of limit cycles from quintic Hamil-
tonian systems with an eye-figure loop (I1I), Nonlinear Anal. (TMA), 2008, 69,
4143-4162.

[4] R. Asheghi and H. R. Zangeneh, Bifurcations of limit cycles for a quintic Hamil-
tonian system with a double cuspidal loop, Comput. Math. Appl., 59(2010),
1409-1418.

[5] M. Cndido, J. Llibre and C. Valls, Non-ezxistence, existence, and uniqueness of
limit cycles for a generalization of the Van der PolDuffing and the Rayleigh-
Duffing oscillators, Physica D: Nonlinear Phenomena, 2020, 132458.



2754

X. Sun & P. Yu

[6]

[7]

F. Dumortier and C. Li, Perturbations from an elliptic Hamiltonian of degree
four: (I) Saddle loop and two saddle cycle, J. Differ. Equat., 2001, 176, 114-157.

F. Dumortier, R. Roussarie and J. Sotomayor, Generic 3-parameter families
of vector fields on the plane, unfolding a singularity with nilpotent linear part.
The cusp case of codimension 3, Ergodic theory and dynamical systems, 1987,
7, 375-413.

V. Gathen and J. Gerhard, Modern Computer Algebra, Cambridge University
Press, 2013.

M. Grau, F. Manosas and J. Villadelprat, A Chebyshev criterion for Abelian
integrals, Trans. Amer. Math. Soc., 2011, 363, 109-129.

M. Gouveia, J. Llibre and L. A. Roberto, Phase portraits of the quadratic
polynomial Liénard differential systems, Proc. Royal Soc. Edinb. A., 2020, 1-
15.

M. Han, Asymptotic expansions of Abelian integrals and limit cycle bifurcations,
Int. J. Bifur. Chaos, 2012, 22, 1250296 (30 pages).

M. Han, J. Yang and D. Xiao, Limit cycle bifurcations near a double homoclinic
loop with a nilpotent saddle, Int. J. Bifur. Chaos, 2012, 22, 1250189 (33 pages).

M. Han, J. Yang and P. Yu, Hopf bifurcations for near-Hamiltonian systems,
Int. J. Bifur. Chaos, 2009, 19, 4117-4130.

M. Han and P. Yu, Normal Forms, Melnikov Functions and Bifurcations of
Limit Cycles, Springer, 2012.

M. Han, H. Zang and J. Yang, Limit cycle bifurcations by perturbing a cuspidal
loop in a Hamiltonian system, J. Differ. Equat., 2009, 246, 129-163.

M. Han, J. Yang, A. A. Tarta and Y. Gao, Limit cycles near homoclinic and
heteroclinic loops, J. Dynam. Differ. Equat., 2008, 20, 923-960.

L. Hong, J. Lu and X. Hong, On the number of zeros of Abelian integrals for
a class of quadratic reversible centers of genus one J. Nonlinear Modeling and
Analysis, 2020, 2(2), 161-171.

Y. A. Kuznetsov, Elements of Applied Bifurcation Theory (2nd Ed), Springer,
New York, 1998.

C. Li and C. Rousseau, A system with three limit cycles appearing in a Hopf
bifurcation and dying in a homoclinic bifurcation: The cusp of order 4, J. Differ.
Equat., 1989, 79, 132-167.

C. Li and Z. Zhang, A criterion for determining the monotonicity of the ratio
of two Abelian integrals, J. Differ. Equat., 1996, 124, 407-424.

J. Llibre, A. C. Murza and C. Valls, On a conjecture on the integrability of
Liénard systems, Rendiconti del Circolo Matematico di Palermo Series 2, 2020,
69, 209-216.

F. Manosas and J. Villadelprat, Bounding the number of zeros of certain A-
belian integrals, J. Differ. Equat., 2011, 251, 1656-1669.

P. Mardesi¢, D. Novikov, L. Ortiz-Bobadilla and J. Pontigo-Herrera, Infinite or-
bit depth and length of Melnikov functions, Annales de I'Institut Henri Poincaré
C, Analyse non linéaire, 2019, 36, 1941-1957.



Bifurcation diagrams in hyperelliptic ... 2755

24]
25]
[26]
[27]
28]
[20]
30]

[31]

[32]

D. Novikov and S. Malev, Linear Estimate for the Number of Zeros of Abelian
Integrals, Qual. The. Dynam. Syst., 2017, 16, 689—696.

L. Sheng, M. Han and Y. Tian, On the Number of Limit Cycles Bifurcating
from a Compound Polycycle, Inter. J. Bifur. Chaos, 2020, 30, 2050099.

X. Sun, M. Han and J. Yang, Bifurcation of limit cycles from a heteroclinic
loop with a cusp, Nonlinear Anal. (TMA), 2011, 74, 2948-2965.

X. Sun and J. Yang, Sharp bounds of the number of zeros of Abelian integrals
with parameters, E. J. Differ. Equat., 2014, 40, 1-12.

D. Xiao, Bifurcations on a five-parameter family of planar vector field, J. Dy-
nam. Differ. Equat., 2008, 20, 961-980.

Y. Xiong and M. Han, A Note on the Expansion of the First Order Melnikov
Function Near a Class of 3-polycycle, J. Nonl. Model. Anal., 2020, 2, 125-130.

J. Yang and X. Sun, Bifurcation of limit cycles for some Lienard systems with
a nilpotent singular point, Inter. J. Bifur. Chaos, 2015, 25, 1550066(14pages),

J. Yang and F. Liang, Limit cycle bifurcations of a kind of Lienard system with
a hyperbolic saddle and a nilpotent cusp, J. Appl. Anal. Compu., 2015, 5:3,
515-526.

L. Zhao and D. Li, Bifurcations of limit cycles from a quintic Hamiltonian
system with a heteroclinic cycle, Acta Math. Sinica, 2014, 30, 411-422.



	Introduction
	Asymptotic Expansions and Chebyshev Criterion
	Asymptotic Expansion of A(h)
	Asymptotic Expansion of M(h)
	Chebyshev criterion

	Bifurcation Diagram of A(h)
	The Bifurcation Diagram of M(h)
	Conclusion and Discussion

