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GENERALIZED HYPERBOLIC FUNCTIONS
FOR SOME NONLINEAR WAVE EQUATIONS*
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Abstract In 1993, Camassa and Holm drived a shallow water equation and
found that this equation has a peakon solution with the form ¢(¢) = ce™!¢l. In
this paper, we show that three nonlinear wave systems have peakon solutions
which needs to be represented as generalized hyperbolic functions. For the
existence of these solutions, some constraint parameter conditions are derived.
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1. Introduction

In 1993, Camassa and Holm used Hamiltonian methods to derive a new completely
integrable dispersive shallow water equation (see [3,4]):

U + 26Uz — Uzt + Uy = 2UpUgy + Ulgry, (1.1)

where wu is the fluid velocity in the x—direction (or equivalently the height of the
water’s free surface above a flat bottom), k is a constant related to the critical
shallow water wave speed, and subscripts denote partial derivatives. Considering
traveling wave solutions with the form u = ¢(z — ct) = ¢(&) of equation (1.1), we
have the corresponding traveling wave system [8]:

d dy  —3y+30°+(k—c)p+yg
@ _, W _ "3y ts )0+9) (1.2)
dg dg p—c
where g is an integral constant. System (1.7) has the first integral
H(¢,y) = (¢ — )y’ — (k= )¢” — ¢* = h. (1.3)

We notice that when ¢ = ¢, the right hand of the second equation of system (1.2) is
not well-definition. In the (¢, y)—phase plan, ¢ = ¢ is call a singular straight line.
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(b) k=0 (c) k>0 (d) Peakon

Figure 1. The bifurcations of phase portraits of system (1.2) when g = 0.

Taking g = 0 in system (1.2), for a fixed ¢ > 0, near the parameter value k = 0,
we have the bifurcations of phase portraits of system (1.2) as shown in Fig.1.

Corresponding to the curve triangle in Fig.1 (b) defined by H(¢,y) = 0, by
using (1.3) and the first equation of (1.2) , it follows the exact solution

$(&) = ce I, (1.4)

The profile (i.e., the graph of ¢(&)) defined by (1.4) is called a peakon (see Fig.1
(d)).

It is well known that the classical Camassa-Holm equation (1.1) has been studied
extensively in the last twenty years because of its many remarkable properties:
infinity of conservation laws and complete integrability, existence of peakon and
multipeakons and compacton solutions (i.e., breaking waves, and meaning solutions
that remain bounded, while its slope becomes unbounded in finite time).

For some nonlinear equations, the following relationships are already known for
a wave profile of ¢(§) with some phase orbits of the corresponding planar dynamical
systems (see Li Jibin, et,al., [9-13]).

(1) For a homoclinic orbit (see Fig.1 (c)), if there exists a segment which com-
pletely lies in a left (or right) small strip neighborhood of a singular straight line,
then this homoclinic orbit defines a pseudo-peakon solution of the system.

(2) For a family of periodic orbits (see Fig.1 (b)), if there exists a segment of
every orbit which completely lies in a left (or right) small strip neighborhood of
a singular straight line, then these periodic orbits determine a family of periodic
peakon solutions of the system. Periodic peakons are two-time-scale smooth classical
solutions. Cusp wave parts are locally smooth. Periodic peakons are not weak
solutions in any reasonable sense.

(3) If there exists a curve triangle (see Fig.1 (b)) connecting saddle points and
surrounding a periodic annulus of a center of the corresponding traveling wave
system in the neighborhood of a singular straight line, for which a segment is an
edge of the triangle, then as a limiting curve of a family of periodic orbits this curve
triangle gives rise to a peakon solution of the system.

In fact, peakon is a limiting solution in the following sense: (i) Under fixed
parameter conditions, peakon (or solitary cusp wave solution) is a limiting solution
of a family of periodic peakon solutions; (ii) with changeable parameters, peakon is
a limiting solution of a family of pseudo-peakons. It should be emphasized that a
peakon solution is a C°-function, i.e., it should be a continuous solution. It is not
a weak solution in the sense of distribution.

In [11], we shown that under different parameter conditions, one nonlinear wave
equation can have different exact one-peakon solutions and different nonlinear wave
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equations can have different explicit exact one-peakon solutions. Namely, there are
various exact explicit one-peakon solutions, which are different from the one-peakon
solution ¢(x,t) = ce™1*=¢tl,

In this paper, for three nonlinear wave equations, we derive some new exact
peakon solutions which need to be given by generalized hyperbolic functions, i.e.,
so called the Arai g-deformed function (see [1,2]) defined by sinhy(¢) = (e —

ge™%), coshy(€) = (8 + ge¢), tanh, (€) = zgjﬁz((g ,0 < ¢ < oo. Notice that

now we have

. d ) d .
COSh?; & - smhz ) =uq a coshg (§) = sinhg (E), ac sinhg (§) = coshg ().
In next three sections, we consider the following three nonlinear wave equations,
respectively.
(i) The multicomponent Korteweg-de Vries equation with dispersion posed by
Kupershmidt in 1985 [7]:

Up = —Uggr + 6UUy + 20T vy + CT 04y,
(1.5)
vy = (2uv)z — Uz O,
where v = (v1,v2, -+ ,v,)T and C = (e1, 2, -+ ,c,)T is a constant (column) vector.

System (1.5) is a bi-Hamiltonian system with an infinite number of conservation
laws.

(i) The nonlinear Schrodinger equation with fourth-order dispersion and cubic-
quintic nonlinearity as follows:

. B B p . :
ZEz — 72Ett +’)/1|E|2E = ZF?)Ettt + ﬁEtttt —’YQ‘E|4E+’LO[1(|E|2E),5 —‘r’LO[2E(|E‘2)t.
(1.6)

This equation governs wave dynamics of optical fiber system (see [14]).
(iii) The rotation-two-component Camassa-Holm system (see [5,6]):

Ut — Ut — Aty + 30ty — 0 (2UgUpy Ul gpa ) + MUzge + (1 —2QA) ppr —2Qp(up) . =0,

(1.7)
We need to use the following conclusion.
Proposition 1.1. Let X(¢) = A+ Bo+Co¢?. Assume that A > 0,A = B2—4AC >
0. Considering the integral & = ffM ¢\/d% , i.e., the solutions of the differential
equation ‘é—? = ¢/ X (), we have
(1) When X (¢pr) =0,

A , A
P(§) = m, if ¢(0) = —E£Y2,

P(§) = *WW, if ¢(0) 2C
(2) When X (ép) # 0,

2A

o) = P cosh,(VAE) — B’

(1.9)
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where P = ¢LM(2\/W+B¢M+2A>,QZ%.

The main result of this paper is the following theorem.

Theorem 1.1. (i) Considering the traveling wave solutions defined by (2.1), the
multicomponent Korteweg-de Vries equation (1.5) has peakon solution given

by (2.6).

(i) Considering the traveling wave solutions defined by (3.1), the nonlinear Schridi-
nger equation (1.6) has the peakon and anti-peakon solutions given by (3.8)
and (3.9).

(iti) Considering the traveling wave solutions defined by (*), the rotation-two-
component Camassa-Holm system (1.7) has the peakon and anti-peakon so-
lutions given by (4.6) and (4.8).

The proof of the conclusions of this theorem can be seen in sections 2,3 and 4.

2. The exact peakon solutions of the multicompo-
nent Korteweg-de Vries equation (1.5)

To investigate the traveling wave solutions of system (1.4), let

u(z,t) = ¢z — ct) = ¢(§), vi(w,t) =vi(x —ct) =vi(§), =z —ct. (2.1)

Substituting (2.1) into the second equation of system (1.4) and integrating the
obtained equation once, we have

CiPe

Ci ¢+ 20) — 2¢;¢?
v = 7 Pee 9) P i=1.2....
c+2¢

(C+2¢)2 ) ) 9

(vi)e = ., (2.2)
where we take the integral constant as zero.

Substituting (2.2) into the first equation of system (1.5) and integrating the
obtained result onece, we obtain the planar dynamical system

o dy =’y + (c+2¢)*(3¢* + o+ g) (2.3)
ac P ae T (c+20)(c+ 26 — a?) ’ '
which has the first integral
2y, 2
Hi(gy)= 20N (9064 e 1 26%) = b, (2.4)

c+2¢

where h is a constant.
Consider the associated regular system of system (2.3) as follows:

dp
=
where df = (¢ + 20)(c + 26 — a®)d(, for ¢ # ¢ = —c and ¢ # dg = ©5<.

Systems (2.3) and (2.5) have the same first integral, but in the phase plane, two
systems define different vector fields in the two sides of the singular straight lines.

y(c+2¢)(c +2¢ — a?), =—a’y® + (c+20)°(3¢° + cd+g), (2.5)

@
dg
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Figure 2. The curve triangle defined by Hq(¢,y) = hs of system (2.2).

Obviously, system (2.5) has the equilibrium points Ej(¢1,0), E2(¢2,0) and
Es(¢s1,0), where ¢12 = %(—c T VA), when A = ¢ — 129 > 0. When F, =
3a* — 4ca® + ¢ + 4g > 0, in the singular line ¢ = ¢y = %, there exist two
equilibrium points Sz (¢s2, Fys), where y, = %+/F;. Clearly, when A < 0, we have
F > 0. The point Ej (—%c, 0) is a double equilibrium point of system (2.5).

For the first integral given by (2.4), we write that

]. 3 3
hi = Hi($1,0) = — (=A% —c+18cg), ha = Hi(¢2,0) = — (A2 — c+ 18¢cg)

- (
54 54
and

1
hs = Hl((bsQa:Fys) = _Z( 2 C)(a4 - Ca2 +4g)

For a fixed pair (a?,c¢) with ¢ > 0, when g = g, = %ca2 - 1%“47 we have hy = h,.
Taking g = g5, we obtain the phase portrait of system (2.3) shown in Fig.2 (a). The

level curves defined by Hi(¢,y) = hs are shown in Fig.2 (b).
We know from (2.4) that y? = (h+29¢(ti‘fgff;))(c+2¢) . By using the first equation
of (2.3), we have

VaE = /¢ (¢s2 — 9)do .
b0/ (3h+ g6+ Led? + 67) (652 — B)(6 — 01)

When h = hy, for the curve triangle, this integral becomes v/2¢ = f¢ o2 Ml%.

Thus, we obtan the following peakon solution (see Fig.2 (c)) with the parametric
representation:

w1 —wi 2
BE) = b1 + (61— 0a1) (oertecniry)

= bs1 + gy = @51+ (61— da)ctmhl (wi[€]),

(2.6)

where qo = \/ng;z:ii:Vfll:isll),wl = /2521 and tanhg, (€), ctnhg, (€) are the

Arai g-deformed functions.
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3. The exact peakon solution of the nonlinear
Schrédinger equation (1.6)

Let
E(z,t) = ¢(&)exp(if), E=pz—1t, 0 =kz—ct. (3.1)

Substituting (3.1) into equation (1.6) and separating the real and imaginary parts,
reducing the fourth order derivative term ¢*), we obtain from [3] that

[B4(6p — 682¢ — 3B5¢? + Bac®) — (B3 — Pac)(12B2 + 12B3¢ — 684¢?)]¢”
+B4(18a1 + 12a2)[2¢(¢')* + ¢°¢"]

—(Bs — Bac)[(24k — 12B2¢% — 4B5¢> + Bac*)d — 24(71 — a10)d® — 24726°] = 0.
(3.2)
Assume that A = B4(18c + 12a2) # 0. We write

a= 7% [B4(6p — 682¢ — 3B3¢” + Bac®) — (B3 — Bac)(12B2 + 123¢ — 664¢7)]

"= %(53 — Bac)(24k — 12B2c* — 4B5¢% + Bact),

q= —%(53 — Bac)(m — auc), p= —24%(53 — Bac).

Equation (3.2) is equivalent to the integrable system

do _ dy 209> —r¢ — qp° — p¢°
a ~ e a— @2
with the first integral

1p¢8 =h. (3.4)

Ha(6,) = (0~ 6V + aré? + L ag = 1)6" + 5(ap — )6 — |

2
When a > 0, system (3.3) is a singular traveling wave system with the singular
straight line ¢5, = £+/a (see [1,2,4,7-11,13,14]).
We consider the following associated regular system of equation (3.3):

% = (a—¢%)y, % =20y° —rd — q¢° — pd° = 20y° — o f(9), (3.5)
where d¢ = (a— ¢?)d(, f(¢) = r+q¢p? +pp*. System (3.5) has the same level curves
as system (3.3), but two systems define different vector fields in the two sides of the
singular straight lines ¢+ = F/a.

Obviously, system (3.5) has the equilibrium point O(0, 0). In addition, if E;(¢;, 0)
is another equilibrium point of system (3.5), then, we have f(¢;) =0, i.e., ¢; is a
zero point of f(¢).

When pg < 0,pr > 0 and A = ¢> — 4pr > 0, in the ¢—axis, system (3.5)
has five equilibrium points O(0,0), Ei+(F¢1,0) and Esx(F¢2,0), where ¢1 0 =

—qF+/ > —4pr

o7 When pr < 0 (or 7 =0, pg < 0 ), system (3.5) has three

equilibrium points.
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Figure 3. The curve triangle defined by Hs(¢,y) = hs of system (3.3). (a) Phase portrait when
;qu\/z < a< %p\/z. (b) Level curves defined by Hz(¢,y) = 0 = hs. (c) Phase portrait when
a > %p\/ﬁ. (d) Level curves defined by Hz(¢,y) = ha = hs.

When Y; = 1 f(y/a) > 0, system (3.5) has two equilibrium points Sq+(¢s—, F/Y)
and Spr(¢s4, FVYs) on two singular straight lines ¢ = ¢ .
For the first integral Ho(¢,y) = h defined by (3.4), we write that

2

hO = H2(050) = 07 hs = H2(¢S) V YS) (pa' + 2a‘q + 67")

12
h1 = Hy(¢1,0) 24 2 [ (16arp® — 2apq* + 5pqr — ¢°) + (2apq — 3pr + QQ)@} )
hy = Hy(¢2,0) 2 2 [ 16arp® — 2apq® + 5pgr — ¢*) + (2apq — 3pr + QQ)JZ] .

It is easy to see from the right hand of h, that if A; = ¢?> — 6pr > 0, then, hy = 0,
when a = %(—q FVAY).

We next assume that a > 0,pr > 0,A; > 0 such that system (3.5) has five
equilibrium points in the ¢—axis, for a fixed parameter group (p, ¢, ). Then, when
p<0,qg>01r<0,A1 >0, and q+p‘ﬁ <a< _q_\/Z ,hs = 0, we have the phase
portrait of system (3.3) as Fig.3 (a). The level curves defined by Ha(¢,y) = 0 are
shown in Fig.3 (b).

When p > 0,¢g < 0,r > 0,A; > 0, and a > ;quﬂ,hg = hs = 0, we have
the phase portrait of system (3.3) as in Fig.3 (c). The level curves defined by
Hy(b,y) = ha = hy are shown in Fig.3 (d).

To calculate the exact parametric representations of the orbits defined by
Hy(d,y) = h of system (3.3), we see from (3.4) that

5 pd® —3(pa— q)¢° —2(aqg — r)¢* — darg? 4 4h _ pG(9)
h Aa—g?)? T Ao

By using the first equation of (3.3), we have

f:/ 2a — ¢*|dg E/¢ 2la — ¢*|d¢.
do \/pcbg — 4(pa — q)¢® — 2(aq — )¢ —darg? +4h  Jo0  VPG(@)
(3.6)
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Making the transformation ¢ = ¢?, (3.6) becomes
- | la— dy / 2o — pldy
o S o9t~ §po— ) — 2ag — )02 —darg + 4] S \[puGe)

(3.7

(i) Corresponding to the level curves defined by H(¢,y) = hs in Fig.3 (b), there
exist two homoclinic orbits to the origin O(0, 0), which passes through two singular
straight lines ¢ = F+/a and encloses the equilibrium points (F¢1,0) and (F¢2,0),
respectively. In addition, there exist two curve triangles enclosing the equilibrium
points (F¢1,0), respectively. In this case, G(gb) = (¢2,—¢)(¢? —a)?¢>. For the right

curve triangle, (3.7) becomes /|p| = fw wW
and an anti-peakon solutions of system (3.3) having the parametric representations:

wi €] —onlel\ 2\ ?
6(6) = £ou (1—(6 e )) = tour/Jarfeschy, (@ilé]),  (38)

ewl gl — qle*‘*’l|§|

A —a—dm _ 1 . . .
where ¢; = et on w1 = 51/ |plénr, eschy, (w1l€]) is a generalized hyperbolic

function.

(ii) Corresponding to the level curves defined by H(¢,y) = hs in Fig.3 (d),
there exist two heteroclinic orbits connecting the equilibrium points (—¢1,0) and
(41, 0), and two curve triangles enclosing the equilibrium points (—¢2, 0) and (¢2,0),
respectively. Now, we have G(¢) = (a — ¢?)?(¢3 — ¢?)%.

For their boundary curves of the two curve triangles, (3.7) becomes that |/p§ =

Hence, it gives rise to a peakon

f » o w ) TR We obtain the following peakon and unti-peakon solutions of system
(3.3):

ew2l€l 4 gpe—w2l¢l
ewzl€l — qze—wﬂf‘

6(6) = +on < ) = 4y ctnbg, (wsl€]), (3.9)

where wy = %\/]3¢1,q2 = g;gi, and ctnhg, (w2|€]) is a generalized hyperbolic

function.

4. The exact peakon solutions of the rotation-two-
component Camassa-Holm system (1.7)

To investigate the traveling wave solutions of system (1.7), by letting

U(ﬁ,t) = ¢({E - Ct) = ¢(€)7 p(:E,t) = U(iL’ - Ct) = 0(6)7 (*)
where ¢ is the wave speed, we see from second equation of system (1.7) that v(§) =
prit where (3 is an integration constant and 8 # 0. By the first equation of system
(1.7), we have

1

(06 —c—we" = -3

(1-2AQ+ QCQ)ﬁ2 1

2(¢ — ¢)? 2
where % g is the second integration constant. Write a = 1 — 2AQ 4 2¢Q2. Then, the
above equation is equivalent to the following two-dimensional system:

d¢  dy  —oy(¢— )+ (¢ — )3 — 2(A + )$ — g] + af?
a ~ Y ag T 206 — )2 (06— c— p) ’

o(¢')? — (A+c)p + %¢2+ g,

(4.1)
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which has the following first integral:
aB?
(¢—c)

Assume that A > 0. Imposing the transformation d¢ = (¢ — ¢)%(0¢ — ¢ — p)d¢
for ¢ # ¢, X on system (4.1) leads to the following regular system:

do _
¢

Hs(¢,y) =y*(0p —c—p) — ¢° + (A+c)d” + gp +

= h. (4.2)

om0 (06-cop), =500 (6-045 [(6-cP (36 -2 A+ c)o—g) +a?].

(4.3)

Apparently, two singular lines ¢ = ¢ and ¢ = CfT“ are two invariant constant

solutions of system (4.3). Near these two straight lines, the variable “¢” is a fast

variable while the variable “£” is a slow variable in the sense of the geometric singular
perturbation theory.

To see the equilibrium points of system (4.3), write f(¢) = (¢ — ¢)?(3¢> —
2AA+ )6 — g) +af?, F(9) = 26— A66% — 3(A + 206+ (A + ¢) — gl, /" (6)
2(18¢? —6(A+4c)p+c(4A+7c) —2g. Apparently, f'(¢) has one zero at ¢ = ¢ = c.
When A = 9A4% + 12A4c + 12¢% + 24g > 0, f'(¢) has two real zeros, at ¢ = ¢12 =
L[3(A +2¢) F VA]. Thus, f(c) = aB? f'(c) = 0 and f"(c) = 2(c®> — 2cA — g)
f(0) = aB? — gc2.

In the ¢-axis, the equilibrium points E;(¢;,0) of system (4.3) satisfy f(¢;) =0.
Obviously, system (4.3) has at most 4 equilibrium points at E;(¢;,0), j = 1,2,3,4.
On the straight line ¢ = ¢, there is no equilibrium point of system (4.3) because 3 #
0. On the straight line ¢ = I, there exist two equilibrium points, Sy (£, FY;)

s _ f(etey ctp
of system (4.3), with Y; = pr g et if o f(<2£) > 0.

Next, we assume that a > 0. In this case, f(c) = a8? > 0.

(i) Case of g > 0. In this case, one always has A > 0. It can be easily shown
that, when 0 < ¢ < A+ /A% + g, one has f”(c) <0, and when A+ /A2 + g <,
one has f”(c) > 0. The condition f”(c) < 0 implies $1 < ¢ < ¢y. The condition
f"(c) > 0 implies ¢1 < o < c.

When 0 < ¢ < A+ /A2 + g, if f(¢1) < 0, f(d2) < 0, system (4.3) has four
simple equilibrium points, E;(¢;,0), satisfying ¢1 < ¢1 < ¢ < ¢ < d3 < g < 4.

(ii) Case of g < 0 and A > 0. In this case, the requlrement of A > 0 is either
A2 +4g>00r A24+49<0, c>1 \/ (4]g| — A2

When A2+4g>0andA \/ g<c<A—&—\/A2 , one has f”(c) < 0
and ¢ < ¢ < go.

If f(¢1) <0, f(¢2) <0, then system (4.3) has four simple equilibrium points,
Ej($;,0), j =1,2,3,4, satisfying ¢1 < ¢1 < ¢ < ¢ < ¢35 < d2 < ¢u.

Now, for a given wave speed ¢ + p > 0, assume that one of the following two
conditions holds:

(a1) g >0,¢c < A+ /A2 + ¢. For given A and g, f(¢1) <0, f(d2) < 0.

(a2) g <0, A2 449 >0, A VA2 +g<c< A+ /A% +g. For given A and

g: (1) <0, f(¢2) <O

Then, system (4.3) has four sunple equilibrium points, F;(¢;,0), j =1,2,3,4,

satisfying ¢1 < (]51 <o << 3 < ¢2 < @q.
Notice that for every j =1,2,3,4, ¢; does not depend on the parameter o.
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Figure 4. Phase portraits and curve triangle defined by H3(¢,y) = hs of system (4.1). (a) h1 < hy <
he = h3 < ha,a < <22 6 < 1. (b) h1 < ha < hg < ha = hs,c < T < ¢3,0 < 1. (c) In Fig.4 (a), the

o o

level curves defined by Hs(¢,y) = hs. (d) Peakon solution of system (4.1) corresponding to the curve
triangle in Fig.4 (c).

Now, let h; = H3(¢;,0) and hy = Hs (C+“, :FYS)7 where Hj is given by (4.2).

g

In the case of o > 0, suppose that o # 0. For a fixed ¢ + p, by increasing o
from 0 < 1 to o > 1, i.e., letting the singular line ¢ = CfT“ move from right to
left in the (¢, y)-phase plane, one can obtain different topological phase portraits of
system (4.3). Especially, we have two phase portraits to appear curve triangle shown
in Fig.4 (a) and (b) where the corresponding values of H3(¢;,0) and parameter
conditions are given.

We discuss the exact parametric representations of peakon and anti-peakon so-
lutions of system (4.1) corresponding to two curve triangles in Fig.4 (a) and (b).
As can be seen from (4.2), for a fixed integral constant h, one has

o ¢ —(A+2¢)¢° + (> + Ac— 9)¢* + (h + cg)¢ — (ch + aff?)
(¢ —c)(op—c—p)

Y

G(9)
(¢ —c)(op—c—p)

By using the first equation of system (4.1) and taking integration along a branch of
the level curve defined by H3(¢,y) = h with initial value ¢(&y) = ¢, one obtains

[ (o =)o —c—p)
5—50—/0\/ G0 do. (4.4)

(i) Corresponding to the orbit triangle (see Fig.4 (c)) connecting the equilibrium
points E3(¢s,0) and St of system (4.3) and enclosing the center E4(¢4,0) in Fig.4
(c), which is the level curve defined by Hs(¢,y) = hs = hs, one has G(¢) =
(S — ¢) (¢ — ¢3)%(¢ — ¢1). Hence, taking integrals along the curves E3S, and
S_FEs, it yields from (4.4) that

& [ d o/ d¢ 4
t e 64 \/<¢—c><¢>—¢l>+(¢3 )/m (60— 3)\/ (6 —c)(d— i) (45)

Thus, by Poposition 1.1, one obtains the following exact peakon solution of system
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(1.7) (see Fig.4 (d)):

d(x)=¢3+ 2bs=c)(ds—du) ; X € (=00, —x03), and (xo3,00),

Py coshg, ( (¢3ﬂ)(¢3ﬁﬁz)x)*(2¢'3fﬂbl)

§00 =Fv7 | (Ba—)x+In (VBRI =) 600 =0 +6(x) — (e+61) ) & |
(4.6)

3= L cosh=! 1 [2(¢3 —c)(¢3 — &) e
O oo <P< CIEP W))’

ﬁlzi [2V/(63=0) (83— 00) (91— (01— 1)+ (263 —c—83)4+2(ds—C) (6a— )]

where

da = (e — ¢l)27§01 =In (\/(¢4 —¢)(pa — &) + b1 — 1(CJr ¢l)> .
(P1)? 2

(ii) Corresponding to the orbit triangle (see Fig.4 (b)) connecting the equilibrium
points Ey(¢4,0) and St of system (4.3) and enclosing the center E3(¢3,0) in Fig.4
(b), which is the level curve defined by H(¢,y) = hs = hy, one has G(¢) = (¢4 —
)% (& — ) (0 — ).

Then, taking integrals along the curves Sy FEy and E4S_, it yields from (4.4)
that

& __ [ de o/ do
T Vo= ™ )/¢>3 R NCE T I

Thus, by Poposition 1.1, one obtains the following exact anti-peakon solution of
system (1.7):

¢(X):¢4_ 2dac)(ba—d1) s X S (-OO, _X04)a and <X047 OO),

Py coshg, (/(61=0)(@1—1)x ) H264—c—1)

00 =FVa [(¢s = )x—In (V6O — GO —60) +6(0x) — §(e+ 1)) + oo
(4.8)

B 1 cosh=1 Ni 2(¢s —)(Pa — ) W
X04 = \/(¢4 — C)(¢4 = ¢l) th <P2 < ¢4 — c-gu (2(15 d)l))) ’

152:& [2\/(¢4—C)(¢4—¢l)(¢3—C)(¢3—¢l)—(2¢4—C—¢3)¢3+2(¢4—0)(¢4—¢l)] ;

where

Q@ = (C(};;QZ, §o2 =1n (\/(¢3 —c)(¢3 — 1) + ¢z — %(C‘F ¢l)) :
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