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Abstract The present paper deals with a class of third-order differential
operators with eigenparameter dependent boundary conditions. Using oper-
ator theoretic formulation, the self-adjointness of this operator is proved, the
properties of spectrum are investigated, its Green function and the resolvent
operator are also obtained.
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1. Introduction

Spectral theory of ordinary differential operators with an eigenparameter contained
in the boundary conditions has been discussed for a long time. The feature of
such problems is that the eigenparameter appears both in the differential equa-
tion and boundary conditions. Due to its wide applications in mechanics and
mathematical physics, such as electric circuits, mechanical vibrations, acoustic
scattering theory etc, [8, 10,11, 17], more and more researchers have been paid
attention to such problems. Moreover, many excellent results of such problem-
s for second-order or fourth-order differential operators have been obtained, such
as self-adjointness, asymptotical formula of the eigenvalues and eigenfunctions, os-
cillation of the eigenfunction, inverse spectral problems and so on, see, for exam-
ple [1,2,4-6,12,18-21, 25,27, 33, 35, 36]. However, little is known for the case of
third-order differential operators.

The characterization of self-adjoint boundary conditions is an important part in
the differential operators theory. Such problems have been well established for reg-
ular or singular differential operators, see [3,24,31,32] and references cited therein.
Wang etc characterized the self-adjoint domain of even order differential operators
by using real parameter solutions [31] and gave the classification of boundary condi-
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tions, that is, separated, coupled and mixed [30]. Similar results have been obtained
by Hao etc for the case of odd differential operators [15].

Third-order differential equations appear in many physical phenomenons, for
example, the deflection of a curved beam varying cross section, three-layer beam
and so on [13]. Hao etc in [23] proved that there is no strict separated boundary
conditions for self-adjoint third-order differential operators, that is to say, there only
mixed and coupled boundary conditions exist for third-order self-adjoint differential
operators. Ugurlu investigated a class of third-order differential operators with
mixed boundary conditions, and gave the dependence of eigenvalues on the data,
and then generalized these results to differential operators with interface conditions
[28,29]. There are also many literatures focusing on other issues for the third-order
equation, see, for instance, [16,22, 26, 34].

In the present paper, we study third-order symmetric differential equation

by = %{—i[qo(qoy’)’]’ — (poy) +ilqy' + ()] + pry} = Ay, on [a,b],  (1.1)

with boundary conditions

Ly := (a4 d1)y(a) — (a2 + @2)yP(a) = 0, (1.2)

Loy := (BiA + B1)y(b) + (Bor + B2)y P (b) = 0 (1.3)
and

Lsy := (sin 8 + )y (a) + (isin g+ 1)y (b) = 0, (1.4)

where X is the spectral parameter, qg, q1, po, p1, w satisfy the following conditions
Q()_laQ(;Qavaqupl)w € Ll([aabLR)a qo > 07 w > 0. (15)
g, g, Bk, gk(k: = 1,2) are arbitrary real numbers and satisfying

p1= a1 — ards >0, po = B16s — 1P > 0. (1.6)

Here we consider a third-order differential equation with mixed boundary con-
ditions (1.1)-(1.4), where two boundary conditions are of separated, affinely depen-
dent on the eigenparameter and the rest one is of coupled. By using the classical
analysis techniques and spectral theory of linear operator, we define a new linear
operator T associated with the problem (1.1)-(1.4) in an appropriate Hilbert space
‘H such that the eigenvalues of the problem (1.1)-(1.4) coincide with those of T.
The paper is organized as follows: In Section 2, we investigate some basic notations
and preliminaries. In Section 3, we introduce a new Hilbert space and construct an
operator T associated with the problem (1.1)-(1.4), and discuss the self-adjointness,
the properties of eigenvalues of this operator. The Green function and the resolvent
operator are discussed in Section 4.

2. Notations and preliminaries
Let the quasi-derivatives of y be defined as [14]

mo_ 147 2

[0] _ / 2
Y, Y \/§q0y7 Y

y =ig0(q0y") + poy —iq1y
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and H, = L?[a,b] be the weighted Hilbert space consisting of functions y which

satisfy f: ly|?wdz < co under the inner product (y, ), = f; yzZwdzx.
Denote by Lyax the maximal operator with the domain

Dmax = {y € L?u[av b] | y[0]7y[1]7y[2] € AC[CL, b]aey € L?u[a7 b]}7

and the rule
Lmaxy = Ey, (/NS Dnax-

Then for arbitrary y, 2 € Dpyax, integration by parts yields Lagrange identity
(Lmax¥s 2)w = (U Lmax?)w = [y, 2[5,
where
[y, 2lle = [y, 2)(0) — [y, 2](a),
[y, 2)(z) = y(2)2P(z) — 4P (2)2(2) + iy (2) 21 (2).

By the definition of quasi-derivatives, we can transfer the equation (1.1) to the
following first-order system

Y' £ QY = AWY, (2.1)
where
. N
40 000 0 @m0
_ ) _ — | D _pe V2
y=|,0, W 0 00],Q T Tl Tha
2] _ _ A+dq
y w00 P O

Then by (1.5),(2.1), we have the following result.

Theorem 2.1 ( [28]). There exists an unique solution for the equation (1.1) with
initial conditions yll(c,\) = ¢j(\), where ¢ € [a,b], ¢;(\) are entire functions of .
Moreover, yUl(.,\) are entire functions of X, j =0,1,2.

3. Operator theoretic formulation and
self-adjointness

Motivated by Friedman [9], Mukhtarov [20,25] and Fulton [11], we can construct a
new Hilbert space H = L2 [a,b] @ C? under a suitable inner product by combining
the parameters in the boundary conditions. With this goal, the inner product is
defined by

b
1 1
v, 2) = / yEwde + L7 + yaz, (3.1)
a P1 P2

where Y = (y(z),y1,92)", Z = (2(2), 21, 22)" € H.
We shall use the following notations:
Mi(y) = ary(a) — azy®l(a), Ma(y) = Biy(b) + B2y (b),

Z ~ (3.2)
Ni(y) = asy®(a) — ary(a), Na(y) = —[Biy(b) + Bay? (b)].
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Define the operator T in the Hilbert space H with domain

D(T) ={Y = (y(=), y1, yz)T EH

(3.3)
LBy =0, y1 = Ml(y)a Y2 = M2<y)7 ye Dmax},

and
Y = (y(x), Mi(y), Ma(y))" € D(T), TY = (y, N1(y), Na(y))". (3.4)

Then we get that the eigenvalue problem of BVP (1.1)-(1.4) is transferred to the
spectra problem of the operator T.
Considering the operator T we have the following properties.

Lemma 3.1. BVP problem (1.1)-(1.4) has the same eigenvalues with the operator
T, and the eigenfunctions of BVP problem (1.1)-(1.4) are the first component of the
corresponding eigenvectors of the operator T.

Proof. For arbitrary Y = (y(z),y1,y2)7 € D(T), by (3.3) and (3.4), we have

TY = (¢y, N1(y), N2(9))" = Ay(x), Ma(y), Ma(y))".

Comparing this with BVP problem (1.1)-(1.4) yields the conclusions. O
Lemma 3.2. D(T) is dense in H.

Proof. Let F = (f(x), f1,f2) € H, FLD(T). Since C 080 C D(T) (0 C
), for arbitrary V = {v(z),0,0} € C§° & 06 0, we have

b
(F,V) = / fowdz = 0.

Because C§° is dense in L2 [a, b], therefore f(z) = 0, that is, F = (0, f1, f2). For
any Y = (y(x),y1,0) € D(T), we have

1
(F,Y)=—fiy, =0
P1

by the inner product in H. Through the arbitrariness of y;, then f; = 0. Moreover,
for all Z = (2(t), z1, 22) € D(T), we have

1
(F,Z) = —faz2 = 0.
P2

By the arbitrariness of zs, we have fo = 0. Hence F = (0,0,0), and the proof is
completed. 0

Lemma 3.3. The operator T is symmetric.

Proof. For any U,V € D(T), integration by parts yields

(TU, VY = (U, TV =[u, 5(b) — [u, 7](a) + — Ny (u) 33 (0)
! (3.5)
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By the boundary conditions (1.2)-(1.4) we have

w2 (a)5(a) — u(a)v?(a) = p—llMl(u)Nl(v) - pl—lNl(u)Ml(v), (3.6)

w2 (0)o(b) — u(b)s?(b) = iNQ(u)MQ(u) — ng(u)Nz(v), (3.7)
P2 P2

u ()M (5) — ul (a)sM (a) = 0. (3.8)

Inserting (3.6)-(3.8) into (3.5), we have
(TU,V) — (U, TV) = 0.

Therefore, the operator T is symmetric. O
Theorem 3.1. T is a selfadjoint operator in H.

Proof. Since T is symmetric, it suffices to prove that for any Y = (y(z),y1,y2) €
D(T) and some Z € D(T*), U € H satisfying (TY, Z) = (Y, U), then Z € D(T)
and TZ = U, where Z = (2(x), 21, 22), U = (u(x), u1, uz), i.e.,
(i) 2Vl(z) € ACa,b],j =0,1,2, z € Hy;
i) 21 = a12(a) — a2l (a), 22 = B12(b) + B2212(b);
iii) L3z = 0;
iv) u(z) = lz;
v) uy = a2zl (a) — ar2(a), uy = —[B12(b) + B2zl (b))
Assume that for any V = {v(z),0,0} € C5° ® 0@ 0 € D(T) satisfying

b b
/(ﬂv)fwdx:/ vawdz,

that is, (fv, 2), = (v, u),. By the classical differential operator theory [7], we have
(i) and (iv) hold. By (3.1), (3.4) and (iv) we get that for all Y = (y(z),y1,y2) €
D(T), (TY,Z) = (Y,U) turns to

by, 2)w =y, L2)w = ile(y)ﬂl = Ni(y)z1] + i[]\42(29)% — Na(y)Za).
P1 P2
In light of
(ty, 2)w = (y, £2)w + [y,2]5,
hence 1 1
E[Ml(y)ﬂl — Ni(y)z1] + E[M2(y)ﬂ2 — No(y)za] = [y, 25 (3.9)

Using Naimark Patching Lemma, there exists a Y = (y(z), y1,y2) € D(T) such that

y(®) =y ) = yP(0) =0, y(a) = az, yM(a) =0, 3 (a) = ar.

Substituting this into (3.9) yields 23 = a12(a) — QQZ[Q](Q). Similarly, there exists a
Y = (y(x),11,y2) € D(T) such that

y(a) =y (a) = yP(a) = 0, y(0) = . g1 (B) = 0, yPI(0) = 1.

Then by (3.9), we have 2o = B12(b) + B2212/(b). Therefore, (ii) holds. Using similar
methods, one can prove (v) is true.
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Choosing Y = (y(z),y1,y2) € D(T) such that
y(a) =y (a) = y(b) =y (0) = 0, yM(a) = isin g — 1, yM(b) = sin g —i.

Then by (3.9), (iii) holds. Hence, the operator T is selfadjoint. O
By the self-adjointness of the operator T, we have the following conclusions.

Corollary 3.1. The eigenvalues of T are real-valued.

Corollary 3.2. Let A\ and Ao be two different eigenvalues of
T, Y1 = (y1(2), 911, y12) and Yo = (y2(x), y21,Y22) be the corresponding eigenfunc-
tions respectively, then y1(x) and ya(x) are orthogonal in the sense of

b
1 - 1 -
/ W jpwds + EM1(y1)M1(y2) + EMz(yl)Mz(yz) =0.

Let
A+ o 0 — (g + ag)
Ay = 0 1+ sin 8 0 )
0 0 0
0 0 0
By = 0 1+ising 0
B+ B 0 —(B2A + B2)

Then the boundary conditions (1.2)-(1.4) of the BVP (1.1)-(1.4) can be rewritten
in the following matrix form

AxY(a) + BAY(b) =0, (3.10)
where Y(z) = (y(«), y!" (2), 5% ()"
Let ¢1(x, A), d2(x, ), p3(x, A) be the solutions of equation (1.1) satisfying
01 (@ N) 65 (a. ) 6@ N\ (100
o1 (@) 0y (a.X) 6§ (a,n) | = | 010 (3.11)
o1 (@) 657(a. ) 657 (a, ) 001

and
(2, A) ol (2, ) ¢ (w, \)
(2, 0) = | (@, ) ol (@, ) ol @2 |- (3.12)
o (2, A) 0B (, ) o) (2, \)

Lemma 3.4. A complex number X\ is an eigenvalue of the problem (1.1)-(1.4)
if and only if
A(X) = det[Ay + BA®(b,\)] = 0.
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Proof. Suppose Ag is an eigenvalue of the problem (1.1)-(1.4) and vo(z) is the
corresponding eigenfunction. Then we have

vo(z) = c1¢1(x, Ao) + cad2(x, Xo) + c3P3(x, Xo), x € [a,b],

where at least one of coefficients ¢; (i = 1,2,3) is not zero. Inserting vo(z) into
(1.2)-(1.4) yields
(A,\ + B)\q)(b, )\0))(01, Co, Cg)T =0 (313)

by (3.11) and (3.12). Since ¢y, cg, c3 are not all zero, det(Ax + BA®(b, Ag)) = 0.

On the contrary, if det(Ay + BA®(b, \g)) = 0, then the system of the linear
equations (3.13) for the constants ¢; (i = 1,2,3) has non-zero solution (cf,ch,cs).
Let

v(z) = b1, o) + chda(w, No) + chds(x, Ao), z € [a, b],

then v(x) is the non-trivial solution of equation Tv = Av satisfying the conditions
(1.2)-(1.4) which implies A is an eigenvalue of the problem (1.1)-(1.4). O

Theorem 3.2. The eigenvalues of T are discrete and have no finite point of accu-
mulation. Moreover, the multiplicity of each eigenvalue at most 3.

Proof. The zeros of A()) are the eigenvalues of operator T by Lemma 3.4, and
all the eigenvalues of T are real by the self-adjointness of T, that is to say, for any
A € C with its imaginary part not vanishing, then A(A) # 0. Therefore, by the
distribution of zeros of entire functions, the first part holds. The second conclusion
follows from the fact that there at most 3 linearly independent solutions exist for
the equation (1.1). O

4. Green’s function

In this section, we discuss the Green’s function of BVP (1.1)-(1.4) when X is not an
eigenvalue of the problem (1.1)-(1.4). To this end, consider the following operator
equation

(TﬁAI)Y:Fa F:(f(x)aflva)GH' (41)

By the definition of the operator T, the equation (4.1) can be transferred to the
following inhomogeneous boundary value problems

—ilqo(q0¥")'] = (po¥') + iy’ + (01y)'] + (p1 — Mw)y = fuw, (4.2)
Li(y) = (an X + a1)y(a) — (oA + a@2)yP?(a) = — fi, (4.3)
Ls(y) == (BrA+ B)y(b) + (B2A + Bo)y (b) = — fo, (4.4)
L3(y) := (sin B + i)y (a) + (isin B+ 1)yl (b) = 0. (4.5)

Let ¢1 (2, A), p2(x, A), p3(x, A) be the solutions of homogeneous equation (1.1)
satisfying the initial conditions
% (a, \) ¢ (a, ) 6 (a, \) 100
®(a, ) = | ¢!, 2) o (a,A) (@, N) | =010
o (a, \) ¢ (a, ) 6 (a, \) 001
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Then the general solution of the non-homogeneous differential equation (4.2) can
be represented as

y(m7>‘) = 01(5'37)\)%(%)\) + 02(x7A)¢1(x7A) + C3(£7/\)¢3('737/\)v T < [a7b]v (46)

by the method of variation of constants, where C1(z,\), Ca(z, \), Cs(x, ) satisfy
the following conditions

(2, M) : ¢/( A>+0;,< > (x,)
Ci(w,k)dﬁ(ﬂc,k)+Cz(fv7/\)¢2( x, )+03( 2 )%(w» )— (fv)w(w)«

Since A is not an eigenvalue, linear system of (4.7) has an unique solution, and
hence

UJ(}‘) - W(¢1($,/\),¢2( )’¢3( ))

¢1(x,A) d2(x, A) ¢3(z, A)
= | 012, ) ¢a(@,A) ds(z,\) | #
&1 (2, X) ¢y (2, ) ¢y (2, N)
and
f(i)(lj\))(t (P23 (t, N)dt + C1,
Co(z, \) = (i)&)(t) [6361)(t, \)dt + Co, (4.8)
[ f (i)&)(t (b1600] (£, \)dlt + Cs,

where Cy, Cy, C3 are arbitrary constants. Inserting Cy(z, A), Ca(x, \), C3(z, A) into
(4.6), one gets that the general solution of (4.2) has the following representation

. D oaalt Nt + Cron (o
TRy / L oot Nt + Casa (o
+ ¢3(z f(c?(%:)t [1¢2] (t, \)dt + Cs3(, N) (4.9)

- / K (o, t, ) f (O w(t)dt + Crr (@A) + Cadha(, A)
+CS¢3($7>‘), T € [avb]v
where

Sz, t, )

— - a<t<z<hb,

K(x,t,\) = w(A) (4.10)
0, a<xz<t<b,
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St A) = | ¢1(t, \) da(t,A) d5(t, \) |- (4.11)

Substituting the general solution y = y(x, ) into (4.3)-(4.5), one gets that

C1L1(p1(x, N)) + C2Ly1(p2(, N)) + C3La(d3(z, N))

/ £(1) K(a,t,\))dt — fi, (4.12)
1 La(1 (2, ) + CoLa(da(a, N) + CaLa(da(, )

/ £(1) K(z,t,\))dt — fo, (4.13)
1 La(1 (2, \)) + CoLa(da(e, A) + CaLa(dsar, )

/ f(®) K(x,t,\))dt. (4.14)

The determinant of coefficients of C7, Cy, C3 satisfies

Li(p1(z,A)) L1(p2(w, ) L1(d3(x, )
Lo(p1(2,N)) La(p2(x,N) La(d3(z,N)) | = det(Ax + Ba®(b, A)) = A(A) # 0.

L3(d1(2,A)) Ls(¢2(x, ) La(¢s(x, A))

(4.15)
Therefore,
_ i) +0:(N) ,  Ta(A)+6:2(0) ., Ts(A) +03())
C=TTEm ¢ awm O am
where
/ £(t) K (2,6, \)dt L1(a(x, \)) L1(d3(x, )
Ty (\) = / £(t) K (2,1, \))dt La(éa(z, V) La(03(2,0) |,
/ £(t) K (2,8, \)dt Ls(6a(,3) Ls(03(, M)

—f1 Li(d2(z, ) L1(ds(z, A))
©1(A) = | —f2 La(da(x, X)) La(ds(x,N)) |-
0 Ls(p2(z,N)) La(¢z(z, N))

Similarly, we can get T'2(A), T's(A) and ©2()\), ©3(\). Hence the general solution has
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the following form

b

y(z, \) = K(z,t,\) f(t)w(t)dt
o (T (A (2, A) + TN (2, M) + T3(Nss (2, 1))
AEA) (4.16)
+m( (N1 (z, ) + O2(N)d2(z, A) + O3(N)¢s(x, A))
b
- [ Gt soun+ ﬁ@(:ﬁ,t,x),
where
Gla,t,\) = K (2,1, \) — zA) (2.,\), (4.17)
Ly(p1(z,N)) L1(d2(z,\)) L1(d3(,N)) L1(K (z,t, )
Ret\) = Lo(p1(z,N)) La(p2(z,N)) La(@3(z,N)) Lo(K (2,1, X))
L3(p1(z, ) L3(d2(z, ) L3(d3(z, ) L3(K(z,t,N))
¢1($C, )‘) ¢2(CL', )‘) ¢3($, )‘) 0
Li(p1(z, ) L1(d2(z, ) L1(d3(z, ) —f1
O, 1)) = Lo(p1(w, X)) La(P2(, X)) La(P3(, X)) —f2 .
T La( (2, V) Lalda(w, V) La(ds(z,N) 0

¢1(I, A) ¢2(I, A) ¢3(f£, A) 0

In conclusion, for any F' = (f(z), f1, f2) € H, there exists an unique Y € D(T),
Y = (y(x), Mi(y), Ma(y)) satisfying (T — A)Y = F.

By the definition of H, the components of Y are determined by the first one,
i.e., in order to find Y, we only need to find its first component y(x), and y(x) is
determined by (4.16).

Definition 4.1. The integral kernel G(z,t, A) in (4.17) is called Green’s function
of the operator T.

Remark 4.1. It is different from the usual boundary value problems, when the
eigenparameter appears in the boundary conditions, the solution y(z) is not only

b 1
determined by f; G(z,t, \) f(t)w(t)dt but also m@(w,t, A).
Theorem 4.1. If X\ is not an eigenvalue of the operator T, then for any F =
(f(x), f1, f2) € H, there exists an unique solution Y = (y(z), M1(y), M2(y)) of
equation (T — A)Y = F satisfying

b 1
y(x,)\)z/a Gl t N F(Eult)dt + 550, 3).

The operator (T — AI)~! is defined in the whole space by Theorem 4.1. It
follows from the facts T is symmetric and Closed Graph Theorem that (T — A\I)~!
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is bounded. Therefore, A is a regular point of T provided that it is not an eigenvalue
of T.

Theorem 4.2. The operator T has only point spectrum, that is to say, o(T) =
op(T).
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