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ON AN EXTENDED HARDY-HILBERT"’S
INEQUALITY IN THE WHOLE PLANE*
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Abstract By introducing independent parameters and applying the weight
coefficients, we give an extended Hardy-Hilbert’s inequality in the whole plane
with a best possible constant factor. Furthermore, the equivalent forms, a few
particular cases and the operator expressions are considered.
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1. Introduction

n=1"n

have the well-known Hardy-Hilbert’s inequality as follows (cf. [6]):

0o oo /p / 1/q
Z Z_: mm+7;z sin 7T/p (Z an ) <Z_:1 b%) ’ (1.1)

n=1lm

pr>1,%+%=1,am,bn20,0<2fn° aP, < ooand 0 < > °7  b? < oo, then we

where, the constant factor m is the best possible. In 1934, Hardy proved the

following more accurate inequality of (1.1) (cf. [7]):

1/p / oo 1/q
ZZ m+n—1 sin 7r/p <Zap> (Z;b%) ’ (1.2)

where, the constant factor

Smtr7py i still the best possible.

If f(2),g(x) > 0,0 < [;° fP(x)dz < oo and 0 < [, g%(x)dz < oo, then we have
the integral analogue of (1.1) as follows (cf. [7]):

/OOO /OOO dedy < % (/OOO fp(x)dx>1/p (/000 gq(x)d:v>1/q. (1.3)

Inequalities (1.1)-(1.3) are important in analysis and its applications (cf. [7], [20]).
In 2007, Yang [21] first gave a Hilbert-type integral inequality in the whole plane
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/:: /_i dedy

<f“%v%x/ﬁxf”f%xww/fo”f%wdw%, (1.4)

as follows:

where the constant factor B(%,3) (A > 0) is the best possible. A lot of generaliza-
tions and improvements of inequalities (1.1)-(1.4) were provided by [1,2,4,5,8-10,
14-17,19,22,26,28] and [3)].

In 2016, Yang and Chen [27] gave an extension of (1.2) in the whole plane as
follows:

>y

=t = (I = 5|+\”—77|)

< 2B (A1, X2) Z m — P gr

Im|=1

ST gt e (1.5)

Inl=1

where, the constant factor 2B (A1, A2) (0 < A1, he < 1L, A\ + X =X En €0, %]) is
the best possible.

In this article, by introducing independent parameters and applying the weight
coefficients, we give a new extension of (1.1) in the whole plane with a best possible
constant factor. Furthermore, the equivalent forms, a few particular cases and the
operator expressions are considered.

2. A few definitions and lemmas

In what follows, we suppose that p > 1, zlv + % =1L0< A, A< LAT+X=A
(<£2), a,p € (0,7) and

27 csc? y
kv M) = ——n—— = . 2.1
Definition 2.1. For |z|, |y| > 0, we define
1
k(z,y) = (2.2)

(lz] + z cos a)* + (Jy| + y cos B)*
Definition 2.2. Define the weight coefficients as follows:

|m| + mcos oz))‘
w(A E k(m €N, 2.3
2 |n| +ncos B)1—A2’ o (23)

In|=1
> (In] + n cos )
A = k N 24
‘ZD( 1,TL) lmz_l (ma n)(|m| —&—mcosa)l—)‘l’m‘ € ) ( )

where, ZT;IZI o= 3—71 -+ Zj Lo (G =mmn).
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Lemma 2.1. We have the following inequalities:
kg(A1)(1 — 0(A2,m)) < w(Aa,m) < kg(A1),|m| € N, (2.5)

where,

14 cos 8]

7'()\1 [m[+m cos a uk2_1

A
0()\2,m) = ;SIH(T o m

=0 <( ! ) € (0,1). (2.6)

|m| 4+ m cos a)?z

du

Proof. For |z| > 0, we set

1

(|z] + x cos a)* + [y(cos B — 1)]
1

(|z| + z cos a)* + [y(cos 8 + 1)]

k(z,y) = kW (2,y) = <.y <0

k(z,y) = kP (2,y) =

)\ay>07

wherefrom,

5D (2. —y) — 1 . .
(z,—y) (\x|—|—xcosa))‘+[y(l—cosﬂ)])‘7y>0 (2.7)

We find

— 00

w(Ag,m) = Z kD (m,n)

n=-—1
©$- 9y 2

= [ cosp)
(Jm| +mcos )™ = kM (m, —n)

— 1—x 1—x
(I—cosp)t=r> &= nl-A

(|m| + m cos a)*
[n(cos B — 1)) 2

(|m| + m cos a)™ i k@ (m,n)
(I+cosB)l=r2 £ pl=A2 ~

For fixed |m| € N,0 < A2 <1, in virtue of A > 0 and

d k@ (m, (—1)%y .
dy(yl_()"")) <0 (y>0,2:1.2), (29)

W) (. — @
it follows that both & UETQQ Y and kyl(_";;y) are strict decreasing with respect to
€ (0,00). By the decreasingness property, we find

w(Ag,m) <

(mwmwmmh/wmwmrm@

(1 —cos B)1=A2
(m+mecosa)™ [ k®)(m,y)
e

yl—AQ

i dy. (2.10)
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. 1
Setting u = m%( resp. u =

integral, by simplifications, we have

\ 1 1 o0 u*rld
) < —
w(dz,m) <1—cosﬁ+1+cosﬁ>/ 14 ur u

pA2/A)—
© Asin? ,6’/ 1+wv

27 csc? B 27 csc? B

y(1+cos B)

Tl ) in the above first (resp. second)

= = =kg(A\1). 2.11
Asinm(Aa/A)  Asinw(A/A) s(\1) (2.11)
In view of the decreasingness property, we still have
(Im] + meosa) [ KD (m, —y)
w(Ag, m) > (1 — cos )12 yl—re dy

(|m| + m cos a)* k3 (m,y)
(14 cos B)1=A2 / d

1 1 e u>‘2’1d
> -
- (I—COSB * 1+cosﬂ>/1+cosﬁ T+u

yl A2

m|+m cos
9 |771L|+417cr?255|a )\2—1
= k(A1) — 2csc 6/ 1+u>\du
— k(M) (1 — 00, m)) > 0, (2.12)
where, 6(A2, m) is indicated by (2.6) and 8(\a, m) < 1. It follows that
A A, [Titeees
0<8(A2,m) < — sm(ﬂ 1)/ uldu
s A 0
AT 1+ |cosf| A2
= — — )| ————— . 2.13
Ao sin A ) (|m| + mcos « (2.13)
Hence, both (2.5) and (2.6) are valid. O
In the same way, we still have
Lemma 2.2. We have the following inequalities:
ka(AM)(1 = 0(A1,n)) < @(A1,n) < ka(A1),|n| € N, (2.14)
where,
1+| cos a
~ >\ . ’]T)\l [n]+n cos B u/\171
0(}\1,”) = ;SIH(T)A 1+u>\du
1
=0 +——7+ 0,1). 2.15
((|n|+ncosﬁ’))‘1> €(0,1) ( )
Lemma 2.3. If6 € (0,7),p > 0, then we have
- 1
H,(0) :=
o % (In] +n cos §)1+»

_1to() | X
o {(1 — cos@)1+p * (1 + cos 9)1+p:| : (p—0%) (2.16)
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Proof. We find

- oo

1 1
Ho0) = Ym0 2 Tafeosd 7

n=-—1 n=1

B 1 N 1 i 1
(1 —cos@)1tP (14 cos)i+e “— nlte

Then we obtain

H,

14y 1 .\ 1
 p | (I—cosO)*tr (14 cosf)ltr]’

oo

1 1 1
H,(0) =
o(0) [(1 —cosf)1+r + (1 —|—c059)1+f’] 221 nlte

n=

1 1 < dy
> +
(1 —cos@)ltr = (14+cosO)ltr| [, yltr

1 1 1
T {(1 —cos)1tr + (1 +COS€)1+F’:| '

Hence, for p — 07, we prove that (2.16) is valid.

3. Main results and operator expressions

Theorem 3.1. Suppose that am,b, >0 (Jm|,|n| € N),

o0
0< > (Im|+mecosa)P=71al < oo

|m|=1

0< Z (Jn| +ncos )12 =1 < o0,

|n|=1
2
k(A ::kl/p)\ KUay) = — 2" ge2/p 2/a
(A1) 5 (AM)k (M) Y csc?/P B esc? 1 o
We have the following equivalent inequalities:
I:= Z Z k(m,n)a,by,
In|=1|m|=1
o] 1/p
< k(M) Z (Jm| + m cos a)PA= ) =1gp.
[m|=1

1/q
o0

X Z (|n| 4+ ncos B)11—A2)=1pa ,

Inl=1

| 1 1
o(0) = [(1 — cos@)1+r * (1 +C089)1+P] <1 + 2 an)

< ! + ! 1+/Oo ay
(I —cos@)l+r = (1+cos@)tr 1 ylte

(2.17)

(3.2)
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1
Py
J = Z (|n] + ncos g)Pr2=1 Z k(m,n)a,
|n|=1 |m|=1
- 1/p
< k(M) Z (|m| + m cos a)PA=A)=1qp
|m|=1

Proof. By Hélder’s inequality with weight (cf. [18]) and (2.4), we find
P

Z k(m,n)an,

|m|=1

|m| + m cosa)(1=1)/a

= k m
Z { (In] + ncos B)(1-A2)/p “ }

Im|=1
" (Jn| 4+ ncos B)(1=22)/p 1\ ¥
(|m| + m cos a)(1=A1)/a

\m\ + mcos o) (1= P/a

k(m p
zl:l (In] + ncos @)1=z @
p—1
y Z (m |n\+ncosﬂ)(1 A2)a/p
it (|m] + mcos a)l—™
_ ( (>‘17 Z k |m| +mcosa)(1_/\1)P/qa
~(In] + ncosﬁ ypA2—1 (|n] + ncos B)I—* m

|m|=1

By (2.14), it follows that

S =

|n\ + ncos B)(1-A2)a/p

1
J < kY1) Z Z (i mcos @) al,

In[=1[m[=1

=

|n‘ + n cos ﬁ)(l A2)q/p

_ .1/
— kYa(n) Z Zk ([ mcosa] i al,

LIm|=1|n|=1

'ti\»—tl

= k() Z (A2, m)(Im| + mcos a)PI =2~ 1gP,

By (2.5) and (3.5), we have (3.3).
Using Holder’s inequality again, we have

o0

(3.3)

(3.4)

I= Z (|n\+ncosB)A2_1/” Z kE(m,n)am (|”|+nCOSﬁ)(1/p)_’\2bn

In|=1 [m|=1

< J | S (Il +ncos g2 1pe |

In|=1

(3.6)
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and then we have (3.2) by using (3.3).
On the other hand, assuming that (3.2) is valid, we set

p—1
by, = (|n| + ncos B)Pr2~1 Z kE(m,n)am , |n]€N. (3.7
|m|=1
and find
o 1/p
J= Z (Jn| + ncos B)11—r2)=1pd . (3.8)
|n|=1

By (3.5), it follows that J < oo. If J = 0, then (3.5) is trivially valid. If 0 < J < oo,
then we have

0< Z (Jn| +ncos B)1=r2)=1pa — P — T

n|=1
- 1/p
< k(A1) Z (|m| 4+ mcos a)PA = ) =1gp,
|m|=1
- 1/q
X Z (In| + ncosﬁ)q(l_’\z)_lbgl ,
In|=1
o 1/p
J = Z (|| + ncos B)q(l_h)_lbz
|n|=1
- 1/p
< k() | Y (Im]+meos )Pt 1gp | (3.9)
|m|=1
Hence (3.3) is valid, which is equivalent to (3.2). O

Theorem 3.2. With regards to the assumptions of Theorem 3.1, the constant
factor k(A1) is the best possible in (3.2) and (3.3).

Proof. For 0 < e < ghy, we set Xl =\ + %73:2 = Ay — % (e (0,1)), and
U = (Im| + mcos ) ~=/P~1 = (|m| + mcosoz)xl_e_1 (Im] € N),
by = (|n| + ncos )2 /971 = (|n| Jrncosﬁ)x’r1 (In] € N).

By (2.5) and (2.16), we find

o 1/p
I == Z (Jm| + m cos a)PA— ) =1gp.
jmi=1 |
- 114
X Z (In] 4 n cos B)20—A2)=1pe
In|=1
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|m| —|—mcosoz)1+5 o (In| + ncos g)i+e

1 1 1/p .
e 1 1))#
€ [(1+cosa e T (1(;0504)1%} (1+01(1))

X

1 1/q A
[ 1+cosﬂ )ite + (1_0055)1%} (1+02(1))7,

Z kan

|=1|m|=1

Z Z k}( ) |m| +mCOSOé)X17€71
= m,n =

Inl=1 |m|=1 (In] +ncos g)L=22

w(Xa,m) 2 1-60(h9,m)
= E > kg(A
ot (|m| +mecosa)lte — s 1);1 (|m| + mcosa)lte

o0

:kﬂ(xl) Z ( :

ot |m| + m cos a)lte
m|=

1
|§1 0] ((\m| +mecosa)® +)‘2“)
k() 1 1
T e |:(1+COSO&)1+€ + (1—cosa)1+5]
x [(1+ 01(1)) —eO(1)].

(3.10)

If there exists a positive number k < k()\1), such that (3.2) is still valid when
replacing k(A1) by k, then in particular, we have

EI*EZ Z mnamb <€k[1

[n|=1|m|=1
We obtain from the above results that

1+ cosa)lts = (1 —cosa)ltte

kg(M + ){( 1 L }
x[(1+01(1)) —£0O(1)]

1 1 1/p
<k [(1 + cosa)lte + (1- cosa)lﬂ}
1 1 1/q
. [(1 + cos B)1+e * (1- COSﬁ)1+5:|
(1 +01(1))7 (1 + 0a(1))7, (3.11)
and then it follows that
am

XsinrOu/N) csc? Besc? a < 2k esc?/P acsc? 18 (e — 0T) (3.12)
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namely, k(A1) = #M csc?/P Besc?/9a < k. Hence k = k();) is the best value
of (3.2).

The constant factor k(A1) in (3.3) is still the best possible. Otherwise, we would
reach a contradiction by (3.6) that the constant factor in (3.2) is not the best value.

O
Setting ¢(m) := (|m| + m cos )P —A1)~1 (|m| € N), and
Y(n) := (In] +ncos 5107271 (|n| € N),
wherefrom, '=P(n) = (|n| + ncos B)P*2~1 we define the real weighted normed

function spaces as follows:

- 1/p

o =S a={am}pmziilall,, = | D em)laml” <0,

|m|=1

o 1/q
Ly = b= {035 =i bl = | D ¥(n) [bal? <o,

In|=1
- 1/p
bpar-v = 4 c={en}fsizis ey = | D ¥ 7P(n) |enl” <00
In|=1

For a = {am}j;, =1 € lp,, putting ¢, = Z‘O;‘:l k(m,n)am and ¢ = {ca}jy _y, it

follows by (3.3) that [[c[[, j1-» < k(A1) |la], , , namely ¢ € 1, y1-».

Definition 3.1. Define an extended Hardy-Hilbert’s operator T' :l, , — I, y1-» as
follows: For a,, > 0,a = {am} tmj=1 € lp,o, there exists a unique representatlon
Ta = ¢ € l,y1-». We also define the following formal inner product of T'a and
b= {b, }In\zl € lgy (bn > 0) as follows:

(Ta,b) Z Z My N) A by (3.13)

[n|=1|m|=1

Hence, we may rewrite (3.2) and (3.3) in the following operator expressions:

(T'a,b) < k(A1) llall,, , 0], (3.14)
[Tall, y1-» < k(A1) llall,, - (3.15)
It follows that the operator T is bounded with
Ta _
= swp e gy (3.16)
a(£0)€lp,, ||a||p,¢
Since the constant factor k(A1) in (3.3) is the best possible, we have
27
T|| = k(A1) = ———— esc?? Besc . 1
(1T (A1) WY csc™/P Besc o (3.17)

By the above result, we may get the following corollary, which contains some
known results.
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Remark 3.1. (i) If « = 3 = T in (3.2), then we have the following inequality:

>y e

In|=1|m|= 1|m| +|”|

bl
Q=

< Z PO g | ST U g (318)

Asin(T =1 =1

It is obvious that (3.2) is an extension of (3.18).
(ii) If a_y, = ay, and b_p, = by, (m,ne N), then (3.18) reduces to

g Z m)\ + TL)‘
/P T 1/q
< ——= lz mPI=A)—1g 1 [an(l—kﬂ—lbg] . (3.19)
m=1 n=1

ASIH T

For A =1,\ = %,)\2 = %, (3.19) reduces to (1.1), and then inequality (3.2) is an
extension of (1.1) with parameters.

4. Conclusions

In this paper, by introducing independent parameters and applying the weight
coefficients, we give an extended Hardy-Hilbert’s inequality in the whole plane with
a best possible constant factor in Theorem 1-2. Furthermore, the equivalent forms, a
few particular cases and the operator expressions are considered. The method of real
analysis is very important, which is the key to prove the equivalent inequalities with
the best possible constant factor. The lemmas and theorems provide an extensive
account of this type of inequalities.
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