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EQUATIONS ON UNBOUNDED DOMAINS*
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Abstract This paper deals with the dynamical behavior of solutions for non-
autonomous stochastic fractional Ginzburg-Landau equations driven by addi-
tive noise with o € (0,1). We prove the existence and uniqueness of tempered
pullback random attractors for the equations in L?(R?). In addition, we al-
so obtain the upper semicontinuity of random attractors when the intensity
of noise approaches zero. The main difficulty here is the noncompactness of
Sobolev embeddings on unbounded domains. To solve this, we establish the
pullback asymptotic compactness of solutions in L?(R?) by the tail-estimates
of solutions.
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1. Introduction

In this paper, we consider the following non-autonomous stochastic fractional Ginzburg-
Landau equation with additive noise

d
% + (1 +iN(A) U+ yu= f(u)+g(t,z) + 5h(x)d—2/, reR3t>71, (1.1)
with initial condition
u(t,z) = ur(x), € R3, (1.2)

where u(t, ) is a unknown complex-valued function, 7 is the imaginary unit, A € R,
a € (0,1), v € R, the nonlinear term f(u) is a complex-valued function, g(t,z) €
L2 (R, L*(R3)), § > 0, h € H**(R?)NW?2*4(R3), W is a two-sided real-valued
Wiener process on a probability space, 7 € R.
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Recently, fractional partial differential equations arise in a wide range of fields
within in physics, biology, chemistry, etc., and some classical equations of mathe-
matical physics have been postulated with fractional derivative to better describe
complex phenomena, including the fractional Schréodinger equation [10,16,17], frac-
tional Landau-Lifshitz equation [20], fractional Landau-Lifshitz-Maxwell equation
[35] and fractional Ginzburg-Landau equation [18,36,45].

When o € (0,1), we call the operator (—A)® a fractional Laplacian. There
are different definitions for the fractional Laplace operator on bounded domain
U, including the integral fractional operator and the spectral fractional operator.
These two kinds of fractional operators are distinct, and specially they have different
eigenfunctions and eigenvalues as expressed in [40]. When « = 1, it becomes the
standard Laplace operator (—A). The concept of pullback random attractor, which
is a generalization of global attractor in deterministic systems (see [21, 37,39, 46]),
was introduced in [1,6-8,13,38], and characterizes the long-time behavior of random
dynamical systems perfectly. The random attractor for stochastic equations have
been widely discussed by many authors, see, e.g., [3-5, 14, 22, 31,32, 42,43, 49-51,
56,57,62] in the autonomous stochastic partial differential equations, and [12,52—
55,58,59,63] in the non-autonomous case. In [4], Bates etc. discussed the random
attractor of stochastic reaction-diffusion equation on unbounded domains. In recent
years, there are some results on the random attractors for stochastic equations with
the fractional Laplacian (—A)* with « € (%, 1) in [28-30,41,44]. However, there
are few results in the fractional case of @ € (0,1). In [55], Wang discussed the
asymptotic behavior of fractional reaction-diffusion equation with « € (0,1).

The generalized complex Ginzburg-Landau equation is one of the most impor-
tant equations in mathematical physics, which can describe turbulent dynamics and
has a long history in physics as a generic amplitude equation near the onset of in-
stabilities in fluid mechanical systems, as well as in the theory of phase transitions
and superconductivity [2,9]. The fractional Ginzburg-Landau equation describes
the dynamical processes in a medium with fractal dispersion and the fractional gen-
eralization of Ginzburg-Landau equation from variational Euler-Lagrange equation
for the fractal media is derived in [45]. The global existence and long behavior
of Ginzburg-Landau equation were studied in [9,11, 19,25, 26]. In fractional case,
the well-posedness and dynamical behavior were proved in [27,36]. For stochastic
fractional Ginzburg-Landau equation with a € (%,1), the existence of the ran-
dom attractor in L? and H! were respectively discussed in [28,41,44]. We note
that in [28], the authors derived the estimates of solutions for H'*® and the tail-
estimates of solutions in H! instead of H®. This may be caused by the definition
of fractional Laplace operator. In this paper, we will furthermore consider unifor-
m a priori estimates of solutions in H® and the tail-estimates of solutions in L2
by introducing another definition of fractional Laplace operator, which is different
from [28].

As we know, there are some results on random attractors for stochastic fractional
Ginzburg-Landau equation, but few results for the fractional case with « € (0, 1)(see
[23,24,60]). In this paper, motivated by [4,55], we explore the random attractors
for non-autonomous stochastic fractional Ginzburg-Landau equation with additive
noise for a € (0,1). However, there are several difficulties to overcome. Firstly, the
fractional Laplace operator (—A)® is non-local and thus deriving uniform estimates
on the solutions of (1.1) is much more involved than the standard Laplacian —A.
Secondly, the domain is unbounded, so the Sobolev embedding H*(R?) — L?(R?)
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with « € (0,1) is not compact. Thirdly, since the Ginzburg-Landau equation is a
complex equation, the condition of nonlinearity and uniform estimates of solutions
in L? are slightly different from the real equation such as reaction-diffusion equation
[55], thus we need to develop some different technologies to solve these problems.
Lastly, due to a € (0,1) instead of a € (3,1), the methods in [28] are not suitable,
so we have to deal with (1.1) by some different methods. We mention that, in this
paper, since considering fractional Laplacian operator with « € (0,1) and estimates
of solutions for H¢, the result of random attractors is a generalization in some sense
for the results of [28] with a € (3,1).

When we prove the existence and uniqueness of random attractors in H%(R3),
the nonlinearity f(u) is special form, i.e.,f(u) = —(1+ip)|u|*u with p € R, which is
consistent with the general physical background for the Ginzburg-Landau equation
[2,9]. In addition, we apply equivalent representations of the fractional Laplace
operator (—A)* to derive the uniform estimates on solutions of (1.1) in H%(R?) and
carefully treat all terms involved. To overcome the lack of compactness of Sobolev
embeddings on unbounded domains, we apply the idea of uniform estimates on the
tails of solutions and prove the solutions are asymptotically null when ¢ and x tend
to infinity, which is slightly different from the fractional case [28] with o € (3,1),
and the standard Laplacian case [4] in H'(R?).

This paper is organized as follows. In Section 2, the working function space,
some basic concepts related to the non-autonomous random dynamical system,
upper semicontinuity of random attractors, the fractional derivative and Sobolev
space are introduced. In Section 3, we transform the stochastic equation into a
random equation which solutions generate a random dynamical system, then give
the existence and uniqueness of solutions for non-autonomous stochastic fractional
Ginzburg-Landau equation. In Section 4, we derive uniform estimates for solutions
and the pullback asymptotic compactness, then the existence of a pullback random
attractor is proved. In Section 5, we establish the upper semicontinuity of random
attractors when the coefficient § approaches zero.

2. Preliminaries

In this section, we first present some basic notions about random attractors and
non-autonomous random dynamical systems, which can be found in [1,6, 38].

Let (X,| - ||x) be a separable Hilbert space with the Borel o-algebra B(X),
(Q,F, P, (0;)ter) be an ergodic metric dynamical system, H = L?(U) with the
usual scalar product and norm {(-,-), || - |2} and L?(U) be the p-times integrable
functions space on D with norm denoted by || - ||,-

Definition 2.1. A continuous random dynamical system on X over
(Q,F, P, (0;)ter) is a (B(R1) x F x B(X), B(X))-measurable mapping:

e:RTxRxQxX = X,(,7,) = o(,7,-,)
such that the following properties hold:
(1) (0, 7,w,-) is the identity on X;

2)p(t+s,7,w,) =p(t, T+ s,0w,0(s,T,w,-)) for all s,t > 0;
(3) p(t, 7,w,-) : X — X is continuous for all ¢ > 0.

Definition 2.2. (1) A set-valued mapping {D(7,w)} : @ — 2% w — D(7,w), is
said to be a random set if the mapping w — d(u, D(7,w)) is measurable for any



Fractional stochastic Ginzburg-Landau. .. 2595

u € X. If D(7,w) is also closed (compact) for each w € Q,{D(7,w)} is called a
random closed (compact) set. A random set {D(r,w)} is said to be bounded if
there exist ug € X and a random variable R(7,w) > 0 such that

D(r,w) C{ue X : |lu—ulx <R(r,w)}, for all weq.
(2) A random set {D(7,w)} is called tempered provided for P-a.e. w € Q

: —pt —
tilgrnooe d(D(t +1t,0iw)) =0, for all B>0,
where d(D) = sup{||b||x : b € D}.
(3) A random set {B(7,w)} is said to be a random absorbing set if for any tempered
random set {D(7,w)}, and P-a.e. w €€ €, there exists ¢y such that

o(t, 7 —1t,0_4w,D(0_w)) C B(w), for all t>ty.

(4) A random set {By(7,w)} is said to be a random attracting set if for any tempered
random set {D(7,w)}, pull-back attractor and P-a.e. w €€ ), we have

t—+4o00

ligl dy(p(t, 7 —t,0_yw, D(0_4w)), B1 (T — t,w)) = 0,

where dp is the Hausdorff semi-distance given by dg (E, F) = sup,cpinf cp ||[u —
v||x for any E,F C X.

(5) D is called inclusion-closed if D = {D(7,w)}weq € D and if D = {D(7,w)}ueq
is a random subset of X with D(7,w) C D(7,w) for all w €  then D € D.

(6) Let D be a collection of random subsets of X. Then ¢ is said to be D-pullback
asymptotically compact in X if for P-a.e. w € Q, {¢(tn, T — tn,0_t,w, X}, has
a convergent subsequence in X whenever ¢, — oo, and x,, € B(T — t,,0_;, w) with
{B(r,w)} € D.

Definition 2.3. Let D be a collection of random subsets of X and {A(7,w)},eq €
D. Then {A(7,w)}weq is called a D-random attractor (or D-pullback attractor) for
 if the following conditions are satisfied, for P.a.e.w € €2,

(1) {A(7,w)} is compact, and w — d(X, A(7,w)) is measurable for every X € X;
(2) {A(T,w)}weq is strictly invariant, i.e., o(t, 7, w, A(T,w)) = A(t + 7,60,w), and
for a.e. w €

(3) {A(7,w)}weq attracts all sets in D, i.e., for all B € D and a.e. w € Q, we have

tlim dp(p(t, T —t,0_yw, B(T —t,0_4w)), A(T,w)) = 0.

From [52], we have the existence and uniqueness theorem of random attractors
for non-autonomous random dynamical system.

Theorem 2.4. Let ¢ be a continuous random dynamical system on X over
(Q,F,P,(0:)ier), If there exists a closed random tempered absorbing set { B(T,w)}
of ¢ and ¢ is asymptotically compact in X, then {A(T,w)} is a random attractor of
@, where

A(r,w) = ﬂ U o(t, 7 —t,0_w,B(r —t,0_w)), weN.

s>0t>s

Moreover,{ A(t,w)} is the unique random attractor of .
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In this following, we give a theorem on upper semicontinuity of random attrac-
tors(see [54])

Theorem 2.5. Let I be an interval of R and given a € I. Let ®*(t,7,w),c;
be a family of continuous RDSs on X over R and (Q, F, P, (0;)ter). Given ag €
I,9%(t,7) is a continuous process over R independent of w € Q. Suppose that

(1) @ (t,7) has a pullback attractor A®(7)_.g with properties:
(a) A% (1) is compact for T € R;
(b) ®(t, 7)A% (1) = A%(t) fort > T;
(c) for any bounded set B C X,limy_ oo dg (P (7,7 —t)B, A% (1)) = 0;

(2) ®%(t,7) has a uniform pullback absorbing set B = {x € X : ||z||x < R*} C
X and for each a € I, ®* has a D(X)-pullback random attractor A%(T,w) €
D(X) and a D(X)-pullback random absorbing set K°(t,w) € D(X) such that
for allT € R and w € Q, lim supg—_q, || K (1, w)||x < R™;

(3) for every T € R and w € Q,U,c; A

(4) for every t € RY,7 € Ryw € Q,a, € I with a,, = ag and z,,xz € X with
T — 2, it holds limy, oo @ (6,7 — t,0_w, x,) = PO (L, 7 — t, 2).

%(1,w) is precompact in X ;

Then for every 7 € R and w € Q, dg(A*(1,w), A% (1)) = 0 as a — agp.

At last, we review some concepts and notations of the fractional derivative and
fractional Sobolev space(see [34]) for details). Let S be the Schwartz space of rapidly
decaying C™ functions on R?, then for 0 < a < 1, the fractional Laplace operator
(=A)> is given by, for u € S,

(~8)"u(e) = —5Cla) [ HEFDEAEW =R gy aere @)

where C'(«) is a positive constant depending on « as given by
1 —cos(& _
Cl)= ([ = ag = (@66 € R, (2.2)
re  [€]
In particular, it follows from [34] that for any u € S,

(=A)%u = F7H(|g]**(Fu)), € € R?, (2.3)

where F is the Fourier transform defined by

1 .
/ e Sy(x)dr,u € S,
R3

(2m)?

(Fu)(€) =

and F~! is the inverse Fourier transform. Let H*(R3) be the fractional Sobolev
space defined by

R?) = {u e L*(R?): //
HY(RY) = {u R3 JR3 |$—y‘3+2a

which is equipped with the norm

y)I? 1
fullneesy = ([ u@Pdor [ [ Oyt

)2
|ddy<oo}
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From now on, we write the norm and the inner product of L?(R?) as |.|| and (.,.),
respectively. We also write the Gagliardo semi-norm of H%(R?) as -1 7o (msy» -6

) .
mema—/‘l;|x_‘%h¢mw,ueH(Rﬂ

Then for all v € H*(R?) we have ||uH12LIQ(R3 flul? + |lul? o (R3) Note that

H*(R?) is a Hilbert space with inner product given by

oy = [ iy [ [ OO 1) g,
u,v € H*(R?).

In terms of (2.3), one can verify (see [34]):
2 e
lullre sy = lullizms) + w\\(— )2ullfagay, for all ue HY(R?), (2.4)

and hence (||u||L2 Rre) T ||(—A)%UHQL2(R3))% is an equivalent norm of H®(R3).

3. The stochastic fractional Ginzburg-Landau equa-
tion with additive noise

In this section, we will give the existence and uniqueness of solutions of problem
(1.1)-(1.2) which generates a continuous random dynamical system.

The standard probability space (2, F, P) will be used in this paper where 2 =
{w e C(R,R) : w(0) = 0}, and F is the Borel o-algebra induced by the compact-
open topology of Q, and P is the Wiener measure on (2, F). Given ¢t € R, define
0 : Q2 — Q by

Orw(-) =w(-+1) —w(t), we.

Then (Q,F, P, (0:)icr) is a parametric dynamical system. Let y : Q@ — R be a

random variable given by: y(w) = —y f e w(r)dr for w € Q. Then y(¢) is the
unique stationary solution of the stochastlc equatlon

dy + ~yydt = dW. (3.1)

In addition, it follows from [1], that there exists a f;-invariant set of full measure
(still denoted by ) such that y(f;w) is pathwise continuous for each fixed w € Q
and there exists a tempered function r(w) > 0 such that

y(@)* + [y(@)|*) < r(w), (3-2)
where r(w) satisfies, for P.a.e.w € Q,

r(Ow) < ezlflr(w), teR.
From above, we obtain that, for P — a.e.w € 2,

ly(0:w)* + [y(Bsw)[*) < e2llr(w), t € R. (3-3)
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We now transform the stochastic equation (1.1) into a pathwise deterministic
one by using the random variable z. Put z(6w) = h(z)y(fiw). Given 7 € R,t >
T,w € Q and u, € L2(R3), if u = u(t, 7,w,u,) is a solution of (1.1)-(1.2), then we
introduce a new variable v = v(¢, 7, w, v;) by

v(t, T, w,vr) = ult, T, w,ur) — 02(6iw) with vy = u, — d2(0,w). (3.4)
From (1.1)-(1.2) and (3.4) we obtain, for ¢t > T,
d
T (LN (-)°0 + 6(1+iA)(—A)2(0w) + v
=f(u) = (L +ip)|ulu+g(t,z), z€R’ (3.5)

and initial condition

v(1,z) = v (1), ©€R3, (3.6)

where f(u) = —(1 +ip)|ul?u.

Next we will first give the existence and uniqueness of solutions for problem
(3.5)-(3.6), and then obtain the solutions of (1.1)-(1.2) by the transform (3.4).
Recall that V is a Hilbert space given by V = {u € H*(R?)}. The dual space
of V is denoted by V*. To give the existence of solutions, we also need the space
H = {u e L*(R?)}.

By the standard Galerkin method and compactness argument, as shown in [24],
we can prove that in the case of a bounded domain with Dirichet boundary condi-
tions, for P.a.e.w € Q and for all v, € L?(R3), equation (3.5) has a unique solution
v(t, T,w,v,) € C([0,00), L2A(R3)) N L2((0,T), H*(R?)) with v(r, 7, w,v,) = v, for
every T > 7. This is similar to [9,36,55]. Then, following the approach in [33], we
take the domain to be a sequence of balls with radii approaching oo to deduce the
existence of a weak solution of equation (3.5) on R?. Furthermore, we can get that
v(t, 7,w,v,) is unique and continuous with respect to v, in H*(R?) for all t > 7.

Now by the solution v of (3.5)-(3.6) and the transform (3.4), we get a solution
u of the stochastic equation (1.1)-(1.2) which is given by

u(t, T, w,ur) = v+ 02(0w)

with u, = v, + §z(0,w). We note that u(t, 7,w, u,) is both continuous in ¢ € [, 00)
and in u, € H. Moreover, u(t,7,.,u;) : & — H is measurable. Then we can define
a continuous cocycle in H associated with the solutions of problem (1.1)-(1.2). Let
®:RT xR x Q x H— H be amapping given by, for every t ¢ RT,7 € R,w € Q
and u, € H,

O(t, T,w,ur) =ult+7,7,0_rw,ur) =0t +7,7,0_rw,v;) + 02(6w), (3.7

where v, = u, — §z(6,;w). In later sections, we will prove the existence and upper
semicontinuity of tempered random attractors for ® in H.

Let B = {B(r,w) : 7 € R,w € Q} be a family of bounded nonempty subsets of
H. Such a family B is called tempered if for every ¢ > 0,7 € R and w € ,

: ct _
t_l)lr_noO e”||B(T + t, :w)| = 0,
where the norm || B|| of set B in H is given by || B|| = sup,cp ||u||. From now on, we

will use D to denote the collection of all tempered families of bounded nonempty
subsets of H:

D={B={B(r,w): 7€ R,weQ}: B is tempered in H}.
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When deriving uniform estimates, for simplicity, we assume that v > 0, and also
assume that for every 7 € R,

0
/ e lg(s +7,.)||2ds < oo. (3.8)
— 00
Sometimes, we also assume g is tempered in the following sense: for every ¢ > 0,
0
lim e_c"/ e|lg(s —r,.)||%ds = 0. (3.9)
r—00 o

Note that these conditions do not require g to be bounded in H when t — oo.
Through this paper, ¢ denotes a positive constant which may be different from the
context.

4. Random attractors

In this section, we will derive uniform estimates on the solutions of
non-autonomous stochastic fractional Ginzburg-Landau equation in H and V. These
estimates are necessary for proving the existence of random attractors. Then we
prove the existence and uniqueness of pullback random attractors.

We first derive uniform estimates of solutions in H.

Lemma 4.1. Suppose (3.8) holds. Then for every ég > 0,7 € R,7 € R,w € Q and
B ={B(r,w) : 7 € R,w € Q} € D, there exists T(,w, B,r,00) > 0 such that for
allt > T and 0 < 0 < dy, the solution v of problem (3.5)-(3.6) satisfies

[o(r, 7 —t,0_rw,v-—)||* + /t T o (s + 7,7 = 4,00, vr ) [|Fra (rayds
+ / T (s + 7,7 — t,0_,w, /U'r—t)”iél(RS)ds
—t
<c+ C/ e’Y(s—r—&-T)(e%’HS\T(w) + |lg(s + T)HZ)dS,

where vr_y + dz(0_w) € B(T — t,0_4w).

Proof. Taking the inner product of (3.5) with v, and taking the real part, we
have

%Ilv\\erC(a)l\vllz o F2y|[0]* = = 26Re((1+iX)(—=A)2(0rw), v) (4.1)

- 2Re(1—|—i,u)/ \u|2u6dx+2Re/ g(t,x)vdx.
R3 R3
(4.2)

We now estimate all terms in (4.1). For the last term, we have
_ Y _
2Re | glt.o)uds < Jol + 2 g(t.o)” (43)
R

On the other hand, we find
—2Re(6(1 + M) (—A)2(0:w), v)
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2 2
S25 (1+X°)
Y
72Re(1+i,u)/ |u|?uvdz
R3

I(=2)*2(6w)[|* + %IIUH2 (4.4)

=—2Re(1 +ip) / |u|?utide + 2Re(1 + ip) / [u|?udz(fiw)dx
R3 R3

< —2/ |u|4dx+2|(1+iu)|5/ [ul?|2(0sw) |da
R? R3
< = Jlulli + cll=(Brw)ll3. (4.5)

It follows from (4.1)-(4.5) that

d
107+ Al + Clellvla gy + lullLes)
(@) 15 + [(=2)*2(0u)*) + 297 H|g(t, ). (4.6)

Note that z(6;w) = h(x)y(fw), h(z) € H?** N W24, Therefore, the first term on
the right-hand side of (4.6) can be bounded by

c(||2(8e) |3 + [12(0)*) = pr(Guw).-
By (3.3), we find that for P —a.e.w € Q2
p1(0rw) < ceélT‘“’r(w), for all T €R. (4.7)

Multiplying (4.6) with €7, then integrating the inequality on (7—t, ) with ¢ > 7—t,
we get

o

HU(Ua T = ta w, UT—t)||2 + C(Oé)/ e’Y(S*U) ||U(S? T = ta w, ’UT—t)”?'{adS

T—t

o
" / T Nus, T — t,w,vr¢)|[1ads
T—t

[ea

< T oo + / "7y (05— rw)ds + 277 /

T—t T—

1= g(s)[|Pds.
t
Replacing w by 6_,w we have

|v(o, 7 —t,0_rw,v.)|* + C(a) / e u(s, 7 —t,0_rw, vr )% uds

T—1

+ /U = u(s, 7 —t,0_rw,vr_1)|[Lids
r—t
<e"T ) w12 Jr/g 7= (0, rw)ds
T—t
byt [ OOy
T—t
After change of variables, we obtain

T—T

||’U(7“, T, H,Tw, Uv'ft)”2 + C(OL) / 67(87T+T) HU(S +7,7—1, gf'rwv 1),,-,,5)“?'{&(18
—t
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r—r
+ / T lu(s + 7,7 — 1, 0_rw,vr—¢) || Fads
-t
rT—T

ge'y(‘r—t—r)”,vq_it”2+/ efy(s—r-l-‘r)pl(esw)ds
—t

+2y7 / T lg(s + 7)|Pds. (4.8)

—t

Now we estimate the first term on the right-hand side of (4.8). Since B = {B(7,w) :
7€ R,w € Q} is tempered, v,_; € B(1—t,0_;w), there exists T = T'(1,w, B,r,dg) >
0 such that for all £ > T, 0 < § < dp,

YT 12 < 1. (4.9)

For the second and last term we have

/ YT py (Byw)ds < / T py (O,w)ds,

—t —o0
/ =T+ g5 + 7)|2ds < / =4 g (s + 7)|2ds. (4.10)
—t —00

By (4.8)-(4.10) we obtain, for all ¢t > T,

r—

.
D o(s + 7,7 — 0w, ’UT_t)H?{adS

lo(r, 7 —t,0_rw, v, )| +C(a) /

—t

+ / T |u(s + 7,7 — £, 0_rw, vr_y)||Lads

—t

<1+ / eY(s—r+m) (ceélshr(w) + 277 g(s +7)|1?)ds. (4.11)
— 00
From (4.11), the desired estimates follow immediately. O

Based on Lemma 4.1, we claim the solution operator of problem (3.5)-(3.6) has
a random pullback absorbing set in H as stated below.

Lemma 4.2. Suppose (3.8) holds. Let By = {B1(1,w) : 7 € R,w € Q} be a random
set given by
Bi(r,w) = {v e H : || < Ri(r,w)},

where Ry (7,w) is defined by

O 1
Rare)=cte [ (@) + e lgls + 0 (4.12)

—00

Then for every 7 € R,w € Q} and B = {B(T,w) : 7 € R,w € Q} € D, there ezists
T =T(r,w,B,d) > 0 such that the solution v of (3.5)-(3.6) with v,y +0z(6_w) €
B(r — t,0_4w) satisfies, for allt > T,

v(r, T —t,0_rw,v,_t) € Bi(T,w). (4.13)
In addition, the random variable Ry as in (4.12) is tempered, i.e., for any ¢ > 0,

lim e "Ry (7 —t,0_4w) = 0. (4.14)

t—o00
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Proof. As a special case of Lemma 4.1 with r = 7, we obtain (4.13) immediately.
We now prove (4.13). From (4.12) we have

0
Ri(t—t,w)=c+ c/ (e%”r(w) +e%||g(s + 1 — t)||*)ds. (4.15)

Note that r(w) is a tempered function. By (3.9) we get

limsupe Ry (7 — t,w)

t—oo
0
<limsupe / (e%'ysr(w) + e lg(s + 1 —t)||*)ds
t—o0 —00
0 1
<limsup 67”67”/ (e27*r(w) + e**|lg(s — r)||*)ds = 0.
r—00 —c0

O
‘We now derive uniform estimates of solutions in V.

Lemma 4.3. Suppose (3.8) holds. Then for every o > 0,0 € R,7 € R,w € Q and
B ={B(r,w) : 7 € R,w € Q} € B, there exists T(7,w, B,0,00) > 0 such that for
allt > T and 0 < 0 < §y, the solution v of problem (3.5)-(3.6) satisfies

||U(Ua T —1, 9—7’“3 UT—t)“if‘l(RS)ds

<c+ c/ 1T (2 (w) + g (s + 7)) ds,

where vr_y + 3z(0_w) € B(T — t,0_4w).
Proof. Taking the inner product of (3.5) with (—A)®v, and taking the real part,
we have
d a o o
1230l + 21 (=2) 0 [* + 29[|(=A) 2 o]
= —2Re((1 +ip)lul?u, (~A)%v) + 2Re(g(t, z), (~A)*0)
—2Re(0(1 + M) (—A)¥2(0:w), (—A)*v). (4.16)

We now estimate the terms on the right-hand side of (4.16). For the nonlinear term,
from Taylor’s formula and Lemma 4.1, we have

— 2Re(1 + ip)(|ul?u, (—A)%v)
= —C(a)Re(1 + ip) (|ul*u, ) gro(may + 2Re(1 + ip) (|uf*u, (—A)*0z(61w))

<cmeiin [ [ (Ju(e) Pue) — fuy) Pul)) @) —5(w) ,

o — yFF2

+ 25|11 + iyl /R3 [ul?|(—A)*2(0,w)|dx
< el (=2)Full + [[ull*) + el (=A)*z(0w)|[5- (4.17)

For the second term, we obtain

2Re(g(t, ), (=A)%) < %II(—A)‘”UH2 +2[lg(®)]*. (4.18)
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For the last term, we have
—2Re(6(1 +iN)(—A)Yz(0iw)), (—A)*v)

< I(=2)"0lf* + 267 (1 + M) (—A)*2(0uw) |- (4.19)

N

It follows from (4.16

~

-(4.19) that

d o «a o
TR TP+ [(=2) ] +[I(=4) 2ol

<e([[(=A) Full® + [lullD) + e(l(=2)*2(0:w)|* + [[(=A)*2(0:w) 1) + 2[lg(1)]1*-
(4.20)

Note that z(0;w) = h(z)y(biw), h(z) € H?* N W24, Therefore, the second term
on the right-hand side of (4.20) can be bounded by

c(ll2(0w) 13+ 12(0:w)1?) = p2(8rw).
By (3.3), we find that for P — a.e.w € Q
p2(0rw) < ce%‘Thr(w), for all 7 € R. (4.21)

Givent e RT,7 e Randw € Q,let 0 € (1—1,7) and 0 € (7—2,7—1). Multiplying
(4.20) with e first integrating with respect to ¢ on (7, ) we obtain

H(_A)%U(J7 T—tw, UT*t) ||2

<D (=A) So(r, T — t,w,v-—y)||2dr
- /“ D e([(=A) Fuls, T — t,w,ur—o)[IP + cluls, T — t,w,uro)|[3)
+ ce2 (W) + 2/|g(¢ + 7)||?)dsdr (4.22)
Then integrating with respect to 7 on (7 — 2,7 — 1), we get
I(=2)%v(o, 7 — t,w,0r—)?

T—1
S/ GW(T_J)H(—A)%’UO",T—t,w,’l)-r,t)szT

T—2
T—1 o
+/ / 67(§_0)(C(H(—A)%u(g’7—t7w’u7__t)H2 +c‘|u(§77—_tvw>u7—t)”j)
T—2 r
+ ezl (w)) + 2||g(¢ + 7)||)dedr. (4.23)
Replacing w by 6_,w we have

I(=2)Fv(0, 7 — t,0—rw, vr—0)|?

T—1
</ == A) v (r, T —t,0_rw,v,_y)|?dr

T—2
T—1 o
i / / (| (=) Fuls, T — 10w, ur) [P+ cu(s) 1)
T—2 r

+ ce2Ir(w)) + 2l|g(¢ + 7)) dedr
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-1 o—T
i / / D ((|[(=A) Fuls + 7,7 — 1, 0—rw, ur o) |* + clluls + )|

-2 r—T

+ e (w) + 2llg(s + 7)|*)dodr

-1
g/ =TI |(—A)Y Eu(r 47,7 — 1, 0, vp_y)|[2dr

—2
" / T (|(=A) S uls + 7,7 — £, 0w, ur )| + cl|uls + 7)1
-2

+ ce2 e (w) + 2[g(s + 7)) ds. (4.24)

Let T be the constant in Lemma 4.1, and Ty = maxz{2,T}. Note that u = v +
0z(0_w) and (3.3), from ¢ € (7 — 1,7) and Lemma 4.1, then for all ¢ > Tj, we
obtain

H(_A)%U(Uv T—1, Q*va ’UT*t)HQ
<(1+¢) QT (A S u(r 4 T, T — 0w, v, )| 2dr
-2

+ / =) (e (W) + 2| g(s + 7)||?)ds
—2

<c+ c/ =) (3151 (W) + |lg(s + 7)||?) ds. (4.25)

—00
O

Based on Lemma 4.3, we claim the solution operator of problem (3.5)-(3.6) has
a random pullback absorbing set in V' as stated below.

Lemma 4.4. Suppose (3.8) holds. Let By = {Ba(1,w) : 7 € R,w € Q} be a random
set given by

By(r,w) = {v € H : [[v][ 7o < Ra(r,w)},
where Ry(T,w) is defined by

0 1
Ralr) = cte [ (e417r(w) + @ gls + ) )ds. (4.26)

—00

Then for every 7 € R,w € Q} and B = {B(t,w) : 7 € R,w € Q} € D, there exists
T =T(r,w,B,d) > 0 such that the solution v of (3.5)-(3.6) with v,_ + 0z(0_tw) €
B(t —t,0_,w) satisfies, for allt > T,

v(T, T —t,0_rw,v,_4) € Bi(T,w). (4.27)
In addition, the random variable Ro as in (4.26) is tempered, i.e., for any ¢ > 0,
: —ct _ —
tlggloe Ry(m —t,0_w) =0. (4.28)

Proof. As a special case of Lemma 4.3 with 0 = 7, we obtain (4.27) immediately.
We now prove (4.27). From (4.26) we have

0 1
Ro(r —t,w) =c+ c/ (e27r(w) + e (|lg(s + 7 — t)||*)ds. (4.29)

— 00
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Note that r(w) is a tempered function. By (3.9) we get

limsup e “ Ry(7 — t,w)
t—o0

0
<limsupe / (e%”r(w) +e(lg(s + 7 —t)||*)ds

t—o00 — 00

0

<limsup e_”e_c’”/ (e275r(w) + €7 (|lg(s — r)||*)ds = 0.
T—00 —c0

O

In this following, we will derive the uniform priori estimates on the tail of so-

lutions. Firstly, we introduce a smooth function p(s) defined for 0 < s < oo such
that 0 < p(s) <1 for s > 0 and

0, if 0<s<3,
p(s) = (4.30)
1, if s> 1.
Note that there exists a positive constant ¢ such that |p'(s)| < ¢ for all s > 0. From
the definition of the cut-off function p(s) and fractional Laplace operator (—A)“
we can easily get the following properties of p(s).

Lemma 4.5 ( [15]). Let p(s) be the smooth function defined by (4.30) and o € (0,1).
For every x,y € R® and | € N, then we have

)

Ed Lyl |2
) = (5 v
/R3 |p(|; i y|f3)4(era) do < lziu (4.31)
where vy s a positive constant,p;(.) = (| ‘)

We now give uniform estimates on the tails of solutions in L?(R?).

Lemma 4.6. Suppose (3.8) holds. Then for every e > 0,7 € R,w € Q and B =
{B(r,w) : 7 € R,w € Q} € D, there exists T(T,w, B,d,¢) >0 and L = L(T,w,e) >
1 such that for allt > T and | > L, the solution v of problem (3.5)-(3.6) satisfies

/ (7,7 — t,0_rw,v,_¢)|?da < e,
|z|>1

i _t 9 T T— 2
/ 674/ / LJoles 3+2a %)) dxdyd¢ < e,
R3 JR3 |z -y

where p is defined by (4.30).

and

Proof. Taking the inner product of (3.5) with p(l%)v and taking the real part,
we have

& LoEhiepds sz [ pEppas

— 2Rl +i/\)/ (—A)%p(@

R3

Yodx
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—26Re(1+1X) /RS(—A)“,Z(Gtw) (b;—‘)ﬁdac
+ 2Re ft,x, v+ 02(0w))p (| ‘)vda:
RS
=]\
+2R6/R3 g(t,x)p(T)vdx. (4.32)

Now we estimate each term on the right side of (4.32). For the first term, from
(4.31), we get

_9Re(1+i)) / (—A) (@)vdx

2y (z) — p(l2L W
) Re(1 4 i) / / o)) o), 0
R3 JR3

|£L' _ y|3+2a

Iw\ v(y))?
a)Re(1 +i)) /1?{3/1:{3 |x— |3+2a dxdy

) Re(1 + i) / () — p()) (v(z) = v(y))v(y)

- e

\xl 2

(p(7) (v(@) = v(y))
—C( dzd
(a /R /R o — |3+2u Y

I

1=l Iy\ o(z) — v )

e

\ml ))2
—C( dxd
(@ /R /R |x—y|3+20 e

lyly|2

JE] — o) )
+ VITRC@o “/J (6C) =20 1, [ ) o0

R? la? R: |z -yt

\II —u(y))?
() _
/3/3 |3+2a dzdy + 1+ XC(a)d (XH’UHJQLI"(P&)'
R3 JR -y

(4.33)

dxdy

For the second term, we have

—25Re(1+14X) /RB(—A)az(Htw)p(?)vdx

22040 [ Jely e e Y[ e
< f/R PEI(=2)"2(0w)] derffm P ofPde. (4.34)

For the last term, we get
T 0 x 2 x
ore [ georplpar <] [ plhupars 2 [ phgwopar @)
R3 R? 7 JR3
For the nonlinear term, we find

2Re ft,z,v +5Z(9tw))p(@)@da:
R3
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2Re/ flt,z,u)p | |)udx — 20Re f(t,x,u)p(m)z(etw)dx
R3

don 0
2/ LN \4da:+2<5/ 20 £t 2, w0)l2(000)
s k
2/ p(— |u\4d:c+25\1+z,u|/ |u| |z(0w)|dx
R3
/ p( Tl )|u |4dﬂc+c/ p(%)\z(@tw)ﬁdaﬁ. (4.36)
R3 R3

It follows from (4.32)-(4.36) that for all { > Ly (w) > 1

x Ehy(w(2) = v(y))?

dt T |z — y[3+2

a T 2 o 2 T
<ol + | p<U><26|z<etw>|4+f|<—A> o) Pyiee [ ol
rs ! Y ¥ !

R3
<ol e[
|z|> 51

Given t € R",7 € R and w € Q, multiplying (4) with e, then integrating the
result on (7 —t,7), we get for all [ > L;(w)

)lg(t)*dx

2(0;w)| + |(—=A)*2(0yw) |?)dx + c/ lg(t,z)|>dx. (4.37)

> 1
|z[>51

/ (' Djo(r, 7 = £, 0_4) [2da
R3

T i T —t . _ 2
+C(a) / (=7 / / z L 2t)(w) VW) frdydc
R3 JR3 |z — y[3t2e

< [ e / oo, 1,07l

+c/ / e’ | g(s, )| dads
T—t J|z|>31

+e / I (2(Bs)[* + | (—A)*2(8y) [2)dards.
|z >

Then replacing w by 0_,w we have for all I > Ly (w)
2 _ 2
p(—)|v(r, T —t,0_rw,v,—¢)|*dx
rs !

T i T—1 9—7’ y YT — - 2
+C(a/ (- r>/ / z 07w, v-—)(2) — v(y)) dedyd¢
T—t R3 JR3 |z — y[3t2e

.
p( |gc| - t|2dx+c/ (s, 7 — t,0_rw,vr_y)||3ads
T—t

<e

+c

Jurt
/ / eV g(s, ) |*dads

|2|> 31

c e’y(s—T)Z WA AV (0012 dads.
* /Tt/ (|2(0sw)|* + [(—A)*2(0w)|?)dzd

|2|> 31

\%

[\
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After change of variables, for all | > L;(w) > 1 we obtain

/ (‘ |)|v( —t,0_,w, v, )| dx (4.38)

p(1h)( v(y))?
+ C(a e%/ / dzdyd
—t R3 JR3 |£C*y|3+20‘ y

<et [ o hor e [ s 7~ 1,00 et
—t

+ c/ / = g(s + 7, 2)|2dxds
—t J|z|>

1

2

c 67(87) w)t —A)2(0,w)|?)dzds. )
o N e ORI ON RIS (1.39)

1

2

Now we estimate the first term on the right-hand side of (4.38). Since B = {B(7,w) :
7 € R,w € Q} is tempered, v,_; € B(7T —t,0_;w), there exists Ty = Ty (7, w, B,&) >
0 such that for all £t > T7,

et /R3 p(@)|v77t|2dx <e. (4.40)

For the second term, from Lemma 4.1 with ¢ = 7, there exists T = Ts(7,w, B, &) >
0 such that for all ¢ > T5, we have

0
c/ T u(s + 7,7 = £,0-rw, vr—) [Frads < £C(r,w). (4.41)
—t

For the third term, from (3.8)-(3.9) we find

0
c/ / e"®g(s + 7, 2)*dzds < oo. (4.42)
— oo JR3

Hence, there exists Ly = Lo(7,w,€) > Ly such that for all [ > Lo,

/ / e"®|g(s + 1, 2)Pdads < e. (4.43)
|| > 51

2

For the last term, from (3.3) we have
0
c/ / e (|2(0sw)|* + |(—=A)*2(0sw)[?)dxds < oc. (4.44)
—c0 JR3
Hence, there exists Ly = L3(7,w, ) > Lo such that for all [ > L,
0
c/ / 75 (|2(0sw)|* + |(—=A)*2(0,w)|[})dxds < €. (4.45)
|z|> 21
By (4.38)-(4.45) we obtain, for all [ > L3 and t > T,

/ p(@)h}(r, T—t,0_,w,v,_4)|2dx
R3



Fractional stochastic Ginzburg-Landau. .. 2609

0 |] 2
P o) w() —vw)?
et [ o T e
<e(3+ C(r,w)). (4.46)

From (4.46), the desired estimates follow immediately. O
In this following, we give the existence of tempered pullback absorbing set in H,
and the asymptotic compactness of (1.1)-(1.2) in H.

Lemma 4.7. Suppose (3.8) holds. Given § > 0,7 € R and w € Q, let
Ks(r,w) = {u € H : [Jul” < e(r(w) + Ru(7,w))},

where Ry(T,w) is the same number as in (4.12). Then K; is a closed measurable
tempered pullback absorbing set of cocycle ® in H.

Proof. We first prove that K absorbs every member B of D. By (3.7) we have
w(r, T —t,0_rw,ur—y) = 0(7, T — t,0_;w,v,—¢) + 02(0_,w). (4.47)

If ur—y € B(t —t,0_,w) , then by (4.47) we get vt + 6z(0_,w) € D(T —t,0_,w)
which together with Lemma 4.2 implies that there exists T'= T'(1,w, B, §) > 0 such
that for all ¢t > T,

v(r, T —t,0_rw,v,_4) € Bi(T,w), (4.48)

where Bj(7,w) is the same as in (4.13). Tt follows from (4.47)-(4.48) and (4.13)-
(4.14) that for all t > T,

lu(r, 7 = t,0_rw,ur_)||*> < c(r(w) + Ri(T,w)). (4.49)
On the other hand, by (3.7) we have
O(t, 7 —t,0_w,ur—y) =u(r,7 — t,0_rw,ur_¢), (4.50)

which along with (4.50) shows that ®(¢t,7 —¢,0_4w,u,_;) € K for all t > T, and
hence K absorbs all elements of D. We now prove Ky is tempered, i.e., K5 € D.
Note that r(w) is tempered, by (4.47) we find that for every ¢ > 0

. —ct . . . —ct 1 _
tlggoe |Ks(m —t,0_w)| = ctlgroloe (r(w)+ Ri(m,w))2 =0,

which implies that K5 € D. Note that R;(7,w) is measurable in w € © and so in
Ks(7,w), which completes the proof. O

Next we first give the D-pullback asymptotic compactness of the solutions of
problem (3.5)-(3.6) in L?(R3).

Lemma 4.8. Suppose (3.8) holds. Then for everyT € R,w € Q and B = {B(7,w) :
T € Rw € Q} € D, the sequence {v(1,7 — ty,0_rw,v0,,)}22, of solutions of
problem (3.5)-(3.6) has a convergent subsequence in L*(R?) provided t, — oo, and
Vo.n € B(T —ty, 04, w).

Proof. Let ¢, - oo, B={B(r,w)} € D and vy, € B(T — t,,0_¢,w). Applying
Lemma 4.1, for all w € Q, we have {v(7,7 — tn,0_rw,v0,)}32, is bounded in
L?*(R3). Therefore, there exists n € L?(R3?) and a subsequence, still denoted by
{v(1,7 — tn, 0_rw, v n) }2L,, such that

(T, T — ty,0_rw,v0,) = n weakly in LQ(RB),for some 7 =n(w) € L2(R3).
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By Lemma 4.6, there is T* = T (w) and I* = [*(w, €) such that for all ¢ > T,
H’U(7—77——t7977—w7v0)||%2(|z|2l*) S e. (451)

Since t,, — o0, there exists Ny = Ny (B, w, ¢) such that ¢, > T for all n > Ny. By
(4.51), for all n > Ny, one has

(7,7 — tmefrwvvo,n)H%mz\zz*) Se
By Lemma 4.2 and 4.4, there exists Ty, = T1,(w) such that for all ¢t > T3,
lo(r, 7 — .07, v0) [ e (o) < c(Ra(T,w) + 7(w)). (4.52)

Let No = Ny(B,w,¢) be large enough such that ¢, > 77, and n > Ns. It follows
(4.52) that, for all n > N,

(7,7 = tn, 0w, v0.0) | Fre (mo) < e(Ra(T,w) +7(w)), (4.53)

and so a further subsequence converges weakly in H*(R?), again to 7. Thus,
n € H*R?). Let B~ = {X € R? : |z| < I*}. By the compactness of the em-
bedding H*(B;-) < L?(B;-), together with (4.53), we obtain, up to a subsequence
depending on [*,

(T, T —ty,0_rw,v9,,) — 1 strongly in L2(Bl*),

which implies that for given € > 0, there exists N3 = N3(B,w, ) such that for all
n 2 N37
HU(Tv T —tn,0_rw, UO,n) - 77”%2(31*) <e. (4.54)

Since n € L?(R3), there exists [** = [**(w) > 0 such that
/ In(z)|2dz < e (4.55)
|| =

Let I’ = maz{l*,I**} and N’ = max{Ny, N3}. Then, from (4.53)-(4.55), we obtain
that for all n > N’,

HU(TaT - tna 9—7'Wa UO,n) - 77“%2(}%3) SH’U(TvT - tny 9—7'Wa UO,n) - 77||2L2(Bl/)
+ |lo(r, 7 = tn, 07w, vo,n) — 77\\%2(3;,)

<5e,

which implies v(7, 7 — t,0_,w,v0.,) — 1 strongly in L?(R3). This completes the
proof. [

From Lemma 4.8, we immediately get the D-pullback asymptotic compactness
of the solutions of problem (1.1)-(1.2) in L?(R™).

Lemma 4.9. Suppose (3.8) holds, for every 7 € R,w € Q and B = {B(1,w) :
7 € R,w € Q}, the sequence {®(tn, T — tn, 0_rw,upn) 152, of solutions of problem
(1.1)-(1.2) has a convergent subsequence in L?(R™) provided t, — oo, and ugn €
B(1 —tp,0_+,w).
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Proof. By (3.4) and (3.7) we obtain

D(tn, T —tn,0_¢,w, uO,n) =u(T, T —tn, 07w, ur—¢,)
= (T, T — tpn,0_rw, 0,4, ) + d2(w)

with w,—¢, = v, +02(0_¢,w)

which along with Lemma 4.8 implies Lemma 4.9 directly. O
Now we give the existence of tempered pullback random attractors of ® in H.

Theorem 4.10. Suppose (3.8) and a € (2,1) hold. Then the cocycle ® of problem
(1.1)-(1.2) has a unique D-pullback random attractor As = {As(t,w) : 7 € R,w €
Q) €D in H.

Proof. From [52,54], based on Lemma 4.7, Lemma 4.9 and Theorem 2.4, the
existence and uniqueness of the D-pullback attractor As follows immediately. [

5. Upper semicontinuity of random attractors

In this section, we discuss the limiting behavior of random pullback attractors Ag
of fractional stochastic Ginzburg-Landau equation (1.1) as the intensity of noise
0 — 0. Throughout this section, we assume ¢ € [0,1], and write the cocycle of
problem (1.1)-(1.2) as ®s to indicate its dependence on 6. Then has a tempered
pullback attractor As by Theorem 4.9, and has a tempered pullback absorbing set
Ks by Lemma 4.7. Given 7 € R,w € €, let

~ 0 1
Rirw)=cte [ @)+ (lgls + s, (5.1

and
K(r,w) ={ue H : ||[ul]® < ¢(r(w) + R(t,w))}. (5.2)
Thus we have
1K (7 = t,0-)|* < c(r(w) + R(T — t,w)),
and
(T —t,0_w)||* < c(r(w) + R(T — t,w)). (5.3)
By (3.7) and r(w) is tempered, for every ¢ > 0,7 € R and w € {2, there exists
T =T(r,w,e) > 0 such that for all t > T,
e K (T —t,0_w)|* <e. (5.4)
From (5.4), we now prove the following uniform estimates on the tails of functions
in random attractors.

Lemma 5.1. Suppose (3.8) holds, then for every e > 0,7 € R and w € Q, there
exists L = L(T,w,&) > 1 such that for alll > L,

/ £(z)Pdz < e for all €€ U As(T,w).
z[>1

0<6<1
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Proof. From the proof of Lemma 4.1 and 4.3, by (5.4), we can verify that for every
e>0,7€Rand w e Q, there exists T' = T(1,w,e) > 0 and L = L(1,w,e) > 1
such that for all ¢ > T,1 > L and for all § € (0,1], the solution us of (1.1)-(1.2)
satisfies

/ lus(T, 7 — t,0_ 4w, us ~—¢)Pdz < €, (5.5)
|z|>1
where us ,— € K(7 —t,0_,w) with K given by (5.2). By (5.2)-(5.5) we have

U Asrw)c |J Ks(r,w) € K(r,w). (5.6)

0<6<1 0<6<1

Let £ € As(7,w) for some § € (0,1]. By the invariance of As, there exits ¢ €
As(t — T,0_7w) such that & = us(r,7 — T,60_w, (), which with (5.5) and (5.6)
together implies that for all [ > L,

/| @ = /| el T O e <
x| > z|>

The proof is completed. O
The limiting equation of (1.1) with § = 0 is given by

d
ditt + (143N (=A) U+ yu = —(1 +ip)|u*u + g(t,z), € R>t >, (5.7)

and initial condition
u(t,z) = u,(x), =€ R> (5.8)

Similar to (1.1)-(1.2), one can prove that problem (5.7)-(5.8) generates a con-
tinuous cocycle ®g in H. Moreover, has a unique tempered pullback attractor
Ao = {Ao(7),7 € R} in H and has a tempered pullback absorbing set Ky =
{Ko(7), 7 € R} where Ky(7) is given by

Ko(1) = {u € H : [[ul|* < Ro(7)}, (5.9)
and .
Ro(r) = c+c/_ 7 lg(s + 7)|2ds. (5.10)

By Lemma 4.7 and (5.9)-(5.10) we get, for all 7 € R and w € 2,

lim sup || K5(7, w) || < [[Ko(7)], (5.11)
6—0

which will be used for proving the upper semicontinuity of As. We also need the
convergence of solutions of (1.1)-(1.2) as § — 0.

Lemma 5.2. Let us(t, 7,w,us ) and u(t, 7, u.) be the solutions of (1.1)-(1.2) and
(5.7)-(5.8) with initial data us » and w., respectively. If lims_,ous, = u,, then for
anyt > 7 and w € €,

lim u(t, 7, w, usr) = u(t, 7,u,).
6—0
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Proof. Let vs be the solution of (3.5)-(3.6) and W = vs —u. Then from (3.5) and
(5.7) we have

aw
= —5(1+iN)(=A)2(0;w) — (1 +ip)|vs + 02(0:w)|* (vs + 02(0sw)) + (1 + i) |u|*u).
Multiplying the above equation with W and taking the real part, we obtain

1d 1
5 IWIR + SC@)IW I, + oI WP

= — Red(1 4 iN\)((—=A)*z(Bw), W)

+ Re /113(_(1 + iﬂ)'vé + 52(9tw)|2(115 + 52(9tw)) + (1 + ZM)|U|2’LL))Wdaj (5-12)

Now we will estimate the terms on the right-hand side of (5.12). For the first term,
we have

§2(1+ A%

— Red(1+iN)((=A)"=(6,w), W) < TI|W* + I(=2)2(0w)]?. (5.13)

For the nonlinear term we obtain

— Re(1 +ip) /113(\7)5 +62(0,w) | (vs + 62(Oiw)) — |ul?u)Wdz
= — Re(14iu) /RB(|v5+6z(9tw)|2(v5+§z(9tw))— [u+62(0:w) (v + 02(0w)))Wda

— Re(1+ip) /RS(\U + 62(0;w) % (u + 62(0;w)) — |ul|*u)Wd, (5.14)
After simple calculations, we find from (5.14) that for any 7 € R,w € Q,T > 0
and £ > 0, there exists dg = do(7,w,T,e) > 0 such that for all § € (0,d9) and
telr,m+T],

— Re(1 +ip) /Ra(|115 + 62(0:w) 2 (vs + 62(Ow)) — |ul*u)Wdz
§c||WH2—|—ce—|—ce/Rg(|u|4—|—|U5|4)dx. (5.15)

It follows from (5.13) and (5.15) that there exists d; > 0 such that for all § € (0,01)
and ¢t € [1,7 + T,

d
— W2 < c[WI? + ce + ce/ (Jul* + Jvs|*")dz. (5.16)
dt RS

Solving (5.16) on [r,7 + T] we have, for all 6 € (0,41) and ¢ € [r,7 + T,

t
W@l < CHW(T)||2+C€+C6/ (s, 7 un)lzaqms) + lvs(s, 7,w, v6,0) | 1 (ms) ) da-

’ (5.17)
On the other hand, by (4.11) we find that for all 6 € (0,1) and ¢ € [7,7 + T7,

t
l|vs (t, 7, w, vs+)]1? —I—/ ||115(s,T,w,v577)||i4(R3))ds < c+cl|lvs. |2 (5.18)
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Similarly, we also get for all ¢ € [r, 7 + T],
t
lut, 7, ur)|I? +/ (s, 7 ur)ll s sy s < e+ elfur]|*. (5.19)

Let 62 = min{1,d1}. By (5.18)-(5.19) we have, for all § € (0,d2) and ¢ € [r,7 + T,
lvs(t, 7w, v5,7) — ult, 7, ur)lI* < ellvsr — urll* + ce + es(|vs,r||* + [lu-?). (5.20)

Due to vsr = usr — 02(6,;w), we have from (5.20) that if lims_,ovs, = u, then for
all t € 7,7+ T],

lim vs(t, 7w, vs +) = u(t, 7, u;)
6—0 ’
which along with (3.4) indicates lims_,o us(t, 7, w, vs,r) = u(t, 7, u.). O

Lemma 5.3. Suppose (3.8) holds. Let 7 € R and w € Q be fized. If 6,, — 0 and
un, € As, (T,w), then the sequence {un}52, is precompact in H.

Proof. The proof is standard based on argument of [55]. Let K be the family of
subsets of L?(R3) given by (5.2). Then it follows from Lemma 5.1 that there exist
T = (r,w,e) > 1and | = (7,w,e) > 1 such that for all t > T" and ¢ € (0, 1]

1
/ | lus(T, 7 — t,0_4w, us—¢) (@) Pdx < 26 (5.21)
x|>1

where us ,—; € K(7 —t,0_4w). By (5.6) and (5.21), we get from the invariance of
Ajs that, for each 7 € R and w € Q,

1
/ lu(z)*dx < 26 for all u € As(m,w) with 0 < <1. (5.22)
|21

By (5.3), we see that the set (.5 As(7,w) is bounded in H*(U) with U = {x €
R3 : |z| < [}. Then the compactness of embedding H*(U) — L?(U) implies that
the set (Jys5<; As(7,w) has a finite covering of balls of radii less than e in L*(U),
which along with (5.22) completes the proof. O

Now we are in position to present the upper semicontinuity of random attractors
As as 6 — 0.

Theorem 5.4. Assume that (3.8) holds. Then for every T € R and w € Q,

lim distp (As(m,w), Ao(T)) = 0. (5.23)
6—0
Proof. This is an direct consequence of Theorem 3.2 in [52] from (5.11), Lemma
5.2 and 5.3. O
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