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EXISTENCE RESULTS OF SOLUTIONS FOR
ANTI-PERIODIC FRACTIONAL LANGEVIN
EQUATION*

Ahmed Salem

Abstract Recently, Khalili and Yadollahzadeh [9] have investigated the u-
niqueness and existence of solution u(t), ¢t € [0,1] for a class of nonlocal
boundary conditions to fractional Langevin equation. The authors used the
boundary condition »'(0) = 0 by incorrect method. In the current contri-
bution, we show the correct method for using this condition and study the
existence and uniqueness of solution for the same class of equation in slightly
different form with anti-periodic and nonlocal integral boundary conditions as
well as the boundary condition u’(0) = 0. An exemplar is provided to illustrate
our results.

Keywords Existence solution, fractional Langevin equation, anti-periodic
condition.
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1. Introduction

Khalili and Yadollahzadeh [9] have considered a fractional Langevin equation:
DY (°D* + Nu(t) = f(t,u(t), Du(t),  te[0,1], (1.1)

where D® denotes the Riemann-Liouville fractional derivative, the symbols ¢D?
and °D® are fractional derivatives in the Caputo sense with values of 3 € (1,2] and
a € (0,1 and f:[0,1] x R x R — R is a given continuous function with nonlocal
boundary conditions:

u(0) =0, u'(0) =0, u(1) = ~yu(n), (1.2)

where 0 < < 1and 0 < yp*t! < 1.
It is known that the Riemann-Liouville fractional integral has the form [10,11]:

1

I°f(t) = F(a)/o (t —8)*"1f(s)ds, a >0,

where T'(.) denotes the Gamma function, provided that the right-hand-side integral
exists. Based on this definition, the Riemann-Liouville and the Caputo fractional
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derivatives are defined, respectively, as:

D7) = DI (1) = e [ (= s s
D) = 1D (0 = ey [ (= s s

where n € N and n — 1 < a < n, provided that the integrals exist.
In view of the relations (2.114) and (2.115) in [11], we can derive, for o > 0 and
k € N, the following identities:

DFICf(t) = I°7F £(¢), a>k,
k

to=J <
DFI“f(t) = I*DFf(t — k=)o < k.
f(#) ﬂ)+2§ru+a_ﬁf 0, o«
In particular, if £k = 1, we get:
DI®f(t) = I £(b), a>1, (1.3)
tafl

DI®f(t) = I*Df(t) + — f(0), a<1. (1.4)

I'(a)
The authors in [9] considered the linear fractional Langevin equation:
°DP(EDY + Nu(t) = h(t),  te]0,1], (1.5)

and gave its solution as:

ta ta+1

1.
Tatr D Tarn? T (1.6)

u(t) = ITPh(t) — Au(t) +

and the derivative of solution as:

u'(t) = TP Ip(t) — AT Lu(t) + c1,

+

INa+1)
where cg, ¢1 and ¢y are constants. It is noting that when o < 1, the second fractional
integral is undefined and so the relation above is incorrect. To avoid this error, we
use the relation (1.4) to rewrite the derivative of solution in the correct form as:

a—1 $e

W (1) = 1B R(t) — AW (1) + = [eo — Mu(0)] +

(a)

Therefore, when applying the boundary condition u/(0) = 0, we have to take u'(t)
is continuous for all ¢ € [0,1] and ¢y = Au(0) = Acg, when « < 1.

When « = 1, the Langevin equation will be converted to the sequential fractional
differential equation which has the solution in the form:

u(t) :%ﬁ) /Ot e Mt=s) (/Os(s - v)ﬁlh(v)dv) ds
0

(M=) G (L ke M) e, tel), (L)

Tlat1)"
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and the derivative of this solution has the form:

u'(t) = ﬁ /Ot(t —5)P " h(s)ds — ﬁ /Ot e ME=s) (/Os(s — v)ﬁ_lh(v)dv> ds

+coe M+ %1 (1 — e_/\t) — Aege M

t
- L/ (t = )P h(s)ds — Mult) + co+ ert, ¢ €0,1]. (1.8)
I'(8) Jo
In this case, we also find ¢y = Au(0) = Acs.

The authors in [9] were lucky because they have imposed that u(0) = 0 which
led to that their main results are correct.

In the present paper, we consider the nonlinear Langevin equation:

cDP(ED* 4+ Nu(t) = f(t, u(t),© D*u(t)), t € [0,1], (1.9)

subject to anti-periodic and nonlocal integral boundary conditions:

n
w(0)+u(l)=0, «(0)=0, °DY(l)= L/ (n—s)" tu(s)ds,  (1.10)
() Jo
where 0 < <1, y>0and p €R.

The first condition is an anti-periodic boundary condition which appears in sev-
eral mathematical modeling of a assortment of physical approaches and has recently
drawn great attention for many contributors. The interpretation of the third condi-
tion is able to be expressed as the linear combination of the fractional derivative of
unknown function at the end is proportional to the the Riemann-Liouville fractional
integral of unknown function.

It is worth pointing out that the Langevin equations of fractional order have
received considerable attentiveness. There is an unusual turnout to study fractional
Langevin equations by a large number of authors (for instance, see [1-8,12-19, 21—
24]) due to its multiple applications in different fields of science.

2. Preliminaries

This section is dedicated to complete some fractional calculus concepts mentioned
in the introduction. Also, to identify the general form of the solution for the linear
Langevin equation of two fractional order (1.5) with the boundary conditions (1.10).

Lemma 2.1. Let o and B be positive reals. If f is a continuous function, then we
have:

I°TPf(t) = T°TP f(t).

Lemma 2.2. Let a be positive real. Then we have:

JOP = F(p + 1) thra

) >7]—7
T(p+a+1) P
c o Fp+1 —a
Dtp:IMtp , p>—1,,0750,1,,[a]

CDatp:()a pzoala"'a[a]

where [a] is the largest integer less than o.
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Lemma 2.3. Letn e Nandn—1< a <n. Ifu is a continuous function, then we

have:
I °Du(t) = u(t) +co + crt + -+ cprt" 1t

Let us now examine the linear fractional Langevin differential equation (1.5)
subject to the boundary conditions (1.10):

Lemma 2.4. If h € C[0,1], then the unique solution of the boundary value problem
(1.5) and (1.10) for 0 < a < 1 is given by:

U zé t — )t (s 5—L t —5)% Lu(s)ds
0= Fag [ =97 hds = s [t (21)
_K ! — )7 (s s—L 1 — )% 1h(s)ds
#Ea0) (it [ 0= sp utonts = i [ =9 s )
1 1
—Eu() <r(al+ﬁ)/0 (1—s)o‘+ﬁ1h(s)ds—r()\a)/0 (l—s)o‘lu(s)ds>,
where
a+l a _ «a _ a
B - 2 + 1)1 AJ}?L+>;()1+ -
Fa(t):F(a—l—Q)—&-)\(Al—i-a—Zt)t“’

A=2I"a+2)—A1—-a)#0.

When o = 1 and X # 0, the unique solution is given by:

u(t) = ﬁ /O A=) ( /0 s - v)ﬁ—lh(v)dv) ds (2.2)
+ f((;; /01 e 1) (/O(s - v)ﬁ—lh(u)dv) ds

+F() [“ [ -9ttt - o / (1 )P (s

'(v) Jo L'(B)
where
2Nt — 1+ e M) — )2
E(t) = ( QA(;F_@_A)) )
_ e~ MY _ () — e
F(t):2()\t 1+2A(1)6(§) 1+ ).

Proof. As we mentioned in the introduction, the solution of the equation (1.5)
for a < 1 has the form (1.6) and with the boundary condition «’(0) = 0 we deduced
that ¢cg = Aca. By using the anti-periodic boundary condition w(0) + u(1) = 0, we
find that u(1) = —¢o which can be rewritten as:

(2 + F(aA+ 1)> e + F(a1+ 1= F(Aa) /01(1 — ) tu(s)ds

—71 1 — 5)* A1 (s)ds
P(a+6)/o(1 JoHB-1p(s)ds.
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By operating <D® on both sides of (1.6) and using the last condition in (1.10), we
get:

ey 4o =t ! — ) tu(s s—L 1 — 8)# 1 h(s)ds
2es+ = s [ =y utds = g [0 s

Solving the former two equations to obtain:

n 1
= M(ﬁlj(rj))\)/o (n — s)7 tu(s)ds — i;:(;;\/o (1 —s)P"th(s)ds
22N +2) [*  eti-lp s 8_2/\2F(a+2) ! A ly(e)ds
T AT(a+ ) /0 R () /0 ()l
and

___H ! — ) Lu(s)ds _ 1 — 5)% 1h(s)ds
o= ~xpey [ 0= s+ g [ -9 e
I(a+2)

' a+B8—1 )\F(Oé + 2) 1 o1

Substituting into (1.6) to obtain (2.1).
When a@ = 1 and A # 0, we have ¢y = Acy and by using the anti-periodic
boundary condition u(0) 4+ u(1) = 0, we find that:

C1

35 A—1+e?)= _ﬁ /01 e~ M1=s) (/OS(S _ v)ﬂ_lh(v)dv) ds.

From (1.8) and the last condition in (1.10), we get:

2co +

c c:L ! — ) tu(s s—L 1 — 5)P7h(s)ds
2es+ = s [ =y utds = g [0 -9 s

Solving the former two equations to obtain:

c1 = ﬁ [F(Aﬂ) /01 e M1=s) (/0(5 - v)Blh(v)dv) ds

M ! — ) Lu(s s—L 1 — )P 1h(s)ds
st [T= o tueas - s [a- 9 hsas).

and

Co = —2(1_6)\% /01 e M1=s) (/Os(s - U)B_lh(v)dv) ds

_)\—1+e_>\ M n iy S_L 1 IEVETOIN
2M(1— e ) {F(’Y)/o (n—s) (s)d 1—\(5)/0 (1—s)"""h(s)d } .
Substituting into (1.7) to obtain (2.2). O

To facilitate writing, we assume that:

Fla+2)+ A1+ a)
|AIT (a4 2) ’

By = o B (1)] = (2.3)

t€(0,1
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Fi = max [Fy(t)] = L@t TR0 +a)

t€[0,1] |A| (24)

Also, from the increasingly of the function t — At — 1+ e~ on (0,1) for all
0 # A € R, we can introduce that:

200 — 1 +e*) = A2
E: E =
Jnax [ E(?)] Ay

A—1+e A
F = Fit)|= ———.
e 1Ol = oxg e

(2.5)
(2.6)

According to Lemma 2.2, we can deduce that:

2t (a+2) = A[l = (1 4+ a)t]
= A ,
Do F(f) = A1 — 2t)AF(a +2)

, o _l_e—At
()= F'(t) = T

DB, (t)

It is not difficult to show that:

2T 2 (2
wae - (1) < D@D IR+ )
t€[0,1] |A|

AT (c + 2)

¢D*F,(t)] = ————=
2o D Fat)] = = )

E'(t)] = F'(t)| =1. 2.9
tgl[gf]l )l tgl[gff]l )l (2.9)

= EQa (27)

= P, (2.8)

3. Basic Constructions

In the present section, we investigate the existence of solution for the nonlinear
fractional Langevin equation (1.9) subject to the anti-periodic and nonlocal integral
boundary conditions (1.10). In order to do this, we apply the same fixed point
theorems used in [9]. However, we do not use the technique of the green function
due to its length.

Let the space C[0,1] be the space of all continuous functions defined on the
interval [0, 1]. Define the space

E = {v|v € C[0,1],° DPv € C[0,1],0 < p < 1}
equipped with the norm

= t °DPu(t)|.
Jolle = mase [o(8)] + mas. D7)

s

It is worth pointing out that Su [20] proved that E is a Banach space equipped with
the former norm.

As an indispensable part of the basic needs to complete our investigations, we
assume the assumptions:

(1) The function f:[0,1] x R x R — R is a jointly continuous.
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(R2) There exist nonnegative function w € L1[0, 1] such that:
|f(t,u,v)] < w(t) + clul® + klv]°2, Y(t,u,v) € ([0,1],R,R),

where ¢ and k are positive constants and 0 < §; < 1,5 =1, 2.

(M3) The function f satisfies the Lipschitz condition:
|f(t,U1,U1) - f(t7u27v2)‘ < [’(|u1 - u2| + ‘Ul - U2|)7 vt € [Oa 1}7
where L is a positive constant and wuy, us,v1,v2 € R.

Now, let the operator P, : E — E be defined, for o < 1, as:

Pou(t) = W/O (t — 8)*P=1 £ (s, u(s), D*u(s))ds (3.1)

/Ot(t — 5)* tu(s)ds + Eq(t) <Fé{y) /On(n — o) u(s)ds

w5/ (1= )P (s ()¢ D%(s))ds)
+ Fa(t) (F(Aa) /01(1 — 5)oLu(s)ds
) (L= ) s () ¢ Dau<s>>ds) ,

and the operator P : E — E be defined as:

Pu(t) = L) /0 t e ME=s) < /0 S(s — )P f (v, u(v), u’(v))dv) ds (3.2)

NG
E(t) /1 “A(1-s) </S 51 / >
+ —= e 5 s—v fv,u(v), v (v))dv | ds
T03) J, ; (s —=v)"" fv,u(v),u'(v))
0 |5 [ 0= o7 tuteya
+ F —_— n—s u(s)ds
L'(v) Jo
1 ! B—1 /
—— 1—38)"""f(s,u(s),u(s))ds| .
w0 s )
For the sake of the readers’ convenience, we provide the following constants:
Q = Ql + QQ and R=R; + Rs, (33)
where
0, = 1+ F E, poo NA+F) B
YT T(a+8+1)  TB+1) YT T+l T T(+1)
1+ Fy Py || Eam” |A[F2
= + ) Ry = [A] + )
@ F(B+1)  T(a+pB+1) 2= C(y+1)  D(a+1)
and

P = (bl + (1)2 and U = \I/]_ + \112, (34)
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where
(1+E)(1—e?) F Flpln?
q)l = ) lIjl = )
AL(B+1) rB+1) I(y+1)
_+PADA =) 2 |pln”
by = , Py = ———.
AT(B+1) r+1) L(y+1)
Consider the closed balls:
Sr=A{u € E[ [lullg < r}, (3.5)
Sy ={u € E| |lu||g < ¢}, 3.6)
with radii, respectively,
1 1
r = max {4Qwllz, (4eQ) ™ , (4hQ) 7% 4rR |

¢ > max {4(I>Hw||E, (4c®) T, (4k¢>)ﬁ,4w} .

Lemma 3.1. Assume that the assumption (Rsa) holds, then the operator P, : E —
E defined in (3.1), satisfies Py S, C S, where S, defined in (3.5).

Proof. Taking u € S, and using (R2) yield:

[Pau(t)]
1
< -
“T(a+p
A

) / (t = )78 (s, u(s).c Du(s))|ds

K a—1 Itu| K ~y—1
TR |u<s>|ds+Ea<t>|( [ = ats)ias

I(«)
e
NG
() (P(ﬁ'y)

1
+F(Oé + 5

/ (1= ) u(s)|ds
0

F(’Y)o
— )P Y (s, u(s), DYu(s S
[ = s <>>|d)

1 — 5)*TAL £(s,u(s),C Du(s))|ds
[0 s o) Dt las )

1 t — 5)2TF= 1 (w(s) + clu(s)] °D%u(s)|%)ds
ST [ =9 ) + o)l + kD ()| )

A

L AL / (t— ) u(s)|ds + | Ea (1) ('“' / (0= ) u(s)|ds

I'a)
1
F(/B) 0
E) <r@)
1

1
/0 (1 - 5)*VJu(s)|ds

L(y) Jo
1
—|—7/ (1- s)ﬁfl(w(s) + c|u(5)|61 + kCDau(s)|52)ds>

—|—7/0 (1-— s)aH}*l(w(S) + c\u(s)\51 + k:|CD°‘u(s)|§2)ds)

T(a+p)

§ & t
et a0 i g,
0

- (a4 B)

All[ulle
I'(«)

/Ot(t —5)*ds



Fractional Langevin equation 2565

n o1 d2 1
i ) (LA [ o Bttt )
0 0

teloll I'(v) T (8)
l|wl|g+crdt 4krd? ! a1 IA|[|ulle 1 -
+ max [Fa(t) ( O /0 (1-s) ds+F(a)/0 (1-5) ds>
L+ Ey 5 sy (WNAEF) [l By
< (F(a—l—,@’—i—l)JrF(ﬁ—i—l)) (lwllg+ert +kr )+< Tla+1) T(+ 1)) |lulle

<Q1(||w|le + erdt + kr‘sQ) + Ryr.

It is easy to see that:

CDPyu(t)
1 /t(t —5)P7 L f(s,u(s),© Du(s))ds — \u(t)
L'(B) Jo T
e pa M n,s“/—lus 57L 1 —5)%7 L f(s,u(s),© DYu(s))ds
0B, it [[-sr s s [0 97 fssute) Dot
—°D* #1750‘”3_1 s,u(s),“D*u(s sfi 1fsa_1uss
D% Fa(0) (a9 ute D) as— o [ (197 u(s)as).
Whence, as above, we can find that:
¢ yo lwlls + er®* + krf2
[*DYPau(t)| < TG+ D) + |Alr
el + er®t + ke
v (5 )
lwllg + crdt + kroz | A7
+F2< T(a+B+1) r(a+1))

=Qa(||wlle + er’ + kr®) + Ror.
These lead to:
a = . t CD(X . t
[Paulle Jnax |Pau(t)] +f§8‘§]| Pou(t)|
< Q(w|lg + e + kr%2) + Rr <,

where @ and R are defined as in (3.3), which means that the operator P, : E — E
satisfies P, S, C S,. O

Lemma 3.2. Assume that the assumption (Rg) holds, then the operator P : E — E
defined in (3.2), satisfies PS¢ C Sy where S; defined in (3.6).

Proof. Taking u € Sy and using (R3) yield:

Puo)l <5 [ LA ([ 6= or 1w @l ) as

B o0 ([ o= stwato) @)

LF ) (Ff;') / (0 — 5 fu(s)lds
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1
+@/O (1—s)ﬁ—1|f(s,u(s),u/(s))ms)
lwlle + e + k€2 (" 5 s ' s a(-s)
< TG 1) </0 she™? d8+|E(t)\/ sPeA1 ds)

0
il Julle  |lwllg + €% + ked2
+IF) ( L(y+1) * L(B+1)

It is well-known that:

t t At A
/ sPeMt=9)gs < tﬁ/ e Mt=8) g = 1-¢ th < 1-¢ ,
0 0 A A

! ! 1—e?
/ sPe=21=5)gg §/ e M=8)ds =
0 0

and also

which yield:

|lw|lg+ctor +k0%2 (1+E)(1—e™?)
|Pu(t)] < rGI) ) +F <r

= & (||wl|g + e + k%) + Ty L.

|yl leluz+c€51+kf‘52)
(v+1) r'(B+1)

It is easy, by using the Leibnitz integral rule, to see that:

%(Pu(t)) :F_(;\)/Ot o~ (t—s) (/3(8 _v)ﬂ_lf(v,u(v)m’(v))dv) s

0

1 t —8)P 7 (s, u(s), u/(s))ds
+ 177 [ €= 9" (sl ()

" ?(g)) /01 e (/0(5 —o" (”vu(v)vu’(w)dv) ds

+F (1) {Féjv) /0 "= 877 Vu(s)ds
w5 /. - )77 s (o) (5

Whence, as above, we can find that:

‘d(pu(tn‘ < wlle + £ + k2 (L4 AN —e?) | ulne
dt r'(B+1) A T(y+1)
2||wlle + cl0r + keo2)
(B +1)
=By (||wle + O + k£92) 4+ Wyl

These lead to:

|Pullg = max |Pu(t)] + max |[DPu(t)]
t€[0,1] t€[0,1]
< O(||wllg + e + k£%2) + WL < ¢,
where ® and U are defined as in (3.4), which means that the operator P : E — E

satisfies P.S, C Sy. O
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Lemma 3.3. Assume that the assumption (Rs) holds, then the operator P, : E —
E defined in (3.1), satisfies PoB, C B, where:

B, = {u € E[ ||lullg <r}, (3.7)
with radius

r>|1-QL— R7'QM,
where Q and R are defined in (3.3) and M = max,c(o 1) |f(t,0,0)].
Proof. In view of Lipschitz condition in the assumption (R3), we can find that:

|f(t7 u(t)vc Dau(t)” = |f(t7u(t)7c Dau(t)) - f(t707 0) + f(tv 0, 0)|

< [f( u(d),” D*u(t)) — f(£,0,0)[ + (2, 0,0)]

< L(|u(t)] + |°DYu(t)]) + M

< Lullg+M < Lr+ M.

Similarity, as in Lemma 3.1, we can complete the proof. O
Also, we can prove the following lemma:

Lemma 3.4. Assume that the assumption (R3) holds, then the operator P : E — E
defined in (3.2), satisfies PBy C B, where:

Be ={u € E| |Jullg </}, (3.8)
with radius:

(>1—dL -V 'dM,
where ® and ¥ are defined in (3.4) and M = max,e(o,1) | f(t,0,0)].

4. Existence Results

In the present section, the existence of solutions for the boundary value problem
(1.9)-(1.10) is investigated by means of applying the Schauder fixed point theorem.
Also, we provide an example to illustrate the applicability of our results in this
section.

Theorem 4.1. Assume that the assumptions (Ri) and (Ra) hold. Then, the
boundary value problem (1.9)-(1.10) has at least one solution in [0, 1].

Proof. In addition to results of Lemmas 3.1 and 3.2, it suffices to prove that
the operator P, : S, — S, if @ < 1 and the operator P : Sy — Sy if a = 1 are
completely continuous. Then with applying the Schauder fixed point theorem, we
show the existence of solutions for the boundary value problem (1.9)-(1.10). In
order to show that, the assumptions (R;) and u(t) € E yield the continuity of the
operators P, and P. Now, let 0 <t; <t <1 and

N = max [£(s.u(s):* D*u(s)).

te[0,1
From the definition of E, in Lemma 3.4, we can get:

2065 — 9D (a4 2) + [A(1 4 a) (kg — & — 1571 49+
AT (a + 2)

‘Ea(t2) - Ea(t1)| <
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_ 25 -0 (e +2) + N1+ a) (5 — 1)
- AT (a +2)

Similarly, for F,,, E and F', we can deduce that:

|Foz(t2) - Fa(t1)| < ‘)\|(1 +Oz)(tg _ ttl)z)

A ’
Al(tz — t1) + ez — e
E - F <
|E(t2) — E(t1)] < M=) ,
(Al(tz — t1) +[e™**2 — e
F - F < .
[F(t2) = F(t1)] < NI = o)

Thus, for a < 1, we get:
|73au(t2) - Pau(t1)|

N " —s a+pB—-1 —s a+p—1 S
| a9 (11— 5)*+51] d

“Tla+ 5
to ty

Tt /t (t2 — )™+ ds + F'?('; | lt= 9 = =5 s
[Alr
I'(e)

N(ts*7 — ) N 2[A|r(t2 — t1)”
SCETESY T(at1)

n 20657 — 9T (@ 4 2) + [A(1 + ) (85 — tf)

+

ta
/ (tz = 5)*7tds + |Eq(t2) — Ea(t1)|C1 + |Fu(t2) — Fu(t1)|Co
ty

AL+ ) (t5 — t7)

AlT(0 +2) Gt ar
and
|“D*(Pau(ta)) = D*(Paulty))|
N B 01 g
Sr(ﬁ)/o [(t2 ) (t1 ) }d
N [t .
+ 55 / 2= s+ W ults) — ()
D% By (ts) —¢ D® B (11)[C) + [F D Fa(ts) —¢ D Fo(£1)[Ca
N(t5 —17) NP 1278y o\ |r(ts — 1)
TG +A|< Natp+1) | T(a+1)
2057 — 7T (0 + 2) + [A[(1 + o) (15 — 1) IAI(1+ a)(ty — 1)
I ( Alf(a+2) . A 02)
200 +2) + A1 +a)|(ba—t1) . 2A\T(a+2)(ts — 1)
* o ot P
where
_M 777—37711;5 s—i 1 — $)57 Y f (s, u(s), DYu(s))|ds
e = g [ sy utolas = s [ =9 (s ). D ul s,
_ 1 —8)2HP=Y £ (s, u(s),C D%u(s))|ds AL 1 —5)* " u(s)|ds
Co = it [ A9 s uto) D uls) s+ o [ (1) o).
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It is obvious that, they are independent of w and if to — ¢t; — 0, then Pyu(te) —
Pou(ti) = 0 and D (Pyu(ts)) —¢ D*(Pou(ti)) — 0. These mean that the operator
Po : E — E is equicontinuous.

When a = 1, we have:

N .
|Pu(tz) — Pu(t) ) / sPeAt2=9) _ = A(ti=9) g
0

‘SF(6+1

N /t2 B~ A(ta—
+ = sPemMt2=9) g
F(B—i_ 1) t1

+ [E(t2) — E(t1)|Cs + [F(t2) — F(t1)|Ca

N 67At2 _ 67)\“ tﬁ ty Nef)\tgtﬁ to
< | i / eMds + ——2 / eMds
0 t1

- r(B+1) rB+1)
(At — t1) + e M2 — e M|
M=) (C5 + C4)
_N|e_/\t2 — e_’\t1|t*f eM— 1 N Ne‘”ztg 1 — eMtz—t1)
L'(B+1) A I(B+1) A
DIt = 1) + e~ — =0
A1 —e) (Cs+ C),

and, similarity

d d
7 Patu())i=tz = = (Patu(t))i=t,
N|e—)\t2 _ e—/\tl |tﬂ 6>\t1 _ 1 Ne—Atztﬂ 1 _ e)\(tz—tl)
< 1 + 2
ST TB1D A TG+ X
N =) | Jee e

| (Cs5 + Cy),

TB+1) T [I—e
where
_ 1 16*>‘(1*5) SS—UB*1 v,u(v),u (v))|dv | ds
=10 | ([ =015 utopiae) as
fﬂ ! — )" Hau(s)lds L 1 — 9P (s, u(s), v (s S
Ci= s [ M= 5P utollas + i [0= 9 s uts) (sl

It is obvious that, they are independent of w and if to — ¢t; — 0, then Pu(ty) —
Pu(ty) — 0 and D(Pu(ta)) — D(Pu(t1)) — 0. These mean that the operator P :
E — E is equicontinuous.

Therefore, all assumptions of the Schauder fixed point theorem hold which leads
to the boundary value problem (1.9)-(1.10) has at least one solution in [0,1]. O

Example 4.1. Consider the following boundary value problem for fractional Langevin
equations:

D2 (D* + 1/4)u(t) = f(t,u(t)," D*u(t)), O<t<l,

/n(n — 5)*2u(s)ds. -y
0

u(0) +u(1) =0, w(0) =0, “Du(l) = Fms
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Here we take 8 =3/2, u=5, y=5/2, A=1/4,1=1/2, and

t2 sin(rrt)
— 4
1+t

It is easy to show that:

¢
flt,z,y) = 7r/ 2% sin® (ms)ds + y°2 cos?(mt).
0

t2
1+t

which means that ¢ = 5, k=1 and w(t) = ts € L]0, 1] equipped with the norm:

1
. 3 ™
£t 2,y)| < + | / sin? (ms)ds + [y < ¢4+ Sl + g™,
0

3 3
= t2 ‘D2
lwlle = mas {2} + max {*D"¢2}
(2 /
=1+ max 75(2) t3- :1+7537T :
te0,1] (I'(5 — ) 4r(5 — )
Thus, the function f : [0,1] x R? — R satisfies the assumptions (R;) and (Rs)
for all 0 < 81,02 < 1 and 0 < a < 1. Therefore, according to Theorem 4.1, the
boundary value problem (4.1) has at least one solution on [0, 1].

5. Uniqueness Results

In the present section, the uniqueness of solution for the boundary value problem
(1.9)-(1.10) is investigated by means of applying the Banach fixed point theorem.
Also, we provide an example to illustrate the applicability of our results in this
section.

Theorem 5.1. Assume that the assumptions (Ri) and (Rsz) hold. Then, the
boundary value problem (1.9)-(1.10) has a unique solution in [0,1] if LQ + R < 1
fora <l andif LO+ T <1 for a =1, where Q,R and ®,V are defined in (3.3)
and (3.4), respectively.

Proof. In addition to results of Lemmas 3.3 and 3.4, it suffices to prove that the
operator P, : B, — B, if a < 1 and the operator P : By — By if a = 1 satisfy the
contraction condition. Consider u,v € B, and t € [0,1], by the assumption (R3)
for a < 1, we have:

|f(s,u(s),” Du(s)) — f(s,v(s),” D*v(s))|
< L(Ju(t) —v(@)] + |[*D%u(s) = Dv(s)|)
< ﬁ(tgl[gﬁ} lu(t) —v(t)] + Jnax [“D%u(t) = D*v(t)|)
< Lu —vlfg,
which leads to:
‘,Pocu(t) - Pav(t)l

Ll — ol / o A= vls / .
< t—s)® ds + ————— t—s)* ds
Tt p) Jo ™% Moy ),

+ |Ea(t)‘ (:U’mlij’(;)’UHE /07](77 _ S)'y—lds + El}"‘(—ﬁ)’v'E /0 (1- S)B—lds)
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Llu = vlle /1 N O [l 1
+ | F,(t < 1—s)oth ds—!—i/ 1—5)%""ds
O ( Ty | a9 e e
=(£Q1 + Ry)[ju — vlle,

and also
“D*Pau(t) = D*Pav(t)] < (£Q2 + Ra)llu — v
Thus,
[Pau = Pavlle < (£Q + R)[u — vl|e.
For a = 1, we have:
[Pu(t) —Pu(t)]
e [* o y Bt [ iy
0

“TB+1) Jo L(B+1)

oy [ 1=l [ gt g A [ o]
L0+ B)fu—vfet® 1 — e s c
BRCES) T+ o e e e

S(LPy + W) |lu - vlfe,
and also
|P'u(t) — Po(t)| < (LPo + Vs)|lu — v||g.
Thus,
|Pu— Pollg < (LD + ¥)||u — v||g.

Since LQ + R < 1 and L& + ¥ < 1, then the operators P, and P are contraction
operators. Therefore, all assumptions of the contraction mapping principle hold
which leads to the boundary value problem (1.9)-(1.10) has a unique solution in

[0, 1]. O
Example 5.1.
D3 (D + 1/4)u(t) = f(t, u(t),c Du(t)), 0<t<1,
! co 5 K 3/2 (51)
u(0) +u(l) =0, ' (0)=0, °D%(l)= W/o (n — s)*“u(s)ds.

Here we take 8 =3/2, n=2/3, v=5/2, A=1/4,7n=1/3, and

2 t
ftz,y)=L (tlbf(\;;) + g/o xsin(ms)ds 4 tan ™! y) .

It is easy to show that:

1
|f(t,z1,y1) — f(t,22,y2)| < L <|~T1 - $2|g/ sin(ms)ds + |y — y2>
0
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=L (|z1 — z2| + ly1 — y2])

which means that the function f : [0,1] x R? — R satisfies assumption (R1) and
the Lipschitz condition in the assumption (R3). By carrying out of Mathematica
11 software , we have:

Q =3.17745, R =0.876652, & =3.22745, ¥ = 0.0162196,

which means that the condition £Q + R < 1 is satisfied if 0 < £ < 0.03882 when
a = 1/2 and the condition L& + ¥ < 1 is satisfied if 0 < £ < 0.304816 when o = 1.
Therefore, according to Theorem 5.1, the boundary value problem (5.1) has unique
solution on [0,1] if 0 < £ < 0.03882 when o = 1/2 and if 0 < £ < 0.304816 when
a=1.

6. Conclusion

As a matter of fact and over this paper, we have determined the incorrect method to
use the condition w'(0) = 0 in [9] , and it was rectified successfully. Likewise, in the
main consequences of a proposed boundary value problem conditional on an anti-
periodic and nonlocal integral boundary conditions, we used the technic of Schauder
and Banach fixed point theorems to scrutinize the existence and uniqueness upshots
respectively. It is worthiness to symbolize each one by an exemplar which already
what we did.
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