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SYMMETRIES AND THEIR CONSERVATION
LAWS FOR THE (341)-DIMENSIONAL
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Abstract We determine, by hierarchy, dependencies between higher order
linear symmetries which occur when generating them using recursion oper-
ators. Thus, we deduce a formula which gives the number of independent
generalized symmetries (basis) of several orders. We construct a basis for
conservation laws (with respect to the group admitted by the system of dif-
ferential equations) and hence generate infinitely many conservation laws in
each equivalence class.
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1. Introduction

Generalized symmetries have been shown to be important in the study of nonlinear
equations [7,8,11,15,21]. The possession of infinite number of such symmetries
has a bearing on integrability. Completely integrable nonlinear partial differential
equations (PDEs) have a rich structure. For example, they have infinitely many
conservation laws of increasing order. These PDEs have a Lax pair, they can also
be solved with the inverse scattering transform and admit soliton solutions of any
order [1,19]. Supersymmetries are interpretable as generalized symmetries [4].

There are two approaches for finding generalized symmetries. The first involves
the usage of the invariance condition. This method is essentially the same as the
one used to find Lie symmetries although the intervening calculations usually are far
more complicated as we are adding derivatives of the relevant dependent variables
in the infinitesimals. A second approach is the use of recursion operators which will
generate infinite families of symmetries at once.

Let

be a system of differential equations with m dependent variables u = (ul,...,u™)
and n independent variables x = (z1,...,4,). The notation wu, stands for all
derivatives of u with respect to x with order no greater than a.

The following can be found in [2,13,14,17]
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Definition 1.1. Consider a system of differential equations given by (1.1). A
recursion operator for A is a linear operator & in the space of differential functions
with the property that whenever Vg is an evolutionary symmetry of A, so is Vo

with Q = ZQ
Alot of work appears in the literature on recursion operators, symmetries and

differential equations [3,6,9]. In [16], the author provided an approach for con-
structing all recursion operators for a given linear system of differential equations.

Proposition 1.1 ( [17]). Consider the system (1.1), with A denoting a linear dif-
ferential operator. A second linear operator Z not depending on u or its derivatives
is a recursion operator for A if and only if Q = Zu| is a characteristic of a linear
generalized symmetry to the system.

Even if it becomes easy to compute all generalized symmetries once the recursion
operators are known for a system of differential equations, there are dependencies
among the resulting symmetries stemming from the relation among operators. For
example, the two-dimensional wave equation

Ut = Ugg + Uyy
has ten recursion operators [17]. In [5,20], the authors proved that there are

(2k + 1)(2Kk + 2)(2k + 2)
6

k-th order independent symmetries generated by these recursion operators.

Definition 1.2. A conservation law of the system (1.1) is a divergence expression
Div T = D;T* which vanishes for all solutions of (1.1) i.e

Div T|a—o = 0. The n-tuple 7' = (T, ...,T™) is called a conserved vector of this
conservation law, D; = D,, is the total differentiation with respect to the variable
x;, and T? are differential functions.

Once a conservation law is known, we can generate new conservation laws using
the infinitesimal generators X = £'0; 4+ n#d,, corresponding to the system (1.1) .
The new conserved vector is given by (see [18])

Ti=—XT'+ (D;eNT7 — (D;€)T". (1.2)

Furthermore, suppose that X is a Lie-Bécklund operator of the system (1.1),
we have:

XT' — (D;EYT7 + (D;€)T" = 0. (1.3)
In this work, we are interested in the 3-dimensional diffusion equation
U =Up +Uyy + U (1.4)

In the second section, we compute the Lie-point symmetry generators of (1.4).
By Proposition 1.1, we can deduce the recursion operators for (1.4). We construct
dependencies which occur among operators by hierarchy meaning that we start
by first order, second, third, ... and dependencies in k-th order are constructed
using dependencies in (k — 1)-th order. We generalize our method to any order
n and find the number of independent symmetries generated by these recursion
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operators. In the third section, even though it is cumbersome, we construct the basis
of all generalized symmetries (first, second and third order) using the invariance
condition and compare the results with those in the first section. In the fourth
section, we construct the basis of conservation laws for the equation (1.4). By
applying the generalized symmetries found in previous Section, we can generate
infinite conservation laws.

2. Generalized symmetries by recursion operators

In this Section, we construct the basis for the generalized symmetries of several
orders using recursion operators.
2.1. First order symmetries
The Lie algebra of point symmetry generators with basis (Lie symmetries) of (1.4)
is given by

X, =2t0, — Ux0y,

Xy = 2t0, — Uydy,

X3 =2t0, — Uz0y,

Xy = =20y + yO.,

X5 = —20, + 20y,

X = Ox,

X7 = —y0, + 20y, (2.1)
X = 0y,

Xy = 0.,

X0 = Udy,

X1 = 0O,

Xlg = 2t8t + x@x + yay + z@z,
Xy = 4120, + 4txd, + dtydy, + 420, — u(6t + 2% + y? + 22)0y

and the indefinite generator of symmetry X4 = f1(z,v, 2,t)0y where the function

f1 satisfies fl,t = flae — fl,yyfl,zz =0.
(2.1) forms a Lie algebra with the following commutators

(X1, Xy] = —Xo,  [Xp, AR] = X0, [Ny, Xs5] = &7, [A5, ] = Ao,

(X1, Xs] = =X, [X3, Xs] = A1, [Ay, ] = Ag,  [A5, A7) = A,

(X1, Xg] = X1, [, X7] = Ao, [Xy, K] = =45, [As, K] = — A,

(X1, X11] = =246,  [Ao, Xn1] = =24k,  [A3, A11] = =24y, [, X12] = A,
[X1, X12] = =X,  [Xo, Xio] = =X,  [Xs, Xio] = =5, [X, Xis] =241, (2.2)
[

KXo, Xy = Xy, [As, K] = Xig,  [Xa, Xs| = =X,  [A7, As] = Ay,
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(Ao, X7] = =3, [Xs, X12] = As,  [As, Xi3] = 24,  [A7, Ay] = — A,
[Xg, Xio] = Xy, [Xo, Xi3] = 245, [A11, Xio] = 2401, [X11, Aus] = 44X — 6X)0,
(X2, X13] = 2X3.

all the remaining commutators are zeros. It is important to notice that the first ten

generators X7, ..., X19 form a sub-algebra. Among all the generalized symmetries
vector fields, we are interested in evolutionary vector field which are given by

Vo = Q[U]0y

where [U] includes the basis, fibre and jet variables that the characteristic @ depends
on. From (2.1), and with the usage of Proposition 1.1, we see that they are nine
recursion operators, namely

R = 2t0, + x,
«%2 = 2t8y + v,

%4 = _xay + yao:v

K5 = —x0, + 20y, (2.3)
He = O,

Fr = —y0, + 20y,

Ks = 0,

Ry = 0.

Hence, every first order generalized symmetry has as its characteristic Q a linear
constant coefficient combination of the following ten independent ‘basic’ character-
istic

QO - Ua

o1 =2tU, +aU,

Q3 =2tU, + yU,

Q} =2tU, + 2U

Qi = —zUy + yU,

ol = —aU, + z2U, (2.4)
Qi =Us

ot = —yU, + 2U,

Qé =U,



Basis of hierarchy of generalized symmetries 2167

obtained by applying successively the recursion operators in (2.3) on Qp = U; i.e

Note* : If there is no confusion we will omit [U] in our notation and use %;
instead of %;[U] for these characteristics.

2.2. Second order symmetries

We need to construct the basis "characteristics” of all second order generalized
symmetries using the recursion operators. Basically it is comprised of the ten first
order "basic characteristic” plus all second order combination with repetitions %;%;
with 4,7 =1..9 and i < j.

The total number of the all second order combinations with repetition obtained
with 9 recursion operators is 45 i.e

9+2-1 10!
, | e

It is turns out that some of the first order characteristics can be expressed in terms
of the second order ones as follow

Ky = —F\Rs + HoKs,
Ry = —F1 Ry + B3 Ks, (2.5)
Ry = —RBoRy + B3 Hs.

There is also two dependencies between symmetries generated by the second order
combinations of the recursion operators:

K3 Ry = KoKs — Fr T,
'%6%7 = %5%8 - %4%9

(2.6)

We need to take out these dependencies. Hence, every second order generalized
symmetry has as its characteristic Q a linear constant coefficient combination of
(45 410 — 5 = 50) fifty “basic”characteristic

K1, %P,
Sz, For Rz, KoK,
Ry, B\ K3, RT3, B3 Hs,
PRy, B2 P, K1 K4,
G\ T, Koo Rs, KsHs, KaHs, HsFs, (2.7)
K, B\ R, RoFRo, B3 K, B1Rs, BsHK, XK,
RNy, Ko K7, B3 K7, BaTer, KK, R K7,
K, T\ K, KoK, KsHs, KaHs, HsKs, HeHs, K1 Hs, KsHs,
Ry, B1Ro, oKy, R3Ho, By Ko, KsRo, KKy, K1 Ry, BsRo, KoKy .
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plus the characteristic Qy.

2.3. Third order symmetries

The total number of all third order combinations with repetition R;R;R) where
(i<j<kandijk=1,..9)is 165 i.e

94+3—-1 11!
. | T smr

Basically, the basis of all third order generalized symmetries should include the
“fifty” second order symmetries plus all third order combinations with repetition .
Now let construct dependencies by hierarchy. We see from (2.5), some of second
order characteristics can be expressed in terms third order ones or combinations of
second and third order. We got the following 22 dependencies

B\ Ry = — T\ T\ Ky + o\ R K, By Ry = — R\ Rs Ry + KoKy R — RoHs — K1 s
RoRy = — I\ RoHs + FoRo K, RsRs = — T\ K5 Hs + RoRs Rs — R Ry
RBs R = — B\ Ko Rs + Ro T e, RsHs = — T HsHs + KoK Hs
RsRoy = — B\ R Ro + Ho KKy, T\ Ts = — T\ T\ Ry + T Fs K
RooRs = — T\ Ro R + Ro T3 Ke., RsHs = — T\ Hs Ry + K3 KK
RsHs = —FrRHs Ry — KRy + K3 KoK — Fr K, HsHe = —I1Re Ko + Rs KK
Rs Ky = — T\ Tor Ry — Fr R + Kz KK, R Hs = — T\ Hs Ry + K3 KK
R Ko = — I\ Ro Ry + KK Ho, FrTr = — T TRy + T T K3
Roo Ry = —Ro K2Ry + RT3 K3, Rs Ky = —RoHs Ry + K3 HsHs
RsTy = — Ko RsTRy + T\ Ry + K3 THaHs, R Ry = — Ko T Ry + K3 Rr Ky — B Ry — Ko T
R Ry = —RoRs Ry + Rs Kz K3, R Ry = — Ko KRy + K3 KAy
(2.8)

and from (2.6) we got the following 18 dependencies between the third order char-
acteristics

I\ H3 R = T\ T K5 — F1 T\ K,

KRRy = Ko Fs TR + RrFoRg — Ko R Ky — T K aFor
+ %%\ T\ Ry + S\ R3 K,

RoR3R = Koo FoRHs —F1 Foo R,

K3 HsRe = KoK s Ko — K1 KsHs+ 1 K aHKo,

K3 RH3RH s = Koo K3 K5 — K1 K37,

R3sRsTs = Ko RHsHs —F1 Rs Ky — K1 %\ Hs+ 1 Fo K,

R3R1\Rr = FoRs K1 — FrFHr K,

K3 HsRs = BoKsHs — Fr K1 Hs,

K3 Hs Ry = RoKsHo — F1 K7 Ry, (2.9)

TR K7 = FrRHsHs — Fr1 KK,

TR K7 = KoRsHs — RoKsKo,
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K3 RHe6Hr = HsRHsHs — BoKHs Ko + Fr K1 Ko,

R R K7 = RasRHsHs — RasFHsHKo,

s Ko K7 = RsHsKHs — RasHs Ko — KoKoRo + H3Hs Ko,
R Ko7 = RsHeHs — KKK,

RoFr Ky = RsHr Ky — K1 ToRg — KsHe Ko — KaTr Ko

— KK — KoK Ko,
RHeHr Ky = RsHs Ky — HaHs Ko,
R KrKg = Bs KKy — BsRoRg.

Total number of dependencies is 18+22=40. We will deduce this number to get the
exact number of non independent third order characteristic. Hence, every third or-
der generalized symmetry has its characteristic which is a linear constant coefficient
combination of (1654+50—40 = 175) hundred and seventy-five “basic” characteristic.

2.4. Fourth order symmetries

The total number of all fourth order combinations with repetition constructed with
nine recursion operators is 495 i.e

9+4-1
4

The basis of the fourth order generalized symmetries is included those fourth
order combinations plus the 175 third order symmetries.

Let now construct dependencies by hierarchy. From relations (2.8) we got 91
dependencies, and from (2.9) we got 89. We will deduce those dependencies to
obtain the exact number for the basis.

Hence, every fourth order generalized symmetry has characteristic which is a
linear constant coefficient combination of (495+175—(91+89) = 490) four hundred
and ninety. “basic” characteristic.

2.5. Generalization

We have seen that, for a given order n, there are two kinds of dependencies:
- between n-th order symmetries,
- between n-th order and (n — 1)-th order symmetries.
e For the second order, we have 5 dependencies 5 = 2 + 3.
e For the third order, we have 40 dependencies

9+1-1
18 =
1
and
9+1-1
22=3 - (2(14+0)+2(1—-0)+1).
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e For the fourth order, we have 180 dependencies

9+2-1
2
and
9+2-1
91 = —(20+1)+1414+209-(141)+9-1).
2

e For the fifth order, we have 601 dependencies

9+3-1
321 =2 -9
3
and
94+3—-1
280=3 —2(454(9—1) 4949+ 2(45 — (9+ 8)) + (45 — (94 1))).
3

e For the sixth order, we have 1659 dependencies

9+4—-1
945 = 22 — 45
4
and
9+4—-1
714 =32 —(2(1654 (45 —9)) + 45+ (45— 1)
4

+2(165 — (45 + (45 — 9))) + 165 — (45 + (9 — 1)))

For each order k£ we have

9+k—-2-1 9+k—-4-1
k—2 k—4
k+6 k+4
k—2 k—4
(2.10)
k+7 k+6 E+5 k+4
= + -3 +
k-1 k-1 E—-1 k-1
k+8 k+6 k+5 k+4

k k k k
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dependencies between k-th order symmetries generated by the 9 recursion operators
and

T Rt v T vy
(7))

(2.11)
dependencies between (k — 1) and k order symmetries.

For a given order n, the number N of independent symmetries generated by the
recursion operator is

n [9+Fk—1 n—1 k+6 k+5 k+4
N = — 4 -5 +
k=0 k k=0 k k k
n k+8 k+6 k+5 k+4
-y _4 _
k=0 k k
(2.12)
n—1 k+6 k+5 k+4
=—> |4 -5 +
k=0 k k
n k+6 k+5 k+4
- |-4 +4
k=0 k k
We know that
E”: k+r n+r+1
k=0 k r—+1
(2.12) becomes
n+6 n+5 n+4 n+7 n+6 n+5
N=—14 +5 — +4 —4 +
7 6 5 7 6 5
n—+5 n+4
= +
n—1 n
~ (n+49)(n+3)2(n+2)>2(n+1)
N 144 '
(2.13)

2 2
They are ("+4)(”+3)1 4(:+Q) (n+1) independents n-th order symmetries generated by

these recursion operators.
For instance,

n=1=>N=10, n=2=N=50, n=3=N=175, n=4= N =490.

In fact there 10 independent first order, 50 independent second order, 175 indepen-
dent third order and 490 fourth order independent generalized symmetries.
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3. Examples, using invariance condition

In this Section, we construct the basis of the generalized symmetries using the
invariance condition.

3.1. First order

We let the characteristic depending on independent, dependent variables and their
first order derivatives. @ = Q(x,y, 2,t,U,U,, Uy, U.), we dont include U, to exclude
dependency. Wherever it appears it is replaced by Uy, + Uy, + U, ie.;

Up = Uge + Uyy + U,
Ut.'p = Urxz + Uzyy + U’EZZ7

The invariance condition is
D;Q=D:Q+ D.Q+ D2Q (3.1)
where the total derivative D, D,, D, and D, are given by

1%} 1o} 1o} o) 1o} o) 9
Dy = 57 + gy + Ut gy Uta o T Uty g + Uiz gas T Uit g, T

_ 9 9 _0_ _9_ 0 _9_ _0
Dy = 55 +uagy + Ut gy + Uaa g + Uy gy T ez g T Uatt gy, T (3.2)
_ 9 9 9 0 0 0 0 ‘
Dy = 5y T uygy T Uytgy; Uy g T Uyyaes T Uyzge T Uytig,, T

9 9 9 9 9 9 9
D, = g5, +uzgy + sz + Uz g FUsygy, T Uzzgy; T Uttgy,, T

Solving the invariance condition (3.1), we got the following first order characteristics

Ql =2tU, + U, Q) = 2tU, +yU, Q) =2tU, + 2U,
Qi = —aU, +yU,, QOf=—aU,+z2U,, Qf=U,, O =—yU,+z2U,,
Qé = Uy7 Qé =U,, Q%(] =U.

3.2. Second order

We let the characteristic depending up to second order derivatives,

Q(x7y7 Z7t? U7 Ui) Uy7 UZ7 UIJZ? U:Ey7 Uwza Uyy> Uyz; UZZ)-
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Solving the invariance condition (3.1), we got

Q? = 42U,y + 42U, + 2tU + U = %%,
Q} =4t (Uyy — Usa) +4t(yUy — 2Uy) + (y* — 2*)U = —90I\ + F2 %>
Q2 = 42U,y + 2tyU, + z(2tU, + yU) = %R
0% = 412Uy, + 2t2U, + y(2tU, + 2U) = %o %3
02 =2tyU,, — 2t2Uy, — 2(2U, — yU;) +yU = DBy — R3%7
Q2 = 42(U,, — Uypy) +4t(2U, — 2U,) + U(2% — 2?) = —I1J + R3H3
Q2 = 2taU,, — 2tyUyy — y(yUy, — 2Uy) + 2U =R — BoHy
02 =U = %10
Q% =2t2U,, + 2t2U, + z(2tU, + 2U) = %1%
Q% = AU, + 2U =Ry
1 = —2taUyy + 2tU, + 2tyUsy + y(yUs — 2Uy) = %o R4
02, = 2t(yUsy — YU — aUsy + 2Uy.) — x(aUy — yUy) — 2(yU, — 2U,) = %1 %s + B3 %7
Q%, = 2tU, — 2taU,, + 2t2U,, + 22U, — 22U, = B\ Rs

02, = x(Uy — 2Uyy + 2yUsy) — Y(YUss — YU, + 22U,,) + 22Uy + 2tU,, = %1 %7 — BaRs + B3Ry
Q% = 2t(aUyy — 2. — yUsy + 2Usz) + (YU, — 2U.) — y?Us + 22Uy = BsBs — %P4

0% = —2taU,, + 2t2Uyy + y(2U; — 2U,) = RoRs

Q% = 24U, + 2U, — BTy

Qls = —ayU.. + w2Uy; +y2Us. — 2°Uyy +yUs = —BsTr — T R + Bo R

Qi{g =U, = %6

03, = —2tyU.,, + 2tU, + 2t2U,. + 2(2U, — yU.,) = BsRr

0%, = —2tU, — 2tyU,, + 2tzUy, + y(zU, — yU,) = BoR?

Q3, = —y*Us + 22U, — 22Uy, — 2tU.. +yU, = ~%%1 %7 — B3Ry

O3y = —2tyUs, + 262Uy — ayU. + z2U, = B\ R

Q34 = ayUs. — aUy — 22Uy, — y2Uy, + 22Uy, = Bs %+

Q3. = 2tU,, + 2U, = %s%s3

Q%G =0, =K

Q3; = 2tU... + 2U; = B3Ry

Q% = 2tU,, + U, = 1Ry

Q39 =2tU,. + yU, = %%

Q%o =U. =%y

Q3 = 2(2Uyy — 2yUsy) + (y* + 20)Uss — Uz (y* + 2t)+ = RaRs — FrFr+
292U, — zzUyy 1R — R3Ry

0%, = Uyy (2% — 22) + U, (2% + y* + 4t) + 22yUsy — 222U, + = B3Ry — Ry Fs+
Uso (22 — y?) — 292U, GerFr + K5 K5

Q23 = 2%Uys — ayUss — 22Usy + y2Usy + 2tU,. = By Rs + TR

0%, = U, + 2Us, = B5Hs

0%, = —aUyy + YUy, = FaHs

Q§6 = Uzz = %6%6
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2 =ayUy, — 22Uy — y?Uss + y2Usy — 2tUy, = BaTer — %1%

Qs = —2Uyy + yUsy = B, Ry

03y = ayU,, — 22Uy, — y2Usy, + 22Usy + 2tUsy = Bs%r + %1%

Q% = —aU,. + 2Uy, — DB R

szu = ny — %6%8

Qf = —aU.. + 2Us. = B Ro

Qi3 = —aUy. +yUs- — BaRy

Qs = Uaz = Hoy (3.3)

Qls = YUz — 2y2Uy. + 22Uy + 2tUyy + 2tU. = RBr Ry + B3 Ro+
KoK

Qls = —yUy: + 2Uy, — Tr s

Qi = Uy = KsHs

Qfs = —yU.. + 2U,: — B Ry

Qly = Uy — B Ry

Q% = U — Bo Ry

3.3. Third order
We let the characteristic depending up to third order

Q(x) y7 Za t? U) UZD7 Uy7 UZ7 Uxa:; Uwya Ua:zv Uyy; Uyza UzZa Uwa;;r; Uzwy7 waz; Uwyyz
Umy27 Uzzzv Uyyya Uyyza Uy227 Uzzz)

solving the invariance condition (3.1), we got the following set of characteristic

0% =8t3Usz0 + 12620Usy + 622Uy + 22U + 1262U, + 6taU

2
Q3 =At3Usuy + 420Uy + 22yUsy + t22U, + 2tayUs + (% + ty) U + 262U,

2
Q3 =4t3Upns + 482aUss + 2622Uns + ta2Us + 2tz2Uy + (% + tz) U + 262U,
Qi =4t20Up s — At22Ugs + 2t22ULs — 2t2%Use + 222U, — 222Uy — 2t2ULy
2
+ 442U, + 262U, + %U TtU

03 =24t3Upay — 8t3Uyyy + 24t%aUsy + 1262 YUy — 1262yUyy + 62Uy + 12tayUs
- 6ty2Uy + 322yU — 43U
Q3% =24t3U,yy — 8t3Uswa + 24t2yUsy — 12t2aUsy + 12622Uy, — 6tx2U, + 12tayUy
+ 6ty2Uz + 31y2U —z%U
03 =4t3(Uyyz — Ugaz) + 42 (yUys — 2Uqgz) + 2622(Uyy — Usy) + t(y? — 22)U, — 2tzzU,

2 2
+ 2ty2U, + (yTz - %) U

Q3 =4t2(yUyss — 2Uszz) + 422Uz — Uyyz) + 2t(y? — 22)Uss + 2622 (Uge — Uyy)
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2 2
+ 22(2Uz — 2Us) + y2(yU, — 2Uy) + 26 (Ugy — Uyy) + (y? - %) U

Q3 =4t (Uyzs — Ugay) — 4% (2Usy +yUss ) + 262y U, +482 2Uy . —ta? Uy — 2tayUsy, 42ty 2U,

+ 22U, + (% - :c%y) U

030 =Uxyz + 8t3Upyz + 442 (xUys + yUss + 2Usy) + 2tayUs, + 2tx2Uy + 2ty2U,

03 =42 yUpmy — 422Uy + 4tayUs , — dtazUsy + a2 yU, — 222Uy 4 Uyz + 462Uy, + 4tyU,

Q:I’Q :4t2ngmy — 4t2yUmm + 16t2yUmz — 16t22nyz + 4t12Umy — AtxyUzy + 8txyU,,—
8trzUy. +8tyzUs- —Stzzny +:C3Uy —acZyUr +4zyzU, —4m22Uy +ny—4t2ny

Q:I’3 =Atx(yUzzz —2Uryz) +4t2(2Ussy —yUzzz) +222 (YUzz —2Uy2)+222(2Usy —yUszz)
+ 42 Usgy + dtyUs, — 4t2Uy, — 22Uy + Uy

03, =24t3Usps — 813Uz + 24t22Uy, + 1262 2Usy — 12t%2U,, + 6t2U, + 12tazUs,
- 6t22UZ — (23 — szz) U

03y =8t3Uppe — 243Uy s s + 126%2Us0 — 126%0U,, — 2482 2U,, + 6t22Uy — 12tx2U,
— 6tz2U, — (3222 — 23U

Q36 = — 4t%aUpsr + 42 2Usss — 262U, + 2t2%Usy — 222U, + 222Uy + 262 (Uge — Us»)

22 CCQ

+ (5 - 3> U

Q37 =42 (aUss> — 2Usas) + 42 (2Us s — 2Uss ) +2°Us — 222U, + Uz 4 1262Uy, + 8tzU,

Q3¢ = — 4t%Upys — 4taUy, — 22U, + Uz

Q?Q =4tz (xUryy —2yUsay +2yUyzz —22Uyy2) +4ty2(U9mx —3Uszz2)+16tyzUsy. —4tz2Umyy
+ 203Uy — 422 yUsy + 22y (Uny — Us ) +82y2Uy, — 6222 Uyy — 4y% 2Us , +4y22 Uyy
+4t2(Upy —6Uzz5) — 4t(2Uss + 22Uss) — 22Uy 4 Uz

ng =U
031 = — 2t2aUsy + 2t%YUspe — 612yUsss + 612 2Usys — 2t02Usy + 2tayUsy — 3tayUs.
2 1 3 1 2 3 3 2
+ 3trxzUyz — 3tyzUsz, + 3t2°Uzy — Ea: Uy + 5 zyUy — EzvyzUz + ia:z Uy

+ 22Uy + tyUs

Q30 = —2t2aUs 4 » + 2t22Up 4.0 — 222Uy » + 2tx2Us o — %x?’Uz + %IQZUI — 442U, ,
—3txU, + tzU,

033 = — 2t22Us.2 +2t22Usp. — 22U, +12%Upe f% I2ZUZ+% 222Uy 4212 Upy — 212U,

+ taUy — tzU,
03, = — 260 Upyy +4 tayUspy —4 tayUy s +4 txzUyys —2ty* Uz +6 ty? Up s — 8 tyzUsy.
+ 2 tzZUwyy —$3Uyy +2 x2yUmy —zyzUm; +a:y2 Uzz—4xyzUy.+3 :szUyy +2 yzzUm

1
- 2yz2ny - 2t2Uxacac + 12t2Uaczz + 282Uz, +4t2Us> + §$2Ux + tUz
2 2 16 16
Q35 =2t22Uspy— 3 t22Uyyy —2 2 yUpas + 3 t2 YUy + 3 t2yUp sz — gtzznyz +2t22 U4y
2 8 8 2 4 8 8 o
—2txyUse — - tayUyy + < txyUs — — tx2Uy, + - ty“ Ugy + - tyzUsz — —t2°Uygy
3 3 3 3 3 3
1 1 1 3 3 1
+ B $3Uy — 5$2yUm - ézyzUy + ZzyzUz - sz2Uy + EySUx
Q36 = — 2t2aUsyy + 2t%2Usss + 2t2yUsay — 22yUyss — 2822Usss + 2t22Uy,y, — ta2Uy,

1 1 1
+ thUzz —i—ty2Umc — ty2Uzz — 75,22UM7 + tz2Uyy — 5 :I:2yUy + 5:(:2zUz + EnyUz
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1 9 1 9 1. 9
fimz sziyzUeriyzUy

Q‘;’7 =28%2U40, — 2t2:1:Uyyz — 2t 2Uppa + 2t2zU;cyy +2t2%U,, — 2tayUy, — 2txzUy o

1 1 1 1
+ 2tyzUszy + 5 23U, — 5 222Uy — 5 zy?U, + 5 22Uy + 462Uy, + 2taU,

Q3¢ =2t22Usyy — dtayUssy + 2toyUyss — 2tx2Uyys + 2192 Uspe — 61y°Uspss + 10tyzUsy.
— 4t22Uzyy + x3Uyy — ZnyUzy + :vaUzz — 21y2Uzz + 5xyzUy, — 3xz2Uyy - yQZUIZ

1 1
+ Y22 Usy + 2t2Uszs — 2t2Usyy — 12%Uszs — 412U, — 212Uy, — 3 22U, + 3 23U,
Q%g =2 tQmUzzy - 2t2$Uyzz - 2t2yUzzz + 6t2yUzzz — 4t22Uzyz + 2t$2Uzy — 2tmyUlz

+ 2taxyU,, —4txzUy, + 4tyzUz, — 2t22Uzy + % :1:3Uy — %ZQyUz + zyzU, — gz,ZQUy
+ %yzQUz

ng = — 4t2wayz + 4t2zUmzy — 2tac2Uyz — 2txyUss + 2tx2Usy + 2tyzUze — z2yUz + zyzUy
— 412Uy, — 2tyU,

Q31 = — 2tayUyys + 2txzUyyy + 2ty?Usys — 2tyzUsyy — 2y?Uys 4+ 2yzUyy + y3Uss — y22Usy
+ 8t2nyz —2txUy. + 8tyUsz. + y2zU,

03, = — 2taUyyy + dtayUsyy — 10tayUs: + 10 tazUsys — 2ty Ussy + 2ty?Uyzz + 10 ty2Usg.
— 4ty2Uyys — 10t22Usgy 4 222Uy — 22yUyy — 522yUss + 5 222Uy, + 22y%Usy
+ 5xyzUg, — 5zz2Uzy — y3Um + y3UZZ - 2y22Uyz + yz2Uyy —12 tQUMy + 4t2UyZZ
—4tyU,, + 6tzUy, + 32yUs

Q%S =— zyQUyzz 4+ 2zyzUyy, — a:zQUyyy + y?’UmZ -2 szUzyz + yzQUzyy — 2txUy,,
+ 6 tyUsze — 4t2Usyz + 2yUyy — y*Usy + yUs

03, =12%0Usyy — 422U, — 1282 2U00 + 4122Uss, + 12t2%Uy, — 12t02Us, — 4ta2U,,
4+ 4t22Uy, + 323U, — 3222U, — 222U, 4 23U, + 322Uy, + 162U,

Q35 =4t22Usyy — 8tayUssy + 8tayUys, — 8tazUyys + 4ty* Uppy — 12ty Ussy + 16 ty2Usy.
— 412Uy + 20°Uyy — 422yUsy + 23y°Usy — 209Uy, + 83yzU,, — 622Uy,
— 4y22Us 4 4y22Usy + 42 Ussy — 20t%Usss — 4taU,, — 412Uy, — 22Uy + 22U,

Q%G =— 6tm2Uyyz + 12txzUsyy + thQUgmj — 2ty2UZZZ — 12tyzUqgey + 4tyzUy., — 2tz2Uyyz
— 622yUy, + 32%2Uyy + 6 2y Usy — 392Uy — y22Us 4 2y22Uy, — 23Uy + 2412 Usy,
— 16 t2Uyys — 412U, + 18taUs, — 8tyUy, — 2t2U, + 312U,

Q37 =2taUyy: — 2tyUsy: + ayUyz — y*Usz + 2Us

Qg = — 22%yUys, +2222Uyy, + 22y%Usss — 2222 Usyy — 2y 2Usss + 2922 Usgy + 412Uy
— 4t2Usgs + 22Uy — YUy + Y2Uss — 22Uy + 21U, + aUy

Q3y =Us

Q30 = — 4t2yUys, + 422Uy, — 2t4° UL, 4 222Uy — y22U, + y22Uy 4 412U,y — 442U,
+2tyUy — 22U,

031 = — 4t2yUsys + 422Uy — A tayUs, + dtxzUsy — 22yU, + 222Uy — 2tyU, + 2t2U,

922 = - 4t2yUzzz + 4t2zUzyz — 2tayUs,, + 2tazUy, — 2tyzUg, + 2 tzzUzy —xyzU, + szUy
+ 412Uy + 2tal,

Qis = — dteyUs., + 4txzUgy, + 4tyzUry, — 4tz2Umy —22%yU,, + QxQzUyz + 2xyzUy,
—2222Uyy — At%Usey — 4tyUs. + 412U, + 22Uy + 2tU,

Q3 =4t2yUsyy — 4t2yUyy, — 412 20Uy + 412 2U4, + 4 tayUs, — 4tazUszy — 4ty2U,,
+ dtyzUyy + 2?yU, — 222Uy — 43U, + y?2Uy — 812Uy, — 4tyU,
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Q3 =4tayUss, — AtezUsys — 4ty Uyse — 4tyzUspe + 8tyzUyy, + 4122 Ussy — 422Uy,
+ 2m2yUzz — 2m2zUyz —2xyzUg, + 2m22U$y — 2y3Uzz + 4y2zUyz — 2y22Uyy
+ 412Uy — 412Uy — 812Uz, — 8tyUs, + 42Uy, — 22Uy + 42Uy

QXG =— 4t2yUIyz + 4t2zUzyy — 2tayUy, + 2txzUyy — 2 ty2 Uz + 2tyzUszy — nyUz + xyzUy
— 412Uy, — 2t2U,

Q37 = — 2tayUyss + 2txzUyy, — 2ty Usss + 6 tyzUsy, — 422Uy — 229y%Us, + 32yzUy,
— 222Uy + y22Usy — y22Usy — 412 Usyy — 442 Usss — 42U, + 22U, + ayU,

Q35 = — 2ty%Ussz + 4ty2Uy.. — 2t2%Uyys — y22U + 2y22Uy. — 23Uy, + 812Uy, — 412U,
+ 10tyUy, — 2t2U,, + 3yzUy

Q3 =4tyUy,, — 4t2Uyy, + y2Usy — 22Uy + 2tU, + yUy

03 =122 yUsy, — 4t2yUsze — 1262 2Usgy + 422Uy + 12tayUs, — 12ta2Usy — 4tyzUs,
+ 41220, + 3a2yU, — 322U, — y22U, + 23U, + 812U, + 4 tyU,

Q‘?,l =4txyUss, — 4txzUsy, — 4tyzUse, + 4 tZQUMy +22%yU,, — QIZZUyz —2xyzUg,
+2222Usy + 4t2Usgy + 412Uyss + A tyU,, — 22Uy + 22Uy

Q2 = — 2tayUyy, + 2tx2Uyyy + 2ty°Usys — 2tyzUsyy — 292Uy, + 2y2Uyy + v>Uss
— 22Uy + 82Uy, + 6tyUs, + 22Uy

033 =2tyUsss — 212Uz, + y2Us, — 22Uy, + 2Uy

Q§’4 =— zyQUyzz + 2zyzUyy, — :czQUyyy + 83U — 2 szUzyz + yzQUIyy —2taUy.,
+ 6 tyUszz — 4t2Usyz + zyUyy — y2Usy + Uy

Qgs =Uy

Qs =4t?Usss + 412Uy, 4+ 2°U, + 21U,

Q3 = — 4t2Upy, + 412U,y — AtaUy, + 412U, — 22U, + 22U,

Qs =4t?Uyez + 2tyUs: + 2t2Uy; + y2Us

Q3g =412Uy., + 212U, + 22U, + z2U,

Q%) = — 282Uy + 2t2Uyys — 2taUy, + 2tyUys — 1/22°U, + 1/29°Us + 4tU, + 22U,

Q31 = — 4t Uy, + 412Uy, — 4taUy, + 4tyUy, — 22U, + 42U,

Q% =4t2Usy, + 2t2Uy, + 2tyUs, + zyUs

Q33 =2tyU... — 22Uy, + y2Us. — 22Uy, + yU.

Q4 =2talUyy, — 2tyUsys + 2yUys — y*Usz + U,

Qg5 =U-

Q35 =212 Usyy — 4 tayUssy + 4 tayUyss — 4tzzUyys + 2ty Ussr — 6 ty°Usss 4 8 tyzUsys
- 2tz2Umyy + xSUyy -2 rQyUzy + 2y?Upy — 29?Us, + dxyzUy, — 32:22Uyy
— 292Uy, + 29y22Usy + 412 Usyy — 1262 Upsy + 2taUsy — 2taUs, — 412U,

Q%7 =— thQUzyy 4 2t22U,,, + 4tayUsey — 4tayUy,, — 4txzUse, + 4txzUyy,
— 2ty%Uszs + 6 ty°Upzz — 8 tyzUqzy. + 2t22Uses + 2 tzQUzyy - 3:3Uyy
+ acBUzz + 2x2yU1y — 2332zUm — a:yQUm + a:yZUzz —4zyzUy, + ;erUm + 3zz2Uyy
4+ 2y22Us, — 2y22Usy + 16 42Uy, + 8taUs,

Qs =2t22Usy, — 2tayUsys + 2tayUyys — 2tazUsmy — 2t22Uyyy — 2ty%Usys + 2ty2U s
+ 2tyzUszyy + ZSUyz — mQyUzz — m2zUzy + myQUyz + 2yzUge — xyzUyy — ySUzZ
+ 422Uy + 8talUy, — 8tyUs,

Qgg =3 xBUyyz — 6:1:2yUzyz - 3x2zUzyy + 3xy2Umz — ny Uz + 6 2y2Usey + 22y2Uy2,
— szUyyz — 39y%2Usss + y?2Usss — 2 yzQnyz + ngzyy 4+ 10taxUyy, — 2txU,2,
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— 10 tyUsys + 2t2Usss — 322Uy — 3ayUys + 322U + 3y Uss

Q3 =23Uyyy — 32°yUsyy + 32Y*Usay — ¥ Usaw — 33 Uny + 32yUsz — 3zyUyy + 3y Usy

Q%) = — 2 Usyy + 23YUssy + 22yUyzz — 222Uy: — Y?Usaz — Y?Uszz + 2°Usyy — 2tUszs
+ z2Uzs

Q3, =2t22Uyyy — 4tayUsyy + 4tayUss, — 4tx2Usys + 2ty° Uy — 2ty%Uyss
— 4tyzUsze, + 4tyzUyy, + 4tz2Umy — 2tzzUyyy + zszyy + 2362yUzZ -2 zzzUyz
— 2my2Umy —2zyzUyg, + 2mz2Uzy + ySUm — ySUzz + 2y2zUyz — yzQUyy
+ 122Uy — 4t*Uyzz + 6 tyUse — 2tyUss

Q35 =6t22Uyy, — 12tx2Usyy — 6ty Usgs + 2ty°Ussy + 12ty2Ussy — 4tyzUyss + 222Uy,
+62%yUy, — 3222Uyy — 62y° Uy, + 3y%2Use + y22Uss — 2922Uy, + 23Uy — 122Uy,
+ 16 t2Uyys + 412Uz, — 122Uy, + 8tyUy, + 6t2Usy + 22U,

03, =2a2%yUy,, — 22%2Uy, — 20y Usss + 2222Usyy + 292 2Unss — 2922 Ussy — 4t2Uss,
+ 412U, — 22Uy + 42 Uss — Y2 Uz + 22Uy + 2tUsy — 2tU,

Q35 = — 6tx2Uyy, + 2t2°Ussy + 12t22Usyy — 4tx2Usss + 6ty Usgz — 2192 Uszy — 12ty2Usyy
+4tyzUy.. + 222Uy — 2tz2Uyyz — 6J:2yUyz + 3:1:2zUyy + 222U, + nyQUm
—222%Us, — 3y 2Uss — y?2Us + 2y22Uy, + 23U — 23Uy + 16 t2Usy. — 162Uy,
+ 8txUy, — 8tyUy,

Q36 = — 2ta2Uyyy + 6102 Uyss + 4 tayUsyy — 4tayUssy — 8txzUsys — 2ty% Usy + 2ty°Uyss
+ 4tyzUszy, — 4tyzUyy, + 2t22Umy + 2t22Uyyy - mszyy +22yU,, + 2 xzzUyz
+ 22y’ Usy — 4ayzUs, — 222°Usy — y°Uss + y°Use — 2% 20Uy + 3y2°Use + y2° Uy,
+ 162Uy, + 8tyUs.

Q3 = — 222Uy, + 222Uy + 20y Ussy — 2222 Usyy — 2y 2Ups + 2922 Usgy + 22Uy,
— @?Uzs = y?Uso + y*Usz + 2°Usa — 2°Uyy

Qs =32%yUyy. — 33°2Uyyy — 6 2y°Usyz + 6 2y2Usyy + 3Y°Usaz — y*Uszz — 3y%2Usay
+39%2Uyn — 3y22Uyys + 23Uy — 24 12Uy, + 24tyUsyy — 12tyUsy, + 122U,

- 3$2Uyz 4+ 3yzUze — 3yzU,, + 3z2Uyz

Q39 = — 2%Uyy: + 22yUsyz — ¥?Usse + Y2 Usze — 292Uz + 22Uy + 2tUs + 2Usg

03y = — 22Uyyy + 2 2yUsyy — 2 Usey + ¥2Uyzz — 2yzUyyz + 22Uy, + 2tUyz. + yUse

le =Uszaz

Q§2 =2txyUy., — 2txzUyy, — 2tyzUgy. + 2tz2Uzyy + 2y?U,, — xyzUy, — y22U,,

+ 22Uy + 412 Usyy + 212U, + 2tyUsy — 212U,

Qgg =2txyUssy — 2tx2Usy, — 2ty2zUss. + 2 tZQUMy + a:2yUzz — z2zUyz — 2yzUsz,
+ szUmy + 4t2Umy + 2txUygy + 2tyU,, — 2t2U,

Q3 =2txyUyy, — 2tx2Uyyy — 2ty Usys + 2ty2zUsyy + 2y° Uy, — 2y2Uyy — y3Us,
+ 422Uy — 412Uy, + 2taUy, — 6 tyUs, + 212Uy

Qg5 ::EyQUyZZ —2zyzUyy, + zzQUyyy — Uy +2 yzzUzyz - yzzUzyy + 2txUyz,
— 6tyUssy 4+ 42Uy, — xyUyy + y2Usy + 2tUsy

Q3¢ =6 taxyUsy, — 6txzUsyy — 61y2Upps 4+ 2ty?Usss + 6 ty2Ussy — 4tyzUys, + 222Uy,

+ 3m2yUyz — 3m2zUyy -3 xy2Uzz + 3xyzUyzy + y2zUzz -2 yz2Uyz + z3Uyy
—128%Us + 412 Uyys + 412Uy — 62Uy, + 2tyUy, + 262U,
Q% =2?yUyz. — 222Uz — 3y Usez + 22°Usyy + y* 2Usaz — y2°Usay — 210Uz —

2tyUyzs 4 22Uy + 262Uy, — 22Uy + ayUsy — y2 U, + 22Uy — 2tUs,
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Q3¢ =3a2yUyy, — 3022Uyyy — 6 2y Usys + 6 2y2zUsyy + 343 Uszz — y3 Uz — 342 2Usy
+ 392 2Uyzs — 3y22Uyys + 23Uy — 18taUsy, + 18 tyUsyy — 12tyUs, + 122Uy,
— 322Uy, + 322Uy — 3yzUs, + 322Uy,
Qgg =— ac2Uyyy + 2zyUsgyy — y2Umy + y2Uyzz —2yzUyy. + Z2Uyyy 4+ 2tUyzz + xUygy
Q30 = — 6tayUyys + 2txyUs.. + 6tazUyyy — 2txzUy.. + 6 ty°Usys — 6 tyzUsyy
— 2tyzUsz, + 2tZ2U@yz — 3zy2Uyz + 3xyzUyy + zyzU,, — a:zQUyz + 343U,
- 3y22Umy — yZQUz'z + Z3U1;y + 16 tzUmyZ — 8taxUy, + 16 tyUs.
Q31 = — 2y?Uyse + 2ay2Uyys — 222Uy + v3Unse — 292 2Usys + 922Uy — 412Uy,
+ 4 tyUspss + axyUyy — 2yUss — Y2 Usy + 22Uy
ng =—2xyzUy., + :szUyyz — 22U + 2 yzQUwyz — ZSUzyy —4taxUyy, + 2taUs,.
+ 4tyUsys — 2¢2Usz — 32yUys + y°Uszz + 3y2Usy
Qgg = —a2yUs, + 22Uz + y2Uszz — z2UzyZ + 2Uqgy
Q34 = — 2xyUyz + 222Uy + Y2 Usze — 22Usyy + 2tUszz + yUsy
Qgs :Ury
Q36 = — 2taUsss 4 2t2Usg, — @2Uss + 22Uy, — 2tU,
Q3 = — 2taUsy, + 2tyUsys — 2tyUsss + 2t2Uyss — 02Uy, 4 ayUs, — y2Us, + 22U,
Q3s = — 2?Uyyz + 22yUsys — Y Usaz + y°Uszz — 2y2Uyzz + 22Uyyz + 2tUszz + aUss
Q59 = — 2taUyyz + 2tyUsyz — 2yUys + y°Uss + 2tUsz
Q300 =2taUyyz — 2taUse — 2tyUsys + 2t2Usss + zyUys — 32Us — y?Uss + 22Uss
0351 = — 2taUy.. + 2t2Usy. — 2yUss + y2Us.
0309 =2 tUsz: + 2Us:
0303 = — 2YUsss + ©2Uyzs + y2Usss — 22Usys + yUas
9?04 =Uszz
Q305 =2ty°Uyss — AtyzUyy, + 2t22Uyyy + y3UL — 292Uy, + y22Uyy + 412U,
+ 442 Uyzs + 2tyUyy + 6tyUss — 42Uy,
Q?OG =y3U,.. — 3 yQZUyzz +3 yzzUyyz - z3Uyyy - 3y2Uyz +3yzUyy —3yzU.. + 3 z2Uyz
Qb7 = — ¥ Uyes + 2y2Uyys — 2°Uyyy — 21U + yUyy
Q305 =2ty°Usze — 4tyzUsys + 222Usyy + 29°Uss — 22y2Uy, + 222Uy + 412Uy,
+ 482Uy + 2taUyy + 2taUs,
Q300 =2ty Ussz — AtyzUyss + 2t2°Uyys + 422U, — 222Uy, + 23Uy + 462Uy,
+ 412U, — 4tyUys + 612Uy + 262U,
0310 = — 4tyUyz. + 412Uy, — y2Us, + 22Uy + 2tUyy — 21U,
0311 =29?Usss — 20y2Uyss + 222Uyys — Y2 2Unss 4 2922 Usys — 22Usyy + 2taUy,,
4+ 2txUszy — 2tyUsy, — 2t2Usz — 32yUy, + 322Uy,
Q315 = — 2ayUyze + 222Uy + 42 Usss — 22Usyy + 2tUss, + 2Uy,
Q313 = — ¥ Uszz + 2y2Uyzz — 2°Uyyz — 20 + 2Uy,y
9?14 =Uyy
0315 = — 2tyUsss + 22Uy — y2Uss + 22Uy, + 21U,
Q?m = —2tyUy., + 212Uy, — y2U, + yzUy, — 2tU,,
Q17 = = ¥ Uiz + 2y2Uysz — 2°Uyys — 2V + yUys
Q315 = — 2tyUsss + 22Uy, — ayUs, + 22U,
Q319 =2tUyzz + 2Uy.
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030 = — 2yUsss + 22Uyss + y2Usss — 22Usys + aUy,

Q?Ql =Uy:

Qtay =2tV + 2Us

Qtys =2tUss: + U

035y =2tUyze + yUse

Q?zs =U:»

Q?% =— 3x3UyyZ + 6:(;2yUzyz +3 x2zUzyy — 3xy2Umz + zyQUzzz — 6xyzUssy
—2xyzUy., + xzzUyyz + 3y 2Usss — Y2 2Upsz + 2 yzQUzyz — z3Uzyy
— 6txUsy, — 16txUyy, + 212Uz, + 16 tyUsy, + 6 t2Usss — 262Uz

Q%7 = — 2®Uyyy + 32°yUsyy — 32y Usay + 32y°Uyzr — 6 2y2Uyys + 322°Uyyy + y°Usar
— 393Uz + 6y 2Usy. — 3y22Usyy — 6taUssy + 6 taUyz; + 6 tyUsse
— 18tyUszz + 122Uy,

Q398 =% Usyy — 22yUssy — 22yUyzz + 222Uy + Y?Usae + Y?Uszz — 22Usyy + 2 tUsas
+ 2tUqzz

0359 =23Uyyy — 323Uy — 322YyUsyy + 32%YUsss + 6 22 2Usys + 32y? Usay — 3292 Uyss
— 6 2y2Usss + 6 2yzUyys — 3222 Ussy — 3222Uyyy — 42 Usas + 39°Usss — 6 422Uy,
+ 3y22Upgy + 3y22Usyy — 24 taUy,, + 24 tyUs,,

Q30 =33°Uyy: — 3°Usze — 6 2°yUsyz — 30°2Usyy + 322Uz + 33y*Upee — 2y* Uz
+ 6 xyzUssy + 22y2Uy,, — 3xz2Umz — $Z2Uyyz — 3y2zUzm + szUgDZZ — 2yz2Uzyz
+ 23U ze + z3Uzyy 4+ 16taxUyy, — 8txUsy — 16 tyUsy, + 812Uy

Q331 = — 22 Usyy + 22 Uszz + 22yUsay + 22yUysz — 222Usaz — 222Uyys — 4*Usao — Y?Uszz
+ 2°Uszz + 2°Usyy

Q330 =22Usyz — ayUszz — 2yUszz — 22Ussy + 22Uy + y2Usss + y2Usze — 22Usy.

Q333 = — ¥Usez + 2Usza

Q%34 = — 2Ussy + YUsax

Q35 =Usaa

Q346 = — 22yUyss + 222Uy + 2y?Usss — 222 Usyy — 422Uz + y22Usgy — 22Uy,
4+ 2txUszy + 2tyUszy — 2tyUyzz — 212Uy + 212Uy,

Q?37 =— 3m2yUyyz +3 zQZUyyy + 62:yQUgWZ — 62yzUsyy — 393 Usss + ¥ Uoze + 3y2zUmy
—39y22Uyz + 3y22Uyy, — 23Uyyy + 12t2Usys — 18 tyUsss + 6tyUsss 4 612Uy
— 612Uy

Q35 =2°Uyyy — 22yUsyy + ¥ Uszy — ¥*Uyzz + 292Uyye — 2°Uyyy + 2tUszy — 2tUy;

Q?39 =3 wszyyz — xszzzz — 3:Jc2zUyyy + xzzUyzz — 6xy2Uzyz + 6 2yzUsyy + 22y2Uss
= 222%Usys + 3Y3Usz — ¥®Uszz — 392Uy + 3y 2Uyzz — y2°Usas
—3y22Uyys + 23Ussy + 22Uyyy — 16 taUsys + 16 tyUsss — 8tyUsss + 812Uy,

Q340 = — 22 Uyyy + 22 Uyzz + 20yUsyy — 222Usyz — Y*Usay + y°Uyzz — 292Uz + 22 Usay
+ 22Uy + 4tUyss

Qty1 =2*Uyye — 2yUsyz — 22Usyy — y*Uszz + y2Ussy + 2y2Uyze — 2°Uyys — 21U

0340 = — 2Usys + 2Uny

Q43 = — @Usyy + yUzay

9?44 =Uszay

Qtus =2 Uyye — 2ayUsyz + ¥ Usaz — Y?Usez + 2y2Uyze — 2°Uyys + 200z — 21Uz

Q46 = — @ Uyys + & Uszz + 22yUsye — 222Uz — Y Usaz + Uiz — 292Uy + 2° Uiz
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+ 22Uy + 41Uz

Q%47 =2°Uyzz — 2yUszs — 22Usyz + Y2Ussz + 2tUyzz

0348 = — 2Uszz + 2Uzz

Q%49 = — 2Usyz + YUszz

Q?so =Uza-

Q3c1 = — 2y Uyes + 20y2Uyys — 222 Uyyy + y3Usze — 292 2Usys + y22Usyy — 2taUyy,
= 2txUyze + 2tyUsyy + 6tyUszz — 4t2Ugy.

Y50 =xyUyyz + 2yUssz — 22Uyyy — 22Uz — Y2 Usye + y2Usyy — y2Uszz + 2°Usys

9?53 = —zUyyy + yUsyy

9?54 = — 2y Uss +2 xyzUyz, — szUyyz + 422U — 2 yZQUIyz + z3Uzyy — 2txUyy,
—2txU — 4tyUszy, + 6t2Uzyy + 21205,

Qfss =2ayUyze — 222Uyyz — yY*Usez + 2 Usyy + 2tUayy — 2tUszz

Qtse = — tUyyz + 2Usyy

9?57 =Uayy

Q%58 =2yUsze — 22Uyzz — Y2Usze + 27Uy + 21Uy,

03so =2yUyzz — 22Uz — Y2 Uszz + y2Usys — 2tUss

Q?GO =—aUyyz + yUsyz

0361 = — 2Uyzs + Unyzz

9?62 =Uszy-

Q363 = — oUszz + 2Uszz

Q%64 = — 2Uyzz + yUszz

Q?GS =Uzzz

Qlos = = ¥*Usze + 392Uz — 3y2Uyys + 2°Uyyy — 6 tyUyyz — 6tyUszz + 62Uy
+ 6tzUyz,

QY67 =y Uyzz — 2y2Uyys + 2°Uyyy + 2tUyyy + 21Uy,

Q?GS = = YUyyz + 2Uyyy

Q?69 =Uyyy

Q370 =y?Uszz — 2y2Uyzz + 2°Uyys + 2tUyyz + 21Uz

Qb1 = — YUy + 2Uyye

9?72 =Uyy=

Qtrs = — yUszz + 2Uyzz

9?74 =Uy:zz

3
Qi75 =Uzzz (3.4)

4. Basis for conservation law

The linear diffusion equation (1.4), viz. U, = Uy + Uyy + U, has an obvious

conserved vector 7" with components namely

1_ 2 _ 3 _ 4 _
T =~u, T =uz, T°=uy, T =u,.

(4.1)

We can generate an infinite set of conservation law associated to (1.4). We
firstly determine the point symmetry associated with (4.1). To that end, we utilise



2182 J. Bashingwa, & A. Kara

the condition (1.3). This yield, for T, T2, 7% and T* respectively, the following
symmetries

Xy = 7$6y + yam, Xs = 7I6Z + Zaya X = ax;
X7 = _yaz + Zay: XS = ayv XQ = 82; X = 8t~

(4.2)

In fact { Xy, X5, Xs, X7, Xs, Xo, X171} form a subalgebra of the Lie algebra (2.2). The
remaining set of symmetries is {X, Xa, X3, Xi0, X12, X13} which can be used to
generate new non trivial conserved vectors.

In (2.2) we see that

(X1, X7| = [Ao, Xs] = [, Ay] = [Ay, Xio] = [y, X12] = [Ay, Xi3] = 0.

By virtue of theorem 1.1 none of them can generate a non trivial conserved
vector.

The conserved vector T' with components given in (4.1) is the only basis for the
conservation law with respect to the group G of transformations corresponding to
(2.1). In this equivalence class, we can generate infinite many conservation laws by
applying successively the symmetries found in Section 2.

Eg. U,. Oy is a second order generalized symmetry for the equation (1.4).

By (1.2), T' = Uy, T? = Uyyy, T? = Upyy, T* = Uy, are components of a
conserved vector of (1.1). In fact

Dt(*Um) + DT(Urzr) + Dy(UTTy) + D(UrmZ)|Uf,:Um+Uyy+Uzz =0.

5. Conclusion

We showed, by hierarchy, dependencies between higher order linear symmetries
which occur when generating these using recursion operators. Then, we deduced
a formula which gives the number of independent generalized symmetries (basis)
of several orders. We constructed a basis for conservation laws (with respect to
the group admitted by the system of differential equations) and hence generated
infinitely many conservation laws in each equivalence class.
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