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Abstract In this article, we study a class of fractional differential equations
with resonant boundary value conditions. Some sufficient conditions for the
existence of positive solutions are considered by means of the spectral theory
of linear operator and the fixed point index theory.
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1. Introduction

In this paper, we investigate the following fractional differential equation with res-
onant boundary value conditions:

{ Dgu(t) + f(t,u(t) =0, 0<t<1, (1.1)

u(0) = 0, Dy, u(1l) = nDy, u(€),

where l <a <2, 0<f<a—-1,1n1>0,0<¢ <1 withnpge Pt =1, Dg, is the
standard Riemann-Liouville derivative. It is easy to see that A = 0 is an eigenvalue
of the the corresponding linear problem

— D u=>u, 0<t<]l,
{ ot (1.2)

u(0) =0, D&_u(l) = an+u(§)7

and ct®~!, ¢ € R is the corresponding eigenfunction, which implies that the problem
(1.1) happens to be resonant.

Due to the accurate effect in describing various phenomena in widespread fields
of science and engineering, various of fractional differential equations have been
generally studied during the last few decades. In the recent years, a great deal of
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results dealing with the fractional differential equation boundary value problems
(FBVPs) were established. Many authors focused on the existence of solutions to
FBVPs by means of the techniques of nonlinear analysis; see [6,10,20,23,27,32, 35,
39,40] and references cited therein. The nonlocal boundary value problems have
particularly attracted a great deal of attention [1-4,8,9,15,19,25, 28,33, 38].

In [38], Zhang and Zhong considered the following non-resonant boundary value
problem:

Dy u(t) + f(t,u(t) =0, 0<t<1,

1.3
u(0) =u'(0) = --- = u""2(0) = 0, Dngu(l):/ona(t)Dngu(t)dt. (1.3)

The existence of triple positive solutions of (1.3) were obtained by using the Leggett-
Williams and Krasnosel’skii fxed point theorems.

When n¢*=#=1 £ 1, FBVP (1.1) is non-resonant. Li et al. [15] established the
existence of positive solutions for the non-resonant case of (1.1) by means of the
fixed point theorem. Xu and Fei [33] obtained the existence of positive solutions for
the non-resonant case of (1.1) by using the Schauder fixed-point theorem.

Some recent papers have studied the existence of positive solutions to non-
resonant FBVPs under conditions concerning the first eigenvalue of the relevant
linear operator, for example [5,17,18,29,36,37]. By the theory of ug-positive oper-
ator, Cui [5] investigated the uniqueness results of solution to

Dj, x(t) + a1 (t) f(t,z(t) +az(t) =0, 0<t<1,
z(0) =2'(0) =0, =z(1)=0.

Zhang and Zhong [37] established the uniqueness results of solution to (1.3) by
using the Banach contraction map principle and and the theory of ug-positive linear
operator. The main novelty of [5] and [37] was that the Lipschitz constant was
associated with the first eigenvalues of the relevant linear operator.

While there are a lot of works dealing with non-resonant FBVPs, the results
considering resonant FBVPs are relatively scarce. The main tool used to seek
solutions for resonant boundary value problems is the coincidence degree theory
(see [11-14,22,34]). To the best of our knowledge, research on positive solutions for
resonant boundary value problems is quite rarely seen. For the case that a is an
integer, Liang [16] and Webb [31] established existence results of positive solutions
for second order boundary value problems at resonance by considering equivalent
non-resonant perturbed problems. In [24], we obtained necessary conditions of the
existence of positive solutions to the following fractional boundary value problem
at resonance:

Dy u(t) + f(t,u(t), Dy u(t) =0, 0<t<l,
m—2
u(0) = 0,u(l) = Z niu(&i).

In [26], we established the existence and uniqueness results of positive solutions to
the following resonant FBVP:

Dgu(t) + f(t,u(t)) =0, 0<t<1,
u(0) = 0,u(1) = nu(f).
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The cone which is usually deduced from properties of the Green’s function plays an
important role in seeking positive solutions. It should be noted that the cone used
in [26] does not suitable for the method of [31].

Motivated by the above works, in this paper we aim to establish the existence
of positive solutions to the FBVP (1.1). Our work presented in this paper has
the following features. Firstly, we consider the case that the resonant boundary
condition involves an arbitrary fractional derivative which has been seldom studied
due to the difficulties in direct sum decomposition for the relevant linear space.
Secondly, some new properties of the Green function for this case have been obtained
to deduce a suitable cone. Thirdly, the results on the existence of positive solutions
concern the behavior of the nonlinearity at 0 and at oc.

2. Basic definitions and preliminaries

Definition 2.1 ( [21]). The fractional integral of order @ > 0 of a function w :
(0,+00) — R is given by

1 ! a—1
Ta)/o (t—8)* " u(s)ds

provided that the right-hand side is point-wise defined on (0, +00).

I&ru(t) =

Definition 2.2 ( [21]). The Riemann-Liouville fractional derivative of order « of
a function w : (0,400) — R is given by

D ult) = s (jt) / (1= sy u(s)ds,

where n = [a] + 1, [a]denotes the integer part of number «, provided that the
right-hand side is point-wise defined on (0, 400).

Clearly, we know the function

a—0—2 = xF
9(@) _F(a—6—1)+kZ:1F((k+1)a—ﬁ—2)

has a unique positive root M,, that is, g(M,) = 0.
It is obvious that (1.1) is equivalent to the following FBVP:

{ — D u(t) + Mou(t) = f(t,ut)) + Mu(t), 0<t<1,
u(0) = 0, Dg,y u(1) = nDg u(§),

Throughout this article, we always assume that the following assumption holds:
(Hy) f:1]0,1] x [0, +00) — R is continuous and

flt,x) > —M,x.
For convenience, we use the following notations:

h(t) = t* ' Eq o (M.tY),
H(t) =t P Ey 0 g (M.t®),
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0, t<0,
_ H(t), t>0,
H(#) = { 0, t<0

K 1 h(t)H(1 —s), 0<t<s<l1,
9= 71 h()H(1 —s) — h(t — s)H(1), 0<s<t<1,

Kot s) = 1 H(t)H(1—-s), 0<t<s<l1,
OBTHO) ) HOHQ —s) - H(t—$)H(1), 0<s<t<1,
nKo (&, s)h(t)
G(t,s)=K(t,s) + "t
A T RTI
G*(t,s) = t*"*G(t, s),
where E; ,(z) = ;;OE F(%:_V) is the Mittag-Leffler function.

It is easy to check that

H(t) = DG, h(t), h(t) =I5, H(t),
H(t) = Dy, h(t), h(t)=I) H(t).

Lemma 2.1 ( [15]). Assume thaty € L[0,1] and « > 1> 3> 0. Then

t F(a) t
D / t—s) ! sds:i/ t—s)* P71y (s)ds. 2.2
o+0( )" y(s) F(a—ﬁ)o( ) y(s) (2.2)
Lemma 2.2. Assume that y € L[0,1]. Then the FBVP

{ — D§u(t) + Myu(t) = y(t), 0<t<1,
u(0) = 0, Dy, u(1) = Dy, u(€),

has a unique solution written as
1
u(t) = / Gt 5)y(s)ds.
0
Proof. By 0 < ¢ <1 and né*#~1 =1, we can get
H(1) —nH(§) = Eq,a-g(My) — Eq o—p(M.E*) > 0.
From [21], the solution of (2.3) can be expressed by
t
u(t) = —/ h(t — s)y(s)ds + c1h(t) + cah’(t).
0

It follows from w(0) = 0 that c¢; = 0. Hence

u(t) = _/0 h(t — s)y(s)ds + c1h(t). (2.4)
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Noticing (2.1) and (2.2), by direct calculation, we have

)(k+1)a B— ly( )ds
F(ka+a—p)

k
D8t Z < Jy M

—|- ClH(t)

/Ht—s (s)ds + c1H(t).

Therefore,
D0+u /Hlfs)()derclH()
0+“ / H(¢ - s)y(s)ds + c1 H(E).
It follows from D0+u(1) = 77D0+u(£) that

_fol H(1—s)y(s)ds —n fog H(¢ - s)y(s)ds
a H(1) —nH(&)
fo (1 —8)y(s)ds —nH(1) f H(¢ - s)y(s)ds
H(l)[H( ) —nH(&)]
fol H(1 — s)y(s)ds
H(1) .

C1

+

Substituting into (2.4), we have the unique solution of (2.3) is

Y A ) Jo H(1 = s)y(s)ds
u(t) = /0 h(t — s)y(s)ds + T * he)
fo (1 —s)y(s)ds —nH(1) fOEH y(s)ds
+ S —ai )

_ ! s s)ds fo 77K0 57 )y(S)dS
- / Kt )ys)ds + 2SS )

1
:/ G(t, s)y(s)ds.
0

Lemma 2.3. The function Ko(t,s) satisfies the following properties:

(i) Kolt,s)
(ii) Ko(t, s)
(iii) Ko(t, s)
(iv) Kolt, s)

>0, tse(0,1);

=Ko(l—s,1-1¢), t,s€]0,1];

< H(1)s(1 —s)*A-1pa=B=2" 5 0,1], t € (0,1];

> Mys(1—s)* 8711 —t)te=B=1 t,5€[0,1], where

— min —1 a—fB—1)>
M= {H(l)[F(a—B)P’ H)a =5 1)}‘
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Proof. By the notation of H(t), we can get
L <Hw <), e
— < H(t) <t P . telo,1].
I'(a—p)

Noticing ¢ is strictly increasing on (0,400) and g(M,) = 0, by direct calculation,
we obtain

too Mk (k+1)a—

< T(( k+1a—5—1) >0, te(0.1],

too ktko

ey pa—pe3| £5—2 Mt
H(t) =t {F(a— ) +Z T((h+ Da—5-2)

=t P39 (M) < to7P- 3g(M*):0, t€(0,1).

Then we have that H(t) is strictly increasing on [0, 1] and H'(¢) is strictly decreasing
n (0,1]. In addition, it is clear that H"(t) is strictly increasing on (0, 1].
Since the proof is similar to the Theorem 3.1 in [27], we omit it here. O

Lemma 2.4. The function K(t,s) admits the following properties:
(i) K(t,s) >0, t,se(0,1);

(ii) K(t,s) < BB H(1)s(1 - 5)* 071272, s€(0,1), t € (0,1];

(iii) K(t,5) > DB 5(1 — s5)of=tgo! [1 - O‘T’ﬁt] , tselo1].

Proof. By the notations, the functions Ky and K can be expressed by

HA)H(1 —s)— H(t — s)H(1)

Ky(t,s) = ) , (t,s) €1]0,1] x [0,1],
K(t,s) = MOHA = S;I?l’;(t —OHWMD g e 0,1] x [0,1].

Let sg € [0, 1] be fixed. If ¢ € [sq, 1], we have
8 7 L B-177
Iy, H(t —so) = /t—T TTH(T — sp)dr

) /t(t — T)ﬁ YH (1 — s0)dr
Jioy ME(t = 7)1 (7 = s9) BHD=0
6) (ka+a —B)
fg O ME(t — s — ) Lp(ktDa=B-14y
L(B)T(ka +a - B)
ME(t — sg)FHDa—1 fol(l — y)B-ly(k+Da—p-1g,
k=0 L(B)L (ko + o — B)

+o0 Mf(t _ SO)(k:Jrl)afl

§ZM8A

J’-?T‘
g L

|
(]

N P I'((k+1)a)

(]
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= E(t — So).
If t € [0, s, it is obvious that
10 H(t — s0) = 0= h(t — 50).

Therefore, o B
10 H(t — so) = h(t —s0), tel0,1].

This combing with (2.1) implies that
K(t,s0) = Iy, Ko(t, s0), t€[0,1].
Then (i), (i7) and (ii7) can be deduced from Lemma 2.3 directly. O
Lemma 2.5. The function G(t,s) has the following properties:
(i) G(t,s) < Mas(1 —s)*= P12 5€0,1], t € (0,1];
(ii) G(t,s) > Mzs(1 —s)* A==t ¢ s5€10,1);
(i1i) G(t,s) < My(1 — s)*= P11 ¢ s €[0,1], where

T(a—B—1) nph(1)ge—F-2
M, =H(1) < T(a—1) * H(1) —UH(f)) ’
NCEY) 1-¢
Mz = M, < T(a+1) + I(a)[H(1) — WH(f)]) 7
H(1)
My =h(1) (1 * H(1)—v7H(£)) '

Proof. Noticing
h(t) < h(1)t*71, vt >0,

it follows from (4i7) of Lemma 2.3 and (i7) of Lemma 2.4 that

nKo(€, s)h(t)

G(t, S) :K(t, S) + m

a—f-1) s | H(Us(1— s)rAlea==2p ()
S Ta—1 HWs(-9T e+ ()~ (©)
s(1—s a—FB—1 F(Oé — B - 1) a—2 775047672}1(1) a—1
<HDs(=3) ( a1 | THD O >

<H(1)s(1 — 5)@~F-1pa-2 (F(a —6-1)  me () )

la—=1)  H(1)-nH(E)
=Mys(1 — s)*~ P12,

Hence (i) holds.

Noticing
o= 1

()’

it follows from (iv) of Lemma 2.3 and (i) of Lemma 2.4 that

h(t) > vt > 0,

—

s F(O[—ﬂ) s _Sa—,@—l a—1 _Oé—ﬁ
Gt 5) > 5P Mas(L = 5) 71 [1 roE t}
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4 MMas(1 = A1 — it
H(D) —nH ()

Zﬁra(?(;)ﬁ) M18(1 _ S)Q—B—lta—l
nMis(l = 5)71(1 - ggoil gt

H(1) = nH(¢) I'(a)
=Mss(1 — s)* A1 L,

Therefore (i) holds.
By the notations of K and Ky, it is easy to get that

K(t,s) < h(t)gg) 5 < p(u)e1(1 = s)2BT,
Ko(t,s) < H(t)g((ﬁ < H(1)to P11 — s)oF-1,
Then
G(t,s) =K (t,5) + m
<h()e (1 gya-pet g TS B( )1<1 —;2;} F-1h(t)
<h(1)t*1(1 — 5)2 1 4 H(l)(lH—( ))“ - 1@51):‘,‘*‘1

=M, (1 — s)* P 1oL,
So (447) holds.
From Lemma 2.5, we have the following Lemma:
Lemma 2.6. The function G*(t,s) := t>~*G(t, s) satisfies:
(i) G*(t,s) < Mas(1 —s)*=F=1 ¢ se]0,1];
(i) G*(t,s) > Mzs(1 —s)*~ A=, t .s€]0,1];
(i5) G*(t,s) < My(1—s)*P=1t ¢ .s5€]0,1].
Let E = C10,1] be endowed with the maximum norm |Ju|| = maxo<;<1 |u(t)], 0
is the zero element of F, B, = {u € F : ||u|]| < r}. Define two cones P and Q by
P={ueFE:u(t)>0, tel0,1]},

M
0= {ueE:31u>0, st Lyt > u(t) > ;\’J“”t, te [0,1]}.
2

Define four operators as follows:

1
Ault) = [ Glt.s)f (s u(s) + M),

)= [ G057 u(5) + M (o),
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Lu(t) = /0 G(t, s)u(s)ds,

L*u(t):/o G*(t,8)s*2u(s)ds.

It is clear that the fixed point of the operator A is a solution of the resonant
FBVP (1.1). By Lemma 2.5 and Arzela-Ascoli theorem, we can get A: P — P is
completely continuous, L : P — P is a completely continuous linear operator. By
Lemma 2.6, we can get L* : Q — @ is a completely continuous linear operator.
Noticing that A = 0 is the eigenvalue of the linear problem (1.2) and t*~! is the
corresponding eigenfunction, we have that the first eigenvalue of L is \; = M,,
and ¢(t) = t* ! is a positive eigenfunction corresponding to A;, that is p; =
M., Ly;. Therefore, the first eigenvalue of L* is A} = M,, and ¢} (t) = ¢ is a positive
eigenfunction corresponding to A, that is, 7 = M. L*¢7.
Set

1
L;u(t):/ G*(t,8)s*2u(s)ds.

It follows from [30] that the following Lemma holds.

Lemma 2.7. The sequence of spectral radius {r(L%)} is increasing and converges
to

1
M,

r(L*) =

Lemma 2.8 ([7]). Let P be a cone in a Banach space E, and Q2 be a bounded open
setin E. A: QNP — P is a completely continuous operator. If there exists ug € P
with ug # 6 such that

u—Au# Mg, YA>0, uedQNP,

then i(A, Q2N P, P) = 0.

Lemma 2.9 ( [7]). Let P be a cone in a Banach space E, Q0 be a bounded open set
in E and 0 € Q. Suppose that A: QNP — P is a completely continuous operator.

If
Au#du, VA>1, uedQnNP,

then i(A,QN P, P) =1.

3. Main results

Theorem 3.1. Assume that the following assumptions hold:

t t
lim inf min ft.z) >0, limsup max ft.2)
z—0+ t€0,1] x z—+oo t€[0,1] x

< 0.

Then (1.1) has at least one positive solution.

Proof. The proof is similar to the Theorem 4.1 in [26], we omit it here. O
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Theorem 3.2. Assume that the following assumptions hold:
(Hs) For any R > r > 0, there exists U, g € L[0,1] such that

HL =) Pt 2) < Wor(t), Yt € (0,1], @ € [rt*7 Y Rt

(H3)

t tOLfQ
lminf inf 202 o (3.1)
e—0+ te(0,1]  t* 2z

t toz—?
limsup sup G ) < 0. (3.2)

)
Tz—+oo te(0,1] UYTT

Then (1.1) has at least one positive solution.
Proof. By Lemma 2.6 and Arzela-Ascoli theorem, we can get A* : Q@ — @ is
completely continuous. It follows from (3.1) that there exists 71 > 0 such that

ft,t°722) >0, ¥ (t,x) € (0,1] x [0,71].

For any u € 0B,, N Q, we have
1
A*u(t) = / G*(t,8)[f (5,8 2u(s)) + M.s®u(s)]ds
0

1

2/ G*(t, s) M, s 2u(s)ds
0

= M, L*u(t).

In the following, we will show that A* has at least one fixed point on Q.
Suppose that A* has no fixed points on 0B,, N Q. Next, we will show that

u— A*u# ppl, YuedB,NQ, p>0, (3.3)

where 7 is the positive eigenfunction of L*. In fact, if there exist yo > 0 and
uy € 0B,, N Q such that
uy — A'uy = powy.
Then
uy = A%uy + pop] > powl-
Denote
p* = sup{p : ur > pepth.
It follows from the definition of @ that pu* < 4oc0. Clearly we have p* > po and
uy > pey. Therefore,

*

I

12 Ly M*<P1

Hence
up = A%y + pop] = ML uy + powy = (17 + po)et,

contradicts with the definition of p*, that is (3.3) holds. By Lemma 2.8, we have

i(A*,B,, NQ,Q) =0. (3.4)
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From (3.2), there exist € € (0, M) and 72 > 71 such that
f(t, 197 %2) < —et® 22, VY (t,x) € (0,1] x [r2, +00).
Set
W={ueQ\B,, : u=pA*u, 0<p<1}

Next, we will show that W is bounded.
For v € W, we have

F,1°72u(t)) < —et®2u(t) + | £(8, 12 2a())],
here @(t) = min{u(t),r2}. It is easy to see that
Msr

t S ﬁ(t) S T9.
2
Therefore
- Msry o
rot® 2 > 072 (¢) > %t Uiz et
Then
u(t) = pA*u / Gt 5) 2u(s)) + M.s®2u(s)|ds
< (M, —¢)L*u / G*(t,8)|f (s, 8> %u(s))|ds
< (M. —)L*u / Mas(1 — )P f (5, 5" a(s))|ds
< (M. - )L u(?) (3.5)
here

1
M:/ M9, ,,(s)ds
0

Let I be the identity mapping, then the operator I — (M, — e)L* is inverse since
r(L*) = ﬁ Thus (3.5) yields

u(t) < M|[(I = (M, =)L) |,

which implies W is bounded.
Let R =1y + M| (I — (M, —&)L*)""||. It follows from Lemma 2.9 that

i(A",BRNQ,Q)=1. (3.6)
By (3.4) and (3.6), we get
(A", (Br\By,) N Q,Q) = 1.
Therefore A* has a fixed point u* € (Bg\B,,) N Q, that is,

u*(t)zA*u*(t):/O G*(t,8)[f(s, 8% 2u*(s)) + M.s* 2u*(s)]ds.

It is easy to see that t*~2u*(t) is a positive solution of FBVP (1.1). O
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Theorem 3.3. Assume that (Hs) and the following assumptions hold:

(Hy)
. ft, 10 %x)
limsup sup ———
t—0+ te(0,1] YT

t ta72
liminf inf u
r—to0 te(0,1]  t*2x

<0,
> 0.

Then (1.1) has at least one positive solution.

Proof. It follows from (3.7) that there exists r3 > 0 such that

ft,t*722) <0, ¥ (t,x) € (0,1] x [0,73].

(3.9)

Suppose that A* has no fixed points on dB,.; N Q (otherwise, the proof is finished).

In the following, we will prove that

A*u# pu, Yu€edB,NQ, p>1.

If otherwise, there exists uy € 0B,, N Q and po > 1 such that A*u; = pouy. It

follows from (3.9) that
HolU1 = A*ul S M*L*ul = Tul.

Then
,u%ul S M*L*,uoul = T/,Lo’u,l S T2u1.

By induction, we can get
#gulﬁTnul, n:1727""

Hence
luguall < 1T uall < ([T ||[Jua -

By the Gelfand’s formula, we have

r(T) = dim YT 2 0> 1,

o0

contradicts with r(7') = M,r(L*) = 1. Therefore, it follows from Lemma 2.9 that

i(A*,B,, N Q,Q) = 1.

From (3.8), there exist € > 0 and 4 > r3 such that

ft 127 %2) > et %2, VY (t,x) € (0,1] x [rg, +00).

By Lemma 2.7, there exists m large enough such that

1
L) > .
(L) Te
Let M
R = m2Tara + 7y

(3.10)
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For any u € 0Bg N @, we have

2

u(t) > t>ry, Vite {7711’1] . (3.11)

By virtue of the Krein-Rutmann theorem, we know that there exists a positive
eigenfunction 1, corresponding to the first eigenvalue of L} , that is, L} v, =
r(L})m. For any u € 0Br N Q. It follows from (3.11) that

A*u(t) > G*(t,8)[f (s, 8% 2u*(s)) + M,s®2u*(s)]ds

1

m

1
2/ G*(t,5)[es® 2u*(s) + M.s* 2u*(s)]ds

= (e+ M.)(Lyu)(t), te€[0,1].

We may suppose that A* has no fixed points on dBr N Q (if otherwise, the proof is
finished). Next, we will proof that

u— A*u # iy, Yu€IBrNQ, pu>0. (3.12)
If otherwise, there exist u; € 0Bg N Q and pg > 0 such that
up — A% up = poPm.

Denote

pt=sup{p:ur = pby }.
It is clear that pg < p* < 400 and uy > p*,,. Then

uy = AMuy + poUm
> (€ + M) Ly, ur + po¥m

> (€4 M) Ly 1" Y + ptotm
= (e + M) r(Ly,)tbm + potm
> (

1+ po)Pm,
contradicts with the definition of p*. Hence (3.12) holds. By Lemma 2.9, we have
i(A*, BRNQ,Q) =0. (3.13)

Then (3.10) and (3.13) yields
Z(A*’ (BR\Brg) N Qa Q) = _la
which implies that FBVP (1.1) has at least one positive solution on (Br\B;;) N Q.

O
4. An Example
Example 4.1. Consider the following resonant FBVP:
7
Dg u(t) + f(t,u(t)) =0, 0<t<1,
(4.1)

1 1 1
u(0) = 0, Dg, u(1) = 3D(§1‘+u(§),
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where
,g’ t=0, z€0,+00),
X
—Z, te(0,1], ze][0,10t*7?),
flt,z) = 5 (01 | |
x—12t°72 t€(0,1], =z € (10t* 2 15t%72,
g, te (0,1, e (1512, +o00).

For any x € [0, +00), we have

1 e
N A TR Y vty
1 T = xF
< _
= 2\/%+F§)+k§::21“(k)
_ 1 T v _q
“TaETT Y

and

) = T T AT D

k=2 \4 2

“+oo k

1 T T
>——=+ Y e
27 T(3) kzzg T(2k — 1)

1 x eVe + e~ VT 11

:—ﬁ‘f'@-i—l‘

Therefore we gey g(%) < —0.0171 and g(4) > 0.0256, which implies M, € (%, 1).
It is clear that f : [0,1] x [0,4+00) — R is continuous and f(t,z) > —%, that is
(Hy) holds. For any R > r > 0, we have

2

t(1—1)2|f(t,2)| < max {3, 1;’} VI =1), Vte(0,1], z €[t Rt
So (Hsz) holds. Moreover,

. f(t, 2 2) T, [t 1
limsup sup ————= = ——, liminf inf ————*= = —,
20+ te(0,1] YT 5 z—o+oote(0,1] t* 2z 5

which implies (H4) holds. Then Theorem 3.3 ensures that (4.1) has at least one
positive solution.

5. Conclusions

In this paper, we discuss a class of FBVPs at resonance by considering equivalent
non-resonant perturbed problems with the same boundary conditions. The main



Fractional differential equations with ... 2473

novelty of the problem we discussed lies in that an arbitrary fractional derivative
is involved in the resonant boundary condition. Some interesting properties of the
Green’s function have been deduced to construct a suitable cone. By using the
fixed point index theory on the cone, some existence results of positive solutions to
the resonant FBVPs are obtained. The main results of this paper is valid to the
multi-point boundary value problem at resonance:

Dg u(t) + f(t,u(t)) =0, 0<t<1,
m—2

u(0) = 0, D u(1) = > Dy (&),
=1
where 0 < & <+ < &noa < 1, 7 > 0 with X7 2771 = 1.
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