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GLOBAL ANALYSIS FOR AN EPIDEMICAL
MODEL OF VECTOR-BORNE PLANT
VIRUSES WITH DISEASE RESISTANCE AND
NONLINEAR INCIDENCE*
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Abstract Vector-borne disease models play an important role in understand-
ing the mechanism of plant disease transmission. In this paper, we study a
vector-borne model with plant disease resistance, disease exposed period and
nonlinear incidence. We compute the basic reproduction number, determine
the implicit locations of equilibria and then investigate their global stabil-
ity by generalizing a classic geometric approach to higher dimensional sys-
tems. Higher dimensions cause greater difficulties such as the construction
of the transformation matrix and the estimate of the Lozinskil measure in
this geometric approach. For a complete control of vector-borne diseases, a
quantitative way is provided by the given expression of the basic reproduc-
tion number, from which we need not only increasing plant disease resistance
but also decreasing the contact rate between infected plants and susceptible
vectors instead of a single one of them.
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1. Introduction

Diseases caused by plant viruses seriously restrict the yield and quality of crops in
China and around the world. There are many kinds of plant viruses and almost 1100
species of plant viruses have been reported (see [37]). Tomato spotted wilt virus
(TSWYV) is one of them. The spotted wilt disease of tomato was first described
in 1915 in Australia by Brittlebank in [2]. The name tomato spotted wilt virus
was first established by Samuel in [27] for characterizing the pathogenic agent as a
virus. TSWYV is one of the deadliest viruses with a host range of more than 1000
plant species belonging to more than 85 families including tomato, bean, lettuce,
groundnut, pepper, potato and tobacco (see [14]).

TSWYV is transmitted by at least 8 species of thrips and the western flower thrip
(WFT) is reported to be the most important vector due to its wide distribution (see
[34]). WFT life cycle consists of 6 stages: egg, two larvae stages, two transformation
stages (prepupae and pupae), and an adult stage. The TSWV must be acquired
by thrips during the first larval stage. Thus, only immature thrips, which acquire
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the TSWV when they are on the first larvae stage, can grow into adults that can
transmit the virus. At the beginning, WFT with virus appeared in the western
United States and has now spread to many countries largely through international
trade. In China, symptoms of diseases on tomatoes is observed to be resembling as
WFT in Sichuan province for the first time in 1944 (see [31]). Since then, increasing
number of tospoviruses have been found in many regions of China and they cause
significant losses of vegetables and high-value crops such as tomato, peanut, tobacco
and so on (see [4,9,21,31] ).

Recently, mathematical models of vector-borne plant diseases have attracted
the interest of many researchers, under the effect of host demography in [6], influ-
ence of weather in [23], temperature and seasonal variations in [22], different ages
in [16,28,35] and so on. A four-dimensional model of soil-borne diseases is pre-
sented in [6] and is further developed in [29] to a five-dimensional model. After a
long-term interaction, mutual adaptation, mutual selection and even co-evolution
with pathogens, plants gradually acquire a series of complex defense mechanisms
to protect themselves, i.e., disease resistance. For instance, five different genes for
TSWYV resistance in tomato have been described in [7,12]. Thus, plant disease
resistance is an important factor to be considered in modeling disease spreading.
This is the motivation for us to investigate vector-borne plant diseases with disease
resistance. In this paper, we study a epidemic model for TSWV transmitted by
WEFT with plant disease resistance, disease exposed period and nonlinear incidence.
Assume that

(H1) The total number of plants is a positive constant. Diseases are not infectious
during the exposed period. Plants have permanent immunity after recovery;

(H2) The susceptible plants can be infected not only by the infected vectors but
also by the infected plants;

(H3) Susceptible vectors can be infected only by infected plants. Once infected, it
will carry the virus for life. Further, the new born vectors are susceptible.

As in [6,29], the total number can always be maintained by adding a new plant
after the death of a plant and these new plants are susceptible. Thus, we assume
that the total number of plants is a positive constant in (H1). Since infectious
disease model is the simplification of reality and idealization to a certain extent,
the more factors to consider the more complex the model is, the more difficult it
is to analyze. So we assume that the disease is not infectious during the exposed
period and plants have permanent immunity after recovery in (H1) as indicated
in [35,36,38]. As in [18,31], the mechanical damage of plants caused by field
operation and the bite of WFT causes the transmission of TSWT between plants
through body fluids. Therefore, we give assumption (H2). Assumption (H3) is based
on the experimental observation of tomato plants in greenhouse in [18], where it is
assumed that the vector is infected via biting on infected host plants. Once infected,
it carries the virus for life as in [16].
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Our model takes form

/BU}LY ﬂhhl S
1+onY 1+ appd

: BonY Bund
E = S — E
<1+04th+ 14+ appd (C+€+M) ’

I=¢E—(b+p+y+dl, (1.1)
R:'yl—,uR,
X =A—BpXI —mX,

Y = ﬂthI - mK

S:f(I)+cE+bI—uS—<

where S(¢t), E(t),I(t), R(t), X (t),Y (¢) are the numbers of susceptible individuals,
exposed individuals, infected individuals, recovered individuals and the densities
of the susceptible vectors, infected vectors, respectively. To be more realistic, we
use nonlinear incidence for plant disease. By assumption (H1) the total number of
plants is a constant K. In order to keep the total number constant, we assume that
the number of replants equals to uK + dI, where pK is the natural deaths and df
is the infected deaths. So f(I) := uK + dI. Here parameters Shy, fuh, ..., ¢, d are
all nonnegative constants and their biological meanings are given in Table 1.

Table 1. Description of parameters in system (1.1)

Parameter Description value
Bho infection ratio between infected hosts and susceptible vectors fitting
Bon biting rate of an infected vector on the susceptible hosts fitting
Bhrn infection incidence between infected and susceptible hosts fitting
Qyh, determines the degree of infection saturation between the vector and the host fitting
Qnn determines the degree of infection saturation between hosts fitting

5 the conversion rate of infected hosts to recovered hosts fitting
m natural death rate of hosts (18]
A birth or immigration of insect vectors (18]
€ is the constant rate for the exposed hosts becoming infectious [24]
m natural death rate of insect vectors [35]
b rate of the infectious individual become susceptible individual without treatment (1]
c rate of the exposed individual become susceptible individual without treatment  fitting
d disease-induced mortality of infected hosts fitting

Let N(t) be the sum of total insect vectors. By the last two equations in system
(1.1) we get

N=X+Y =A-mN,
from which N(t) — A/m as t — +o00. Since we care about the long-time dynamical

behavior, N(t) is regarded as a constant A/m, hence, in system (1.1) we replace X
by A/m —Y. Thus, the last two equations in (1.1) actually become one equation

Y = Buy (:;—Y)I—mY.
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Then, system (1.1) can be reduced to

- ﬂ,th 5th
S=uK-S8)+{b+dI+cE <1+04th 1+04}Lh[) >

o BunY Bund
1+ au,Y  1+4+apal

[=cE—nl,

Y = Bhe <;;Y)Imy

>S€E’ (1.2)

because of the independence of S, E,I,Y on R as shown in system (1.1), where
E:=ct+e+pand n:=b+ p+~v+d Thus, as in [11,29], the research about the
stability for system (1.1) is equivalent to that of system (1.2).

In this paper we consider system (1.2) in set €, where

0= {(S,E,I,Y) eER*: SSE, LY >00<S+E+I<K0<Y < :;}
Set €2 is a closed and positively invariant set of system (1.2), which is proved in next
section. The organization of this paper is as follows. In section 2, for system (1.2)
we prove the positively invariance of €2, compute the basic reproduction number
and give conditions for the existence of equilibria. In section 3, global asymptotic
stability of the unique disease-free equilibrium is studied. In section 4, we give
condition for global asymptotic stability of endemic equilibria. In section 5, some
numerical simulations are done to illustrate our theoretical results.

2. Positively invariance of () and existence of equi-
libria

In this section we first prove the positively invariance of €2 for system (1.2) and then
compute the equilibria for different cases of the basic reproduction number Ry.

Biologically, we do not consider the case that (5(0), F(0), I(0), R(0))=(0,0,0, K)
because in such case we consider another family of plants by assumption (HI).
From the sense of mathematics, for any given initial value (S(0), £(0),1(0),Y(0))
satisfying S(0), F(0),1(0),Y(0) > 0,0 < S(0) + E(0) + I(0) < K,0 < Y(0) <
A/m, the orbit of (1.2) does not pass through (0,0,0,Y(¢)) for all t # 0 because
(St)+ E@)+1(t)) =puK —u(S+ E+1I)—~I. In fact, this equation means that
S(t) + E(t) + I(t) always increases when S(t) + E(t) + I(t) gets close to 0.

In the proof of positively invariance we only need to consider the solutions
starting (0,0,0,Y(0)), where Y (0) € [0,A/m], and the solutions starting on the
boundary of €, i.e.,

Q1:=0n{S =0}, Q:=QN{S #0,E =0},
Q3:=QN{SE #0,1 =0}, Q:=QN{SEI #0,S+E+ 1=K},

Q5:=QN{SEIA0,S+E+I£K,Y =0},25:=QN{SEI£0,5 + B + I7AK’Y:%}'

For the case that the initial value lies on €y, we get

S = uK + (b+d)I(0) 4+ cE(0) > 0.
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Additionally, if I(0) =0,
I =¢E(0) > 0.
If 1(0) #0,Y(0) =0,
Y = Bu,I(0)A/m > 0.
If 1(0) # 0,Y(0) = A/m,
Y =-A<0.
If 1(0) # 0, E(0) =0, for t € (0,¢€) we get

R L BunY (o) Brn(o)
E(t)=e"¢ /0 et (1+avhy(o)—|—1+ahh[<0)>5(0)d0>0.

Thus, the orbit starting from 2; goes into the inner of 2. Similarly to this case, we
can prove that the orbit starting from €; (¢ = 2,...,6) goes into the inner of Q. By
the statement above the definition of €2, we actually know that the orbit starting
from any point in the inner of €2 does not pass (0, 0,0, Y (0)), where Y (0) € [0, A/m)].
The positively invariance of € is proved.

The basic reproduction number, denoted by Ry, is the expected number of
secondary cases produced by a typical infected individual in a completely susceptible
population during its entire period of infectiousness (see [8]). In the following, we
use the method of next generation matrix (see [10]) to calculate Rg. Let z :=
(S,E,1,Y)T, we rewrite system (1.2) as dz/dt = F(x) — V(x), where

0
BunY Brnl

Flx) = (HOZJ}LY + 1+}$L;LI) S ,

0

0

(K = 8) — cE — bl —dI + (1@;‘& n 15’&*;1[) g
E
V(z) = §
—eE+nl
B (& —Y)I+mY

According to [10], we get

O(Fo(z), Fa(x). Fa(x)) ot Pt
.7:2 €T ,]:3 xT ,]:4 T
F .= == 0 0 0 )
o, 1Y) S=K,E=0,1=0,Y =0
00 0
£ 0 0
b O0a() V(). Va(a) | ,
d(E,1,Y) S=K,E=0,I=0,Y =0 7
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Thus, the next generation matrix F'V ! defined in [10] is

K€ (mﬂhh + /Bh,vﬂvh%) Kg (mﬂhh + /Bh,vﬂvh%) Kﬂvhgn
1
— 0 0 0 )
mér
0 0 0

from which we get the basic reproduction number

m?2Bun + BhoBonl)

K
Ro:=p(FV™') = e m2en

. (2.1)

Here p(+) is the spectral radius function.

Theorem 2.1. In Q, the disease-free equilibrium Ey : (K,0,0,0) is the unique
equilibrium of system (1.2) when Ry < 1; System (1.2) has ezactly two equilibria Eqy

and A
Ec: K—E(M+7)+unl*,ﬂl*7l*7 Bhv T*
1€ € m2 + mpfy,[*
when Ry > 1. Here

. —-B+VB*—1AC
I = - , (2.2)

where

A =BunBroAann (pm+ey+em)+ (Bun(un+ey+ep) +pénann) (Aawn Brs + mPBhy),
B =(un + &y + ept) (BonBro A + m*Brn) + w(Acwn By + mBho) (€N — KeBrn)

+ pann(m*en — KeBun o),
C =puénm?(1 — Ry).

It is easy to check that A > 0 and C' < 0 when Ry > 1. So, I* is positive. On the
other hand, actually we need pe K — [(p+y) 4+ un]I* to be positive in Theorem 2.1
when Ry > 1.

Proof. To get equilibria of system (1.2), we need to solve

onY I
Buh n Bhn §—0.
1+ oY 1+ appl

uK+dI+cE+bI—,uS—(

BurY n Brnd
1+ oY 14+ apl
el —nl =0,
A
Bhv (_Y>I—mY:0

m

) S—¢E =0, 23

From (2.3),

S:K—wl, E="r y_%
ue £ m2+m6hvl
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and [ satisfies (AI2 + BI + C’) I = 0, where A, B,C are expressed in the state-
ment of this theorem. We observe that system (1.2) always has the disease-free
equilibrium Fjy.

Clearly, A > 0 and it is easy to check that

B >(un + ey + ept) (BonBroA + m?Bun) + p(AcwnBro + mBry)én(l — Ro)
+ pomEn((1 — Ry)

because

&n — KeBrn > En(1 — Ro)

and m2&n — KeBonBroA > m2En((1 — Ro) by the expression of Ry given in (2.1).
When Ry < 1, we get B > 0and C > 0. Thus, AI?+ BI+C = 0 has no positive
roots. When Ry = 1, we get B > 0 and C' = 0. Equation AI? 4+ BI + C = 0 has
nonzero root I = —B/A, which is negative. Thus, Ej is the unique equilibrium of
system (1.2) when Ry < 1. When Ry > 1, we have C' < 0. Equation AI?+BI+C =
0 has a unique positive root I*, given in (2.2). Thus, system (1.2) has exactly two
equilibria Fy and E., given in the statement of this theorem. O

3. The global stability of disease-free equilibrium £

In this section, we study the stability of the disease-free equilibrium FEj.
Theorem 3.1. Equilibrium Eqy of system (1.2) is unstable if Ry > 1.

Proof. We compute the Jacobian matrix at Ey and get
i ¢ d+b— B K —BupK

0 —¢ Brn K BunK
0 ¢ -n 0

J(Eo) =
0 0 Bro -m
Thus the characteristic equation at the disease-free equilibrium Fj is

Atpu —c BunK —d—=>b BunK
0 A+&  —BuK  —punK

=0 (3.1)
0 —€ A+1n 0
0 0 */Bhv,An A+m
From (3.1) we obtain an eigenvalue A\; = —p and the other three eigenvalues

X2, Az, A4 are roots of equation A* 4+ by A2 + bo A + b3 = 0, where

b1 Z:§+77+m>0,
by :=&n+ (E+n)m —efnn K,

b3 :=mén —eK (ﬁhhm + Bhvﬁvh:) .
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It is easy to see that b3 < 0 when Ry > 1 by the expression of Ry. When Ry > 1,
we have AgAsAgy = —bs > 0, implying that at least one of eigenvalues is positive.
Therefore, Ey is unstable when Rg > 1. O

Theorem 3.2. Equilibrium Eqy of system (1.2) is globally asymptotically stable if
Ry < 1.

Proof. From system (1.2), we have
E < BunKY + Bun KT — ¢E,
I <eE—nl,
. A
Y < Bhy—1 —mY.
m
Consider the following comparison system
Zy = BunK Zs + Bun K Zs — £ 24,
Zy =eZy — 12, (3.2)
. A
Z3 = Pp—22 —mZs.
m
The coefficient matrix of (3.2) at (0,0,0) is

—& BrnK Bun K
e -n 0 . (3.3)
0 /Bhvn% —m
The characteristic equation of (3.3) is A® 4+ ¢;A? + oA + ¢3 = 0, where
cp:=&+n+m >0,
cp =&+ (E+n)m —efnn K,
A
C3 = m@? —eK (ﬁhhm + Bhv/thm> .

When Ry < 1, we get m26n > e K(Brnm? + BuoBun), which implies that co, c3 > 0.
Thus, when Ry < 1, we obtain ¢y, c3 > 0 and

cica—c3 = (E+n+m)En+ (E+n)m —ebnnK) —mén+eK <6hhm + B}Lvﬁvh%)

= €+ m)(En+ (€ +m)m = k) +m? (€ + 1) +6Kﬂ}w6vh% >0,

By the Routh-Hurwitz theorem [13], all eigenvalues of (3.3) have negative real parts.
Thus (0,0,0) of the linear system (3.2) is globally asymptotically stable. Thus, for
(3.2) solution (Z1(t), Za(t), Z3(t)) — (0,0,0) as t — +oo when Ry < 1, where
71(0), Z5(0), Z5(0) > 0. We claim that Z;(t) > 0, for all ¢ € (0,400). In fact, if it
is not true, then there exists t; > 0, such that

Z1(t1) =0,

Zi(t1) <0, (3.4)

Z1(t) >0 for all te€(0,t).
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For t € (0,t4],

Zo(t) = e (22(0) + / t 5Z1(5)e’75d5) >0, (3.5)
0
Z3(t) = e ™ (ZS(O) + ; ﬁ;w;:LZg(s)emsds) > 0. (3.6)

Then
Zy(t1) = BrunK Za(ty) + Bun K Zs(t1) — £Z1 (1) > 0,

which contradicts Z; (t;) < 0 given in (3.4). Therefore, this claim is correct. Further,
by (3.5) and (3.6) we get Z3(t) > 0 and Z3(t) > 0 for all ¢ € (0, +00).

By the Comparison Principle (see, e.g., [30, Theorem B.1]), we have E(t) <
Z1(t), I(t) < Za(t), Y (t) < Z3(t) for all ¢ > 0 for solution (E(t), I(t), Y (t)) satisfying
E(0) < Z1(0),1(0) < Z3(0),Y(0) < Z3(0). Hence, together with the positivity of
the solution we conclude that (E(t), I(t),Y(t)) — (0,0,0) as ¢t — +oc.

From the fourth equation in system (1.1) we get

R(t) = e " R(0) + ef“t/o ~vI(s)etds. (3.7)

If limy s yoo fg vI(s)et*ds exists, then R(t) — 0 ast — +oo. If lim; 00 fot vI(s)ert*ds
does not exist, f(f ~vI(s)etsds — +oo as t — oo and, hence,

lim R(t) = tiigrnoo ~I(t)/p=0. (3.8)

t——+oo
Thus R(t) — 0 as ¢ — +o0 in any case. Duo to S+ E + I + R = K, we obtain
S(t) = K as t — +oo. Therefore, (S(t), E(t),1(t),Y(t)) = (K,0,0,0) as t = +o0

when Ry < 1. Finally, the globally asymptotically stability of Ej follows from the
globally asymptotically stability of (0,0,0) of linear system (3.2). O

4. The global stability of endemic equilibrium FE,
In this section, we analyze the stability of the equilibrium E. of system (1.2). To

do this, we compute the Jacobian matrix J(E.) of the vector field of system (1.2)
at F, and obtain

—n—C ¢ d—‘rb—( BrnS™ __ BunS”

1+Oéhh,1*)2 (1+a,,hY*)2
¢ —£ ths** § ths** :
J(Ec) _ 0 (1+ahhl ) (1+O¢:)hy ) ,
€ -n
0 0 Br(d2-v —v

where (S*, E*, I*,Y*) denotes the coordinate of E. given in Theorem 2.1 and

e BonY ™ Brnl™
' 1+ a,pY* ].+04th*’

V= Bpo " +m.
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The corresponding characteristic equation is A* 4+ a1 A3 + aoA\? + asA + a4 = 0, where

ap = p+&+n+C+7,

az: N(§+77)+(/l+§+77)19+(5+M+n+19)c_|_£77_( eBnnS

1+ O(hhl*)27

S*
= (60~ s ) O Gk ) ek )G

14+ appl*)? (41)
o (en— EBhnS™  eBhuBunSTA BhvBuonS™Y™ .
T Aol )2 mI1+anY )2) T 91+ annY )2
as = ud é- . Eﬁhh‘sw< N 5ﬁhv5vhS*A gﬁhvﬁvhs*y*
4= B " 14+ appl*)? mI(1+ apnY™)? (1 + appY*)?
+ (ep + &y + pn)CY.
Define
T := as(aras — a3) — atay. (4.2)

Theorem 4.1. If Ry > 1, equilibrium E. of system (1.2) is locally asymptotically
stable if and only if T > 0, where T is defined in (4.2).

Proof. In order to prove this theorem, we only need to prove that all eigenvalues
of the characteristic equation A\* + a1 A3 + aaA? + as\ + a4 = 0 have negative real
parts, where a; (i = 1,...,4) are given in (4.1). So, by the Routh-Hurwitz Theorem
we need to prove

a1a300
a1a30
a1 a 1 azag O
ar >0, >0 1 agas >0 >0
1a2 0&1@30
0@1@3
0 1(12(14

Straight computation shows that it is equivalent to prove ai,as,as,as > 0 and
az(araz — az) — afay > 0. Since T is defined as az(ajaz — az) — afay in (4.2) and
is required as T > 0 in the statement of Theorem (4.1), we only need to prove that
ai,az,as,aq > 0.

Let
6thS* €ﬁhuﬁvh5*y*
Gi=gy— 2 g b X
1T AT am D)2 (1 + apnY *)2
€BnnS™ €BhvBunS* A

H:=&n—

I+ apnl®)2 mI(1+ appY *)2

Since F, is an equilibrium, by (2.3) we get

BunY™ Brnl*
S*— (B =0, eE*—nl* =0.
<1+ath* * 1+ appl* ¢ © g

Then

5/8hhS* 5/8hv6'uhS*A
1+ appl* m19(1 + ath*)

=&n,
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implying G > 0, H > 0. Thus, by the expressions of aj, ..., a4 given in (4.1) we get

a1 :M+£+'f}+<+ﬂ>0,
=pl+n)+(p+&+nd+(E+pn+n+9)(+G>0,
=pG + (€ +n)0+ (ep+ey+un)C+(e+p+n)C9+9H + 0O >0,
ag = pH 4+ puO + (epp + ey + pn)¢Y > 0.
The proof is finished. O
In the following, using the geometric approach given in [11,17,20] we discuss the
global stability of E.. As defined in [3], system (1.2) is uniformly persistent in §2 if
there exists a constant p > 0 such that any solution (S(t), E(t), I(t),Y(t)) of (1.2)
with the initial value (S(0), E(0),1(0),Y(0)) € Q satisfies

. . . < 5 .
min {hin_ﬁng( ), hg_ﬁgofE( ), ltlg_i}&fl(t),lginig}/(t)} > p, (4.3)
where () is the inner of . Note that this definition is called uniformly strongly
persistent in [32].

Lemma 4.1. System (1.2) is uniformly persistent in Q@ when Ry > 1.

Proof. Since 2 is bounded and positively invariant, system (1.2) is point dissipa-
tive in Q (see [15]). Thus, there exists a compact set My such that all solutions of
system (1.2) initiated in Q ultimately goes into My. So conditions (Cy o) of [32, The-
orem 4.6] hold for Mj.

Let w(zo) be the w-limit set of the orbit starting from zo € € and

E1:={z. € 99| z(t,z.) € 00, Vt > 0}, CORES U w(zs),

TA€E1
where z(t,z.) = (S(t), E(t),1(t),Y(t)) is the solution of system (1.2). Clearly,
E1,E2 C 00. By the expression of system (1.2), all solutions starting in 92 but
not on the S-axis ultimately goes into €. Thus Z; = {(5,0,0,0)] 0< S5 < K} and
Ep = {Ep}, because S-axis is a 1-dimensional stable sub-manifold of Ey. In order to
prove that system (1.2) is uniformly persistent in €, by [32, Theorem 4.6] it suffices
to prove that Ey is a weak repeller (see [32, p408]) for Q, i.e., every solution starting
from g € Q) satisfies

limsupd (z(t, zo), Fo) > 0. (4.4)
t——+oo
In fact, if W*(Eo)(NQ # 0 ; there exists a solution (S(t), E(t),I(t),Y(t)) with the
initial value (S(0), £(0),1(0),Y(0)) in  such that (S(t), E(t),1(t),Y (t)) — Eo as
t — 400, where W*(Ey) denotes the stable manifold of Ey. Define a continuous
function

ﬁhhm ﬂhvﬁvh (A - my)
1+ apnv m(l + ahhl/)

g(v) =e(K —v) —mén

for v > 0. Clearly, g(0) = (Ry — 1)m&n > 0 because Ry > 1. Hence there exists
a sufficiently small & € (0, K) such that g(v) > 0 for all v € [0,7]. On the other
hand, there exists a T' > 0 such that for all t > T

K-0<St)<K+v, 0<E@W)<p, 0<I(t)<p, 0<Y(t)<p
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We claim that there exists a 7' > T such that E(T)I(T)Y (T) # 0. Otherw1se either
E(t)=0orI(t)=0orY(t)=0forallt>T, whlchlmphesE( t) = IN( Y(#)=0
by the expression of (1.2). This contradicts that (S(O) E(O)7 1(0),Y(0 )) in Q. So

there exists a 7' > T such that E(T)I(T)Y (T') # 0. For t > T we get

E*,2< BurY n Brnd >(K—f/)—§E,

1+ ot 1+ app?

f2€E’—nI,

- A B .

Yzﬂhv(—ﬁ)l—mY
m

At (0,0,0), linear system

: BonY Brnl .
FE = K—-70)—§¢&F
<1+O¢vhﬁ+ 14+ appv ( V) &8,

I =cE—nl, (4.5)

Y = Buy <2ﬁ>le

has Jacobian matrix

—¢ Bun(K=0)  Bon(KX—D)

1+appv 14+aypv

o S
Il

€ —n 0
0 Bho (% - 17) —-m

Let A be the maximum eigenvalue of A. Tt is not hard to prove A>0 by the
expression of A and g() > 0. Since all off-diagonal elements in A are nonnegative,
by the Perron-Frobenius Theorem (see [33]) there is a positive eigenvector n =
(R, 72, Mi3) corresponding to A and || = 1. There exists a positive I such that
Iy < E(T),lhy < I( ),lng < Y (T). Moreover, the solution (E(t),I(t),Y(t))
with initial value (E(T), I(T),Y (T)) = (A, lig, lﬁg) of linear system (4.5) goes to
positive infinity as t — 4o0o. By the comparison principle (see [25]) we get E(t) >
E(t),I(t) > I(t),Y(t) > Y(t). Hence, E(t) — +o0,I(t) — +o0,Y(t) — 400 as
t — +oc. This contradicts E(t) — 0,1(t) — 0,Y(t) — 0 as t — 400. Then we get

S(Eo)(Q2=0. (4.6)

If (4.4) does not hold for some solution z(t, z¢), then limsup,_, , o d((t, z0), Eo) =
0, implying lim;, 4o #(t,29) = Ep. This contradicts (4.6). Therefore, (4.4) holds
for every solution starting from xg € . By [32, Theorem 4.6], system (1.2) is
uniformly persistent in Q) when Ry > 1. O
Having Lemma 4.1, (4.3) holds for some p. It is clear that such p is less than
min{ K, A/m} by the definition of Q. Let p be the maximum of all values of p.

Theorem 4.2. If Ry > 1, equilibrium E. of system (1.2) is globally asymptotically
stable when

2Bun KA 28nn K
mp(1+ awnp)?’ (14 apnp)?

> max{ —2(b+d) —7}. (4.7)
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Proof. Let
D={(S,EI1Y)eQp<S<Kp<E<Kp<I<Kp<Y<A/m}.

Clearly, I' is compact and absorbing because (2 is positively invariant. For system
(1.2), define

E% 0 0 0 0 O
0O 75 0 0 0 0
) — 00 0 55 0 0
0 0 ﬁﬂ() 0 0
0 0 0 0 3 0
00 0 0 0 w5
for t > 0, where (S(t), E(t), ,Y(t)) is the solution of system (1.2) with the initial

JB(1), 1(t)
value (S(0), E(0),1(0),Y(0)) € I. It is not hard to check that P(¢) is invertible and

then we define
dP(t)

Q(t) = S P @) + PP P (1),
where
—H=qs ¢ d+b—q  —q
J(t) = u —§ @ 92
0 € -n 0
0 0 a3 Bl —-m

is the Jacobian matrix of (1.2), JP(t) is its second additive compound matrix
(see [19]) and

0= BrnS o= BuonS =3 A _y = BunY Brnl
! (1+04th)27 2 (1+CMU;LYY)27 3 hv m o 1+aunY 1+ahhl'

By straight computations, we write Q(t) as
Q11 Q12 Q13
Q)= [ Q21 Q22 Qa3 | >
Q31 Q32 Q33

where

E
Q11 = M1 — ok Q12 = (étha Ll —b- d)) , Quz= (%(h, %CI%O) :

I Mgz—% C 00 %qg
Q21 = ) Q22 = ], Qe = .
0 qa Mu—1 00—Yq

0 %QB 0 Mgs—% c b+d—q1
Qa=10], Qs2 = 0 %q‘”’ ) Q33 = qa Mss—% Q1
0 0 0 0 3 Mes — %
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and
My =-p—q—-§ Map=—p—q—n, Mz = —p— qs — Bond —m,
My = -E—n, Mss = —=§ = fhol —m,  Mge = —1 — Bpol —m.

For z := (21, 22, 23, 24, 25, 26) € RS, we use max {|z1, [2a] + |23], |24| + |25] + |26]} as
its norm |z|. Let o(Q(¢)) be the Lozinskil measure (see [5]) with respect to this
norm. As described in [26], for given ¢ > 0 we get o (Q(t)) < max {g, (t), g,(t), g5(t)},
where

gz(t) = Ul(Qii)+ Z |Q7,]|7 1= 172a3a
Je{1,2,3}\{i}

and o7 denotes the Lozinskil measure with respect to the I; norm (see [20]),
|Qij1(i,7 = 1,2,3) are matrix norms with respect to the I; norm. Further com-
putations show that

thAK

Y Z R — ) <—p+w,
mp(l‘i’avhp)Z g3< ) o

g (t)<—p, go(t)<—p+2

where w = max {0, 28, K/(1 + apnp)® — 2(b+d) — ~}.

Let
% . min { __ 2BuAK w}
: b= Tt ) .

By (4.7), we have b > 0. Thus for t > 0

g1(t) < —b, go(t) < —b, gs(t) < —b.
Therefore, for t > 0

1/ A -
5/0 o(Q(s))ds < Z/o —bds = —b.

It follows that

1
lim sup sup -
t—+oo (S(0),E(0),1(0),Y(0))el b

/Ot #(Q(s))ds < —b < 0.

By [20, Theorem 3.5], equilibrium E. of system(1.2) is globally asymptotically sta-
ble. O

5. Numerical simulations and conclusion remarks

In this section, we perform some numerical simulations to support the analytic
results presented in the above sections. We first give the analysis of infection num-
ber I affected by some parameters. As shown in Fig. 1(i), (ii), the number of
infected hosts I decreases effectively as the rates b, ¢ of the infectious or exposed in-
dividual becoming susceptible individual without treatment increases. As shown in
Fig. 1(iii), (iv), (v), the number of infected individual I decreases as infection ratios
Bhuy Buh, Brin decrease. Moreover, Bp., Byn have a greater influence on I than Spp,.
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Figure 1. Change of I

Thus, strategies such as drug control and biological control that either decrease
biting rates SBpy, By Or increase disease resistance b, ¢ could be recommended.

Taking K = 80, A = 10, By = 0.02, By, = 0.01, Bpp = 0.005, apy = 0.02, iy, =
0.02, app, = 0.02,¢c=0.1,d =0.1,u = 0.6, = 0.5,m = 0.2,b = 0.1, = 0.1 and ini-
tial condition (S(0) = 40, E(0) = 20, I(0) = 10, Y(0) = 30), we get Ry = 2.2564 > 1
and find that condition (4.7) holds. E. is globally asymptotically stable as shown
in Fig. 2(1). However, similar as in [1, 18,24, 35] we take K = 80,A = 10, fp, =
0.002, Byp, = 0.004, Bpn, = 0.01, apy = 0.02, pp, = 0.02, 0, = 0.01,¢ = 0.6,d
0.6, = 0.0l,e = 0.5,m = 0.02,b = 0.5,7 = 0.1 and initial condition (S(0) =
40, E(0) = 20,1(0) = 10,Y(0) = 30). Then Ry = 6.2542 > 1 but condition (4.7)
does not hold. We observe in Fig. 2(ii) that E. is still globally asymptotically stable.
This means that condition (4.7) in Theorem 4.2 is just sufficient for the globally
asymptotically stability of E. but not necessary.

From the expression of (2.1) we can see that Ry is a strictly increasing function
with respect to parameters Sy, Byn and fBpp, and a strictly decreasing function
with respect to parameters b and ¢. We present some figures to show how the basic
reproduction number Ry changes in terms of various values of contact rates. In
Fig. 3 we observe that as the value of the parameters S8y, B,n and By increases,
the value of Ry rapidly exceeds 1. Further, the transmission of disease from host
to vector or vector to host plays a more important role than that from host to host
because of the slopes shown in Fig. 3.

In Fig. 4(i) we observe that Ry decreases as b and ¢ increase, whereas the value
of Ry is always greater than 1. Thus, the single increasing of plant disease resistance
is insufficient for the complete control of disease. However, the increasing of plant
disease resistance can lower Ry to be less than 1 if at the same we reduce the contact
rate between infected plants and susceptible vectors as shown in Fig. 4(ii).
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As an conclusion, we propose a vector-borne plant epidemic mathematical model
with disease resistance. We calculate the basic reproduction number Ry, which is
important for the dynamics, and investigate the existence and global stability of
equilibria. By our main results, the system has a unique equilibrium FEy when
Ry < 1, which is disease-free equilibrium and globally asymptotically stable. It
implies that the disease dies out eventually. When Ry > 1, the system has a
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unique endemic equilibrium E., which is globally stable under some conditions. It
implies that the disease will persist. As we know from technology, global stability
of equilibria is important and difficult for many biological models. In our paper we
obtain main results by generalizing the geometric approach given in [20] to higher
dimensional systems. Higher dimensions cause greater difficulties in calculations
such as the construction of matrix function P(¢) and the division of matrix function
Q).

We have to point out that system (1.1) may be more complicated and higher-
dimensional if we consider WFT to have 6 development stages: egg-larvael-larvae2-
prepupae-pupae-adult as in [18]. Then its dynamical analysis will become more
difficult.
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