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THE BOUNDEDNESS FOR SOLUTIONS OF A
CERTAIN TWO-DIMENSIONAL FRACTIONAL
DIFFERENTIAL SYSTEM WITH DELAY™

Yue Yang! and Fanwei Mengh'

Abstract In this paper, we study the components-wise upper bounds for so-
lutions of two-dimensional fractional differential system with delay. Prior to
the main results, we derive some results on two-dimensional nonlinear inte-
gral inequalities, then we investigate upper bounds of solutions basing on the
obtained inequalities, finally, an example is given to illustrate the theoretical
results.

Keywords Fractional differential system, delay, integral inequality, components-
wise upper bounds.

MSC(2010) 26D15, 34A08, 34C11.

1. Introduction

Recently, fractional differential equations, which are regarded as the generalization
of the traditional differential equations dealing with nonnegative integer order, have
drawn more and more attention due to their widespread application. Numerous
numerical and analytical results have been given for various differential equations
with physical background [8,9, 16, 18,19, 23], biological [24] or ecological economic
[17] implications. The study of the qualitative properties for solutions of fractional
differential systems has become a very vital branch of the theory of differential
equations [1,3,5,12].

Integral inequalities play a fundamental role in the qualitative study of various
differential equations and integral equations [6,7,10,14,15,20], especially Gronwall-
Bellman inequality. There has been an increasing interest in this area of research to
satisfy the needs of colorful applications of these inequalities. Many authors have
paid considerable attention to integral inequalities with weakly singular kernels and
obtained some inspiring results [4,13,22].

On the other hand, due to the transmission of the signal or the mechanical
transmission, fractional differential systems with delay have gained scholar’s atten-
tion [2,21,25,26]. Cermék et al. [2] investigated stability and asymptotic properties
of the following equation

Dﬁy(t) =ay(t) + by(t — 7).
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Ye and Gao [21] researched Henry-Gronwall type retarded integral inequalities
and their applications to Caputo fractional differential equations with delay

Dfx(t) = f(t,x(t — r)>7 t € [to,T),

x(t) = @(t), tE€lto—r,to]
and

Doy(t) = £(ty(0)y(t —n)), e fto, ),

y(t) = o(t), t € fto—r,to].

Zhao and Meng [25] studied properties for solutions of Riemann-Liouville frac-
tional differential system with delay

Dea(t) = f (ot =)yt - 7)),

Dy(t) = g(t, x(t—71),y(t— T)), t € [to, +00),
D ta(t) =&,

Dly(ty=n, telto—T,tol

Motivated by the work in [21] and [25], in this paper, we deal with the following
nonlinear two-dimensional fractional differential system with delay

Dew(t) = f (2 (), y(t), 2t 1), y(t = 7)),

Dey(t) =g (6ol y(®),alt =)yt =), t€ftotoo)

where f, g € C([tg, +o0) x R*, R). Besides, D is the fractional derivative (in the
sense of Caputo) of order o > 0, and ¢, v are known continuously differentiable
functions on [ty —r, tg] up to order n(n = —[—a]). In what follows, we denote M; =
maxte[tofr,to]W(t)‘sz = maxte[tofr,toﬂw(t)l and w(k)(to) = Mg, w(k)(to) = Nk,
k=0,1,2,...n—1and

m(t) _ mP(t) iR,
n(t) nP2(t)

P2

This paper is organized as follows: In Section 2, some basic definitions and
useful lemmas of two-dimensional nonlinear integral inequalities are provided. In
Section 3, we discuss the upper bounds for solutions of two-dimensional fractional
differential system with delay. In Section 4, an example is given to illustrate our
results.
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2. Preliminaries

In this section, we recall and set the following lemmas which will be used in our
proof.

Lemma 2.1 (Lemma 2.1, [10]). Leta > 0,p > ¢ >0 and p # 0, then
at < ISt a+ P9k
p p
for any K > 0.

Lemma 2.2 ( [11]). Let n € N, and let 1, ..., 2, be non-negative real numbers.
Then for o > 1,

() =n 3wt
=1 =1

Lemma 2.3. Let a;, bj;j(j = 1,2) and ¢;;(j = 3,4) € C([to,0),Ry),i = 1,2,
Ry =[0,400); ¢; € C([to — r,to], R+), ai(to) = ¢i(to), r > 0 be a constant.
If u; € C([to — 1, +00), Ry) and

(1) < ar(t) + [y, [br(s)uf (s) + brals)ud (s)
Ferg ()l (s = 1) + cva(s)ugtt (s — 1) ds,
W2 (1) < ax(t) + ) [bar (U () + baa(s)uf (5)
Fea(8)uf (s = 1) + car () (s — 1) |ds, ¢ € [to, +00),
W (1) < 6n (1),
ub?(t) < ¢a(t), t € [to—r,to),

where p; and q;; are constants satisfying p1,p2 > ¢i; > 0 and p; # 0, then for any
K; >0(j =1,2,3,4), we have

uy* (t) < B(t) + G(1), lto, +00)
us® (t)
that is to say
e = {B(t) + G(t)} g ) [to, +00)
us(t) 5
where
exp{ftto+r {H1 )+ Ha(T } T} f totr { to+7‘ Hl(T)dT} {Hl(s)B(s)
Gy - | @+ e@]dst fo oo { [T () + Ha(rlar} [Hi(5)B(s)

+Hs(s)B(s —r) 4+ L1(s) + La(s)|ds, t € [tg + r, +00),

S exp{ [L Hu(r)dr } [Hi(s)B(s) + Lu(s) + @(s)|ds, ¢ € [to,to + 7],
(2.1)
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O(t) =

a(t)
b

az(t)
B 411 —P1 a12—p2 ]
by (t) LKy ™ bi2(t) L2 K,

421 —P1 422 —P2 b
bor (TR ™ baa(D) 2K
B 413—P1 914—p2 1
cs(t) B2k ™ cra(t) LK, ™

423 —P1 924 —P2 Y
(e T en) K

q11 qa12 -7

bll(t) p1 ;11111 Ker + byo (t) Pz;zlhz KQPT
_b21(t) P1;1(121 KIFT + bos (t) P2;2(122 K;T ]

| cos() BB + coq(8) A2 K,

ga21 a22 ’

a3 914 A
P1—4qg13 P1 b2—4q14 P2
C13 (t) I K3 + 014(t) P2 K4
q23 924 )

13 914

Clg(t) Pl (t — 7‘) + 614(t) 2p2 (t — T)

<123 924

Cos(t)dyt (t — 1) + coa(t)p)® (t—1)

Proof. For ¢ € [tg, +00) and i = 1,2, let

(2.5)

(2.6)

(2.7)

zi(t) =/ [bzl( Jui™ (s) + bia(s)ug® (s) + ciz(s)ui®(s — ) + cia(s)ug™ (s — r) | ds,

to

then z;(t) > 0 is nondecreasing,

Zi(t) = bin (ui™ (£) + bia ()uz™ (t) + cis(H)ui (t — ) + cia(t)uz” (¢t — )

and

() < ailt) + 5 (0), wit) < [ailt) + 0]

(2.8)

(2.9)

For t € [to + r,4+00) and any K; > 0(j = 1,2,3,4), by (2.8), (2.9) and Lemma
2.1 we get

t) <bi () a1 (t) + 21 (¢ } +bi2(t)[a2(t)+zg(t)] E

443 944

i1 252

P2

e |art —r) + 2t — r)] " e(t) [az(t )+ 2t — r)}

gin q” = [ ] P1— Gl o
il P1 + 21 + —K" }
i 10+ 2 0] + 2
. 2i2 —P2 . 452
+ bi2<t) £K2 b2 ag(t) + Zg(t)} + %K;’z }
2 2

D1

{ |
+ Cig(t){iﬂK:gp:m [al(t —r)+ 2 (t - r)} ) K;’lg }
{ |

2i4
ag(t—r)-i-zz(t—r)} 4 P2 du (MKP2 }
P2
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Qi 122 Qiq 2 .
+[bi2(t)p—K2 +en(t) Ky }ZQ(t), i=1,2. (2.10)

Denote

then we derive from (2.10) that
W' (t) < Hy(t)B(t) + Ha(t)B(t — 1) + Ly (t) + La(t) + [Hl(t) + HQ(t)} W(t),

t t

where B(t), Hy(t), Ha(t), L1(t), L2(t) are defined as (2.2)-(2.6).
Thus for ¢ € [tg + 7, +00), we get
W) Sexp{/tJrT () + o) dr W (10 + 1) +/wexp{/: [m,(7)

+ Hz(f)} dT} [H1(S)B(s)+H2(S)B(s—r)+L1<s>+L2(s)} ds.  (2.11)

When t € [tg,tg+ 7], for K1, K5 > 0, we derive from (2.8), (2.9) and Lemma 2.1
that

1 <) 0+ 2] % 50 en() + 0]

# a0 (0= 1)+ o] (-1

<bu(t ;’;—11 = ()+Z1()}+%K:n}
<t>{j§ , 5 aalt +qi2<t>]+pp;“f<§ }

+es®)d t—71) Fcalt)ps? (t—r), i=1,2.
Denote ®(t) as (2.7), then we obtain
W'(t) < Hi(t)B(t) + L1(t) + ©(t) + Hi(t)W (1), t € [to,to + 7],
it follows that

W(t)S/t:exp{/:fh(f)dr}[Hl(s)B(s)+L1(s)+¢>(s)}ds, te [to,to—|—(7‘]. |
2.12
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Define G(t) as (2.1), then by (2.9), (2.11) and (2.12) we get

u (1) 7
< [B(t) + G(t)] T, b€ [fo, +o0).
(5] (t) P2
This completes the proof of Lemma 2.3. O

3. Main results and proofs

In this section, we deal with the upper bounds for solutions of two-dimensional
fractional differential system with delay (1.1). Firstly, we expose the result on the
following retarded integral inequalities.

Theorem 3.1. Let a;, bij, cij, i, pi, qij be defined as in Lemma 2.3 and o > 0 be a
constant. If u; € C([to — r,+00), Ry) and

(1) + [ (6= )7 [our ()uf (5) + bua(s)uf* (s)
($)uf(s = 1) + cra(s)ug'* (s = 1) |ds,
)+ fo (= 5 [ba ()l (5) + baa(s)ud (s)
Feas($)uf* (s = 1) + caa (s)uf (s = 1) | ds, ¢ € [to, +00),
)
)

then for any K; > 0(j =1,2,3,4), we have

(i) when o > 3, denote

uy (1) _ epzlulj (t) 7 o, 400)
uz (%) er23 (t)
then we obtain
ﬂl(t) < [ (t)+@( )} 7 [to,—i-oo)
Ta(t) s
where
exp{ftz_w [H (1) +H(r )]dT} f;OW exp{f Cr”Hl(T)dT} [Hl(s)ﬁ(s)
g | o+ )]s tfttw exp { J{[H(7) + Ha(m)]dr } [ 1 (s)B(s)

+
T
»o
S
S
W
I
=
+
S
+
i
n
&
g U
VA
-
m
E
+
=
+
g
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2
B(t) = be 2 ai(?)
a3 (t)
[ v 911-P1 _ ( v 212 -p2 ]
_ bu(t) K, T bi(t) 12K,
Hl t) = p1 B P2 B ,
( ) B t qAqulplpl B t qﬁquz P2
21 () B K, 22(t) L2 K, ]
513@)&3](;13}{“ 514(15)"”*‘ﬂfﬂxﬂgp2
Fg t) = pP1 B p2 B
( ) _ t @K‘]Qilpl _ t q274Kq24pr2 )
| C2s(t) T K ()5 Ky
[+ Pi—qi1 quTl b P2—qi2 quTQ_
Ta(t) = by () BB K™ + bio(8) 202 K
! N 5 (t)Pl_q21 K% _’_B (t)PQ—QmK% ’
L V21 P1 1 22 P2 2
_7 t PI_QIBK% = t p2_q14K%_
To(t) cis(t) oK + () B K
2 = 923 924 9
623(t) p1 ;;123 Kgm + 524 (t) p2;2qz4 K4p2
_as _a1a
B(t) = Cis(t)p) (t—7) +Cra(t)g (t—)
- __ 923 __ 924 )
Cos(t)p™ (t— 1) +Coa(t)dy™ (L —1)
2q1'37‘
- 2 ¢ _ e _
bij(t) = 51;(225‘ e a7 )b?j(t); ci3(t) = %62( e(t), Tult) =
2q44m
50 (2a—1)e P2 2(%d_1 oy —
hazbe T2 205D (1), 6,(t) = be M3 (t);

i) when 0 <o < 3, setp=1+a,¢q=1+ 21 and
[0

uy (1) _ eﬁﬂf(t) € lfo +00)
w()|  |eFuag ] 7
then we obtain
O < B+ G vetvoo)
us(t) P2
where
exp { ffw [ﬁl( )+ Bo(r)]dr } 1 exp {1 Ba(r)r } [ Fn(s)B(s)
Gt +La(s ] s+l eip{ JE [ () + Ba(r)]ar b [ () B(s)
+Hy(s)B(s — ) + L1 (s) + Lg(s)}ds,t € [to + 1, +00),
Jio eXp{ :Hl }|:H1( )B(s) + Li(s) +<"15(s)}ds, t € [to,to + 7],
B(t) =57~ i)

vQ

a3 (t)
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inequality we get

WP (1) <ag(t) + / (t—s)

e
*/t:“ — )

+ /t(t —5)* tefe " ciu(s)

to

“lese by (s)udt (s)ds
to
T leSe ™ g (s)ud® (s)ds
a—lese—sci?)( )u(fw(s ’I“)dS
ud*(s —r)ds

1)t

ci3(t), Cu(t) =

_ bl (t )qu Kqu . ng(t)mK;mp;pQ
H, _ pz _
( ) EZI(t)qAKQ2lplpl ,i)_, (t)qQJqu2p2p2 i
L p1 1 2238 py 2 ]
_ G K, T G K,
H2 t) = P1 B p2 B
( ) E (t)qﬁK(IZ?;lel E (t)qﬂKQQél P2 )
L 23\0)py 3 24\0)py 4
"5 MK% b MK% 1
ia(t) = () HSH K" + () 2R K,
! g (t)pl_qzl K% +E (t)Pz—(Im K% ’
L 21 P1 1 22 P2 2
_ a3 414 -
E (t) ’513(t) Plplqu P1 +’514(t) P2;;114 K4P2
2 = P1—4g23 ‘110213 - P2—3g24 (%4 ’
| Ca () BB K™+ Caa (1) B2 K
_ a3 B a4
B(t) = as(t)¢ (t—r) +cra(t)gy (t—r)
- ~423 924 9
Ca3(t) 9y (E—7) + C2a(t) Py (T — )
> 59-1Ta (02) a(SL—1)t,q n ~ 5910 (a2)e L q(%a -
bij(t) = ————e " b(t), cis(t) = o e
1 —aaqr ~
sa-1pg (sj)e P2 eq(%— )t034(t), ¢z(t) _ 5q71€7qt¢;1(t)‘
Proof. (i) Assume a > 1. For t € [tg,+00) and i = 1,2, by Cauchy-Schwarz

<a®) + [ [ - 9pevenas] | | e )]

to

¢
+ [/ (t— 8)2("_1)623(15

to

+ [/t(t - 8)2(a71)625d5}

+ [/t(t - 5)2(”‘_1)625ds] : [/t 2 (s)e 2 udt (s — r)ds}

<ai(t) + [

to

to

2t

2t

1

2

1

2

[MES

|

/b

to

e 25202 (s)ds}

2
i3

e 28 2q”(s)ds} :

1
2

(s)e 25 u293 (s — r)ds}

r(za_1)ﬂ/tb2( Je 2 utt (s )dsf

/b

1
2

1
2



2076 Y. Yang & F. Meng

1
2

€2t % ¢ 2
- _ 2 —2s,2¢i3 (, __
+ [220‘7111(204 1)} [/to cia(s)e” Pui® (s T)ds}

t
[/ 6124(8)67281,@%4(5 — r)ds]
to

2t 1
2

Nl=

+ (gt - 1)

Using Lemma 2.2 with n = 5,0 = 2 yields that

2t

?

t
I'2a — 1)/ b2, (s)e~ 2 ui" (s)ds

W (1) <5[a2(0) + oo t
0

2t t
+ WF(2O¢ — 1)/ b2, (s)e” 25 u3%? (s)ds
to
€2t ¢ 20,
+ WF(ZI — 1)/ ch(s)e 5 ui? (s — r)ds
to
2t t
+ 220‘7_1F(2a - 1)/ Ay (s)e™Busb (s — r)ds|.
to
Set T(t) = e 7 u3(t), @(t) = be 2a2(t), by(t) = MEELG e (1
_ 24337 a _2a447
Ei?,(t) — 511(2&2—2‘1”)_@1 P1 62( —1) 23(t),6i4(t) _ 51_‘(2042—2%’)_@1 P2 62(22 —1)t 2 ( ) then

for t € [tg,+00) and i = 1,2, we obtain

(o) <)+ [ [Ba()t s) + Bals)ut (o)

to

+ Ciz(s)ut® (s — r) + Ga(s)ud* (s — r)|ds. (3.1)
For t € [tg — r,to) and 7 = 1,2, we have

al () = e *hu (1) < 5e” 27 (1), (3-2)
Applying Lemma 2.3 to (3.1) and (3.2) obtains the desired conclusion.

(ii) Assume 0 < a < 3. For t € [tg, +00) and i = 1,2, by Hélder's inequality
with the index p =1 + « for % + % =1, we get

W) <ai(t) + [ (6= 90 e ()l (5)ds

to

t
4 / (£ — )% e by (s)ul (s)ds
to

¢
+ / (t —s)* tefe Sciz(s)ud® (s — r)ds

to

t
+ / (t —s)* tefe ey (s)udi* (s — r)ds

to

<ai(t)+ | / t(t—s)p(o‘_l)epsds]% [ / B8, ()e= 10 s )ds|

to to

t 1 1
+ [/ (t—s)p(afl)epsds : / bl (s)e™?° qq’("(s)ds}q

to

1
q
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t 1 t
+ [/ (t— 8)p(°‘_1)epsds] ! [/ cla(s)
t(J tO
t t
+ [/ (t—s)p(afl)epsds] [/ cly(s)
to

to

-

e Pyl (s — T)ds}

3 =
Q=

Uy
e Pudtit(s — r)ds]

<ait) + [;Zima?)} ' [ / b (s)e oot (s)ds] '

to

: F(Oﬂ)} % [/t biy(s)e PP ug? (S)ds} %

Q|-

ePt st
+ |:p042 F(a2)} [/ cly(s)e” Pud (s — r)ds}
Lemma 2.2 implies that

qt t
uf® (1) <50 al(t) + 50 1[eafa<a2> [ et (s)as

to
qt

+ B—Fé / bly(s)e™ P ud? (s)ds

eqt 1
+ p—Fa (a?) / cla(s)e™ Pul? (s — r)ds

to

€qt 1 t
+ =TI (a %) / cly(s)e” Pud (s — r)ds} :

e to

q ~ rg—1pL 2ij
Let @ (t) = e 7 ul(t), @i(t) = 57 e~ al(t), by (t) = P T 167V 4y,

5110 E 02y P (%31 51710 (a%)e P2 q(%4 1)
= _ @ (a?)e a(F2 -1t g = _ a (a?)e a(H -1t g
cis(t) = 5 e r cla(t), Cia(t) = o5 e?' r2 cly(t),

then for ¢ € [tg, +00) and i = 1,2, we obtain

afl (t) Sal(t) +/ [gzl(s) qll( )+b12( )~312 (S)

to
+ Ciz(s)ut? (s — r) + Ca(s)ud* (s — r) | ds. (3.3)
For t € [tg — 7, tp) and ¢ = 1,2, we have

abi(t) = e”ul(t) < 51 Lem gl (t). (3.4)
Applying Lemma 2.3 to (3.3) and (3.4) obtains the conclusion and this proves
the theorem. O
Next we consider the estimate of the components-wise for solutions of nonlinear

two-dimensional fractional differential system with delay (1.1).

Theorem 3.2. If f,g € C([ty, +o0) x R*, R) and satisfy the following condition:

| f(t, ma, ma, mg, ma)| <big @))ma M1 +b12@)|ma |12 +c15(8)|ma| 12 +c14(t)ma| 19,

lg(t,m1, M2, m3,m4)| <boy ()|ma ">t +boa ()| ma |72 + a3 (t) ms |22 + cou (t) ma |72,
(3.5)
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where b, ¢;; € C([to,+00), R1), ki; € (0,1] are constants, 1 = 1,2,j = 1,2,3,4,
then for any solution (x(t),y(t)) of the system (1.1) and K; > 0(j = 1,2,3,4), we
have

(i) when 3 < a <1, denote

t t 5
@ _ ot |2( )Il te lto,+oo),
ly(®)] ()]
then we get
1021
____ | £B@t)+G(), [to, +00)
ly(t)]
where
exp{fttow [ﬁ Y+ Ho (T ] 7'} ftto exp{f otr Hi(t )dr} [ﬁl(s)g(s)
‘ S
o R C RS $)]ds + fw p { J! [Hr(r) + Ha(r)|dr } [Fu()B(s)
+Ho(s)B(s—7) + Li(s (s)} ds,t € [to+ 1, +00),
ft exp{f Hy(r dT}[ 1(8)B(s) + Li(s) ()}ds t € [to,to+ 7],
_ M
B(ty=5¢"% ||,
M3
o by () KF ™t byo(t)kp Kp2 ™t
1 = | _ _ )
| b1 (Dkar K271 Do () kg K> |
_ Ci3(kis K™ (kg K™ 1]
H2(t) = koa—1 kos—1 )
_Egg(t)kng?)% 524(t)k24K424 |
L) b () (1 — k) KM 4510 (8) (1 — ko) K512
1 = | _ _ 3
_bgl(t)(l — kgl)Kfm + bgg(t)(l — ng)Kgm |
Lo(t) a3 (t)(1 — k13) K5 + Caa(t) (1 — kna) K§*
2 - )
| s (1) (1 — kg) K5 + Coa(t)(1 — koa) K™ |
—k1: _ —k14
3(t) = Ci(t)gy (t =) +Cra(t)dy " (¢ — 1)
B — ka3 _ —kaa ’
Ca3(t)py (t—r1)+Cau(t)py (t—1)
Bij(t) = gaiiaiay e Mo (1), Talt) = Tommmrgy eVt (1), () =

— 2k _ B
ety €M (1), §i(t) = Be MY,
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(i)) when0 < a< i letp=1+a,q=1+21 and

[|x<t>|] | @)
[y(t) (o)

Q=

3 te [t0,+00)7

Q=

then we have

[E:?t’n o
— | = (t) + G(t)7 te [tOv +OO),
ly(0)]
where
exp { j;‘to-w [ﬁ1<7')+ﬁ2(7')} dT} f:oow exp { f:w H, (T)dT} {f[l(s)ff(s)
Gt +La(s) + é(s)} ds+ [}, exp { I [ﬁh (r) + ﬁg(f)} dr} [ﬁl(s)é(s)

Y Ho(s)B(s — ) + Li(s) + EQ(S)] ds,t € [ty + 1, +00),
S exp { /! ﬁl(T)dT} [ﬁl(s)é(s) +Li(s) + ci(s)] ds, t€ [to,to +1],

q
B(t) = 5971 4t [ "
M
Bt byy () KF Y by (kg K271
1 = | - ~ )
| bot (ko K21 boo (£)kaa K522 |
I; (t) 513(t)k'13K§1371 514(t)k'14K4]fl471
2 = )
| Cos(t)has K5 Coa(t)koa K3** " |
£, byy (£)(1 = kyy ) K 4 b1o(8) (1 — ko) K512
1 = | - ~ )
| bor (£)(1 = Fan ) K™ + boo () (1 — kia2) K52 |
.00 Ci3(t)(1 = k13) K512 4+ 2, (8) (1 — kpg) K5
2 = ’
| Cos(£)(1 — koa) K52 + Coa () (1 — hoa) K™ |
B(t) = Gis(t)91 (¢ = ) + Cra(£) 95 (¢ — 1)
s ()5 (t — 1) + Cau(t) 57 (t — 1)

=~ 5917 % (o o ~ 597178 (a2)e~ R8T g ~
bij (1) = “araay et BTV (1), (1) = Ty et e Dl (1), Gu(t) =

-ira —akiqr ~
%eq(kﬂ—l)tc:ﬁ(t% d)i(t) _ 5q—1€—thiq;
(#3i) when a > 1, denote

[x(t”] o [M] . te lto +oo),
(o) molk
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then we obtain

TN < By + T, el 4o
ol
where
exp{ftirw H Y+ Ho(r ] } :OOJr"“ exp{f H L ( )dr} [Fl(s)ﬁ(s)
S YT (s) + B(s) }ds+ s, exp{ f;[ )+ Halr )]dT}[Hl(s)E(s)

+H(s)B(s — ) + L (s +L2(s)}ds t € [to + 1, +00),
S exo { [T (r)dr HH(5)B(s) + Tu(s) + 8(s)|ds, ¢ € [to,to + 7],

) b (kKM Y B (Dki KR
1 = | _ _ )
| b1 (Dkar K2 71 b () koo K5 |
T (t) 513@)/{13}{513_1 614(t)k‘14Kfl4_1
2 = )
_523@)]4;23[(:’;2371 624(t)k'24K4]f2471 |
L) b (8)(1 =y ) KM 4 B1o () (1 — Epo) K512
1 = | _ _ )
_bgl(t)(l — k‘m)Kfm + bzg(t)(l — k‘gg)ngz |
I (t) élg(t)(l — klg)Kécls + 614(15)(1 — k14)Kjfl4
2 = )
_Egg(t)(l — ]{123)[(:{:23 + 624(75)(1 — ]4124)[(524 |
_ —k _ —k
B(1) = cig(t)gy (t—7) +ra(t)dy (t =)
= Lk B ,
Cos(t)y " (t — 1) + Coa(t) ™" (¢ — 1)
7 o R — a— e_Qki s o —
by(t) = Rl et s U (), Balt) = LR e Ve (1), Tut) =
oy 2k Dte2, (), §,(t) = 52 M2,

Proof. The system (1.1) is equivalent to the fractional integral system

o) =5 B~ 0P+ sy =9 (5209, p(6) (5 1), (s 1) s,
yH) = 5 Bt to)’
5=0

+ %a) tto (t— s)o‘*lg(s,x(s), y(s),z(s —r),y(s — T))ds, t € [to, +00),
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When 0 < a < 1, we derive from (3.5) that

2(8)] < My + iy [ (¢ = 977 [bua (9]as) + bua(s)ly(s)|
Fera(s)[e(s —)[F1 + era(s)ly(s — )[4 ds,

YO < M + g i (8= 50 [baa () 2 ()]t + baa )y () 2
Feas(s)]a(s —7)[*2 + caa(s)y(s — 7")|k24}d$, t € [to, +00),

2(t)] < M,

(3.6)

|y(t)| < M27 te [to - tO]

When a > 1, we have

lz(t)] < ]\/-"1+§;:11 %(t—to)jﬁ-ﬁ ftto (t—s)o {b11(5)|x(5)|’f11 Fb12(s)|y(s)|Fr2
+ews(s)|z(s — )"0 + cra(s)ly(s — r)|’“14] ds,

ly(t)] < Mz+’§l Pt to) sy Ji (150 [ban () () 52+ baa(5) () =

teas(s)]a(s = r)IF + caa(s)ly(s — )< |ds, ¢ € [to, +0),
|z(8)] < M,

ly(t)| < My, te€ [to—r,to).

(3.7)
Applying Theorem 3.1 to (3.6) and (3.7) yields the desired conclusion. O
4. An illustrative example
Example 4.1. Consider the following fractional differential system
DEa(t) = f(La(t), y(), 2t = 1), y(t - 1)),
Diy(®) =g(talhy®ralt - Dyt = D), teBiro)
w(t) =T(5),
y(t) =T(5), te(23],
3
where f(t,,y,2,w) = g(t, 2,3, 7,w) = 223 [ed (@ +y) 40 (F ).
1

) ‘ < 2§F(g)
ERVENE))

ly|2) 4+ ezt (|22 + |w|2)], t € [3,+00). From (4.1) and Theorem 3.2 com-

bining with the arbitrariness of K;(j = 1,2,3,4), let K; = 1, then we obtain

bij(t) =cij(t) = t,¢;(t) = 5e"2T%(%),i=1,2,j = 1,2,3,4. Thus H(t) = Ha(t) =

1 11 i3 _ 7T Y 5 — 2V/B0(I)te—(t—1)

A 1(t) = La(t) =t X » ®(t) = 25D (g)te X

It is obvious that |f(¢,z,y,z,w)| = |g(t,z,y, 2z, w) tzlezt(|z|z +
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Set
o) [B]
ly(®)] ly(8)[*
then we have
w01
| £BM)+G(R), te[3,+00),
ly (1)
where
By =512y ||
1
for ¢ € [3,4],
G(t) = /3 exp{ [ Hi(r)ar } [H1(s)B(s) + T (5) + B(s)| s
1 7 7 7 |1
< |2T%(=2) +21V50 (=) 4 4 et ;
e s [
for t € [4,+00),

7 7 1 25 1
< [21r2(g) +42V5I(3) + 12}65'52—%
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