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ON THE EXISTENCE OF FULL
DIMENSIONAL KAM TORUS FOR
FRACTIONAL NONLINEAR SCHRODINGER
EQUATION

Yuan Wub and Xiaoping Yuan?

Abstract In this paper, we study fractional nonlinear Schrédinger equation
(FNLS) with periodic boundary condition

; 1
iy = —(—A)°u—Vsu—ef(@)ul’u, z€T, teR, so€ (5, 1), (0.1)

where (—A)°° is the Riesz fractional differentiation defined in [21] and V'
is the Fourier multiplier defined by m(n) = Vau(n), Vo, € [-1,1], and
f(z) is Gevrey smooth. We prove that for 0 < |¢] < 1 and appropriate V,
the equation (0.1) admits a full dimensional KAM torus in the Gevrey space

satisfying %efme < |gn| < 2@7T”9,9 € (0,1), which generalizes the results
given by [8—10] to fractional nonlinear Schrédinger equation.

Keywords KAM theory, almost periodic solution, Gevrey space, fractional
nonlinear Schrédinger equation.
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1. Introduction and main results

In this paper, we focus on the fractional nonlinear Schrédinger equation (FNLS)
with periodic boundary conditions

1
iy = —(=A)u —Vsxu—ef(x)|ulu, z€T, so€ (57 1), (1.1)

where V' is a Fourier multiplier defined by

Visxu= Z Vnaneinwv Vn € [-1,1],
nez

and f(x) is Gevrey smooth. Written in Fourier modes (¢, )nez, then (1.1) can be
rewritten as

) .OH
nzli
q 9a

n

(1.2)
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with the Hamiltonian

H(g,q) =Y (Clso)n® + Vi)lan? +€>. 3 F00)du Gy s, GnsTing

neEZ nezZny—nz+nz—ng
+ns—ng=—n

(1.3)

where C(sg) = —Coslsw and n?° = (n?)%. The details about eigenvalues and

eigenfunctions of operator (—A)®® have been carefully calculated by Li in [26]. Our
aim is to show the existence of almost periodic solutions for such a family of FNLS.
For the best understanding of FNLS, we firstly consider the following equation

(so = i) with periodic boundary condition

iu, — |0,2u+ Vxu+ef(uP)u=0, z €T, (1.4)

where Vx is a Fourier multiplier and f is real analytic near 0 € C. The model is
motivated by the water wave problem posed in a fluid of infinite depth by Craig
and Worfolk [12] and Zakharov [33]. We also mention that in the physics litera-
ture the fractional Schréodinger equation was introduced by Laskin [28] to describe
frational quantum mechanics. From then on, there have been many works on FNLS,
see [14,19,28] for more details. More recently, by using KAM technique, Li in [206]
showed that there were many quasi-periodic solutions of a class of space fractional
nonlinear Schrédinger equations (1/2 < s < 1) with the Riesz fractional differenti-
ation and Xu in [32] obtained a family of small-amplitude quasi-periodic solutions
with linear stability for FNLS (1.4). In fact, the KAM technique is a powerful
tool to obtain quasi-periodic (or almost-periodic) solutions for Hamiltonian partial
differential equations (PDEs). The KAM results, such as the existence results of
quasi-periodic solutions for Hamiltonian PDEs have attracted a great deal of atten-
tion over years and is well understood in [1,2,5-7,11, 13,15, 20,22-25,27,34] and
references therein. In the all above works, the obtained KAM tori are lower (finite)
dimension.

In this paper, we are interested in the construction of almost periodic solutions
of (1.1), we will investigate the full dimensional tori by proceeding along the ‘usual’
KAM scheme where the perturbation is eventually removed by consecutive symplec-
tic transformations of phase space. There are some papers focusing on the existence
of the full dimensional KAM tori for Hamiltonian PDEs. The first related result
is given by Frohlich-Spencer-Wayne in [16] and Pdschel [30], where the infinite
dimensional Hamiltonian system with short range was considered. Such infinite-
dimensional Hamiltonian systems are well approximated by finite-dimensional ones
and one can show that the classical KAM proof also works in this case, if we choose
proper norm. Later, the almost periodic solutions on a full set frequencies for one di-
mensional NLS and NLW were constructed by Bourgain in [4] (Also see the almost
periodic solutions for one dimensional NLS in [17,18,31] and higher-dimensional
beam equations by Niu-Geng in [29]). These invariant tori were obtained by im-
posing hyper-exponentially decay on actions I, (I, ~ e*|”|s, S > 1). An open
problem raised by Kuksin is whether there exist the full dimensional tori with suit-
able decay, such as I,, ~ |n|~. The first result in this direction for Hamiltonian
PDEs was given by Bourgain who in [8] proved that 1-dimensional NLS has a full
dimensional KAM torus of prescribed frequencies where the actions of the torus
obey the estimates

1
ie—r\nw S In S 26—7’\71|97 ne Z7 r> 07 (15)
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with § = 1/2. Recently, Bourgain’s results have been extended to any 6 € (0,1)
in [9] and to the case that the nonlinear perturbation depends explicitly on the
space variable z in [10]. Biasco-Massetti-Procesi in [3] generalized and rederive
Bourgain’s results in [8] with a more geometric point of view and construct many
elliptic tori independent of their dimension. Indeed, our work was initiated and
inspired by Bourgain and it turns out the KAM scheme is still applicable in (1.1) due
to special arithmetical features in [8]. Roughly speaking, an important observation
by Bourgain is the following: Let (n;) be a finite set of modes satisfying |ni| >

[na| > -+ and then unless ny; = ng, one has
n1] + [na| < CD Inyl, (1.6)
Jj=3
which follows from the relations
ny—ng+ng—---=0, (17)
and
n3—n3+n3—---=o(l). (1.8)

The estimate (1.6) is essential to control the small divisors which arise during the
KAM iteration. However, there are many Hamiltonian PDEs do not satisfy (1.6)
such as the 1-dimensional nonlinear wave equation. The reason is that (1.8) is no
longer true since the linear growth of the frequencies. The quadratic growth of the
frequencies (which is also considered as the separation property) is important to
overcome the small divisors specially for high-dimensional PDEs. When FNLS with
so € (1/2,1) is considered, the main part C(sq)n?* of the frequencies for any n will
goes n? as sp — 1 and tends to |n| as s — 1/2. It is helpful to understand how
the separation property is useful to overcome the small divisors. In this paper, the
relation (1.8) is replaced by

[C(s0)ni*] = [Cs0)n3™] + [C(s0)n5™] — -+ = o(1), (1.9)

where [C/(sg)n?*°] represents the integer part of C(sg)n?%°. Here, we see clearly
that the estimate (1.6) fails when so = 1/2. Actually, the main part C(sq)n?*
of the n-frequency is no longer an integer which is also a problem to define the
Diophantine conditions newly. Since C(sg)n?%° — [C(so)n?*°] € (0,1) and V,, €
[—1,1], the new variable ‘7n(V) can be considered as new parameters by denoting
Vo(V) = Vy + C(s0)n2%0 — [C(so)n2%°] for any n, which finally derive the relation
(1.9). Obviously, the condition (1.9) is weaker than (1.8). On the other hand, dif-
ferent from Bourgain [8] in which zero-moment condition is satisfied, we need the
sub-exponentially decaying of f(n) together with relatively faster (of course slower
than Schrodinger equation case) of normal modes to do that. For this purpose, we
impose Gevrey smooth condition on the function f(z), that is, one has

o~

1f(n)| < Ce "’ >0, 0€(0,1). (1.10)

Thus we can use the properties (1.9) and (1.10) to guarantee |nq| + |n2| can be
controlled by 3,5 |n;| + |n|, which leads to the result of this paper.
To state our result precisely, we will give some definitions firstly.



774 Y. Wu & X. P. Yuan

Let ¢ = (gn)nez and its complex conjugate § = (Gn)nez. Introduce I, = |g,|?
and J, = I, — I,(0) as notations but not as new variables, where I,,(0) will be

considered as the initial data. Then the Hamiltonian R has the form

R(q,q) = Z Bakk Maki

a,k,k’eN?
with .
Makk:’ = H In(o)anqannnu
ne”Z
and B, are the coefficients.
Define by
supp Maprr = {n : 2a,, + kn + ki, # 0}, (1.11)

and define the momentum of M i by
momentum M ggx = m(k, k") = Z(k” — Kkl )n. (1.12)

nez

Moreover, denote by

ny = max{|n| : a, + k, + K}, # 0},
and
m*(k, k') = [m(k, k)]
Now we define the norm of the Hamiltonian as follows

Definition 1.1. For any given p > 0, > 0 and 0 < 0 < 1, define the norm of the
Hamiltonian R by

| Bakk|
P> nan+kn+kL )| |0 —2p(n} )0 —pm* (k,k")0

[R[|p. = sup
ak,k’'eNZ €

(1.13)

Definition 1.2. Given 0 < § < 1 and r > 0, we define the Banach space ), o
consisting of all complex sequences ¢ = (g, )nez With

0
1q]lr00 = sup |gne"™" < o0, (1.14)
nez

Definition 1.3. Denote ||z|| = dist(z,Z). A vector w = (wp)nez is called to be
Diophantine if there exists a real number v > 0 such that the following resonance

issues
E lnwn

neEZ

1
> — 1.1
—7g1+li|n|4 (1.15)

hold, where 0 # | = (I,,)nez is a finitely supported sequence of integers and
|n| = max{1,n, —n}.

Lemma 1.1. Let (wy,) be as above. Then, (1.15) holds except on a set of small
measure in [—1,1]%.

Proof. See Lemma 4.1 in [8] for more details. O
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Theorem 1.1. Given r > 0, 0 < 8 < 1 and a Diophantine vector w = (wn)nez
satisfying the non-resonant conditions (1.15), then for any p > r, sufficiently small
e > 0, there exist V.= (Vy)nez with V,, € [—1,1], such that (1.1) has a full
dimensional invariant torus € with amplitude in Hr oo satisfying:

(1) the amplitude of £ is restricted as
lefr\nle <lgn| < 9¢rInl’.
2 —_ —_ )

(2) the frequency on & was prescribed to be ([C(so)n®*] + w”)nez"

(3) the invariant torus & is linearly stable.

Remark 1.1. The statement holds for most (w,)nez € [—1,1]% here. Bourgain
in [8] has claimed that the statement held for most (V,,)nez € [—1,1]%, but not
proven yet.

2. KAM theorem

2.1. Some notations and the norm of the Hamiltonian

For any k € N%, define

supp k = {n: k, # 0}. (2.1)
Rewrite R as
R=Ry+ R + Ry (2.2)
where
Ry = Z Bakr Makk, (2.3)
a,k, k! eNL

Supp kNsSupp «’=o

R1 = Z Jm Z B,(;];Lk)/Makk’ ) (24)
meZ a,k,k! eNL
SUpp kNSupp «’=o
Ro= Y JmiJms S BT M | (2.5)
mi,moE€ZL a,k,k! eNL

no assumption

Given r > 0, let

1
D= {q = (Qn)nGZ : 567T|n\9 < ‘Zn| < 26Tn9}7

and

n={V=,) Vo € [-1,1]}.

nez -

Then we have the following result:
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Theorem 2.1. For0<0<1land p>r> Qlfggp > 0, suppose the Hamiltonian

H(q,q) = N(q,q) + R(q, )

is real analytic on the domain D x 11, where

N(g,q) =Y _(Cs0)n>* + Vo) g,
nez

and R(q,q) satisfies
HRHp,u <e

Then given any w = (wy)nez satisfying the non-resonant condition (1.15) and for
sufficiently small € depending on r,p,u,0 and vy, there exist V, € 11 and a real
analytic symplectic coordinate transformation ® : D, x {V,.} — D, where

2 5
D.= {q = (qn)nez gefrlnle <lgn| < 66”'"9}

satisfying

sup (@ —id) (q)|l,,., < €
qeD,

such that for H, = H o ® = N, + Ry, with

Ny = ([Cs0)n?*] + wn)lgn?

nez

and Ry . has the form of (2.5) and satisfies
7
||R2,*Hf0p,,u,—18p S 66

2.2. Derivation of homological equations

The proof of Theorem 2.1 employs the rapidly converging iteration scheme of New-
ton type to deal with small divisor problems introduced by Kolmogorov, involving
the infinite sequence of coordinate transformations. At the s-th step of the scheme,
a Hamiltonian Hy; = N, 4+ R is considered as a small perturbation of some normal
form Ng. A transformation @, is set up so that

Hso®y, = Ngy1 + Rep

with another normal form Ngy; and a much smaller perturbation Rs;. We drop
the index s of Hy, N, Ry, @, and shorten the index s + 1 as +.

We desire to eliminate the terms Ry, R; in (2.2) by the coordinate transformation
®, which is obtained as the time-1 map X%|t:1 of a Hamiltonian vector field X ¢
with F' = Fy + Fy. Let Fy (resp. Fy) has the form of Ry (resp. R;), that is

Fy = Z Forr Makir, (2.6)

a,k,k’ eNL

SUpp xNSUpPp x’=0

P = Z Im Z FcEZI:)’Makk' , (2.7)
meZ a,k,k! eNZ

SUpPp kNSUPP */=0
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and the homological equations become

where
[Ro] = > BagoMaoo, (2.9)
a€NZ
and

(Rl = 3" Ju Y BY Mao.

MEZL a€NZ

The solutions of the homological equations (2.8) are given by

Bk

Fokw = - ——, (2.10)
Yonez(kn = k) ([Cso)n*] + Va)
and )
= Baps (2.11)

Y ez (bn = k) ([Clso)n?o] + V)
where V,, denote the modulated frequencies by readjusting the multiplier (V;,) in

(1.1) to ensure at each stage V,, = w, with w = (w,) a fixed frequency.
The new Hamiltonian H, has the form

H+:HO(I)
= N+{N,F} +Ry+ Ry

1
+/ {(1=t){N,F} + Ry + Ry, F} o X& dt + Ry o X},
0

— N, + R, (2.12)
where
Ny = N+ [Ro] + [R1], (2.13)
and 1
R+:/0 {(1 = t){N,F} + Ry + Ry, F} o Xt dt + Ry 0 X%. (2.14)

2.3. The solvability of the homological equations (2.8)

In this subsection, we will estimate the solutions of the homological equations (2.8).
To this end, we define the new norm for the Hamiltonian R of the form as follows:

1Rl = max{[[Roll5 . 1 Rall5 .l [ Rl .} (2.15)
where
+ ‘Bakk"
[Bollou = SUP S ot TR Tl =2y (e (2.16)
B
+ o a
1Ballow = SUP S Gant e T2l =207 o (R 7 (2.17)
mezL
+ ‘Bz(z?kl/m)
182115, = SUD (S Ran e TR ) O 2ma [P+ 2[ma [P —2(n)8) —pm (ko R)P

a,k, k'€
mi,mo€ZL
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Moreover, one has the following estimates:

Lemma 2.1. Given any p > 6 > 0,p > 0, one has

1 c(9)s5—
s < (3) IRl (2.18)

and

C (0)

>Rl s (2.19)
where C(0) is a positive constant dependz'ng on 0 only.

Proof. The details of the proof had been given in [10] of Lemma 2.2. O

Lemma 2.2. Let (V,,)nez be Diophantine with v > 0 (see (1.15)). Then for any
pyp>0,0 < <1 (depending only on 8), the solutions of the homological equations
(2.8), which are given by (2.10) and (2.11), satisfy

o—1

1 5
< = eCO3 a5 R (2.20)

1Eill s 2

where i = 0,1 and C(0) is a positive constant depending on 0 only.

Proof. We distinguish two cases:
Case. 1.

> (kn — k) [C(s0)n**]

neZ

Since |V, < 2, we have

>10)  [kn — k|

nez

Yk = K )((Clso)n™] + V2

neZ

) > 10> [k — K[ =2 |k — K| > 1,

neL ne”Z

where the last inequality is based on supp k() supp k' = (. There is no small divisor
and (2.20) holds trivially.
Case. 2.

> (kn — k3,)[C(s0)n**]

neEZ

<10 |k — K,

neE”Z

In this case, we always assume

> (kn — ) ([C(s0)n**°] + V,)| < 1

ne”Z

otherwise there is no small divisor.
Firstly, one has

> Jkn = k|

neZ

<7-12%% Z(n;‘)e +m*(k, k')’ (in view of Lemma 3.3)
i>3

2]
12%0
< T12m (Z(?an + kn + K[| — 2(n5)? + 2m* (k, k’)9> , (2.21)

229
neEZ
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where the last inequality is based on Lemma 3.2.
Since C(sg)n?s0 — [C(so)n?*°] € (0,1) and V,, € [-1,1], one has

Vo (V) = Vi + C(s0)n>* — [C(s0)n>*°] = wp

by choosing V;, =w,—C(s0)n?*°+[C(s0)n?%°]. It follows from Y (k,—k/,)[C(so)n?*°] €
Z and (1.15) that

> (kn = k1 )([Cs0)n™] + Va)

ne”Z

5
(2.22)
nl;[Z 1+ |kn — K P 0|t

Hence,
| Eoagele |e—(P+5)(Zn(2an+kn+k;)|n|6—2(nf)9)+(u—25)m*(k,’f’)9

< 29[ Roll T (14 o — B Pl ) 0 onthos b lnl® 20" s2m k")
n

(in view of (2.10), (2.16) and (2.22))

) ( (2sg—1)6
— 7m0 2 | kn—kplIn| 200 )
< 297 Y[Ry [ e Sn Itk Pnl ) 720720

(in view of (2.21) and noting 6 = 7122_@7%206)

- (2s9=1)6
S (ke =k, [*In|H) =5 2 <\knfk;,lln\ %0 )
_ —1 +  _nikn#kl, nikn#k7,
= 27" |[Roll} e

~ (259 —1)6 (2sg—1)6
8 X In(lka—kpllnl) | +3-6 X (Ikmk;\ 20 In| 2% )
_ Ve / . ’
S 2,}/ 1HRO||;H€ nikn#k], nikn#k],

_ (259—1)6 (259—1)6
2¢? (8ln(lkn—k;||n|>—6|kn—k;| 250 |n|” %00 )
— HRO||+ e‘"|§N:kn¢k;¢
P

, B , (zszgfne <252f1)9
963 B A e N
e” kn n

ph
4sq
. 1650 (@s0-1)0
(where N = (7(25071)05) )
=: A

It is easy to verify the following two facts that

1680 @52;7"01)9
Tilgi(f( z)=f <<(230_1)05> ) (2.23)

250
1680 1680 (2s0—-1)0
= —-— 1 - -
(@sy—1g T oM (((250 - 1)95) )

< 1650 In 1680
- (280 — 1)9 (280 — 1)05

(259—1)8

with f(xz) = (—=dz~ 20  +81Inz), and when |n| > N = ((28[1)6%{))90 oD g, £

4sg
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/
k,,, one has

(25— (2s0—1)8

1) )
-6 <k;n — k|20 : |n| 2= ) +8In(|k, — Kl ||n]) <0 (for 0 < § < 1). (2.24)

In view of (2.23) and (2.24), we have

4sg
2¢3 1650\ (@sg-1)0 . 3250 16sg 2¢3
AL fc; ||R0||p+,u€((250_1>95) ’ (@so— Do ln(@so—”“) + j ||R0||;#

6sg—1

— 0
< = OO ORI, (for 0 < 6 < 1). (2.25)

2=

Therefore, in view of (2.16) and (2.25), we finish the proof of (2.20) for i = 0.
Similarly, one can prove (2.20) for i = 1. O

2.4. The new perturbation R, and the new normal form N,

Firstly, we will prove two lemmas.

Lemma 2.3 (Poisson Bracket). Let 6 € (0,1),p,1 > 0 and 0 < 61,02 < 1 (depend-
ing on 0, p, ). Then one has

1 1 0(9)51‘%
I Hol, < 5 (5) E sy o 1o llp—ss sons: (2.26)

where C(0) is a positive constant depending on 6 only.
Proof. The details of proof had been given in [10] of Lemma 2.4. O

Lemma 2.4. Let 6 € (0,1),p,10 > 0 and 0 < 61,02 < 1 (depending on 0, p, ).
Assume further

=

1 1 c(0)s,
s\ 5 [ p—61 428, < 1, (2.27)
0o \ 01

where C(0) is the constant given in (2.26) in Lemma 2.3. Then for any Hamiltonian
function H, we get

Mrovel, s (145 (5)  IFlb-simsan | [Hlsanszs 229

where C1(0) is a positive constant depending only on 6.

Proof. The details of proof had been given in [10] of Lemma 2.5. O
Recall the new term R is given by (2.14) and write

Ry = Roy + Riy + Roy. (2:29)
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Following the proof of [9], one has

1 22 )

s (2sp-1)@

IIRo+Hj+36,M_%5S;-6 (IRl AR DRl + Rl ,7), (2:30)

1 _ 12592 9
(Zsg—1)0
Bl apmps < 5@ 0 (ROl + IR, (2.31)
1 -

IIRz+\I,;lg(;,”,%(;S||Rz|,f,u+;-6’S (Rl + 1R (2.32)

The new normal form N, is given in (2.13). Note that [Rg] (in view of (2.9)) is
a constant which does not affect the Hamiltonian vector field. Moreover, in view of
(2.9), we denote by

wns = [C(s0)n®] + Vi + > BlgdMaoo, (2.33)
aENZ

where V,, = V,, + C(s0)n2% — [C(s0)n2*] and the terms Y aent Bflﬁg)/\/laoo is the

so-called frequency shift. The estimate of ‘ZaGNZ B%%MGOO

next section (see (3.26) for the details).
Finally, we give the estimate of the Hamiltonian vector field.

will be given in the

Lemma 2.5. Given a Hamiltonian

H = Z Bk Maki, (2.34)

a,k k' ENZ

then for any > 1> (525 +3)p, ||gl|rc0 <1 and [|1(0)||r,00 < 1, one has

Grlal? O

d;j

sup
JEZ

< C(r, p, s O [ H | s (2.35)

where C(r, p, i, 0) is a positive constant depending on r,p, i and 6 only, and

6
1T(0)]]r00 := sgun(one?r\”l ) (2.36)

Proof. The details of the proof had been given in [10] of Lemma 2.6. O

3. Iteration and Convergence

Now we give the precise set-up of iteration parameters. Let s > 1 be the s-th KAM
step.

100
po:pﬂrzﬁ7u0>rv

53 = 3%7
Ps+1 = Ps + 3(557
Hs+1 = Hs — 6657

3\s
€5 = e(()z) , which dominates the size of the perturbation,
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A, = €O , 50> 3,

Ns+1 = 2(])\8n87
d() — 07 ds+1 - ds + m,
Dy = {(Qn)nEZ : % +ds < |qn|er|n\9 <1- dé}
Denote V,, = V,, + C(s0)n?% — [C(sp)n?*°] and the complex cube of size A > 0:
C\(V*) ={(Vi)nez € CP 1 |V, = Vi < A} (3.1)

Lemma 3.1. Suppose H; = N + R, is real analytic on Dy x C,_(V}), where

Ns = Z([n%o] + ‘7n,8)|Qn‘2

neZ

s a normal form with coefficients satisfying

Va(Vi) = w, (3:2)
v, +
o 1 < dgel?, (3.3)
(o0 —1>°

and Ry = Ry s + R1 s + Ra s satisfying

||R08
1Ryl
||R2s

patis < €55 (34)
0.6
s

)

parts = €
pone < (L +ds)eo

Then for all V € C, (V) satisfying Vo(V) € Cx.(w), there exist real analytic
symplectic coordinate transformations ®s11 : Dsy1 — Ds satisfying

||q)s+1 - id”r,oo < €2? (37)

— S8 )

||D(I)S+1 - I||(7',oo)—>(7',oo) < 62.57 (38)

such that for Hyy1 = Hs o ®g11 = Ngj1 + Rsy1, the same assumptions as above are
satisfied with ‘s + 17 in place of ‘s’, where C,, ., (Vi) C V1 (Cy, (w)) and

1Visr = Villoo < €27, (3.9)
Vi = Viflloo < 262°. (3.10)
Proof. In the step s — s+ 1, there is saving of a factor
o= 05 (L0 (2an+katk,,)n|* =20} |°+2m* (k,k)") (3.11)
By (3.39), one has

(3.11) < e (@200 (Sia Il )=Sam (k)" < =(2=2")6. (s bl 4 (0k)°),
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Recalling after this step, we need

[ Ro,s+1]
[|R1,s41]

+
Ps+1sHs+1 S €s+1,

+ 0.6
Ps+1,Ms+1 < €st1-

Consequently, in R; s (i = 0,1), it suffices to eliminate the non-resonant monomials

Mg for which
6_(2_28)5S(Zi23 |n¢‘9+m*(k7k/)g) Z €541,

that is )
6 * A S 1
ni|” +m*(k, k"7 < In . 3.12
S ol (K1) < g (312)

On the other hand, in the small divisors analysis (see Lemma 3.3), one has

(259 —1)6
Sk = kplln|F0 < 721207250 (N7 gl e (k, &)’
nez >3
7.120/250 . g2 1
< 7 In
(2-2%p €s+1
= B,.

(in view of (3.12))

Hence we need only impose condition on (‘N/n)wg ., where

2sq
N ~ Beob?, (3.13)

Correspondingly, the Diophantine condition becomes

7 1
S k= K)Vas| 27 1 — (3.14)
Il <N e, L (b = K5)2Inl

We finished the truncation step. B
Next we will show (3.14) preserves under small perturbation of (V;,)jn<a7, and
this is equivalent to get lower bound on the right hand side of (3.14). Let

250
Zsg-1 1702

LT
M.~ B, 9+ﬁ_%+0.5
S

In By ’

then we have

1
11 —
g, LF (= ka7l

1 1
_ ez\n\SMs 1n<1+(k7l—k;L)2|n,\4>+Z\"\>J\/13 ln(1+(kn—k£L)2\n,\4>
(259—1)0

7C(G)Z\n\gl\ls,kn¢k%ln(lk’nfk;lllnl 250 )*Z\n|>Ms,kn¢k;L4(\kn*k;|'1n\n\)
e

(2s9—1)6 _ (259-1)60
—C<9>Ms1nBs—4E|n‘>Ms,kn¢k;(Ikn—k;Hm %50 (|n|” 2% 1n|n\>>
e
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_ (2s9—1)8
> e~ COM,InB,—C(0)(Ms  *  InM.)B,

T 259
Teg 2y T05

> ¢—C(OM, In B,—C(0)M, B,
2
%*1
toglr
> —C(0)B 0
4sq 250 44
Zag T Zsq 1
04520 11 04520 11
> —C(Q)S 2sp9—1 (ln éé;1+1) 2s9—1
23;21‘*'2
04250 4o
_C(0)(In -1 2s0—1
> e YOI D) =\, (3.15)

where the last inequality is based on ¢j is small enough.

Assuming V,, + C(s9)n?%0 — [C(sg)n?*°] € Cy, (wy) for n € Z, i.e. V € Cy, (w),
from the lower bound (3.15), the relation (3.14) remains true if we substitute V' for
w. Moreover, there is analyticity on Cy,(w). The transformations ®,; is obtained
as the time-1 map X}S |t=1 of the Hamiltonian vector field X, with Fy = Fy s+ F} 5.
Taking p = ps, d = ds in Lemma 2.2, we get

+ Lo, Boe +
||Fi75 |p5+6s,p,57255 < ; "€ ] ||Rl;8| Psslhs? (316)
where 7 = 0,1. By Lemma 2.1, we get
c(0)
||F7,‘,s| Ps+20s,10s—30s < 572HF7,,5| :;_1_657”5_255. (317)
Combining (3.4), (3.5), (3.16) and (3.17), we get
C(0 ~ e
1Bl w25, 36 < D@82 0 (¢ 0y, (3.18)

03

S

By Lemma 2.5, we get

sup ||XF3||7",OO < C(n phua0)||FS||95+2557H5—35S
lgllr,00<1
6sg—1
< Clrip,p,0) 60(0)5;(25007*1”
- 2
< €095 (3.19)

S

(€5 + 62‘6)

where noting that 0 < ¢y < 1 small enough and depending on 7, p, u, 6 only.

Since €-5° <« m =ds41 —ds, we have 411 : Deq — Ds with
@41 —id]lr00 < Sulg) I XF, o0 < 62'55 < 62'57 (3.20)
qeDs

which is the estimate (3.7). Moreover, from (3.20) we get

sup [|DXp, — I||r00 <

1
g < d—eg-“ < 9?, (3.21)
q E S
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and thus the estimate (3.8) follows.
Moreover, under the assumptions (3.4)—(3.6) at stage s, we get from (2.30),
(2.31) and (2.32) that

24sg—4
s (250—1)0

1259—2 3\s 3ys—1 3\s 3ys—1
+ @o-1o [ (3) 0.9(3) (5) 1.8(5)
HR075+1| Pst1:Mst1 <erto (602 + € : 6O2 + € 2

245[}—4
s (@sg—1)0

Ti2sg—2 3ys 3ys 3ys 3\s
5055 2.2(8) 1.8(2) 1.6(2) 2(2)
_ (2s0—1)0 2 2 2 2
=er (60 + € + € + €
2459 —4
s (250—1)0
1252
S 4ep(230—1)9 €

5(3)°

1.6(3)*
0

< 6(1) for 0 < ¢9 < 1 (depending on p, i, 6 only)
= €541,
2459 —4

TImo=2 (34 3ys—1
+ @o-vo [ (2) 1.8(3)
1B 1l s € €20 (e 46

24s9—4
s (@so—10
T 12s59—2 3y\s 3\s
_ (@so—1)0 (2) 1.2(3)
=er (60 + €
24s9—4
s (2s9—1)0
TIZsg—2 (2
< 20017 ¢

<€)l for 0 < €y < 1 (depending on p, 1, 6 only),

and

24594
s (2sp—1)6
T12sg-2

Totne ((3)° | 0.6(5)°
;’S“us_i_ep(Zo 1)6 (602 +€0 (2))

2450—4
s (@sg—1)0
12s50—2

(1+ds)eg + 2epZo0~1°
(14+dsy1)eg for 0 < g9 < 1 (depending on p, i, 6 only),

[ R2,s41]

/J?rs+1,#s+1 < ||R2,s|

0.6(3)°
€

<
<

which are just the assumptions (3.4)-(3.6) at stage s + 1.
IfV € Cn (VS) CCp (V) and using Cauchy’s estimate, for any m one has

D

ne”Z

Wins

2 -
— (V)| < —||V4
5 (V)] < Wil

< 10n;" (since ||Vi]loo < 1). (3.22)
Let V€ Cy ., (V), then

IVa(V) = wlloo = IVa(V) = Va(Vi)lloo

Vs

ov

A

< sup IV = Villse

CTIOAS"IS (V2)

[o°—[o°
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1
< 10n; - = Ags (in view of (3.22))

10
== >\sv
that is
Vo (Cpnn (7)) SO @)
Note that
m an|n|?+|m|?— ny ¢
‘Bz(zoi)) < |[Rys41] ;rs+17#s+162p5+1(2n I Hml" 0
< eg.e(g)sezps+l(z" an|n|®+|m|®—(n])%) (3.23)
Assuming further
In(O) < e—2r|n\9 (324)
and for any s,
1
s < Qr’ (3.25)

we obtain

S B Mago| < D" S 2o (S anlnlimi’ =) TT 1,,(0)

a€NZ a€NZ nez
< GO S e (Saanlnl”) TT 1, (0)
a€eNZ ne”Z
< 68'6(%)5 Z eXn 2pst10nnl’ =3, 2ran|n|® (in view of (3.24))
a€NZ
< 68'6(%)5 Z e_r(zn anlnl?) (in view of (3.25))
a€eN?
0.6(2)* —rin|® -1
< ¢ H (1 —e )
nez
1
CO)r— o aes
< (1) L83 (3.26)
”
By (3.26), we have
o) '
~ ~ 1 3)s
‘Vm,erl . Vm’s < (T) 68.6(2)
< €% (for €y small enough), (3.27)

which verifies (3.9). Further applying Cauchy’s estimate on Cy_,, (V,*), one gets

>

ne”Z

||‘Z+l - ‘75Hoo
AsTs

8‘A/im,s+l a‘A/:WL,S
oV, oV,

c(o)
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T T +?
_Zeg 177
< L O 6;1)6+ Zoo-1 1y = (1)
Ns
— 1y 1 1
<e * e+t [ — | (for eg small enough)
Ns
1 1(3)s+1
= 7763 . (3.28)
S
Since
1
Ns+1 = 270)\8178,
it follows that
2s s s
Nep1 = nee SO0 %)HQSO%H (3) 0T
_250 43
2sg—1 s
04520 43
> e 90 InZ5-(3) 7 o™ (for €y small enough)
§ 9}\',5
=nseo T (letting k= 5200 +3) (3.29)

and hence by iterating (3.29) implies

CO) i (3) 7w

s = No€g 02
3,9%R _

C(G)WTI

= Toe Gt
= 70€,

S COGTE

> e(}ﬁ(%)s (for €y small enough). (3.30)

OnCuayy, (V) and for any m, we deduce from (3.28), (3.30) and the assumption
(3.3) that

S [T | < XS - T ¢ X e
neZ Vn neZ Vn Vn ne” Vn
< EmTm)(2)° 1d 10
> € s€o
< ds+166%7
and consequently
8‘79+1 &=
— — 1 < dsy1€5°, (3.31)
ov [°° —[°°

which verifies (3.3) for s + 1.
Finally, we will freeze w by invoking an inverse function theorem. From (3.31)
and the standard inverse function theorem, we can see that the functional equation

V), (3.32)

S

Ver1(Vi) = w, Vi € Cy L (
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has a solution V¥ ;, which verifies (3.2) for s 4 1. Rewriting (3.32) as

T Ve = (I =Va) (Vi) = (U= V) (V) + (Ve = Var)(V)), - (3.33)

S

and by using (3.27), (3.31) implies

Ve = Villoo € (1 ds1)eg" [Vl = Villoo + €07 < 260° < Asms, (3.34)

which verifies (3.10) and completes the proof of the iterative lemma. O
We are now in a position to prove the convergence. To apply iterative lemma
with s = 0, set

Voo = wn — C(s0)n%% + [C(s0)n**], Vo = id,

no =1 —sup|wn|, po =7+ po, €0 = Ce,
nez

and consequently (3.2)—(3.6) with s = 0 are satisfied. Hence, the iterative lemma
applies, and we obtain a decreasing sequence of domains Dy xC,,_ (V") and a sequence
of transformations

O =010---0®,: Dy xCp (V)S) = Do x Cppo (Viy),
such that H o ®° = N, + P, for s > 1. Moreover, the estimates (3.7)—(3.10) hold.
Thus we can show V. converge to a limit V. with the estimate
Ve = wlloo < 32609 < e,
s=0
and ®° converge uniformly on D, x {V.}, where D, = {(gn)nez : 3 < \qn|er‘”|0 <
5}, to @ : D, x {Vi} = Dy with the estimates

1@ —id]]r00 < €5

S )

||D‘I) - IH(T,OO)%(T,OO) < 62'4-

Hence
H.,=Ho®=N,+Ry,, (3.35)
where
N. = ([Cls0)n™°] +wp)lan | (3.36)
neE”Z
and -
|| Ra, |Top“u_18p < 650- (3.37)

By (2.35), the Hamiltonian vector field Xg, . is a bounded map from $, . into
Hr,00. Taking

1,(0) = %e*”l”l", (3.38)

we get an invariant torus 7" with frequency ([C(s0)n?*°] + wy)nez for X, . Finally,
by X o® = D® - Xy, ®(T) is the desired invariant torus for the FNLS (1.1).
Moreover, we deduce the torus ®(7) is linearly stable from the fact that (3.35) is a
normal form of order 2 around the invariant torus.
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Appendix

3.1. Technical Lemmas

Lemma 3.2. Denote (n});>1 the decreasing rearrangement of
{In| : where n is repeated 2a,, + k,, + k|, times}.

Then for any 0 € (0,1), one has

> (2an + kn + k)l = 2(n3)0 +m* (kK > (2-20) [ Ym0 ] . (3.39)
nez i>3
Proof. See Lemma 6.1 in [10] for more details. O

Lemma 3.3. Let 0 € (0,1) and ky, kl, € N,|V,| <2 forV n € Z. Assume further

> " (kn — k) ([C(s0)n**°] + V,,)| < 1. (3.40)
nez
Then one has
—1)0
S ko — Kllnl E T <7127 (Sl 4+ mt (ke K) ] (3.41)
nez i>3
where (n;)i>1, |n1| > |na| > ns| > -+ -, denote the system {n: n is repeated k,, + kI,

times}.

Proof. From the definition of (n;);>1, there exists (1;);>1 with p; € {—1,1} such

that
= pini, (3.42)
i>1
and
> (k= K)[C(s0)n] = wi[C(s0)ni™]. (3.43)
neZ i>1

In view of (3.40), (3.43) and |V,| < 2, one has

Z.Uz 280 Z(kn - k%)f/n

i>1 neZ

12 (ka + k) +1
neL

which implies

’[C(SO)TL?S“] - (MQ> [C(s0)n2*]

<2 14) [Clsoni®] +1  (3.44)

H1 i>1 >3
<> 2+ [Clso)ni™]) + 5.
>3
On the other hand, by (3.42), we obtain
n1+< > < il + m* (kK. (3.45)

>3
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To prove the inequality (3.41), we will distinguish two cases:
Case. 1. £2 = —1.
1231
Subcase. 1.1. n; = ns.

Then it is easy to show that

(2s9—1)6 (2s9—1)0

Sk —Kllnl 2 <3 gl o < 7-1270 [ il + ot (k, K)’
nez i>3 i>3

Subcase. 1.2. n; = —ns.

See the proof of Case. 2. below.
Subcase. 1.3. ny # —nao.
Consider the function

f(z) =2°, x € [|ny|,|n1|] and 6 € (1, 00),
and by the Lagrange’s mean value theorem, one has

fmal) = f(In2l) = £/(€)(Ina| = [nal), € € (Inal, Inal)-

That is,
In1]® = [na|® = 662~ (|na| — [nal).
Since
666—1 — |n?| - |77’2|(S > (5|7’l2‘6_1
Ini| —|n2| — 7

we then get

[ne| <

_1
n1]® — |no|® < (ln‘fl - |n2|5> o
d(Ina| = [nal) — J

Hence, letting § = 2sy, we have

25071
g =m0 < | Y ng| + m* (kK (in view of (3.45)),
i>3

230 250
)

IN

28071
n2| 5%

_ [C(s0)ni™] = [C(s0)n3™] + 2

- 2800(50)
232+ [C(s0)ni™]) + 7

- 2800(80)

(in view of (3.44))

IA
|

Sl 4 m (kK2

i>3
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Moreover, one has

|n1|250—1 = ‘nl — Ny +n2|230—1
< ‘nl - n2|250_1 + |n2|230—1
6
< Z i | 4+ m* (k, k')**°
>3
< 12 Z |ni|250 + m*(k, k/)2so
i>3
Therefore
1
2501
max{[m, [naf} < 3+ 12507 | 37 fnf* (kK
i>3
For j = 1,2, one has
6
250
(2s9—1)6
|TLJ| gSo S 3 . 12% Z |ni‘250 4 m*(k, k/)QSO
i>3

<3-1275 | Y |l + " (k,K)° |

i>3

0
where the last inequality is based on the fact that the function |z|Zs0 is a concave
function for 0 < # < 1 and s¢ > % Therefore,

(2s9—1)6 (259—1)8
2sq

Ina|” %50 4 [no <6-127% [ S il +m* (k&) | . (3.46)

i>3
Now one has
(2s (2s (2s9—1)6

—1)6 —1)6
N A e Y e G [ R S P R

nez nez i>1

(2s9—1)6 (2s9—1)6 0
< (Il 20 +no| 20 )+ In

i>3

< (6-1275 + 1) [ S|l +m(k,k)? | (in view of (3.46))
i>3

<7127 [ Sl +m (kK] (3.47)
i>3

Case. 2. #2 = 1.
M1
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In view of (3.44), one has

[Cs0)n3™] + [Cs0)n3™] < T _[Clso)ni™],

i>3
which implies
(259—1)0
sn)2
(2s0—1)6 (259—=1)0 9 (20) 0 0
Inj| 20 <8 GeoF Z ;|50 < 82¢0 |n:|” (j=1,2).
i>3 i>3
Therefore,
(2sp—1)0 (259-1)0 0 o
|n1| 250 + |n2| 250 S 2. 82&0 Z ‘TLZ| . (348)

i>3

Following the proof of (3.47), we have

(259 —1)6
Nk — Epllnl 2 < 71275 (S jl? +m (k,K)?

nez >3
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