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CAUCHY PROBLEM FOR THE
GENERALIZED DAVEY-STEWARTSON
SYSTEMS IN BESOV SPACES AND SOME
COUNTEREXAMPLES
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Abstract In this paper, the Cauchy problem of the generalized ellipse-ellipse
type Davey-Stewartson systems is discussed. When the dimension of space is
greater than or equal to two, we get a unique global solution in Besov spaces by
contraction mapping argument. Moreover, by using the F-expansion method,
the exact periodic wave solutions for the generalized ellipse-ellipse type Davey-
Stewartson systems are discussed, some counter examples are given.
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1. Introduction

A large amount of work are devoted to the study of Davey-Stewartson systems. The
classical Davey-Stewartson systems

iug + Dyu =7 |ul® u + puv, 1)
Dav = Da(|ul*),

are originally derived by Davey and Stewartson in [4] to describe quasi-monochromatic
wave pockets on the surface of a shallow liquid. Here Dy, D> and D3 are partial
differential operators of the second order in z,y (z,y) € R*. Dy = 692+ 0, is either
elliptic or hyperbolic, and Dy = 92 + mafl(m > 0) is elliptic. Later, the case that
D, is hyperbolic, i.e. m < 0, is derived in [5] by taking account of the effect of
surface tension (or capillary). Generally, D3 = 92u is a complex-valued function
of (t;x,y) € Ry x R?, and v is a real-valued function of (t;z,y) € Ry x R?. And
u and v are related to the amplitude and the mean velocity potential of the water
wave, respectively.

As in [7], the Davey-Stewartson equations are usually classified as elliptic-elliptic,
elliptic-hyperbolic, hyperbolic-elliptic and hyperbolic-hyperbolic types according to
the respective types of D and D5. In recent years, Davey-Stewartson equation-
s(1.1) have drawn much attention from many physicists and mathematicians due
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to the abundant physical and mathematical properties. In [3], by using the gener-
alized Kudryashov method, Demiray and Bulut found the dark soliton solutions of
DSE systems. Later, by employing the Backlund transformation, the Hamiltonian
approach and the G-expansion method to the DSEs, new traveling solitary and kink
wave solutions are obtained, see [23]. The well-posedness, decay of solutions, soliton
solutions, solitary and standing waves, etc., have been quite extensively studied by
many authors (see [7,9,14,15,17,25,26]).
In [10], Wang and Guo study the generalized Davey-Stewartson systems

iug + Au = Ay [ulP u + Ao |u|P? u + puv,,,

(1.2)
Bv = (|u|2)115

where A := Y aij#;zja B:= > bij#;mj, (a;j) and (b;;) are real in-
1<ij<n : 1<i,j<n

vertible matrix. They discuss the initial value problem of the Davey-Stewartson
systems for the elliptic-elliptic and hyperbolic-elliptic cases. The local and global
existence, as well as uniqueness of solutions in H* are shown. Moreover, they prove
that the scattering operator carries a band in H?® into H®. By using the Hiro-
ta’s bilinear method, the homoclinic orbits of the Davey-Stewartson Equations are
obtained through the dependent variable transformation, see [30].

In [27], Wang shows that there exists s, > 0 such that the cubic (quartic)
non-elliptic derivative Schrodinger equations with small data in modulation spaces
Mz 1 (R?) for n > 3(n = 2) are globally well-posed if s > s, and ill-posed if s < s..

It should be pointed that there is little result about the existence of solutions if
the second equation of (1.2) is replaced by the following equations

Bo=(jul'u).,, q#2.

Furthermore, if A; [u"* u + g [u|"? u in the first equation of (1.2) is replaced by a
more general nonlinear function f(u), the existence of solutions is also little known.
And some physical models, such as Landau-Lifshitz equation, Navier Stokes equa-
tion, can be transformed into the equation with more general nonlinear function
f(u). So it is more meaningful and more difficult to study the Davey-Stewartson
systems with general nonlinear term f(u). System (1.1) and (1.2) are two impor-
tant cases of general nonlinear Davey-Stewartson equation. Although our study
(2.1) is a special case of general nonlinear Davey-Stewartequation, it includes (1.1)
and (1.2).

The purpose of this paper is to investigate the Cauchy problem of the two cases
mentioned above, i.e., the generalized ellipse-ellipse and hyperbolic-ellipse type.
When the dimension of space is greater than or equal to two, we get a unique global
solution in Besov spaces by contraction mapping argument (see Section 2).

Naturally, the reader will curious about whether these results are valid for
bounded domain? To answer those interesting questions, we construct some exac-
t periodic wave solutions for the generalized ellipse-ellipse type Davey-Stewartson
systems by using the F-expansion method, and some counter examples are given
(see Section 3). Furthermore, we construct some exact periodic wave solutions to
show the existence of solutions for generalized ellipse-hyperbolic and hyperbolic-
hyperbolic type Davey-Stewartson systems which is still open (see Section 4).

This paper is based on many kinds of methods which are raised, such as homo-
geneous balance method [28], hyperbolic function expansion method [6], nonlinear
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transformation method [11,13], trial function method [19], sine-cosine method [29],
Jacobi elliptic function expansion method, etc. The solution gotten by these meth-
ods are mainly solitary wave solutions, shock solutions, see [6,11,13,19,28,29] and
elliptic function, see [20-22]. To search the stability of the solutions and inspired
by [18], we add perturbation in our research and discuss the evolution of the pertur-
bation. Essentially, it is to expand the solution of nonlinear evolution equation to
e- power series and try to get the multi-order exact solutions of it. The symmetry
group properties of the variable coefficient Davey-Stewartson (vcDS) systems are
studied in [8]. The dromion of the Davey-Stewartson-1 equation is studied under
perturbation on the large time [12]. Through the Hirota bilinear method, Ma for-
mulate a combined fourth-order nonlinear equation while guaranteeing the existence
of lump solutions of new (2+41)-dimensional nonlinear equations [16].

2. Cauchy problem

In this section we study the Cauchy problem for the generalized Davey-Stewartson
systems
iug + Au = f(u) + puvg,,
Bv = (julu)., (2.1)
u(0,z) = uo(x),

where A:= > aijﬁgw_, B:= > bij#;_, (ai;) and (b;;) are real invert-
1<i,j<n o 1<i,j<n B
ible matrices. A, u € C. Let exist C' > 0, satisfied

> bt = ClE?, VEeR" (2.2)
1<i,j<n
Denote E(¢) = F~1 % F, where F is Fourier transformation.
1<i,j<n

Then (2.1) is equivalent to the following form

iug + Au = f(u) + pE(|ul u)u,

(2.3)
u(0, z) = ug(x).
Here f(u) € C*¥(k € Z), is a nonlinear function and for any given p,
|f(k) (U)| S C|u|p+1—k7 k= 07 17 Tt (24)
For brevity, in the following, we denote
no 2 2 11 2n(2 + p)
—_ _— — — _ — = = " 2.5
s(p) = 5 Pl n(g =) 1) n2+p) -1 (2.5)
where%§p<oo, 1<r <oo,
00, n =2,
a(n) = (2.6)
2n 0 on > 2,

n—27
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Now, we state the main result as follows.

Theorem 2.1. Let n > 2, 2 < p ¢ < oo, max(s(q),s(p)) < s<oo, [s] < p. If
uy € H® and there exist a 6 > 0 such that ||uo| . < 6, then there exists a unique
solution u of the Cauchy problem(2.3) satisfying

u € C(0,00; H*) N LP2(0, 00; By 5) N LIT2(0,00; By ) )- (2.7)

Throughout this paper, we use a variety of function spaces, Lebesgue spaces L",
Bessel potential spaces H*", Besov spaces By 5. The definition of L™ and H*" is as

usual, and an equivalent definition of the norm on Bf’z is that

2

> S—|S « dt
gy, = | [~ S spllanpuly, T | (2.5)

lee|=[s]

where [s] denotes the largest integer less than or equal to s, Aju(z) = u(x + h) —
u(z) = up — u. For some additional basic results on Besov spaces, one can refer
to [1,24].
In the following, C' stands for a constant that may be different numbers in
1,1

different places. For any r € [1, 00], r’ denotes the duality number of 7, i.e. &+ =
1.

2.1. Main lemmas

The main tools used here are time spaces LP — L¥" estimates for solutions of lin-
ear Schrodinger equations in Lebesgue space. These estimates are usually named
generalized Strichartz inequalities. The method of the proof of the main result
is a contraction mapping argument. Let us recall that some estimates for linear
Schrédinger equations in Lebesgue-Besov spaces which are established by Cazenave
and Weissler in [2].

Lemma 2.1. For all s € R, r,q € [2,a(n)). S(t) is semi-group of operator and
i0/0t + A is generating operator of S(t), then we have

(i) Ifuo € H?®, then S(t)ug € L7 (0, 00; Bf’z), and there ezists a constant C > 0,
such that
SO0l 0 sy < C ol (2.9)

(ii) If f € LY0'(0,00; B2, ,), then [jS(t—71)f(r)dr € L79(0,00; BS,), and
there exists C > 0, such that

for all f € LW(T)/(O, 00; B}s'2)

/ St —7)f(r)dr
0

. <C Hf”L’Y(T)/(O,oo;BS, )0 (210)
LW(Q)(O,OO;B;;Q) r’,2

The proof of this lemma can be found in [10].
Lemma 2.2 ( [10]). Let 0 < s < o0, 0 <71 < o0, I, mk, Pk, qx > 0 and
o111

1
—=—+—=—+—k=0,1,---[s].
ooy o mEr P Gk
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Then, there exists a constant C > 0 only depending on r’',n, s, such that

[s]
luvlige, , < Oy Ul e, Ilo] sz el e ol e (2.11)

Lemma 2.3 ( [10]). Let —o00 < 0 < 00, 1 < 7, u < oo. Then there exists a
constant C' > 0 such that, for all u € Brw

1E@I 5, < Clullg, - (2.12)
By a similar method in [9], one can have the following result.

2 2
Lemma 2.4. Let s(p) < s < g and p = m
ing one of the following conditions:

. If f e CEFY(R, R) satisfy-

(i) |f®(w)] < Clu|Pt=F, where k = 0,1,...,[s] + 1,[s] <p+1;
(i) |f®) (w)| < CluPT=F, when k < p+1; f®)(u) =0, when k < p + 1.

Then

1@l g, , < Clul

Proof. The proof can be divided into the following steps.
Step 1 First, consider the case [s — s(p)] > 1, one has

E;—s(mHUHBgl- (2.13)

. s—[s @ i
f@lgy = ([ o2 s S oz, D (219)
i 0 PI<t |01 Zs)
and recalling that | f(9)(u)| < Clu|P*'=? to obtain
[FD () = F9 ()] < (JulP~® + o]~ )u — o],
Notice that [s] > 1 and (2.11) to get
Y 12Dl
lel= [S]
g=1 A7,
+C ZZZ [P+ HD% IT DD (= )l
g=1 AT i=1 j=it1
Let
q
1= [[(lun P~ + ul?~ ) un — o [T D™ ull o, (2.15)
i=1
q q
L= Y = [ 0% [T DD )l (216)

i=1 j=1 j=i+1
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thus
[s]

> NAD f(u)|p, <C> > (T1+Ty). (2.17)
jal=) =

Next, we estimate 'y and I', respectively. Without lose of generality, it can be
considered Aﬁg] lag| > |ag—1| > -+ > || > |a]. Firstly, when g = 1, let

1 s—s(p)
= —1 _——
w=p-1)( - — ),

1 —
o= L5750
P n

1
a9 = —.
P

It is easy to see ag,a1,as > 0, and
1
a0+a1+a2:p(;—7 + - == (2.18)
By using Bz_s(p) — H,f_s(p)7 (2.15), and Hélder inequality, one gets

—1
Dy < Cllal? o llun =l o, s
P L%

: (2.19)
< Ol lun — ull o lludlee-
Since [s — s(p)] < [s], then
-1
r, < OHU|I;;75(;;)HU||BL‘<J UHB‘[f]
-1
< CHUIII;/s;s(mHM e [[ell g (2.20)

< Cllul

1;575(13) |‘u||BLS] .
P

Second, consider the case ¢ > 2, by (2.15), and let

—
—_
V2]
|
Vo)
—
=
~
~—

aOZp_Q)(;_ n )
1 —
g1 sms)
p n
[£73 17878(p)7|a74|5 1723" » 4 17
P n
1 —
)
p n

Clearly ag,a(,a; >0, (i=1,2,---,q) and

q
1 s-—s 1
a0+a6+zaip(p(m)+ =—. (2.21)
=1
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By Holder inequality, (2.15) yields

qg—1
Iy < Oyl Z?S@JWHB;] 1_[1 D% ull gra=so [lull -
1=

Since Bzfs(p) — H;fs(p), then (2.22) implies

Iy < Cllu|

szfs(p) ||u||B/[f] .
P

(2.22)

(2.23)

q i—1 q
Let’s consider Ty := > || [[ D%up, [[ D% uD% (up, — u)|up[P~9"1| /. There are

i=1 j=1 i+l
also two scenarios to consider. First of all, when ¢ = 1,

Ly = [[D* (un — w)[unl?|| Lo (2.24)
Let ) )
s—s(p
ap =p(= — );
p n
1 _
gy = Ll =)
p n
1 .. . .
then ag, a1 > 0, and ag + a1 = —,. and by Holder inequality, one gets
P
T2 < Cllullys o lull gt (2.25)
Notice that ¢ =1, |ay| = [s], thus
Py < Cllullfyo—oo 1wl gior- (2.26)
P
Second, let’s consider the case ¢ > 2,
s — s(p)
= — ]_ _— s
ap=(p—q+ )(p " )
1 - — la;
ai_f_s S(p) |a|a 172a' 7q_17
p n
1 _
St B Y]
p n
thusa ag, a; > 07 (Z = 1a25"' aQ)
+Zq: Aoy ] (2.27)
() a; =pl—— — - = —, .
— T n p o
It follows from Hélder inequality,
Iy < Cllul ”.:ﬂj&,)ﬂm q‘:ES(P) Jull gl
B, By Be (2.28)

S CHu”g;—s(p) |‘u||BLS]’
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which combination (2.20), (2.23), (2.26) and (2.28) yields

1 (@)l gz < Cllullf,.- oot llull g (2.29)

Step 2 Let’s consider the case [s — s(p)] =0,

> —2(s—s dt 3
édm_(/ t72670) sup |ARf(W)]|3, tp. (2.30)
0 |h|<t

1f (w)]

Since B;,_S(p) — H;, and |f(u)| < |u|PT1, one has

1 s—s(p)) 1 s—s(p) 1 s—s(p)

- S = . 2.31
P - Ty SR (231)
Let
L_1 550
B Pr n ’
and utilizing Holder inequality to get
”f(“)HB;—S(m = |Hu|p+1||3s—s<p)
< C”U‘ B~ s(p)”u‘ s—s(p) (232)

< Clull o ol
From (2.29) and (2.32), it can be seen (2.13) holds which is

IF (s, , < Clully

35 =s(®) ||U||B,l;'1~

Thus the proof of this lemma is completed. O

Lemma 2.5. Letn > 2, % <g<oo, [s]<q, 0<s< o0, r=r(q), then we have
2
IE(Jul? wullg., , <€ ||U||qu<g> [l , - (2.33)

Proof. From Lemma 2.2, it is easy to see that

1B (ul” wull 5.,

[s]
<O [l 1Bl ) s + g DBl )l ] (239)

<CZ [T+ 11,

where & = + + L = 7_,_7 k=0,1,---,[s].

v’ my Pk gk’

In the followmg7 we estimate I and 11, firstly,

H PkDB;Q?

and

Jull grrwn < (2.35)
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P T n’ qg n?
1Bl 0)] s < C Bl )5, (2:36)
From Lemma 2.3 and Lemma 2.4, one has
IE(ul® w)llg; < Clllul®ullg, < Cllullly lullgs - (2.37)
2 2 B2 "2
Thus,
2
I <Ol lulls - (2.38)
2 L
Similarly,
2
IT < C G Nulls , - (2.39)
e -
Then, one gets
2
VBl wyull ., < Cllulqp lulls, (2.40)
", e :
and the proof of this lemma is completed. O

2.2. The proof of Theorem 2.1

The Cauchy problem of (2.1) is essentially equivalent to the following integral e-
quation

u(t) = S(tyug — i /0 S(t — 7)F(u(r))dr, (2.41)

where F(u) = f(u) + pE(Ju|? w)u.
For all § > 0, define

D = {u € LPT2(0,00; By, o) N LI73(0,00; By »)

Hlll oz o002, ) przetso,eoms,,, ) < 03 (2.42)
And for any u,v € D, the metric d(u,v) is
A1, 0) = (1= 0l 1 +20.00r 109155 (0rmer ) (2.43)
Considering the mapping
t
T s u(t) = S(tuo — i /0 S(t— 7)F(u(r))dr, (2.44)

and we claim that J : (D,d) — (D, d) is a contraction mapping. To show this claim,
in view of Lemma 2.4 and Lemma 2.5 to get

. <C p-‘,s-l , 2.45
0, < Ol (2.45)

and
Bl wyul ., < Clul

q+
52 (2.46)
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_ p+1

1 _ gq+2
From -5 = B5 and (q+3), = Zﬁ’ one gets
p+1
||f(u)||L(D+2)'(O’oo;Bi(p)/72) <Cu ||L(p+2)<o . o (2.47)
and
q q+2
B Wlossr 0ocizgy < WIS, L o (248

So, for any u € D,

[ Jull, < [1S@)uoll, +

/ S(t — 7)F(u(r))dr

L

< ol +C (st 0,y I Ol 05, )

< p+1 q+2

< Clluollye +CANTEL e AT e )
< CO|uoll s + 20(6PF + 672)

<4,

where

L = LP*2(0,00; By, ) N LI2(0,00; By () o)- (2.49)

)

Now, one can get J : D — D. Further, for any u,v € D,

d(Ju, Jv)

= ||Ju — JU||Lp+2(o,oo;Lr(p>)qu+3(o_roo;LMq))
t

‘[;atﬂuwMﬂ>F@v»mT

< CNf(w) = FO) pwray ©,00rmy T CNE(ul w)u — E(J]* 0)v| avay (0 00;1m@)

< Clllu—=of (Jul” + [Pl Lot (0,000

+ Cllu = v (E(jul” v) + E([ol* 0)l| Lw+s 0,00:L70)

LP+2(0,00;L7(P))NLI+3(0,00;L7(2))

<Clu— ”||Lp+2 0,00;L™(®))NLa+3(0,00; L(2)) (||U||z£<p+z)(o,oo;y<m) + ||v||ZL)<p+z>(o,oo;y<p>)

+ ||u||L<q+3)(o 00; L(a)) + ||UHL(q+s)(o o U(q)))

<C ||u - ”HLP+2(O,OO;LT(P))qu+3(0’oo;Lr(q)) (&D + 6q+1)
1
< §d(u,v).
Thus, J is a contraction mapping on (D, d), and has a unique fixed point u € D.
From Lemma 1, we deduce that there exists a unique solution w of the Cauchy
problem (2.1) satisfying

u € C(0,00; H*) N LPT2(0,00; By o) N LIT2(0,00; By ) )-

r(p

This finishes the proof of the Theorem.
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3. Explicit periodic wave solutions and some
counter examples

The F-expansion method is the generalization of Jacobi elliptic function expansion
method. In this section we mainly consider the general Davey-Stewartson systems

iy + Au A+ 7 [ul? u — puvg, =0,

(3.1)
Av +b(|ju*),, =0,
where u is a complex-valued function, r, u, b are real constants.
Let
u = exp(in)w(z,t), n=X" 0;x; + At + no, (3.2)
where w(z, 2) is real, a;(i = 1,2,--- ,n), A are undetermined coeflicients, 79 is an
arbitrary n—dimensional constant vector.
From (3.2), one gets
uy = idexp(in)w + exp(in)w, (3.3)
and
Ug,e, = —2 exp(in)w + 20w, exp(in)i + exp(in)wy,, - (3.4)
Combining (3.2) and (3.3)-(3.4), it follows that
w + 287 ow,, =0,
Aw + rw? — pwvg, — (A + X 02)w =0, (3.5)
Av + b(w?),, = 0.
Supposing the problem (3.5) has wave solution as follows
w = w(§) = w(Xi kv + nt + o), (3.6)
and
v =v(§) = v(ZiL ki + nt + &), (3.7)
where k;(i = 1,2,--- ,n), are undetermined constants, &, is an arbitrary constant.

Combining (3.5) and (3.6)-(3.7), one can gets simultaneous differential equations
of w(§),v(&),
n —+ 22?:1Oliki = 0,
(S EDw” 4+ rw® — pkiwv’ — (A + 2 0w = 0,
(S0 k2" 4 2bkjww’ = 0. (3.10)
In view of the F-expansion, the homogeneous balance of (X7, k?)w” and rw? —
pkiwv' in (3.9), (22, k2)v"” and 2bkjww’ in (3.10) should be considered. So, let

w = Cl1F + aop, (311)
v =b1F + by, (3.12)
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where ag, a1, bg, b1 are undetermined constants, F'(£)satisfies
F? =PF'4+ QF?+R, (3.13)

where P, (), R are real constants.
Combining (3.8)-(3.12), one gets the polynomials of F(&),

[a1 (371 K7)2PF? + QF) +r(a1 F + ap)® — (A + B 07) (ar F + ao))?
—[,uklbl(alF + ao)} (PF4 + QF2 + R) =0.
(b1 (571 k2)(2PF? 4+ QF)]? — [2a1bk1 (a1 F + ao)]*(PF* + QF* + R) = 0. (3.15)

(3.14)

Setting the coefficients of the polynomials to zeros, one can get the functions of
the undetermined parameters as follows,

FO: 437 k2)%P% 4 r2al 4 4r(Z7 kD) Pa? = k303 P, (3.16)
F?:  3alaor? + 6(27 k?)aragP = p?k3b? Pay, (3.17)
FY: 4a3(X7k2)2PQ + 926263 + 6r2ata? + 2air (3 k3)Q
+12a2a2r(30 k2)P — 4a2(\ + X1 a2) (21 k2) P (3.18)
—2rai(A + X}, a7) = p?kibT(a3Q + ag P),

F3:  a}adr? + 9a1adr? + 3aaor(S,k2) — 2Pag(S7 k3 (A + I 1a?)

(3.19)
+2Paradr(37,k2) — r(A + X, a2)(3a1a0 + alag) = p?kib3Qay,
F?2:  a}(37,kH)2Q% + 9r%a2ad + 6riajal + a3 (A + X7 a?)?
_26‘1@()‘ + Zzn:lai )(Zyzlkg) — 6r(A + Zzn:lai )(alao + ala%) (3.20)
+6a3afQr(X_ k) = pkibi(aiR + a3Q),
3l + O+ Sl — QO+ DI, 02) (S R o 1

+rQ(Z™ k2)ag — 4r(\ + 37, a?)ad = p2k?b3 Ray,
FO: el + (AN + 27 02)%ak — 2r(\ 4+ 27 a?)ay = p2k3b? Ra?, (3.22)
FS: PYX k2?02 = b’k2Paj, (3.23)
F°: Vk?Palag =0, (3.24)
F': PQ(EL ) = bPk{a} (a1Q + a3 P), (3.25)
F3: b*k?Qa’ag =0, (3.26)
F2: 0 QXS k])?b] = 40°k ai (e R + a3Q), (3:27)
Fl. b2kfRa1a0 =0, ( )
F°: b’kRa2 = (3.29)
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Solving the algebraic equations (3.16)-(3.29) to get

— 2 / —2P
agp —0,@1 ( = 1k ) En. k2)+ﬂbk2’

by = const, by = :I:M\F

(37, k7)) +ubk? (3.30)
A= (D k))Q — (B,0)),
02 — 4PR,
where k;, o;(i = 1,2,--- ,n) are constants, and r(X7_,k?) + pbk? < 0.

Since Q? = 4PR, in view of (3.13), one has

P %(tan[m(f + o), (3.31)

where c is a constant.
Combining (3.30)-(3.31) and (3.11)-(3.12), and in view of (3.3), one can get
solutions of (3.1), which are as follows

u= i(E,’f:lkf)\/ T 1;22)13 T explin) 1 (an[VPR(E + ), (3.32)

B ki (X7, k2) R ]
v=by+ A i ﬁ(tan[\/ﬁ(g + o)), (3.33)

where

n=Si 0w + [(S7k7)Q — (Sie1a)]E + 1o,

é. = E?:lkixi — (Zn 10[, )t + 507 (334)
ki, a; are constants, r¥7 ,k? + ubk? < 0, 1o is an arbitrary constant.

Remark 3.1. (3.32) and (3.33) show that if R" is replaced by bounded domain,
then there are some counter examples for nonhomogeneous initial values problems
to elliptic-elliptic Davey-Stewartson systems.

4. Multi-order exact solutions

4.1. Lam equation and Lam function

In this chapter, we aim to construct Multi-order exact soltions for DSI (Davey-
Stewartson systems of elliptic-hyperbolic types). Firstly, we recall the Lam equation
and Lam function. Usually, the Lam equation of y(z) can be written as
Ly + A —n(n+ 1)m?sn’z]y = 0, (4.1)
dzx?
where A is eigenvalue, n is positive integer, snz is Jacobi elliptic sine function, m
is the modulus and 0 < m < 1, € R! in this subsection.
Making a change of independent variable

z = sn’x, (4.2)
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then, (4.1) is rewritten as

>y 1.1 1 1 .dy pn(n+ 1)z
— + + |- —
dz?2 2z z—-1 z—hdz 4z(z—=1)(z—h)

where h = m~2 > 1, u = —h\. The equation (4.3) is a Fuch-type equation which
has four singular points, i.e. z = 0,1,h,00. The solution of (4.3) is called Lam
function.

Especially,

(i) When n =2, A = 1+ m?,u = —(1 +m?) , the Lam equation is

d*y 2 2.2
EJr[(ler)me sn x|y = 0. (4.4)

The corresponding Lam function is defined by L3(z) = (1 — 2)Y/2(1 — h~12)Y/2 =
cnxdnx, where cnx, dnx are Jacobi elliptic cosine functions and the third-class Ja-
cobi elliptic functions respectively.

(i) When n =2, XA = (1 + 4m?), the Lam equation is

d?y

P [(1+ 4m?) — 6m2sn’z]y = 0. (4.5)

The corresponding Lam function is defined by
L5(x) = snazdne. (4.6)

(iii) When n = 2, A =4 + m?2, the Lam equation is
d?y

T2 + [(4 +m?) — 6m?sn’z]y = 0. (4.7

The corresponding Lam function is defined by
Li(z) = snxcng. (4.8)

(iv) When n = 3, A = 4(1 +m?), [u = —4(1 + m~2)], the Lam equation is
d*y 2 2,2
) + [4(1 +m*) — 12m*sn°z]y = 0. (4.9)

The corresponding lam function is defined by

Ls(z) = 2'/2(1 — 2)Y2(1 — h™'2)Y? = snzenxdna. (4.10)

4.2. Multi-order exact solutions of DSI

In this section, we shall consider the following elliptic-hyperbolic types systems
(DSI)

i+ Au A7 [ul? v — 2uv =0 (4.11)

l k 2
Ej:lija:j - 2?:l+1va;jxj - Ej:lrj(|u| )l‘jwj = Oa 1 S l) kE<n.
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Setting
u=-exp(in)w(z,t), z€R", n=X 0+ A+, (4.12)
w = w(§) = w(Ei kv + nt + &o), (4.13)
v=ov(§) =v(Zr kiz; +nt +&). (4.14)

Thus, (4.11) can be rewrite as

n + 22?:104]‘]6]‘ =0, (415)
(S k2w + rw® — 2wo — (A + X7y 057w = 0. (4.16)
(Sh ki = X0 kP — 288k (W' + ww”) = 0, (4.17)
Let
w=wy + ewy + 2wy + - - -, (4.18)
v=1wg+evy +evgF -, (4.19)
where 0 < £ << 1, wg, wy,ws - - - vg, V1,V - -- are the exact solutions of the zeroth-

order equation, the first-order equation and the second-order equation and so on,
respectively.

Combining (4.16)-(4.19), one gets equation of each order. The equation of £°-
order is

(Z?Zlka)w{)' + rw§ — 2wovg — (A + Z?Zlaf)wo =0,

(4.20)
(Zé‘:lka - 2?:l+1kj2)”6/ - 22?:17"1']%'2(“’62 +wowy ) = 0.
The equation of e'-order is
(E;?:lk:f)w’l’ + 3rwdwy — 2(wovy + wi1vg) — (A + E;‘:laf)wo =0, (4.21)

(Eézlk]? — E?:H—lka)U/ll — 22§:1rjkj2(2w6w’1 + U)()’wlll -+ ’(1}6/’(1)1) =0.
The equation of e2-order is

(E?Zlka)w’g’ + 3r(wiws + wowi) — 2(wovy + wiv1 + wave) = (A + X 0% )wy,

(Eézlkf — E?:Hlka)vg — 22?:17"]- ka (2whwh +w!? +wfwe +wowl +wiw} ) =0.
(4.22)
For (4.20), one can apply the Jacobi elliptic function expansion method. Firstly,
setting
wo = ag + a1sné, v = by + bisné + bysn?€. (4.23)

Combining (4.20) and (4.23), it can easily be obtained

2m2 (S k=50, k%)
— — = j=1+1"i
ap =0,a1 = i\/ — ;

bo = const,b; = 0,by = QZézlkamg, (4.24)
A== (T k%) (1 +m?) = 271057 — 2c.
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Thus, the zeroth-order solution of (4.18) can be get

PTG T 3 N
wo:im\/ ok’ =Tl

v =c+ 2E§:1kj2m25n2§, (4.25)
§ =X kjey — (27 a5k;)t + &o,

d (Eézlka*Z]"”:Hlkf)
p

> 0.
+ ¢ from (4.25) and

where k;, a; are constants, {y is arbitrary constant, an
Zé‘:lkJ'Qng
25:1]@2—2;’:;4—1’“12

Notice that one can deduce that vy =

l 2
QEjzlkj T
T 2 2
Ej=1kJ _E_;L:quj

Then one gets the transformation of (4.21)

wowy from the second equation of (4.21).

v =

(S k™) w! +6(r — 50 13225:1531% k‘z)mz(zé‘_lkfr Z?:mkf)snzfm
=17 j=l417
+ (201 k%) (1 + m?)wy = 0.
Simplifying this equation to have
wi + [(1 4 m?) — 6m?sn?¢jw; = 0. (4.26)
From (4.26), the first-order term of (4.18) is
i (€) = AL§ = Aengdn,
v1(§) = :tQAEé:lkam\/(Eé:lij E;?_Hlkﬁ)sngcngdnf. (4.27)
For the second-order equation of (4.22), combining (4.27), (4.25) and vy =

l 2
ijlktj T
i 2_yn
Ej:1kj E;:l+

N (2wows + w?) from the second equation of (4.22), one has

2
wl + [(1 +m?) — 6m2sn?€lwy = £3 ; 5 r — smA?snéen®Edn’E,
Ej:lkj - Ej:l+1kj
ie.
wl + [(1 +m?) — 6m?sn?Jws
2 4.28
=x3, /5 5 - — smA[sné — (1 +m?)sn’¢ + m®sn’¢], (4.28)
Zj:lkj - Zj:lJrlkj

by using cn?é = 1 — sn2€,dn2¢é = 1 — m2sn2€.
Noticing that (4.28) is an inhomogeneous Lam equation and the key step is to
find a particular solution of the inhomogeneous term of (4.28).
Letting
wo = ¢15n& 4 c35n3¢E. (4.29)

Considering the (4.28), one gets

1 2 2
o =512 \/ s A2, (4.30)

2 n 2
dm \I¥L_ kS =20k
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1 2r
c3 == mA?. (4.31)
2\/22‘—1]%2 - E?=z+1kj2

Then the second-order solution of (4.18) is

1+ m? 2r
= A?
wa&) =F \/zg._lkj? — Bk i
(4.32)
1 2
+ = ; 5 4 — 2mAan?’ﬁ7
Lk
va(€) = A% L 5 len®&dn®E F (1 4+ m?)sn®€ £ 2m2sn'¢)].  (4.33)
Ej:lkj - E;‘L:lJrlkj

Thus one has the multi-order solution of DSI

2(%L_ k2 =2,k
up(€) = im\/ Lk ST )sné“exp(inL
r
vo(§) = c+ 22221 k;*m2sn’¢, (4.34)
w(€) = AL = Aengdng exp(in)

— l 2 2
vy = +2A%L_ k; m\/(2;:1@27;?:1““)snfcnfdn&

(4.35)

2 2 .
u2(§) =+ ljilnn Eé:lka_Q;‘;;L:l«{»lka A25n§(1 - 13.%57125) eXP(“?) 4 36)
b k% (4.

02(6) = AP [en®€dn?E F (14 m?)sn€ £ 2m2sn)),

where § = XU kjr; — (257 a5k))t + &0, n = EJ_jajk; — [(Z};lk‘jz)(l +m?) +

E;‘zlaf + 2c]t + no, kj, o, are constants, {y,7o are arbitrary constants, and

(E§=1kj2_2y=L+1kj2)
T

> 0.

4.3. Degenerate solution

When the m — 1, sn{ — tanh &, the zeroth-order solution of DSI degenerates into

2%t_ k2 =2, k2
Uo :i\/ ¥y . j=tr1d )tanhfexp(in)7

vo = c+ 254 k;* tanh? €, (4.37)
where

§=Xj kja; — (257, ak;5)t + &o,
n =Sk — [2(27_1 k%) + 25 0;® + 2dt + o, (4.38)

(E§=1kj2—2;=l+1kj2)

and kj, o; are constants, {y, 1o are arbitrary constants, and p > 0.
This is solitary wave solution that we frequently see, and we call it shock wave
solution.
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Similarly by ené — sec h, dné — sec h§, when m — 1, the first-order solution of
DSI is to degenerate into

u1(€) = Asec h?¢ exp(in), (4.39)
2r

v1(€) = £AS_ k;?
! ! (Eé':lkjg - E?:l+1

5 tanh € sec h2€. (4.40)
kj%)

This is a bell shaped solitary wave solution, pulse shock wave solution.
The second-order solution of DSI is to degenerate into

1 2r
uz(€) = F= A2 tanh £(1 — tanh? €) exp(in), (4.41)
2 \/Zé:lka - 2?:14—1]%'2
2 Eé’:lkar 4 2 4
v2(6) = A SRS [sec h*¢ F 2(tanh” £ — tanh® £)]. (4.42)
j=1"j J=I+1"

It is a new solitary wave solution.

4.4. The more exact solution of DSI

One can get more solutions of Davey-Stewartson equations:
(i) If wo = ao + ajcné, vg = by + byené + baen?¢ in (4.23), one can get the
zeroth-order solution of DSI which is

—2(xt_ k2% k. 23t _ k2% k2
U()::tm\/ ( 7=1"J - J=l+1"7 )cnﬁexp(in), ( J=1"J - j=1+1") )

>0,

vg=cC— QEézlkam%an,

n=7_josk; + [(S7_1k;*)(2m? — 1) = 27y 0% — 2]t + no. (4.43)
The first-order solution is

u1(§) = ALS exp(in) = Asn&dné exp(in),

—2r
v1(€) = £2A%L_ k*m snéenédné. (4.44)
’ ! (EézlkJ'Q - E;'L:I-ijQ)
The second-order solution is
—2r A%(2m? —1) 2m?
uz(§) = F ~ ené(l — ———cen“) exp(in),
\/2211%'2 - Ej:lJrlka dm 2m? — 1
2 Eé»:lkar 2¢9 2 2 2 2 .4
va(§) = A 3 5[sn°Edn € F (2m~ — 1)en” £ 2m~en®E)]. (4.45)
Zé’:lkj - 2?:l+1kj

(i) If wo = ag + ardné ,vg = by + bydné& + badn?¢ in (4.23), one can get the
zeroth-order solution of DSI which is

2t k2—xn k2 —2(xt_k2—xn k2
U,O:i\/ ( j=1"J . J=l+1"7 )dngexp(zn), ( j=1"J - g=l+1""J )

>0,
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vy = ¢ — 2ldn?¢,

n=X0_jojk; + (X7 k; )(2—m2)—E?Zlaj2—2c]t+n0. (4.46)

The first-order solution is

uy (€) = AL§ exp(in) = Asn&ené exp(in),

—2r
v1(§) = :EZAE;:lka\/(Ell PRy l+1k s—snéenédné. (4.47)
j= j=

The second-order solution is

—2r A%(2 —m?) 2
U = dné&(1 — dn?€) exp(in),
2(5) :F\/Eé-_lk‘z _ ;L l+1]€‘2 AmA f( 2 _m2 5) Xp( 77)
Sl kP

k2

2— 2
5lsn?¢en®e dn &1 - 3 dn?¢)].

A2
va(§) = A" P 5=

] 141
(4.48)

These are periodic wave solutions of DSI expressed by Jacobi elliptic functions.
When m — 1, one can get the degenerate solutions,

-2 El‘_ k_2 _ 277,_ k'2
up(§) = :t\/ (i " j=terhi) sec hé exp(in),
vo(€) = ¢ — 254, k;? sec b€, (4.49)
=Sk + [(B)o1 k%) — Xf_ga,” — 2¢]t + o,
uy(§) = Atanh & sec hé exp(in),

—2r

v1(€) = £2A%L_ k2
J=1"7 (E§:1kJ2 _

) tanh € sec h2€, (4.50)
] I+1
2

—2r A
- 2 seche(1 — 2sec b2 in),
uz(§) :F\/Eé_lk'z ”_Hlkg 15 &( sec h*¢) exp(in)

S kit
st 1k2 nn

v2(€) = A® [tanh2 Esec h’E F sec h2€ + 2sec h€)].  (4.51)

Jj= l+1k

Remark 4.1. It is open on the existence of global smooth solutions for Cauchy
problems to elliptic-hyperbolic types Davey-Stewartson systems. (4.27) indicates
that there are some examples of global smooth solutions.

5. Conclusion

In this paper, we prove that the Cauchy problem of generalized Davey-Stewartson
systems has a unique solution in C'(0, oo; H*)N LP2(0, oo; Bf_(p)p)ﬁlffr3 0,005 B ) )-
What’s more interesting, we construct some explicit period wave solution of the
generalized Davey-Stewartson by F-expansion method, as well as some multi-order
exact solutions.

From the discussion above, it can be seen that
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(i) One can get many zeroth-order solutions of nonlinear evolution equations by
using F-expansion or Jacobi elliptic function expansion, which only related to the
correlation chart of P,Q, R and the solution of PF* + QF? + R.

(ii) The form of the first-order equation is the same as that of the Lam equation.
So one can get the first-order solution by solving the Lam equation. The form of the
second-order equation is the same as the inhomogeneous Lam equation, and one can
obtain the second-order solution by the particular solution of the inhomogeneous
term.

(iii) One can obtain the degenerate solution by discussing the limit cases of
the multi-order exact solutions. The method is valid to get the multi-order exact
solutions of some other nonlinear evolution equations. At the same time, one can
get many kinds of solitary wave solutions.

(iv) By the contraction mapping theorem, one can deduce that there exists a
unique solution of the Cauchy problem of generalized Davey-Stewartson systems.
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