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ATTRACTOR FOR THE NON-AUTONOMOUS
LONG WAVE-SHORT WAVE RESONANCE
INTERACTION EQUATION WITH DAMPING*

Ranran Liu', Hui Liu! and Jie Xin!231

Abstract In this paper, the long wave-short wave resonance interaction equa-
tion with a nonlinear term in bounded domain was studied. When § > g, we
obtained the existence and uniqueness of the weak solution of system (1.1)-
(1.4) by Galérkin’s method, and further proved the existence of the compact
uniform attractor for damped driven by the non-autonomous long wave-short
wave resonance interaction equation.
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1. Introduction

The long wave-short wave (LS) resonance equation appeared in a recent study of the
interaction of surface waves with gravity and capillary modes, as well as the analysis
of internal waves and Rosby waves [12]. In the plasma physics, the long wave-short
wave resonance equation explains the high frequency electron plasma resonance
and associated low frequency ion density perturbation [22]. A general theory on the
interaction between short wave and electromagnetic wave was presented [6].

The long wave-short wave resonance equation has attracted extensive attention
from many physicists and mathematicians, due to its rich physical and mathematical
properties. For one-dimensional wave propagation, there were many studies on this
interaction. Guo [7,13] verified the existence of global solutions for the long wave-
short wave equation and the generalized long wave-short wave equation, respectively.
In [14], Guo studied the orbital stability of the solitary waves of the long wave-
short wave resonance equation. In [15], Guo studied the asymptotic behavior of the
solutions of long wave-short wave equations with zero order dissipation in H2,, x

per
le)cr’ The approximate inertial manifolds of LS equation was in [16]. In [4,5,19,24,
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25,29], the well-posedness of Cauchy problem for long wave-short wave resonance
equation was studied.

In recent years, the study of attractors in dynamics has attracted extensive atten-
tion [20]. We can get its global attractors in [10,19,28,29] for autonomous systems.
But unlike autonomous systems, non-autonomous systems have special temporal
correlation. So we have obtained the attractors of non-autonomous system, such as
pullback attractors (see [2,18,23]) and uniform attractors (see [1,27]). In this paper,
we prove the uniform attractor of the long wave-short wave resonance interaction
equation with damping (1.1)-(1.3) by defining the relevant uniform attractor in [9].

In this paper, we consider the following long wave-short wave resonance inter-
action equation with damping:

ity + Uge — wv + |ulP e+ iyu = f(z,t), (1.1)
v+ av +lull = g(z,1). (1.2)

Under the following initial condition

u(z,0) = uo(z), v(z,0)=wv(x), Ve, (1.3)

and the boundary value conditions
u(zx — D,t) =u(z+ D,t), v(zr—D,t) =v(x+ D,t), Vo€ Q, (1.4)
where z € Q = [-D,D] C R, D > 0 and «, § and v are positive constants. u

and v are unknown functions, v and f are complex functions, v and g are real
functions. Non-autonomous terms f and g are time-dependent external forces.
When 8 = 2 or 3, the well-posedness of the solution of the long wave-short wave
resonance interaction equation has been studied by many people. When g = 3, Gao
first studied the well-posedness of the solution of the non-autonomous long wave-
short wave resonance interaction equation and obtained the existence of attractors
in [11], and then Cui proved the existence of uniform attractors in [9]. In [21], the
author has also proved the well-posedness of the solution for the long wave-short
wave resonance interaction equation and studied the existence of global attractors
for the equation when S = 2. In this paper, our aim here is, firstly, to get the
well-posedness of solutions for problem (1.1)-(1.4) for 8 > 2 and then to derive the
existence of the compact uniform attractor.

The rest of this paper is organized as follows. In section 2, we introduce symbols
and preliminary results, and recall some facts about the uniform attractor. In
section 3, a priori estimate of the solution is obtained. In section 4, existence and
uniqueness of the weak solution of the system (1.1)-(1.4) are proved. In section 5,
the existence of the strong compact uniform attractor for (1.1)-(1.4) is obtained.

2. Preliminary

In this section, we introduce some notations and preliminary results used in this
paper. Firstly, We have added the subscript “per” to the usual Sobolev space
to represent the Sobolev space over the periodic region. Now, we denote some
notations:

LPer =t LYo () = {u € LP(Q), u(z — D) = u(z + D),1 < p < oo},

HP  =:HP (Q)={ucL?, (Q),D% cL?, (Q),la <p1<p<oo},

per per per per
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where Q = [-D, D] C R, D > 0. Especially, when p = 2, the first formula becomes
the space L2, and (-,-), || -|| denote the inner product and norm of L2, (€2), which
are defined as follows:

(u,v) = /Qu(x)ﬁ(x)dx, u, vE€ L2, ||ull*= /Qu(ac)ﬂ(x)dx, ueLl,,

and u denotes the conjugate complex quantity of w. Similarly, we denote the norm
of LP,.(Q2) for all by || - [|,- And || - ||g» denotes the norm of HP,..(€2), which is
defined by |lul|%, = > ||D%u||? for all 1 < p < .
le|<p

For simplicity and convenience, the letter C represents a constant, which may
vary in different lines. C(:,-) represents the constant C' represented by the param-
eters appearing in parentheses.

Next, we introduce Sobolev embedding theorem for one-dimensional domain
used in the following section.

Theorem 2.1. Let Q be a bounded open subset of R', and suppose OS2 is C*.
Assume p > 2, and u € H' (). Then u € LP(RQ), with the estimate

pt2 p=2
[ullp < Cllull = flusll =, (2.1)

the constant C depending only on p and ).

Finally, the definitions(see [7-9]) and some main lemmas(see [3,8,17]) about
uniform attractors are clarified. Let (X, ] - ||x) be a Banach space, then we have
the following definitions and lemma.

Definition 2.1. Suppose f(t) : R — X is a function, and T'(-) is the translation
operator. The set

H(f) ={T(s)f(t) = f(t +s)|s € R}. (2.2)
is defined the hull of f in X, denoted by H(f).

(i) f is said to be translation bounded in L?(R; X) if H#(f) is bounded in which

t+1
1913 =50 [ 15 (Olds < oo, (2.3)
teR Jt

then L?(R; X) consists of all the translation bounded functions in L?(R; X);

(ii) The collection of all the translation compact functions in L7, (R; X) is denoted
by L?(R; X).

Definition 2.2. Suppose >_ is a parameter set. If for each ¢ € >, the mapping
Uys(t,7) : X — X satisfies

(i) Uy(t,s)oUy(s,7) =Uy(t,7), Vt>s>7, TER,
(ii) Uy, (7,7) = I (the identity operator on X), 7 € R,

where {Uy(t,7),t > 7,7 € R}, 0 € Y is said to be a family of processes in X.
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Let By, B € B(E) be the set of bounded subsets of E. If for any 7 € R, there
exists tg = to(7, B) > 7 such that U,cs~Us(t,7)B C By for all t > t5. Then By is
said to be uniformly absorbing set for the family of processes {Usex~(t,7)},

A set Y C E is called uniformly attracting for the family of process {U,(¢,7)},
o €Y if, for each fixed 7 € R and every B € B(E), it satisfies that

tllgrnoo (asg; dlStE(Ua(t,T)B,Y)> =0. (2.4)

Definition 2.3. A closed set Ay~ C X is called the uniform attractor of the family
of processes {Uy(t,7)} ey if it is uniformly attracting (attracting property) and
it is contained in any closed uniformly attracting set A’ of the family of processes
{Us(t,7)}pes : A € A’ (minimality property).

Definition 2.4. {U,(t,7)},ex, a family of processes in X, is said to be (X x} , X)-
continuous, if, for any fixed T" and 7, T' > 7, projection (u,,0) — U, (T, 7)u, is
continuous from X x > to X.

Definition 2.5. The space LP(0,T;X) represents all measurable functions f :
[0,T] — X with the norm

T 1/p
Il fllze o, x) = (/0 ||f(t)||§(dt> < 00, (2.5)

for 1 < p < oo, and

1 £l o 0,75y = ess sup || ()] x < oo, (2.6)
0<t<T

for p = o0.

Lemma 2.1. Let Y be a compact metric space and suppose {T(h)|h > 0} is a
family of operators defined on ", satisfying

(i)
T(h)> =), YheRy; (2.7)

(ii) translation identity:
Uo'(t + h,T + h) = UT(h)a<t7 7)7
VUEZ,IfZT,TER,hZO, (2.8)

where U, (T, T) is an arbitrary process in compact metric space E.

Note that if the family of processes {U,es~ (7T, 7)} is (E x ), E')-continuous and
it has a uniform compact attracting set, then the skew product flow corresponding
to it has a global attractor A on E x ) . And the projection of A on ), Ay, is
the compact uniform attractor of {Uses~ (T, 7)}.

Remark 2.1. Assumption (2.8) holds if the system has a unique solution.

Lemma 2.2. Let (X,| - ||x) be a uniform convexr Banach space (particularly, a
Hilbert space), and let {xy } k>0 be a sequence in X. If x, — xo and ||zg|x — ||zollx,
then x,, — xo.
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Lemma 2.3. Let {z}r>0 be a sequence in the uniform convexr Banach space X.
If ), — xq, then

sup ||zk || x < oo,
k>1
k— oo

Next, we introduce W (x,t) = (u(x,t),v(x,t)) and Y (x,t) = (f(x,t), g(x,t)). We
denote the space of W (z,t) = (u(x,t),v(z,t)) by Ey = H*(Q) N H.,. () x H}.,.()
with norm

1/2
Wz, = (lullFe + lollF) (2.10)
Similarly, we denote the space of Y (x,t) by >, with norm

Y ls, = (£ + llglE)

Definition 2.6. Suppose that the symbol Y (x,t) belongs to the symbol space >,
defined by

/2 (2.11)

> =M, s+r) [ reR}, (2.12)

where Yy = (fo(z,t), go(z,t)) € L2(R; Ep) and the closure is taken in the sense of
local quadratic mean convergence topology in the topological space LIQOC(R; > 0)-
Moreover, we assume fo(z,t) € L2(R; H').

Remark 2.2. Due to the conception of translation compact/boundedness, we re-
mark that

(i) YY1 e, ”YleLf(R;Zo) < ||Y0Hi§(R;EO);
(ii) T(¢) > =>, Vt € R, where T'(t)f(s) = f(s+1t) is a translation operator.

3. A priori estimates

In order to obtain the existence and uniqueness of weak solutions in the next section,
in the following, we establish some uniform a priori estimate of the solutions both
in time ¢ and in symbol space (Y € %).

Lemma 3.1. If u, € L?(Q), Y (x,t) satisfy Definition 2.6, then for the weak solu-
tion of the problem (1.1)-(1.4), we have

lull> < C1, ¥t > ¢, (3.1)
where Cv = C1(7, fo), t1 = C(v, fo, ||ur]|)-

Proof. Taking the inner product of (1.1) with u and taking the imaginary part,
we get

1d, 9 2 / _
——||ull* +y||u|]|* =Im | fudx. 3.2
5 il + Al =1 | (32)
By using Young’s inequality, we get
d 2 V2o L 2 1 2
%HUH + §||U|| < ;”f”l,g(R;Hl) < ;”fO”Lg(]R;Hl)' (3.3)

And then by Gronwall’s inequality, we can complete the proof. O
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Lemma 3.2. If W, € H' x H, 2y > « and Y (z,t) satisfy Definition 2.6, then for
the weak solution of the problem (1.1)-(1.4), we have

IW(EFp < Car VE> 1o, (3.4)

where 02 = C<a76a77 f7gaybaf0t); t2 = C(a76577fag7Y07f0t; ||WTHH1><H)

Proof. Taking the inner product of (1.1) with u and taking the real part, we get
that

[z || +/ v|ul?dz — Re/ lulf Tz = —Re(f, u). (3.5)
Q Q
Taking the inner product of (1.1) with u; and taking the real part, we get that

d
a”uzﬂz + 2Re/ wotdr — 2Re/ lulP~ T de = —2Re(f, uy). (3.6)
Q Q

Since
d
g —(Re(f,u)) = Re(fi,u) + Re(f, ue), (3.7)
iRe/ U|u|2dx:/vt|u|2dx+2Re/ vutde, (3.8)
—Re/ lulTlde = (B +1 Re/ lul?~ i d. (3.9)
(3.6) can be written as follows
i||u HQ—I—i/ |u|?vdx — 7—Re/ luP T de — / lu|?vsda
' dt Jo B+1dt ¢
d
=— 2%(Re(f, u)) + 2Re(fr, u). (3.10)

Combining (3.5) and (3.10), we get

Gl + [ JuPode = 22Re [ julFde + 2Re(f, )
+2a|ug ||* + 2c /Q vlu*dr — 2aRe /Q lu?Tldz + 2aRe(f, u)
—/Q |u|?vida — 2Re(fr,u) = 0. (3.11)
Note that, by (1.1),
Re(ft,u) = Re/ﬂftﬂdx
= Re/g(iutt A Ut — eV — uvy 4 Blul’ " uy + iy )ade

= / (Reuget@ — Reugvu — |u|2vt + Reﬁ\u|ﬁ_1utﬂ)dm
Q

1d 5 1 9 / 2 / B+1
S Y do—-2 vdx 7—R da.
5 g el 2/9‘“| Ve 2dt [ulfvde+ o= 7 Re [ |ul ™ dz
(3.12)
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So (3.11) can be written that

d
d—(2||u$\|2+2/ \u|2vdat—2Re/ lulf*1dz + 2Re(f, u))
t Q Q

+2a|ug ||* + Za/ vluPdr — QaRe/ lu[PTtdx 4 2aRe(f,u) = 0. (3.13)
Q Q
Taking the inner product of (1.2) with v, we get that
T 2 2
%”UH + 2af|v)| + 2y | |ulzvdx = 2(g,v). (3.14)
Q

Note that, by (1.1)

/ lu|2vda
Q

=2Re/ (uv)u,dr

Q

:2Re/ (g + Uge + [u)P " u + iyu — fU,da
Q

d

=— —Im/ ul,dr — 2’yIm/ Ul dr — QRe/ fu,dx. (3.15)
dt Q Q Q

Without loss of generality, we may assume that 2y > «a. Applying (3.13)-(3.15), we
get

d
— (2l ug|]® + |Jv||? + 2/ lu|?vdz — 271m/ Wlzdr — 2Re/ lu|?Hdx
dt Q Q Q
+ 2Re(f, u)) 4+ a(2]|ug]|® + ||v]|* + 2/ lul|?vdx — 2’yIm/ uldr
Q Q
- 2Re/ |u|?*dx 4 2Re(f,u))
Q
= — a|jv||* +2y(2y — a)Im/ wlzdr + 4fyRe/ fuzdz + 2(g,v). (3.16)
Q Q
Let
o(u,v) =2|ug||* + ||v||* + 2/ |u|?vdx — QWIm/ Ul dx
Q Q
- zRe/ luP T dx + 2Re(f, u),
Q

o(u.0) = = allolf + 22 = )l | wipda + 47Re [ fi,do +2(0,0),

and then (3.16) can be written in the following form

& o(u,) + gl ) = B, ). (3.17)
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We choose some suitable ¢;(i = 1,2, 3) and use Young’s inequality to obtain that
(u,v) = — ajv]|® +2y(2y — a)Im/ wlzdr + 47Re/ fuzdz +2(g,v)
Q Q

<2v(2y — a)Im/ uﬂggdaz—l—él'yRe/ fadr +2(g,v)
Q Q
<er|Jug|® + Clen)lull® + exfluz | + Cle) [ f1I* + esllv]|* + Clea) llgl?
a
SE(”ux”Q + o) +C

S%(p(u,v) +C, (3.18)
where C' = C(e1,e9,¢3, [|ull, [| f1; llg]])- So (3.17) can be written as follows

d o
— — <C. 1
S(u,0) + Seluv) < (319)

By using the Gronwall inequality as follows
_ay 2C _ay
o(u,v) < p(ug,vp)e” 2" + ;(1 —e 2. (3.20)

By using Hélder’s inequality, we get
/ lul2da < (/ uf2de)} < ... < (/ 2+ ) 7
Q Q Q
w260 < / (254D g, (3.21)
Q
Now we estimate the value of p(u,v),
o(u,v) =2|Jug||* + [Jv]|* + 2/ lu|?vd — 271m/ Ul dx
Q Q

- 2Re/ |u[?T1dx 4+ 2Re(f, u),
Q

>2[lue||* + 0lf* — e1llue]|* — eallv]®

— Clen, )l + Nl + 4 1171%)
> 2 (el + o) — €. (322
By using (3.20) and (3.22) we have
Jusll?+ ol < C, Ve >, (323)

where C' = C(O[,/B,")/, fagaY07f0t)a t? = C(aa/@ar%f?ga}/oafota ||WTHH1><H) O

Lemma 3.3. If W, € Ey, > % and Y (z,t) satisfy Definition 2.6, then for the
weak solution of the problem (1.1)-(1.4), we have

W ()32 pn < Ca, Yt > ts, (3.24)

where C(3 = C(Oﬁﬁa,% f7gaYE)af0t)7 7f3 = C(a76577fag7Y07f0t; ||WTHEQ)
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Proof. Taking the inner product of (1.1) with wu,, and taking the real part, we

get that

||um||2 —Re/ vuﬂmdm—i—Re/ |u|'871uﬂmdx:Re/ Sz da.
Q Q Q

(3.25)

Taking the inner product of (1.1) with u.,; and taking the real part, we get that

1d
2dt
Since

Re-2 (F ) =Re(fi, ) + Re(f )

d
Re/ UV g1 AT :—Re/ uvﬂmda:—Re/(uv)ﬂmdx,
Q dt Q Q

d
Re/ |u|ﬂ_1uﬂmtda: :—Re/ |u|ﬁ_1uﬂmdac—ﬁRe/ |u\5_1utﬂmdac.
Q dt Q Q

Note that, by (1.1),

Re(ft, uxw)
:Re/ Sftuzdr
Q
:Re/ (fuge + Ugrt — upv — uvy + ,B\u|ﬁ_1ut + YU ) Uy dr
Q
= / (RetyetTUer — Reus vz, — Reuvyty, + Reﬁ|u|ﬁflutﬂm)dm
Q
1d _ B—1, —
=——||tuzz|| — Re [ (uv)iUzzdx + fRe | |u|P ™ uilzda.

From (3.25) and (3.26), we can infer that

d
&(Humﬂ2 72Re/ uvﬂmderQRe/ \u|ﬂ*1uﬂmd:vf2Re/ fUppdx)
Q Q Q

tge||® — Re/ VUU gt dT +Re/ |u|ﬁ71uﬂmtdx = Re/ SfUgpzrdr.
Q Q Q

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

—|—2a||um||2 — 2aRe/ UVUgr T + 2aRe/ |u|ﬂ*1uﬁmdx — 2aRe/ fUypdx
Q Q Q

—|—2Re/ W VU g dx + 2Re/ UV Uy dT — 2Re/ Sfruzedx = 0.
Q Q Q
From (1.1) we can get
Re / U VU g AT
Q

=— Re/ i(f — Uge + uv — JulP "y — iyu )i, d
Q

(3.31)

:Im/ fvﬂmdx—i—lm/ uUQHmdx—'yRe/ uvﬂmdac—lm/ |u|’8_1uvﬂmdx.
Q Q Q Q
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From (1.2) we can get
Re/ UV Uy dT
Q
:Re/ u(—aw — y|ul? + )tz dr
Q
=— aRe/ UVUprdT — VRe/ w|u| 2 Tppdr + Re/ JUT . dT.
Q Q Q
Inserting the above two equalities into (3.31) we obtain
d
— (g ||* = 2Re/ VU dT + 2Re/ |u|ﬁ_1uﬂmdx — 2Re/ fUzdx)
dt Q Q )

+20||tge ||* — (4o + 2’y)Re/

VU dT + 2aRe/ |u|B_1uﬂmda?
Q

Q

—QaRe/ fﬂmdx—&—QIm/ fvﬂmdx—i—ﬂm/ w0 Uy dx
Q Q Q

—2Im |u|ﬁ_1uvﬂmdx — 2’yRe/ ulu)| 2Ty da
Q Q

—|—2Re/ JUU L dT — 2Re/ Sfilizzdx = 0. (3.32)
Q Q

We differentiate (1.2) with respect to = and take the inner product with v, to get
Ld
2dt

Note that,

lvall? + ausll? + 27Re /

uﬂmvxda:—i—?y/ |u§|vxdac=/gxixdm. (3.33)
Q Q Q

Re/ uﬂmvxdx:Re/(uv)xﬂmd:v—Re/ Uy Ugr0dT,
Q Q Q

by (1.1), we get
Re/ () p Uy qdx
Q
:Re/ (tugt + Uppe — 1yUz — fo + ﬂ\u|6_1um)ﬂmdx
Q
=— Im/ Ut Upr AT — ’ylm/ Ug Upg AT — Re/ frlUgadx
Q Q Q

—l—,BRe/ |u\5_1umﬂmdx,
Q

through integrating by parts yields, we have
1d
Im/ Ugt Upr AT = f—Im/ Uy Uy di,
and then, we obtain that
_ 1d _ _
Re [ (u0)ylzpde = — ——Im [ uylzpdr —yIm | u,Ugdx

_Re/ fzﬂzrzdx‘i‘ﬂRe/ |’U/|ﬁ_1uwﬂImd$.
Q Q
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Therefore, we have

1d
Re/ Uy VpdT = — f—Im/ Uy Uz AT —va/ UgUggdx — Re/ frlUgpadx
Q 2dt Q Q Q

+ BRe/ |u|5_1uxﬂmdx - Re/ Uy Upr VAT
Q Q
Inserting the above equalities into (3.33) we obtain
d 2 - 2 _
—(Jlvz|l* = 2adm | wyTgedx) + 2a|v,]|* — dayIm [ w,Typmdx
—4aRe/ umvﬂmdac—élaRe/ fzﬂmdx—i—élaBRe/ |u|5_1umﬂmdx
Q Q Q
+4/ |t |*Tpd — 2/ GxVzdr = 0. (3.34)
Q Q
By some basic calculation from (3.32) and (3.34), we have

d
@@1(“#’) + a1 (u,v) = ¢1(u,v), (3.35)
where

w1(u,v) :2||um||2 + vaH2 — 2Re/ VU g0 AT

Q
—2Re/ fﬂmdx—i—QRe/ |u|ﬁ*1uﬂmdx,
Q Q
o1 (u,v) = — a||vz\|2 - 47/ |um\21)mdx — 4’yRe/ UV UgedT + 2/ JaUgda.
Q Q Q

Next, Gagliardo-Nirenberg inequality, Young’s inequality and Holder’s inequality
are used to estimate ¢ (u,v).

/ 1 [vade ge/ [ tdz + C(2) a2
Q Q
<e|luga|* + Ce) (Jual* + llus]®) + C(e)[|va |

§5||um||2 +C(s)||vx|\2+0, (3.36)
Re / 05Ted <I|gol Vsl
Q
<elluall? + C(o)llga . (3.37)

Re [ wotods <Julo o] i |
Q
<eljoalP + C el (339

From the above estimates, we can get

¢1(u,v) <5 (lual* + J0l*) + C

<—p1(u,v)+C. (3.39)

(] NN ] o)
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So (3.35) can be written as follows:

d o
%Qpl(ua v) + 5501(%11) <C, (3.40)

where C' = Cl(a, 8,7, |ullgr, |vlla, | fllz1, 9]l g1 ). So using Gronwall inequality, we
can get that

o 2C o
©o1(u,v) < e 2 (ug, vo) + —(1 — e~ 2"). (3.41)
o
Since 28 — 3 > 0 for § > %, using the formula of integration by parts, we have
Re/ |u\ﬁ_1uﬂmda:
Q
_ Re/ lulP~ g |2z — (8 — l)Re/ (P =3y [2da
Q Q

1 —
> — Jullfh e 3 = (8 = Dl ullllus 3

8 261 5 B=1 28-3 5
> = Cllull= [Jual| ™ luaall* = Cllull = g™ luce*
48 2(28-1) 4(8-1) 2(28-3)
> — etl|ugs|® = Cle)|ull ™ luall ™5 — e2lluwall® = Clea)lull ™7 [lual| ™
> — (61 + EQ)HUMCHQ - 0(81,62). (342)
And then, we have
Re/ UVU g AT
Q
<es||uge||* + C(Eg)(/ |v|*dx +/ |u|*dx)
Q Q
<esl|uas|® + Clea) (1ol oz || + llull®lusl),
Re/ fugdx
Q
<esl|uas|® + Cles) | £II*. (3.43)
By using the above estimates and choosing the appropriate ¢;(i = 1,2, 3), we get
> 1 2 ) -C 3.44
1w, 0) 2 5 ([teall” + oz ]7) = C. (3.44)
And from the discussion of (3.41) and (3.44), we get
WO ps < C, VE2 15, (3.45)
where C' = C(aaﬁ7va faga }/Oa fOt); t3 = C(a7ﬂa7, f?g7 }/Oa fOt; ||WTHE0) O

4. Existence and Uniqueness of the Solution

In this section, we will prove that the system (1.1)-(1.4) has a unique global weak
solution. Since a prior estimate of the solution has been established in section
3, the existence of the solution can be easily obtained by Galérkin’s method(see
[16,17,26,29]). In this section, we will show the unique existence theorem and give
a simple proof.
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Theorem 4.1. Assume that 8 > g and Y (x,t) satisfy Definition 2.6, for each W, €
Ey, system (1.1)-(1.4) has a unique global weak solution W(x,t) € L>®(t,t; Ep),
VT > T.

Proof. We will prove the existence and uniqueness of a global solution respec-
tively.
Step 1. The existence of solution

Using Galérkin’s method, we have the following approximate solution to ap-
proach the solution of (1.1)-(1.4):

l

(') =) wh(t)ms(@), (4.1)

j=1
where {7, }5»:1 is a orthogonal basis of H(f2), and (u!,v') satisfies
(Zufﬁ + ui:x - ulvl + |ul|ﬁ_1ul + Wulﬂ?j) = (f(xvt)anj)a
(vf + av' + 1 2,m5) = (g(x,t),m;),
(W, m)ny) = (Wr,my),

Wz +2D,t) = W(z,t). (4.2)
We get that (4.2) is an initial-boundary value problem of ordinary differential equa-
tions. According to the standard existence of ordinary differential equations and

the priori estimates in Section 3, we obtain the unique solution for (4.2). Similar
to [13,26], we get

(W2, 5 W(x,t) in L®(r,t; Ep), VT >,

where = means weak star convergence.
Step 2. The uniqueness of solution.

Suppose that Wi(z,t) = (u1,v1) and Wa(x,t) = (ug2,v2) are two solutions of
(1.1)-(1.4). Let W(x,t) = (u,v) = (u1,v1) — (u2,v2), then W(z,t) satisfy

WUt + Ugy + UV — ULV
+|u1|ﬂ*1u1 — |uQ|ﬁ*1uQ + iyu = 0,
ve + av +y(Jul; — |usl) =0,
Wli=r =0, W]sq =0. (4.3)

Similar to [13,26], we can get that ||IW||2 = 0. Therefore, we complete the proof of
the theorem. O

5. Uniform Absorbing Set and Uniform Attractor

In this section, we will prove the existence of the strong compact uniform attractor
of problem (1.1)-(1.4) applying Ball et al’s idea (see [3,26]). Firstly, we construct
a bounded uniformly absorbing set. Next, we prove the the existence of weakly
compact uniform attractor of the system. Lastly, we derive that the weak uniform
attractor is actually the strong one. In this section, “—” represents weak conver-
gence, “” represents weak star convergence, and {Usex(t,7)} represents a family
of processes in Ey satisfying definition 2.2.
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Theorem 5.1. Suppose 5 > % and {Uses~(t,7)} is a family of processes in Ey. Un-
der assumptions of Theorem 4.1, then it admits a strong compact uniform attractor

As-.

Proof. We prove this theorem by three steps.
Step 1. {U,cx-(t,7)} possess a bounded uniformly absorbing set in .

Let By = {W € Ey; [[W]g, < Cle, 8,7, [YollLz@w:sy), I foell L2 moy, [Wrll g}
By Theorem 4.1, By is a bounded absorbing set of the process Uy—y;.

By Definition 2.6, we know that [|Y||2r;>) < [Yollrz@r:s,) for VY € 3, hold.
So the solution of(1.1)-(1.4) satisfies

HWHQEO SC(OZ,ﬂ,’% ”Y”Lg(R;Zo)’ HfOt”LZ(R;Hl)? ”W‘F”Eo)
<C(a, 8,7 YollL2®:zy)» I fotll 2 (rri 1y (Wl o )- (5.1)

Then we get the set By is a bounded uniformly absorbing set of {Uses~(t,7)}.
Step 2. We show the weak compact uniform attractor As~ in .

We need to show that {U,es~(t,7)} is (Eo % Y, Ep)-continuous by Lemma 2.1,
Theorem 4.1, and Step 1, i.e. for any fixed t; > 7 € R, let

Wk, 0) = (Wr,0) in Eq x Z (5.2)
We need to get
ng (tl) — Wg(t1) in E()7 (53)

where Wy, (t1) = (ug(t1),vi(t1)) = Uy, (t1, )W, and Wy (t1) = (u(ty),v(t1)) =
Uy (t1,7)W,. By Lemma 2.3, Theorem 4.1 and (5.2), we have

sup | Wo, |, < C. (5.5)
te[r,T)

Then by Lemmas 3.1-3.3, we can see that
[Wo,()loo <C, YO<t<T. (5.6)
Note that
gy =(—A)ug + ugvr — |uk|® " ug — iyug + fi(x, 1),
ke = — avy, — |ugl + gr (2, 1),

and o = (fp(z,t), gr(x,t)) € > . According to (5.5) and (5.6), we can see that
W, (t) € L>=(1,T; L*(Q) x H*(Q)) and

10:Wo, (D) oo (=712 () x 1 (2)) < C- (5.9)

Because of Theorem 4.1 and (5.9), we can see that there exist a subsequence
{Woy, )} of {Wy, (1)} and W (t) £ (u(t),v(t)) € L>=(7,T; Ep), such that

W, (t) == W(t) in L(r,T; Ep), (5.10)
OWo, (t) = 0,W(t) in L(r,T; L*(Q) x H'(Q2)). (5.11)
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Besides, by (5.5), there exists W9 £ (u%(t;),v°(t1)) € Ey for any t; € [r,T], such
that

Wy, (t1) = WY in Ej. (5.12)
By (5.10) and compactness embedding theorem, we get
ug, (t) — a(t) in L*(7,T; HY). (5.13)

Next, we will to prove W(t) is a solution of problem (1.1)-(1.4). For all v €
L3(Q), V¢ € C§°(7,T), by (5.10) we have that

T

T
/(iuklt,w(t)u)dtJr/ (Aug,, p(t)v)dt

r
T

T
= [ g omde+ [P o

T T
+ [ g wemde— [ (0 voma=o. (5.14)
Since

T T
/ (vt () )t — / (@, (b)) dt
T

T
- / (ks — yoge, ()t + / (@(ok, — 7). b(E)w)dt, (5.15)

by (5.6), (5.10) and (5.13),

T
/ ((ur, — Wvg,, P()v)dt < sup (v, |||l (@)v||L2(0,7:02(0))
- 0<t<T
X |Jug, —ullz2(0,7;22(02)) — 0,
T T B
[ Gt =9t = [ (w1, -9 vl o,
Then we have
T T
/ (v, ugy, Y (H)v)dt — / (wv, (t)v)dt. (5.16)

And by (5.10), we get

/ (A, (t)v)dt — / (AT, ¥(t)v)dt

<|I(A) (uk, — Wllz20.1522(9)) X W@V L2(0,7:22(02)) — 0.

By using the similar methods to the other terms of (5.14), we have
T T
[ e [ @z
T . TT
- [ @ [ (@ w e

+ / (i, )b (¢ dt— / (Fa, 1), V) (t)dt = 0. (5.17)
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So, we can get that
iy + Uy — U0 + |UP 710 + iy = f(2,1), (5.18)

which shows that (,v) satisfies (1.1).
For any v € L?(Q), V¢ € C§°(r,T) with (T) = 0, ¢ (7) = 1, by (5.7) we find
that

—/‘@wwmw%wm—/"«—Aﬁ%“mwQMt

T T
—-jf <uklvkl,u)¢«t>dt+-J/ (s P~ sy, )b (2)dt
+/<wmewww—/‘uuﬁxmwwm=uwxﬂw) (5.19)

We know that (5.2) implies that
Ug, (T) = Urp, — u, in H2 (5.20)

Then from (5.19) and (5.20), we have
T T
—/(mwwwﬁ—/<<Aﬁumwa
—/ uv, v) dt—|—/T(|u|ﬁ Y, v)ab(t)dt
T
+/ 1y, V) / t)dt =i(ur,v), (5.21)
while by (5.18) we have that
T T
- / (i, ) (1) dt — / @NTO
T g
7/ (v, u)¢(t)dt+/ ([a)? 1, v)(t)dt
T T
+/ (ivu, V)’(/)(t)dﬁ—/ (f(z,t), ) (t)dt = i(u(r),v). (5.22)

So by (5.21) and (5.22), we have that

(ur,v) = (u(r),v), Yve L*(Q), (5.23)

wy = (7). (5.24)

:

By (5.18) and (5.23), we get

u(t) = u(t). (5.25)

For any v € L%(Q), V¢ € C§°(7,t1), with ¢(7) = 0, ¥(t;) = 1, then repeating the
procedure of proofs of (5.19)-(5.22) by (5.12) we have

u’(ty) = uty). (5.26)
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From (5.12), (5.25) and (5.26), we have that

ug(ty) — u(ty) in H*(Q). (5.27)
Similarly, we can also derive that

vp(t1) — v(ty) in HY(Q). (5.28)
From (5.27) and (5.28), we deduce (5.3). We complete the proof of the step.
Step 3. We show the weakly compact uniform attractor Ay~ is actually the strong

one. From the proof of Lemma 3.3 , we know each solution for problem (1.1)-(1.4)
satisfies

%(Humﬂz + F(u,v)) 4 20|tz || + F(u,v)) = G(u,v), (5.29)
%(H%HQ + Fi(u,v)) + 20(||ve||* + Fi(u, v)) = G1(u,v), (5.30)
where
F(u,v) =|[uge]|® = 2Re/ﬂuvﬁmdac + 2Re/Q |u|® LTy da — 2Re/ﬂfﬂmdx,

G(u,v) :2'yRe/ uvﬁmdx—i—?yRe/ u|u|iﬂmd$—2Re/ GUU i dx
Q Q

Q

— 2Im/ frligdr — 2Im/ quHmd:c—i—ﬂm/ \u|5_1uvﬂmdx
Q Q Q
—2aRe/ |u|ﬁ_1uﬂmdm+2aRe/ fUgdz,
Q Q
Fi(u,v) =— 2'yIrn/ Uy Up AT,
Q

G1(u,v) :4aRe/

Q

—47/ |u$|2vxdx+2/gzvmdx.
Q Q

By the uniform boundedness and the compactness embedding, we have that F, G,
and Fy, G are all weakly continuous in Ey x > _.

From step 2, we know that the point (w,m) € A if and only if there exist
two sequences {w), m2}ren and {t;}ren such that for all o(t) € 3, it uniformly
satisfies that

Up VU g AT +4aRe/ foUgedr — 4ozﬁRe/ |u|5_1umﬂmdx
Q Q

Ua(tk,T)(wg,mg) — (w,m) in Ey, k — oo, (5.31)

where t;, — oo as k — oo. If the weak convergence implies strong one, we obtain Ay~
is the strong compact attractor. For each fixed h > 7, because of t; — oo, we con-
sider it as h < tg, k € Ny. By Lemma 3.3 and Theorem 4.1, U, (t — h, 7)(wp, , m{, )
is bounded in Ey. Then there exists a subsequence Uy (ty, — h,7)(wj,,mf,) of
Us (tr, — h, 7)(wy,,my,) and a point (n,p) € Ep, such that

Uy (te, — h,7)(wp,,my,) = (n,p) in Ep. (5.32)
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Let

(wr, (2), mu, (1))
=Un(ty,~h—r)o (t + 7, 7)Us (te, — hy 7) (w3, m3,)
=Uq(t +ty, — hyty, — h)Uq(ty, — h,7) (W}, my)
=U,(t + te, — b, 7)(wp,, m,), (5.33)

where T'(-) is the translation operator on ). Since o(t) is translation compact
symbol, there exists a symbol ¢* € Y such that

T(ty, —h—7)o - 0¢" in Z (5.34)

Then by (5.31) and(5.32), and the weak (£ x }_)-continuity of U,es~(t,7), we can
get that

(Wi, (B), mp, (1)) = Ugs (¢, 7)(n,p) = (w,m) in Ey, YVt > 1. (5.35)
From (5.32), we can know that the solution trajectory (wg, (t), mg, (t)) is created by

UT(tkl,h,T)U (t+7,7) starting at U, (tx, — h,T)(wgl,mgl). By (5.29), (5.32), (5.34),
we have that

ek, (8|7 + F (wi, (£), m, (1)
=e 2| Ug (thy — hy 7)1

+ F(Us(tn, — b 7)wfl, Uy (te, — by 7)my,))
t
+ / =200 G (Wl (5), md, ())ds
:672a(t7‘r)(”Ua(tkz - hv T)wgl ”%{2 + F(n,p))

t
n / 20U G (U, (5 + 7,7) (n, p))ds. (5.36)

Let t = hin (5.35). Since F and G are weakly continuous in Ey, Uy (tx, —h, 7)(wy,,
mgl)H%,2 < C, and the Lebesgue dominated convergence theorem, we can obtain
that

limsup ||Uy (ty, — b, 7)wp |32 + F(Us+(h + 7,7)(n,p))

kl*)OO
h
<e 20Mh=")(C' + F(n,p)) +/ e 22D G(Uy- (s +7,7)(n, p))ds. (5.37)
Since (w,m) = Uy«(S + 7,7)(n,p), we can see the solution (w,m) about h

corresponding to the initial data (n,p) and the symbol o*. Similarly to (5.35), we
get

lwllFre + F(w,m) =e~>*@= 7 (||n|| 2 + F(n, p))

h
+/ e NG (U, (5 + 7,7)(n,p))ds. (5.38)
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Combining (5.37) and (5.38), we have

lim sup ||Ua (tkl ) T)wgl ||2H2

k;—o00
<lwlFpe + Cem2e =8 — 200D 7,
<[ w2 + Ce2ah=t), (5.39)
As h — oo, we get
limsup | Uy (¢, — by 7)ot %2 < ] %e- (5.40)
k;—o00

Similarly, the weak convergence U, (ty, — h,T)w) — w implies that

Hminf [|U, (tg, — b, 7)wl, |32 > w32 (5.41)

k;—o00

From the above two inequalities, we get that

lim (|Uq (tx — h, w2 = llwlle- (5.42)
k;—o0

Similar to the proof above, we can also derive that

lim Uy (t — b, m)my 72 = [Iml[3. (5.43)
k;—o00

Then, we get that U, (tx, 7)(wy, ml) — (w,m) in Ey. The proof of Theorem 5.1 is
completed. O
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