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1. Introduction

In this article, we consider the following non-autonomous discrete Klein-Gordon-
Schrédinger-type equations:

12m — K(A2)m + 10z = ZmUm + fm(t), m € Z, t >0, (11)
U 4 (AW + U + Ay, = —Re(B2)m + gm(t), m €Z, t > 0, ’
with initial conditions:
U (T) = Um,7, Um(T) =Wim,ry  2m(T) =2m. mEZ, TER (1.2)

where z,,(t) € C,un(t) € R, k, a and A are positive constants, A and B are linear
operators defined as

(Au)m = 2Upm — Uyl — Um—1, YU = (Um)mez

(BU)m = Umi1 — Um, YU = (Um),cz -

Equations (1.1) can be regarded as a discrete version of the following continuous
Klein-Gordon-Schrédinger-type equations on C x R,

{izt—mzm—kiaz:zu—kf(t),zGR,t>O, (1.3)

Upp — Uge +u + Aug = —Rez, +g(t), x € R, t > 0.
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Equations (1.3) describe the nonlinear interaction between high-frequency electron
waves and low-frequency ion plasma waves, where z = z(z,t) € C represents the
dimensionless low frequency electron field, and u = wu(z,t) € R represents the di-
mensionless low frequency density, iaz and Au; denote the dissipative mechanism
of the system. The term Rez, reflects the contribution of the effect caused by
polarization drift to the system of equations. The well-posedness of the contin-
uous version of Klein-Gordon-Schrédinger-type equations (1.3) has been studied
extensively, we refer the readers to [1,6,12-14] and the references cited therein.

The invariant measures and statistical solutions are very useful concepts to un-
derstand the complexity of dynamical systems. For example, in order to analysis
the turbulence in the case of Navier-Stokes equations, the measurements of several
aspects of turbulent flows are actually measurements of time-average quantities,
see [?] for details. Statistical solutions were used to formalize the notion of ensemble
average in the conventional statistical theory of turbulence. Foias and Prodi [4] in-
troduced the so-called Foias-Prodi statistical solution, which are associated to some
invariant measures defined on the phase space (independent of time t) of the ad-
dressed system. Vishik and Furshikov [15] developed the so-called Vishik-Furshikov
statistical solution, which are associated to some invariant measures defined on the
trajectory space (dependent of time t), see [3] for details. Wang [16] talked about
invariant Borel probability measures for discrete long-wave-short-wave resonance
equations. Zhao [19] constructed trajectory statistical solutions possess an invariant
property and satisfy a Liouville type equation. There are a series of papers concern-
ing the invariant measures for well-posed dissipative systems, see [7-9,11,17,18].

For the autonomous discrete Klein-Gordon-Schrédinger-type equations, Li, Hsu,
Lin and Zhao established the existence of global attractor and obtained an upper
bound of fractal dimension for the global attractor in [10]. Recently, Zhao, Xue
and Lukaszewicz [20] studied the existence of the pullback attractor and invariant
measure for a kind of lattice Klein-Gordon-Schrédinger equations, but they do not
study the statistical solution for these equations.

In the current article, we first prove the existence of the pullback attractor for no-
autonomous discrete Klein-Gordon-Schrédinger-type equations. Then we construct
the invariant measure and statistical solutions for this discrete equations via the
generalized Banach limit. To the best of the authors’ knowledge, this is the first
reference investigating the statistical solutions for lattice dynamical systems.

The rest of this article is organized as follows. Section 2 are preliminaries. In
Section 3, we prove the existence of the pullback attractor. In section 4, we construct
the invariant measure and statistical solutions via the generalized Banach limit.

2. Preliminaries

Set

2 = {u = (Um) ez |um € R and Z U |? < +oo} ,

meEZ

L* = {u = (Um) ez |um € C and Z g |® < +oo} .

MEZL
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We use X to denote ¢? or L? for brevity, and equip X with the inner product and
norm by

(u,v) = Z U Oy [ul® = (u,u), u= (Um) ez s V= (Um)pez € X,
meZ

where 7, denote the conjugate of v,,. Define a bilinear form (-,-); and the adjoint
operator B* of B respectively as

(u,v); = (Bu, Bv) + (u,v), u,v€ X,
(B*u,v) = (Bu,v), wu,veX.
Obviously, the bilinear form (-,-); is also an inner product in X, and the norm
llu|l1 := (w,u);. Then we have:
(Au,v) = (B*Bu,v) = (Bu, Bv), (Bu,v)= (u,B"v), Vu,ve€ X,
[Aul* < 16]|ull?, [|Bull® = | B ull® < 4]|ull*, Vu € X,
lull® < ull* + (| Bull® = [lull? < 5llull?, Vue X
Thus, the norm || - ||; is equivalent to the norm || - ||.
We next denote
E=1L2x0?x(?

and equip it with the inner products

(¢<1>’¢(2>) — (Z;pgg) +u(1>7u(2>) n (1,(1)7”(2)) + (2(1)’2,(2))
E 1

= € 2 (1),2) 4 (1)4,(2)
mzez((Bu )m (Bu >m+um Uy + Uy Uy ),

v = (z(k),u(k),v(k))T €E, k=12

and the corresponding norm

1Wle =V (@ ¥)p, ¢ EE.

A >
A2 +4
Then equations (1.2)-(1.4) can be rewritten as following systems

Y+ 0y =Gy,t), t>T,
w(T)sz:(ZT7UT7UT)T:(ZT7UT71:LT+6uT)7 TER,

Now we set

v =10+ du, where = 0.

where
Y= (z,u,v)t, v=1+ du,
G, t) = (—izu —if,0,—Re(Bz) + g)7,
ikA+ al 0 0
0= 0 ol —I
0 A+T+506-NI (N=0)I

For the locally existence of solution to problem (2.1), we have
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Lemma 2.1 ( [20]). Let f € L? and g € I?. For any initial data 1o = (29, ug,v0)T €
E, there exist a unique local solution ¥(t) = (2(t),u(t),v(t)) € E of (2.1) such that
¥(-) € C([0,T), E) N C*(0,T),E) for some T > 0. Moreover, if T < +oc ,then
limy - ||Y(t) || = +o0.

Lemma 2.2. For any 1 = (z,u,v)T € E, there holds

A
Re(0¢,¢)p > B (lullt + [0]*) + Zlvl* + all=]*, vt >0, (2.2)

where )

5;:A[\/A2+4(\/A2+4+A)} > 0. (2.3)

We next verify the boundness of the solutions.

Lemma 2.3. Let f € L?, g € 12 and (t) = (2(t),u(t),v(t)) € E be the solution of
problem (2.1) with initial data ¢r = (2;,u,,v,)T € E. Then

—at

— T €
12O < [l " e +

/t eS|\ f(s)|2ds, Vit > T (2.4)

Proof. Taking the imaginary part of the inner product (L2, (-,-)) of (1.1) with z,
we obtain

d 2 2 1 2
IO + el < —F @)

Using the Gronwall inequality, we obtain the estimation (2.4) and the proof is
completed. O

Lemma 2.4. Let f(t) = (fm(t)),,c, €C QR L?) and g(t) = (gm (1)) mez € C (R, £?)
Then the solution ¥ (t) = (z(t),u(t)7 € E of problem (2.1) corresponding to

initial condition ¥, = (2,, ur, 1}7—) € E satzsﬁes

t

V@I <l e+ exe™ [ (SO + o) as
T (2.5)

¢
+61670t/ e ||z(s)||?ds, Vt=T
T

where ¢1 = maz{l/a,4/A},0 = min{28,a}, and B is defined in Lemma 2.2.

Proof. Taking the imaginary part of the inner product (-,-)g of (2.1) with ¥(¢),
we get

5 0% + Re(O0, )5 = Re(C(t 1), ) (26)

Now, we estimate the term Re(G(¢,1),):

Re(G(¥,1),Y)r = —(Re(Bz2),v) + (g,v) + Im(f, 2). (2.7)

By Lemma 2.3, we obtain that
A 4
— (Re(Bz),0) < 7llol” + 11217,

1
(g,v) < *H’UHQ + X”g”27
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o 1
I < = lzl12 4+ =112
m(f,2) < Slal + 5|17
Combining the above three terms, we have
A o 1 1 4
R t <z 2, = 24 - 24 - 242 2wt >0. (2.
(G, 0),0)r < S0P+ SI2I? + oo I + Sl + S22 ve>0. (28)
It follows from (2.6), (2.7) and (2.8) that
d 2 o Ly 20 4 o
— < — N N , vt=20,
SI13 + olll% < ~I717 + Sllgl + SHaI?, ¥ >0

where 0 = min{203, a}. Apply Gronwall inequality to (2), we get the desired result.

O

By (2.4) and (2.5), we see that for any 1, = (2,,u,,v,)T € E the corresponding

solution () = (z(t),u(t),v(t))T € E of problem (2.1) is bounded for all ¢t €

[T, 400), hence the solution 1)(t) exists globally on [7,4+00). Moreover, from Lemma
2.1 we see that

() € C([r,+00), E) N C (1, +0), E).
Thus, Lemma 2.1 implies that the maps of solutions operators
U(t,7) : o = (20, tr,0)T € B (1) = (2(1),u(t),0(t))” € B, t>,

generate a continuous process {U(¢t,7)}i>, in E.

3. Existence of the pullback attractor

We first prove some estimates of solutions to problem (2.1). To guarantee the
existence of pullback absorbing set, we need some assumption on the functions f(t)
and g(t).

Assumption (H): Let f(t) € C(R; L?), g(t) € C(R;¢?) and

/ M f(m)Pdn < e FH K (s), (3.1)
for some continuous function K (-) on the real line, bounded on intervals of the form
(—o0,t), with 0 < p < §, and let

/ e?|g(n)||*dn < +oo, for each s € R. (3.2)
Next, we denote by P(FE) the family of all nonempty subsets of E and by D,
the class of families of nonempty subsets D = {D(s)|s € R} C P(E) satisfying

lim (% sup [ul3) =0, (3.3)
s YED(s)

hereinafter, the constant ¢ comes from Lemma 2.4. The class D, will be called a
universe in P(E). Clearly, all fixed bounded subsets of E lie in D,,.

We next prove the existence of the pullback-D, absorbing set for {U(¢,7)}i>r
in E.
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Lemma 3.1. Let assumption (H) hold. Then the process {U(t,T)}1>r possesses a
bounded pullback-D, absorbing set By = {By(s)|s € R} C P(E) in the sense that
for any t € R and any D = {D(s)| s € R} € D,, there exists a 1o(t, D) < t such
that U(t,7)D(1) C Bo(t) for all T < 10(t, D), where Bo(s) = B(0, R,(s)) C E is

the closed ball of radius Ry (s) and centered at zero.

Proof. Set

t
REt) &1+ cle_"t/

— 00

e (IF6)2+g(s)P)ds, teR. (3.4)

Using assumption (H) and (2.6), we can establish that for each ¢

¢
: —ot os 2
Tgr_nooe /T e”?||z(s)||°ds = 0.
Then from (2.5) and (3.3) we conclude that the family By = {B(0, R%(s)) |s € R}
is the desired bounded pullback-D, absorbing set for {U(t,7)}s> in E. The proof
is completed. O

The following lemma reveals the pullback-D, asymptotic nullness of the process
{U(t,7)}t>r in E.

Lemma 3.2. Let assumption (H) hold. Then for any given t € R,e > 0 and

= {D(s)|s € R}, there exist M, = M,(t,e, D) € N and 7, = 7.(t, €, D) < t, such
that

sup Y UL, <8 V<,
V&P iz M,
where
|wm|2E é |(Bu)m‘2 + u72n + /Uzq. + |Zm|2 7wm = (um,vmv Zm)T

Proof. First, for any M € Z,., we set

b= (pm)meza q:= (QM)mezv w = (wm)mEZ’ ¢ = (¢m)m€Z’ Pm = X (%) Um
- |m\ - T
Am ‘= X\ 77 ) Um, Wm ‘= X Zmy Gm = (wmupmchm)

where y(z) € C! (R4, [0,1]) as
0,0z <

< L
x(z) := and |x'(z)] < x0, Vz€R,. (3.5)
1L,z >2

WV

Take inner product with (2.1) by ¢ and take the real part, we have:
Re('l/]a ¢)E + Re(ewv ¢)E = Re(G(wv t)a ¢)E’
Direct calculation implies that

Re(¢,¢)g = (1,p)1 + (9,9) + Re(%,w)
= (B, Bp) + (u,p) + (0, q) + Re(2,w)

_1d Im|
_5@2 ( >|1/)m|E

mEZL

+Z( <m+1|) x('ﬂ'))(umﬂum)umﬂ.

mEZ
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Then, using the definition of x(z) and Lemma 3.1, we obtain that

: 1d
Re(,0)p — 52 D) X (;’}) [om 5

meZ

-5 (o () o (20)) e

(3.6)

m '\ sgnm
= X/ (M) gT (Um-i-l — 5um+1 — Um + (5um) Um+1
meZ

where

sgn T =
-1, z2<0

Next, we estimate Re(©1, ¢). It is easy to see that

Re(@¢7 (b)E :5(Buv Bp) + 5(u,p) - (va Bp) - (U,p) + (Auvq) + (u7Q)
+6(6 = M), q) + (O — 8)(v,q) — 5 Im(Az,w) + a2, w).

By elementary computations, we have

[m 2 2x0ff
Bu, Bp) > ) (B B e L
3o > S (7 ) i -2 :

(w,p) = Y X ('X;') ul, (0,9) =Y x (ﬁ') U

meZ mMEZL

() = (00 = S x (7w o= () e

meZ mEZ

(Au,q) — (Bv,Bp) = Y _ <x ('”ﬂ”) —z ('E')) (U 1V — U Upng1)

meZ

4XQR3
> ———— Vt>tp.
M 0

T [m + 1] - M | | =
M M m—+1 m

Combining these inequality, when t > tg, we get

2_

—Im(Az,w) > — Z

meZ

xoR3

vVt > tg.
Ma 0

Re©v,0) 20 Y x (57 ) (1Bl +12) + 0= 9 S x () o2

meZ mEZ

ca S (B el 45620 X x () e

MmEZ mEZ

R2
- X;’\40(25+n+4).
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Then
Re(0%,0)5 ~ Loz X (1) [8 (IBuyl” +u2, + vm) + 302+ 0 |zml
> Sz x (51) [6-8) (1Bunl? +22,) + (3 =5 - 8) 3] (37)

+5(0 = N) >z X (lm ) U Uy — X"R °(20 +4+ k), V=t

Since 4(6 — B)(A\/2 — & — B) = §2)\?, for any m € Z, there holds

(6= B) (IBwml* +12,) + (3 = 6 = B) v2, +6(6 = Nt
> (0= Bup + (53 -0-5)v;

U — P Iumv'rn| 2 0

Therefore, we obtain

() [ (Bl +2) + (5 =55 s+ 06— ] 20

We derive from (3.7) that

Re(60.0)s > 3 x (A";) 5 (1Bl + k4 2) + 5o+ alen]

2 m
mEZ

(3.8)
XoR?
i 026 +k+4), Vt=to.

Finally, we estimate Re(G(¢,t), ¢)g. Direct computations show that

Re((0: 000 =~ 3 x () Re(Bzhmin + 3 (1) g
+Im )y (|m|) FrZm

meZ

and
a Z X | | Re(BZ)mUm < X M (|Zm+111m| + |vam|)
M M
mez meEZ
A m
< I X<|]\l|) v?n )\(I1+12)
me7Z
m A MY, Loy
ZX<M gmom <2 X7 )ty D g
meZ mez Iml>M
ml\ , . _a LURFNEI. 2
ImZx(M fmzm<§ X\ a7 [2m[” + 5~ Z [ fonl”
meZ mezZ Im|>M
where
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Now, we estimate terms I; and I5. Taking the imaginary part of the inner product
of equation (2.7) with w = (w,),,, and using (3.10), we obtain

d |m| 9 || 9 1 9 QKZXOR%
dtZX<M> |2m| +O¢ZX 52 |2ml S5 Z | fm| T
mez mEZ |m|>M

Then, applying Gronwall inequality ,we have

m "1 2k X0 R (s .
KZX('M) P [ ()4 2D ) etiig

meZ Im|>M

and I, is similar to I;.
It follows that

Re(G(wv t)a ¢(t))E

5 S ()5 T (G Eor X an

Im|>M

+ Zemalt-m) Z X <|m|) lzm (D) |, V7 < r(t,D) < t.

Im|>M
Combing (3.6) ,(3.8) and (3.9) to get the following estimate:

g 2o ¢ (i) ol () [ (0 ) + S ]
mEZ

mEZ

1 , 1 5 2 [t 2 2X0Ro(8) | _oiis
<X Z gm‘*‘% Z | frml +X/ Z | fm ()] +(1T e (= ds

|m|>M |m|=M T \Im[>M

m 2 K

M
|m|>M

e
A

(3.10)
Then, we can see that for any ¢ > 0, there exist M (g,By) € Z4 such that

XoR3(t)(46 + Kk + 8) o g2

i S 1 for M > M, (e, By) . (3.11)

Note that

2 [t 2 t
X/T e o(t=9) Z |fm(5:)|2 ds = Xe_o‘t/T e*® Z |fm(s)\2ds.
|m|>M |m|>M
t
Due to the / e®?||f(s)||?ds < 4oo for each t € R, there exist M, (¢,By) € Zy
such that -

t
/ o= 3 |1 () ds < /12 (3.12)

Im|>M

>N
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Note that

t
/QXORU(S)e—a(t ) s — 2XO/ Ro( _O‘(t_s)ds
- alM

2Xo ¢ —a(t—s) 2¢c1xpe” pla—o)s /t o0 2 2
<= AV
<qa | s = | e’ (1F O + llg(®)]*) dods

T — 00

t

2x0 | 2cx0¢” " [1 aos / 0 2 2
<
ST e )€ ds [ " (LA + lla(0)]*) do

2X0 2ClXO6 / 2 2
<
< e [ O + 1@l ao
Hence, there exists some Mz = Ms(t,¢) € N such that
2 [ 2x0Rs (S) a(t—s) 2
- e B < 1 ’ . 1
)\/T € ds < oe?/12, VM > M; (3.13)

It is obvious that

2 || 2 -
& —a(t—r) et 2 & —a(t—T) 2
2 5 (B e | < Se e e .

|m|>M

Hence, we can get from the discussion of theorem 3.1 that there exists some 7, =
71(t,€) € N such that

2 - |m] ~
= (t—7) el 2 2
G a Z X(M)|zm(7')| <oe? /12, Vr <7 <7(t,D) <t
Im|>M
(3.14)
Then combing (3.10) to (3.14), for V7 <7 <7(t, D) < t and M > max { M7, My, M3},

it follows that
d
X ('m')lwmlE DI ('m')|wm|E

meZ mEeZ

) 2 . . (3.15)
<3 Z Qm(t)‘i‘a Z |fm(@)]" + 0€7/3,
m|>M |m|>M
where & = min{8, a/2}. Apply Gronwall inequality to (3.15) we get
S (57 ) 1@l <l v e WA
meZ |m|>M

(3.16)

ve3e S — / 0N | fml(0)[ d6.

|m|>M

We derive from (3.1) and (3.2) that there is some My = My(t,€) € N such that

2e” / o6 Z gm d@%—*/ ab Z |f7n | do

Im|>M |m|>M
2e ! t o o (3.17)
LY [ egow Y [ e ora
Im|>M " |m|>M
<e?/3,YM > My.
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Now, by (3.3), there exists some 7, = 75(t, ¢, D) such that

[\

e . e sup ||’¢(T)||2E < 6—, V1 < To. (3.18)
w(r)eD(r) 3

Choosing
M, = max {My, My, M3, My}, 7. =min {T(t,ﬁ),Tl,Tg} ,
due to (3.11) to (3.18), we have :

2 2
sup > (UGl = swp > () < €V < T
YreD(7) |m|>2M, Y €D(T) |m|>2M,

we obtain that the process U(t, 7)¢, have pullback-D asymptotical nullness. The
proof of Lemma is completed. O

Now, we can state the following existence of pullback attractors of the system
(2.1).

Theorem 3.1. Let assumption (H) hold. Then there exists a pullback-D, attractor
Ap, = {Apa(t)|t € R} for the process U(t,T)i>- in E associated to the solution
operators of equations (2.1).

4. Invariant measures and statistical solutions

In this section, we will first construct the invariant measure for {U(t,7)};>,. Then
we prove that this invariant measure is a statistical solution of problem (2.1). In
the beginning, we recall the definition of generalized Banach limit.

Definition 4.1 ( [5]). A generalized Banach limit is any linear functional, which
we denote by LIMy_, ., defined on the space of all bounded real-valued functions
on [0, 00) that satisfies

(i) LIM7—00¢(T) > 0 for nonnegative functions ¢(-),
(il) LIM7—00d(T) = limr_y00 &(T') is the usual limit limy_, o ¢(T') exists.

Definition 4.2 ( [5]). A process {U(t,T)}i> is said to be T-continuous on a metric
space X if for every xg € X and every t € R, the X-valued function 7 — U(t, T)xg
is continuous and bounded on (—oo, t].

Theorem 4.1 ( [7]). Let {U(t,7)}i>r be a T-continuous evolutionary process in a
complete metric space X that has a pullback-D attractor A(-). Fizx a generalized
Banach limit LIMy_ o and let v : R — X be a continuous map such that v(-) € D.
Then there exists a unique family of Borel probability measure {p}rer in X such
that the support of the measure p; is contained in A; and

1 t
LIMT%,OOE/T dU(L, s)v(s))ds = » (v)dpu(v)

for any real-valued continuous functional ¢ on X. In addition, ps is invariant in
the sense that

[ o) = [ ot >
A(t) A(T)
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Lemma 4.1. Let 1)V (t) and ¥ (t) be two solutions of problem (2.1) corresponding
to the initial conditions 1/19) and wéi) € E, respectively. Then

me(t) — @ (t)H < eS|t (r) — 3 (7)]| - (4.1)

Proof. Let 1!(t),1%(t) € E be the solutions of problem (2.1) with the initial
condition ¥!(7),%?(7) € E. Denote that

E

Then ¢ satisfies

L) +0d(t) = (v0(0),.1) — ¢ (v20)1), vi> T

5 ~ , (4.2)
O, =9 = gy,
According to lemma [20, Lemma 3.3], we have
~ o~ B B A B
Re(0y, ) > B ([all} + 191) + S1I1° + all2*, vt >o0. (4.3)

For the right side

o) -0 ()]
2

= (iz@)u(?) —izMyM 0 Re (Bz(z)) Re (Bz(l)»T

E (4.4)
<|lB:® _ B H2 L Hz(z) (u@) _ u<1>) 4 u® (Z@) _ z<1)) H2

2
<(a+4L(B)) [ - 4| .
where L(B)) is a positive constant depending on B. Take the real part of the inner
product of (4.2) with ¢ :
Ld
2dt
Coombing (4.3) to (4.5), we have

MZE +Re (ei’i)E =Re (G (WDJ) -G (W),t) ,w) . VE>0. (45)

> BUELB)rge,

’ E g

Y36 + AT < 2 6 (59,5) - 6 (v,5)

for all s > 7, where o is defined as Lemma 2.4. Using the Gronwall inequality, we
can get

[e®@ — w2 @) | < ¢ ut )~ )

Here C is a constant depending on o and L(B). O
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Lemma 4.2. Let f(t) and g(t) satisfy the conditions of (H). Then for every i, € E
and every t € R, the E —valued function T — U(t, 7)1, is continuous and bounded
on (—oo, t].

Proof. Consider any 9, = (u*,v*,z*)T € F and t € R. We shall prove that for
any € > 0 there exists some § = d(¢) > 0, such that if »r < ¢t,s <t and [r—s| < ¢
then [|U(t,r)Y. — U(t, s)«|| g < €. We assume r < s without loss of generality. Set

U )05, = (20,00 (),200))
, (@ @0y @\
U s)U(r . = (u? (), 02 (), 27())

Employing Lemma 4.1 and the continuity property of the process, we have

”U(t’ 7“)1/1* - U(t, S)'(/}* ||2E
= |U(t, )U(s, ). — U(t, s)U(r, 1) || 3
<NU(s,r)n — U(r,r)a|[5eC ).

Now, we have shown that solutions of problem (4.2) belong to the space C (|7, +0), F) ,
hence for any s € R with s < ¢. Therefore, the E-valued function 7 —— U(t, 7)), is
continuous with respect to 7 € (—o0,t] in the space E . Finally, for above ¢, € E
and t € R, we see from lemma 2.4 and theorem 3.1 that

. 2
i[O,

T——00

¢
< lim ||wr||%E€_"(t—T)+Tl{rjlm01€_”t/ e (ILFOI + llg(©)]%) do
¢
+ lim cle*"t/ e%|2(0)]|2do
T——00 -

e [ (O + I9()) db < +oc.

— 00

where cje=7¢ ffoc e?? (| £(0)|1> + [|l9(0)]|?) df is independent of 7. Notice that the E
-valued function 7 — U(¢, 7)1, is continuous with respect to 7 € (—oo,t] in the
space E. Thus the E -valued function 7 — U(¢, 7)1, is bounded on (—o0,t] . The
proof is complete. O

Combing theorem 4.1 lemma 4.1 and lemma 4.2, we have the existence of in-
variant measures:

Theorem 4.2. Let f(t) and g(t) satisfy assumption (H). Let {U(t,T)}i>-be the
process associated to the solution operators of problem (2.1) and

Ap, = {Ap, (t)|t € R}be the pullback D, — attractor obtained in Theorem 3.1. Fix
a generalized Banach limit LIMp_ o and let ) : R — E be a continuous map
such that ¥ € D,. Then there exists a unique family of Borel probability measures
{m¢},cp in the space E such that the support of the measure {m;}, g is contained
in Ap,_(t) and

LMoo [ AU = [ Aoame) (@)

Ap, ()
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for any real-valued continuous functional X on E. In addition, {m},.p is invariant
in the sense that

/ (&) dmy(6) = / AU 7)o)dm, (), >, (4.7)
Ap, ()

Apg(r)

1 ¢
LIM, ;/T /22 O(U(t, s)u)dms(u)ds = /ADA o O (u)dmy(u). (4.8)

We next prove that the obtained invariant measures {m;}:cr is a statistical
solutions for problem (2.1). We introduce some notations.

Definition 4.3 (cf. [5]). We define the class Tg of test functions to be the set of
real-valued functionals T = T(¢) on F that are bounded on bounded subset of F
and satisfy

(a) for any ¢ € E, the Fréchet derivative Y/(¢) exists: for each ¢ € E there exists
an element Y/(¢) such that

T(¢+¢) = T(8) = (T'(9),¥)|
lelle

— 0 as |l¢llg =0, p € E,

where (-, -) is the dual product between E* and F;

(b) Y'(¢) € E* for all ¢ € E, and the mapping ¢ — Y’(¢) is continuous and
bounded as a function from E to E*.

We write equation (2.1) as

e = F(t,¢) = =09 + G, 1). (4.9)

The conditions (a) and (b) in Definition 4.3 are sufficient to ensure that if ()
solves equation (2.1) then

d

&T(;z;(t)) = (Y'(¥(t)), F(¥(t))).

Definition 4.4. Let Ap = {Ap, (t)}ter be the pullback attractors obtained in
Theorem 4.2. We say a family of Borel probability measures p; is a statistical
solutions for (2.1), if the p, satisfies

(i) The function
te O(¢)dpu(¢)

ADs (1)
is continuous on [r, +00) for every ® € Tg.

(if) For almost every t € [r,400), and the function ¢ — (F'(t,v),v)p+ g is pi-
integral, for every v € E. Moreover, the map

t— (F(t,1),v) B+ pdpe (1)
Ap, (1)

1
loc

belongs to L; ([T, 4+00)), for every v € E,
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(iii) For any cylindrical test function ¥ in T, it follows that, for all ¢ > 7
[ ewanw- [ ewdp / K ) dpy (u)dn.
Apy ) Ap, (r) Avun)

Theorem 4.3. The family of invariant measures {my }+cr obtained in Theorem 4.1
are statistical solutions of equation (2.1).

Proof. Let f € L? and g € (2. There exists a unique local solution (t) =
(2(t),%(t),v(t))T € E of equations (2.1) such that for any initial data

Yo = (20,%0,v0)" € E, () € €([0,T), E) NC ((0,T), E) for some T > 0. So we
have

L B(6)dmy(6) = /A S(U(t,7)0)dm, (8), 13T
Do (r

Ap, (1)
Note that the invariant property of m; and the continuity of U(¢, 7), the function
t— / D(¢p)dm;(¢) is continuous. It follows from condition (2) that F'(¢,v) =
Dy (1)

Oy + G(t, ). Using the property of m; in Theorem 4.2, we get
/ <F<ta¢)7U>E',Edmt(w) = / <F(t7u(t?7—)¢>7U>E’,Edm7'(¢)' (410)
A’D (t) A’D (T
Combining with the estimates in Lemma 2.4, we derive that

| 000 pim)< 2P+l + S < Clra (). (0 9(0) < o

Do (t)
(4.11)
According to the m; are a unique family of Borel probability measures {m;}, g
in the space E such that the support of the measure {m;},_j is contained in Ap, (1),
the condition (2) satisfies.
To verify condition (3), note that ® is Frechét differential, then we have

(Pt + A)) — D(W(1) = (P (b (1)), F((t), 1)) + o(At).

Integrating (4.9) over [r,t], we have

For any s < 7 and ¥(n) = U(#, $)t, we can obtain

¢(U(t75)¢o)—¢(U(T,S)¢o)=/ (U (n, s)ho), F(U(n, s)0,m)) dn. - (4.12)

Using the property of m;, we have

/ B (W) dm () — / () dm., (1)
Ap, (1) Ap, (1)

=LIM S M/ / Ul(t, s)io)dms (o) ds
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— LIM ys oo M/ / U(r, s)ibo)dms (1) ds

=LIM oo —— M) / / U(t, s))dms (o) ds
+LIMMHOOt_M// U(t, s)tbo)dms (¢o) ds
~ LIM o — M/ / (7, ) )dm, (1) ds (4.13)

It follows from (4.6) and (4.7) that
[ 2wt v, o) = [ @m0 = [ (un)dm (vo)
E Ap, (s) Ap, (t)

is irrelevant to s, and Ap, (t) is compact sets. Hence

/E 1U(E, 8)ebol|? dms (o) = / oll? dime (¢h0) < +oo.

Dy (t)

Thus, we have
LIM /s °°t—M/ / U(t, s)tho)dms (o) ds

— lim // (4o )dm, (o) ds = 0.
M——cot — M T ADA(t) ( ) t(

Meanwhile, we can derive that

1 T 2
LIMp—— oo m/zw /€||U(t75)1/10|| dmy (o) ds

1 T
= LMy / / U, s)ibol|2 dm (16o) ds
- M JE

Using the Fubini theorem to (4.13) gives

/ B (W) dm () — / ()dm, (1)
Apy 1)(t) Ap, (1)

= DMy o / / Ut $)t) — ®(U (7, s)ibo)) dm, (o) ds

= in e [ @@ s - o sy dm. (va)

lim

M= Oo7-_M/ // s)vo), F (U(n, s)vo,n)) dndmg (1o) ds

( ( )¢O) ( (n78)¢0an))dms ('(/)O) dnds
(4.14)

I
=
VB
8
\]
I
="
E\
\
m\
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It follows that
[ @ Ws900). F 510, o (10)
= [ @WEOU@. 500 P U00)U(6.5)00.1) din (1)
= [ @ .0)0).F U000, o (1),

which is independent of s. Note that the support set of m; is contained by Ap, (),
then we get

/ () dm, () — / () dm. (1)
Ap, (1)

'AD)\ (T)

- / /E (&' (U(1.0)0)., F (U(n, 00, 1)) dmg (i)
- / /E (&' (1), F (. n))dmy (1)dn

=[] @) Pwm . ve >
T JAp, (n)

Therefore, the existence of statistical solutions is proved. O
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