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1. Introduction

Assuming that 0 < [;° f?(z)dz < oo and 0 < [~ g*(y)dy < oo, we have the
following Hilbert’s integral inequality (see [3]):

/O°° /0°° dedy <7 </Ooo f*(x)dx /Ooo gz(y)dy> By (1.1)

where, the constant factor « is the best possible. Recently, by applying the weight
functions, a lot of extensions of (1.1) were given by Yang’s two books (see [26,27]).
Some new Hilbert-type inequalities and applications were provided by [12, 13,15,
22,23,28-30,32] and [1].

In 2007, Yang [33] gave a Hilbert-type integral inequality in the whole plane
with the exponent function as the internal variables as follows:

[
AA o 2

<8y ([ raan [ eMpwa) (12)

— 00

where, the constant factor B(%, %) is the best possible (A > 0, B(u,v) is the beta
function). He et al. [4-7,14,16,17,19, 24, 25,34, 39, 40] and [2] proved some new
Hilbert-type integral inequalities in the whole plane.

TThe corresponding author. Email address:bcyang@gdei.edu.cn(B. Yang)
1Department of Mathematics, Jiayin University, Jiayin, Guangdong 514015,
China

2Department of Mathematics, Guangdong University of Education,
Guangzhou, Guangdong 510303, China


http://www.jaac-online.com
http://dx.doi.org/10.11948/20190238

A Few Equivalent Statements of a ... 2401

In 2017, Hong [8] gave two equivalent statements between a Hilbert-type inequal-
ities with the homogenous kernel and a few parameters. Some authors continued
to discuss this topic to another type of integral inequalities (cf. [9, 18, 20, 35, 37]
and [38]).

In this paper, by using the way of real analysis and the weight functions, a few
equivalent statements of a Hilbert-type integral inequality in the whole plane with
the internal variables and the best possible constant factor related to the Riemann-
zeta function is proved in Theorem 3.1 and Theorem 3.2. The operator expressions
and some particular cases are considered in Theorem 4.1 and Remark 4.1.

2. An example and a few lemmas

—u

Example 2.1. We set h(u) := 1 — tanh(vyu) (u > 0), where, tanh(u) = ZZI;” is
the hyperbolic tangent function. For v > 0,0 > 1, we find

k(o) := /000 h(u)u®tdu = /000(1 — tanh(yu))u’ tdu

00 YU _ o —vyu 9 —2vu,,o—1
= (]. — %)Uaildu = %du
0 e + e~ o lH4e =
_ 2/ Z(_l)kefﬂk«kl)yuuofldu
0 k=0
_ 2/0 2[672(2k+1)vu - 672(2k+2)'yu]u0'71du.
k=0

By Lebesgue term by term theorem (cf. [10]), setting u = 2(k + 1)~yu, it follows that

]C(O') -9 Z /00[6—2(2k+1)'yu _ e—2(2k+2)'yu]uo—1du
k=0"0

_ 22(71)1671/ 672k'yuuofldu

k=1 0
o0 1 oo
_ 2071170 ; (—lk): 1/0 Uo7 Lo
I'(o) |e=1 = 2
B 207(1770 ; Iz ; (2k)a]
= ko) e R,
where, I'(s) := [“e 0" 'dv (Res > 0) is the gamma function and ((s) =

> rei & (Res > 1) is the Riemann-zeta function) (cf. [21]).
For R = (—00,00),R = (0,00),0 € {~1,1},, 8 € (—1,1), we set

To =[x+ az,ys = [y| + By (z,y € R),
Es:={teR;|t]’ >1},E_s = {t e R; |t]° < 1}. (2.1)
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Lemma 2.1. If§ € {—1,1}, v = «, 8, then for ¢ > 0, we have

1 1 1
N + cRy; 2.2
/Eg K c {(1 + )t (1= y)eott " (22)

for ¢ <0, it follows that
—cd—
/ 507 dt = oo. (2.3)
Es

Proof. Setting Ef := {t € Ryt > 1}, E; = {—t € Ry;(—t)° > 1}, we find
Es = E; U Ey and

/E t;c‘s‘ldt:[E+[(1+7)t]_c‘5‘1dt+[E (1= ) (—t)] "Lt

5 s
1 1 —cd—1
= + =7 dt.
l:(]_ + 7)c5+1 (]_ _ ,Y)cts+1:| /E5+

Setting u = % (or t = uv), we find

/ t_c‘;_ldt:i/ u%(_c‘s_l)u%_ldu:/ u" .
Ef 6] J1 1

Hence, for ¢ > 0, (2.1) follows and for ¢ < 0, fE& t;6571dt = 0.
The lemma is proved. [
In what follows, we assume that p > 1, %—i—% =1,5e{-1,1},a,8 € (-1,1),7 >

0,0 >1,01 € R,h(u) =1 —tanh(yu), k(o) = %F(U)ﬁ(d), and

2k(0)
(A= a2 /a(1— )7
_ 2277 (1-2"77) T(0)¢(0)
(1—a2)/a(1 - g2)t/ryo

Ky p(0) =

(2.4)

Forne N={1,2,---}, E_1 =[-1,1], z € E_;s, we define the following expres-
sions:

1

Since yg = |y| + By = (sgn(y) + B)y, where,

-1,y <0,
sgn(y) =4 0,y =0,
Ly >0,



A Few Equivalent Statements of a ... 2403

20 =04a-sgn(x) %z > min (1+]a))™ (z € E_s),
6e{—-1,1}

and 1 — || < (1+]a)) P <1+ |a] < (1 —]al)~t, we have
(L& B)25° = map = (1= |B])(L ~|a]) >0 (z € E_5). (2.5)
For fixed x € E_;, setting u = z;‘syg, we find

Lt gl

I (x) = -5 J, (1- tanh(’yu))ua"’ﬁ_ldu

$6( +qn) M, B 1
> — (1 — tanh(yu))u’ @ ~Ldu,
1- 5 0

L) catp)ar’ )
I () = 1 115 / (1 — tanh(yu))u’ e ~tdu

S(o+55)
X

Mo, B
«

> 55 ), (1- tanh(’yu))ug+ﬁ_ldu,

R 1 (1-p)z°
I(z) = watan =) ll_ﬂ/o (1 — tanh(yu))u’ an 'du

1 (1+p)z° .
+ 55 ), (1 — tanh(yu))u®tan tdu (2.6)

S(oc+—=
907 7n)

Ma,p
>1_7B2 /0 (1-— tanh(’yu))uﬁ'ﬁ_ldu.

For n € N, x € Es, we define the following expressions:

Since for x € Ej,
270 = (L+a-sgn(@) e < max {(1]a) 7} = (1—|a))~!
de{—1,1}

we have
Mag:=(1+[B)(1—la)™" > (1 £ B)z.° (x € Es). (2.7)
For fixed x € Fy, setting u = x;‘syg, we find

5(07ﬁ) 00

J (@) = 22— (1-— tanh(*yu))u”iﬁ*ldu
1=6 Ja-pa’
5(0’—ﬁ) 00

1
> 1 — tanh(yu))u® " du,
5 MW( (yu))
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30—

() g) = T [T _ omd-1
JT(x) = 175 (1+,3)mg‘5(1 tanh(yu))u du
x;(s(g_%) *°  sech(vyu)

1
> > u’ " du,
- u
1+8 Jm., e

1 [ee]
1=8Ja-pyess

5(0’—(1%)

J(x) = xqo [

(1- tanh(vu))u”iﬁ*ldu
1 o

1
+ — 1 — tanh(yu))u’ " tdu
1+8 (1+6)x;5( ()

> E / h (1 — tanh(yu))u® @ ~'du. (2.8)
T 1-82 Jm,
In view of (2.6) and (2.8), it follows that
Lemma 2.2. We have the following inequalities:
—6(0‘1—1)%1)—1

I = I(x)zq dz
[E‘S (2.9)

2 o—0o 1y Me,p 1 _
> 2/ goemortw) 1dgc/ (1 —tanh(yu))uaJrqlTL Ldu,
1-8% Jg_, 0

oy L)
J1 ::/ J(J:)xaé( ) gy
P (2.10)

S
2 —6(c1—o+L)— e _ 1 _
> 2/ oo o) 1dx/ (1 — tanh(yu))u” aLdu.
1-752 /g, Ma s

We set I~1 = (0,a),]~2 = (b,00) , where, 0 < a <mq g < Mypg <b<oo.

Lemma 2.3. If there exists a constant M, such that for any nonnegative measurable
functions f(x) and g(y) in R, the following inequality

I ;:/_ /_ (1 —tanh(’ﬁﬂ)) f(x)g(y)drdy
<M {/Oo wg(1+501)1fp(1,)dx:|p [/OO yg(l—a)—ng(y)dy ‘ (2.11)

holds true, then we have o1 = 0.

Proof. If o; > o, then for n > —2— (n € N), we set functions

o1—0

—8(o1—55)—1

Lo , T € E,(;,
fulz) =
0, S ].:{,\EC,(g7
o+t -1
yﬁ ¢ Y € E*la
gn(y) ==

0, Yy e R\th
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and by (2.1) and (2.2), we find

> CH N
/ Zp(+50) 1f¢z<x>dw} [ | gy

o0

{

=N

1
q

R
i
QU
<
N———
2l

(1 +a)%+1 " a)f+1]

1 1 q
[(Hﬂ)i“ i (1 —B)i“} = oo

X

By (2.9) and (2.11), we have

2 oc—o1+L)— Ma.p a
1—ﬂ2/ A 1dac/ (1—tanh(7u))u”+aln Ydu

<= / / (1 _ tanh( f)) @) gn (y)dady < M.y < 0o,

a

L_(neN),0—01+ L <0, by (2.3), it follows that

§(o—o1+1)—1
/ xa( 1) dr = o0
E_s

7+tan~1du > 0, we find that co < M.J; < oo, which

Since for any

In view of ["*" (1 — tanh(yu))u
is a Contradlctlon

If o >0, - (n € N), we set functions

—§(o1+--)-1
T e x e Es,

Falz) =4 "
0, S R\E(;,

1

o
yﬂ " ,yeEh

gn(y) =
07 Yy € R\Ela

and by (2.1) and (2.2), we find

oo

|:/oo ij(l §o1)— lfp( )dx:lxl) |:/ q(l o)— 1~q< )dy l

o0

J % _1_ 4 %
(/ i) ([ )
E,5 El
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By (2.10) and (2.11), we have

2 — (o1 —o+1)— o _1_
2/ za ) 1d.%‘/ (1 — tanh(yu))u? Ly
1 - /6 Es

MQ,B
B ) ) Yz _ _ _
<Ji= / / <1 - tanh(zé)> fun(@)gn(y)dady < MJy < 0.

1

Since for n >
g—01

(neN), o1 —0+ % <0, by (2.3), it follows that
(01—t l)—
/ xaé( o) Yo = oo.
Es

In view of f]\z /3(1 - tanh('yu))u”_r%n_ldu > 0, we have co < M.J, < 0o, which is a
contradiction.
Hence, we conclude that o1 = o.
The lemma is proved. O
For o1 = o, we still have

Lemma 2.4. If there exists a constant M, such that for any nonnegative measurable
functions f(x) and g(y) in R, the following inequality

o P

i o0
<M[/ xz“””)—lfp(x)dacﬂ/ Y3 g1 () dy (2.12)

— 00

Q=

holds true, then we have Ko g(0) < M.

Proof. For o1 = o, by (2.6), we have

(o= L)1 L)+ g 4 g
I = I(z)xa e dr = + , 2.13
= [, 1 e - (2.13)

where, we indicate

é71 (1_5)ma6 1 1
L) ::/ Th / (1 — tanh(yu))u’ o~ dudz,
ET 0

-5

s _q (1_5)17;6 1
L) = / xa / (1 — tanh(yu))u®tar ~dudz,
- 0

-6

sy (OB’ .
K& .= / g / (1 — tanh(yu))u® e ~tdude,
Et 0

sy (4P’ .
K .= / Té / (1 — tanh(yu))u®tan ' dudz.
E 0

-5

By Fubini theorem (cf. [10]), we find

1-8 —4
L) =1+ a)%*l/ gl /(1+ ) (1- tanh(vu))ua*‘%"_ldudx
0

+
E*é
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- s,
:(1+a)%—1/ y—%_l/(1+ ) (1—tanh(’yu))ug+ﬁ71dudy
1 0
1-8

o0 T
—(1+a)i V Yy / T (1~ tanh(yu))u” i du
1 0

o0 1 (11;5)5 v 1
+ / y_W_l/ (1 — tanh(yu))u’ @~ dudy
1 (1:::5)5

1-5
PRV
:(1—1—04)%_1 {n/(1+ : (1 —tanh(vu))u‘”c%n*ldu
0

oo o0 . o1
+ / [w/(l+a)5u y " 1dy‘| (1 — tanh(yu))u o 1du}
1-B)(1+a) =0 |/ 525~

1-5
«a)d
R - [/ (1~ tanh (vt du
0

(1+a)="
+ (1= (1 +a)™ , (1= tanh(w))ua;"ldU] ;
.
(14a)d

-5

i(_z)

PR

L) =(1— a)%_l/ (—a)n 1 /<1+ ) (1 — tanh(yu))u’™*
- 0

)

1-8
o0 oy Y 1
:(1—04)%71/ 347?71/(1+ ) (l—tanh('yu))uo+07_1dudy
1

00
S _
:(1—a)n 1/ y
1
NS > —-1-1
+(1 a)n / Y
1

1-8

(1Fa)d 1
0

<1+a>

(1 — tanh(yu))u ot du

/ 1+a)5y
(

1+a)5

(1 —a)w t!
+(1-B)"(1- oz)_Té / , (1- tanh(’yu))u(’*ﬁfldu ,
1
(1+a)®
148 -3

14+« 5%
K% =1 —|—a)%_1/ x%_l/( - (1 —tanh(’yu))u”+ﬁ*1dudm
B 0
8 _q o0 _1_4 (11:5)51/ o+-L—1
=(1+a)" y o (1 — tanh(vyu))u®" e~ dudy
1 0
1+B

o0 1 a5
—(1+a)i V vty [T (0 tanh)
1 0

. (11+a)6 4 1
+ / yiﬁ*l/ (1 — tanh(yu))u’ @ ~dudy
1 148

(1+a)8

an L dudx

(1 — tanh(yu))u’" ! dudy
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1+3
«)d
i | [

+ (1+ 6)%(1 + oz)fT(S /1+E (1- tanh(’yu))uaﬂ%n*ldu ,

(1+a)9
(14+8) (=)=
(=) _ L] L (1=e)? o+l -1
K7 =1-a)~ (=)™ (1 — tanh(vyu))u®" o~ "dudx
- 0

)

3o

1 e _1_q (11j‘f)6y ot+L 1
=(1-a) Yy (1 — tanh(yu))u’ "~ dudy
1 0

5 > 1 (11—+B)fs 1
=(1- 04)5_1 l/ y_ﬁ_ldy/ (1-— tanh(’yu))u”+47_1du
1 0

e _1_1 (11—+<f)5y o4+-L—1
+ Yy (1 — tanh(yu))u® "o~ dudy
1 (Efj)ri
1+B§
n (o) oL
i | [T
sa+pia-aF [0 —tanhwu))u”%ldu] -
(1-a)?

By (2.12) and (2.13) (for f = fn,9 = gn), we have
1 /L) + L) K& L gH) 1 ~
R S < SMJ.
1-58 145 n
For n — oo, by Fatou lemma (cf. [10]) and the presented results, we find

2 2k(o) 2 2

_c . <M
1-52 1—a2 — (1—oz2 1—p52

1
L ==
n n

)7 ( )i,

namely, K, (c) = (l_az,)lz/’z((‘?_ﬁg)l/p < M.
The lemma is proved.

Lemma 2.5. We define the following weight functions:

ws(oyy) = = yg/ <1 - tanh(vyﬁ )) 2% Yz (y € R),

&
—o0 Lo

ws(o,x) : = x;&’/

— 00

o0

<1 - tanh(vx?{f)) ygfldy (r € R).

Then we have

2 1_2

T ws(ov) = - (o) = (o) (9 € R\(0).

2
Proof. For fixed y € (—o0,0) U (0,00), setting u = 2, we find

0

YYp —do—1
1 — tanh(—~ d
( anh( o )) x, x

ws(,9) =5 /

— 00

(2.14)

(2.15)

(2.16)
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_ 2
T1-a2

for fixed = € (—o0,0) U (0, 0), setting u = 2 it follows that

59
To

0

ws(o, x) :x;‘;"/ (1 - tanh(rgg)) yg_ldy

+ 33;5”/ <1 - tanh(%)) yg_ldy
0

: 2k (o)
1—pg2

2
_71752

Hence, we have (2.16).
The lemma is proved. O

/00(1 — tanh(yu))u’ " tdu =
0

3. Main results and some particular cases

Theorem 3.1. If M is a constant, then the following statements (i), (i1) and (iii)
are equivalent:

(i) for any f(z) > 0, we have the following inequality:

A [ (- ] o
<M { /- mg<1+5”1>1fp<w>d4 g (3.1)

(ii) for any f(x),g(y) > 0, we have the following inequality:

1= [ (1w selatdsay

S B e T R R ] AR CE

— 00 — 00

(iii) o1 = 0, and K, (o) < M.
Proof. (i) => (i7). By Holder’s inequality (cf. [11]), we have

r= [ [ (1 w2 s (57 0t ) ay
<J [/Z yg(l_“)_lgq(y)dy} % : (3.3)

Then by (3.1), we have (3.2).
(#) => (i4i). By Lemma 2.1, we have o1 = 0. Then by Lemma 2.2, we have
KQ”@(O') S M.
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(#91) => (). By Holder’s inequality with weight (see [11]) and (2.14), we have

[/ (1 - tanh( )) f(x)dx}p
(e—1)/p (=d0-1)/q P
{ 1 - tanh( o )) l%&j_l)/qf(x)] [xa(a_l)/p] dx}
T yﬂ
yg 1P (x)

oo —do—1 P/
tann( Y8y ) 2 d
X [/Oo <1 tanh( 1‘6 )) y(o_l)q/p]
@ B

By Fubini theorem, (2.15) and (2.16), we have

-1

J < 1_a2 % V / (l—tanh o )) Wfp( )d:z:dy]
[oe] [e's) 0—1d %
{/_ l/_ <1_tanh('f{f)) QM] fp(x)dx}
k(o)

17042)% [/OO ws(0, 1)1 (1) r

— o0

= Ko5(0) {/_Z 22159~ o )dxr)

For K, g(0) < M, we have (3.1) (for o1 = o).
Therefore, Statements (i), (ii) and (iii) are equivalent.
The theorem is proved. O
For o1 = o, we have

&
>

=
S)

N—

Q=

= (

)

1—a?

[\

= (

Theorem 3.2. If M is a constant, then following statements (i), (ii) and (iii) are
equivalent:

(i) for any f(z) > 0, satisfying 0 < [~ x§(1+60)71fp(x)dx < 00, we have the
following inequality:

{/_O; vy [/_O; (1 —tanh(vxygﬁ)> f(w)dx]pdy};
<M {/Z xg(1+5a)1fp(x)d4 » ; o

(ii) for any f(z) > 0, satisfying 0 < [ p(1+80)= 1fp( )dz < o0, and g(y) > 0,
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satisfying 0 < ffooo yg(l_g)_lgq (y)dy < oo, we have the following inequality:

/‘: /‘: (1 - tanh(gﬂ)) f(x)g(y)dxdy

o0 S a
<M [/ x£(1+6o)—1fp(x)dx:| [/ yg(ka)ﬂgq(y)dy ; (3.6)
— 00 — 0o

(iif) Kap(o) < M.

Moreover, if statement (iii) holds true, then the constant factor M = K, g(0)
in (3.5) and (3.6) is the best possible.

In particular, (1) for § = 1, we have the following equivalent inequalities with
the homogeneous kernel of degree 0 and the best possible constant factor K, g(o) :

{/_o; vyt [/_o; (1 —tanh(rlyfo f(x)dl‘rdy};

- :
<Kas(o)| [t praga] 1)
[ (1 ) regtdsay
—o0 J —o0 _ s N \
<Kuplo) | [t [T ] )
(2) for § = —1, we have the following equivalent inequalities with the nonhomo-

geneous kernel and the best possible constant factor K, g(o) :

{/O; vy [/O:O (1 — tanh(yzays)) f(f'f)dxrdy};

<Ko s(0) { /_ T o) fp(x)dx} ; , (3.9)

/;oo /:)o ( - tanh('yxayﬂ)) f(iﬂ)g(y)dxdy

<Kas(o) | [t e | [0 | Gao)

— 00 — 00

Proof. For o1 = o and the assumption of (i), if (3.4) takes the form of equality
for ay € (—o00,0)U(0,00), then (see [11]), there exist constants A and B, such that
they are not all zero, and

yg_l 1,5071
prN .
Aix(—éo’—l)p/q‘f (x) = Bi(o’—l)q/p a.e.in R.
« ylg

We suppose that A # 0 (otherwise B = A = 0). Then it follows that

o)— —o) B :
m§(1+5 ) 1fp(:c) = yg(l )E a.e.in R.

[e3
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Since [ ag'dx = oo, it contradicts the fact that 0 < [ 2B ()
< o0. Hence, (3.4) takes the form of strict inequality; so does (3.1). Hence, (3.5)
and (3.6) are valid.

In view of Theorem 3.1, we still can conclude that statements (i), (ii) and (iii)
in Theorem 3.2 are equivalent.

When statement (iii) holds true, namely, K, g(0) < M, if there exists a constant
M < K, g(0), such that (3.6) is valid, then we can conclude that the constant factor
M = K, g(0) in (3.6) is the best possible.

The constant factor M = K, g(0) in (3.5) is still the best possible. Otherwise,

by (3.3) (for o1 = o), we would reach a contradiction that the constant factor
M = K, g(0) in (3.6) is not the best possible.
The theorem is proved. O

4. Operator expressions

We set the following functions: ¢(z) := 22107z € R), and P(y) = yg(ka)*l,

wherefrom, ¥!7P(y) = ygo_l (y € R). Define the following real normed linear
spaces:

L, (R) = {f Nl i= (| o@lfras)” < oo},

—0o0

Lgy(R) := {g lgllgw = (/iw(y)Ig(y)lqdy); < 00},
Lyyi—»(R) := {h: Allppr—r = </O; wlp(y)lh(y)l”dyy < oo}.

In view of Theorem 3.2, for f € L, ,(R), setting

— 00

m)= [ (1 - tanh(jc‘?{cf)) fa)dz (4 € R),

by (3.5), we have

[ A [ / W’(y)h{’(y)dy} " < M| fllps < 0. (4.1)

Definition 4.1. Define a Hilbert-type integral operator with the nonhomogeneous
kernel 7' : L, ,(R) = L, y1-»(R) as follows: For any f € L, ,(R), there exists a
unique representation T'f = hy € L, 41-»(R), satisfying for any y € R, T f(y) =
ha(y).

In view of (4.1), it follows that ||T'f|[, y1-» = ||h1||p,yp1-» < M]|f]|p,e, and then
the operator T is bounded satisfying

T
||T|| = sup I fllp,y1-r < M.
F#0eL, o) fllpe
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If we define the formal inner product of T'f and g as follows:

wro= [ [ (1) s sma

then we can rewrite Theorem 3.2 as follows:

Theorem 4.1. If M is a constant, then the following statements (i), (i) and (iii)
are equivalent:

(i) for any f(z) >0, f € Ly ,(R), || f||p,, > 0, we have the following inequality:
T fllpwr—r < M|[flp,e; (4.2)

(i) for any f(z),9(y) = 0,f € Lp,(R), 9 € Lgu(R),|[fllp.e:lgllqw > 0, we
have the following inequality:

(Tf,9) < M| fllp.ollgllg.u; (4.3)

(i) Kap(o) < M.

Moreover, if statement (iii) holds true, then the constant factor M = K, g(o)
in (4.2) and (4.3) is the best possible, namely, ||T|| = K4 s(0).
Remark 4.1. (1) In particular, for « = 8 = 0 in (3.7) and (3.8) we have the follow-
ing equivalent inequalities with the best possible constant factor %F(U)Q- (0):

{/Z v UZ (1 e h<7||y| >) f(x)dx]pdy};
%F(WU) U . ””"’“*”)‘lf%)dx} g (4.4)

[ (1)) s@sody

WF(U)C(G) {/(: PO+ oy )dx} z

x U_O; Iyq“‘”)‘lgq(y)dy} " (4.5)

If f(—z) = f(x),9(—y) = g(y) (x,y € R4), then we have the following equivalent

inequalities:
{/Ooo yPo 1 {/OOO <1 — tanh(vx—y)) f(:zc)dxrdy};

1

St [ [Tt pa (4:6)
/ / 1= tanh("2)) f(a)gly)drdy

121 o0 v
S (e | [ a0 ey
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X U y 1= =158 () dy| " | (4.7)
0

where, the constant factor éfi;:l"(o)g(a) is the best possible.

(2) For @ = 8 = 01in (3.9) and (3.10) we have the following equivalent inequalities

with the best possible constant factor é:gi:/:I‘(a)C(J) :

{/O; |y[Po =1 </O:O (1 — tanh(y|zy|)) f(z)dx)pdyr

1_210 7

<o 2 —T'(0)¢(o) [/oo x|P(1—U)—1fp(x)d:U] ’ , (4.8)
/ / (1 — tanh(y]ay)) f(2)g(y)dedy

1—2t7

S (@) | [ et o)l

x U_Z Iyq““’)‘lgq(y)dy]; : (4.9)

If f(—z) = f(x),9(—y) = g(y) (z,y € R;), then we have the following equivalent

inequalities:
. & P
[ ([0 e ) a)
0 0

1

<o) | [ rwga (410)

/ / (1 — tanh(yay)) f(2)g(y)dady

12;2117(}(0)(:(0) [/O (- a)_lfp(x)dm]é
: [/oooy a(1=0)=1ga(y, )dy]l, (4.11)

where, the constant factor #F(O’)C(J) is the best possible.

Acknowledgments

The authors thanks the referee for his useful propose in reforming the paper.

References

[1] L. Debnath and B. Yang, Recent developments of Hilbert-type discrete and
integral inequalities with applications, International Journal of Mathematics
and Mathematical Sciences, 2012, 871845, 29.



A Few Equivalent Statements of a ... 2415

2]

Z. Gu and B. Yang, A Hilbert-type integral inequality in the whole plane with
a non-homogeneous kernel and a few parameters, Journal of Inequalities and
Applications 2015, 2015, 314.

G. H. Hardy and J. E. Littlewood, G. Pdlya, Inequalities, Cambridge University
Press, Cambridge, USA, 1934.

B. He and B. Yang, On a Hilbert-type integral inequality with the homogeneous
kernel of 0-degree and the hypergeometrc function, Mathematics in Practice
and Theory, 2010,40(18), 105-211.

B. He and B. Yang, On an inequality concerning a non-homogeneous kernel
and the hypergeometric function, Tamsul Oxford Journal of Information and
Mathematical Sciences, 2011, 27(1), 75-88.

Q. Huang, S. Wu and B. Yang, Parameterized Hilbert-type integral inequalities
in the whole plane, The Scientific World Journal, Volume 2014, Article ID
169061, 8 pages.

X. Huang, J. Cao, B. He and B. Yang, Hilbert-type and Hardy-type integral
inequalities with operator expressions and the best constants in the whole plane,
Journal of Inequalities and Applications 2015, 2015, 129.

Y. Hong, On the structure character of Hilbert’s type integral inequality with
homogeneous kernal and applications, Journal of Jilin University (Science Edi-

tion), 2017, 55(2), 189-194.

Y. Hong, Q. Huang, B. Yang and J. Liao, The necessary and sufficient condi-
tions for the existence of a kind of Hilbert-type multiple integral inequality with
the non-homogeneous kernel and its applications, Journal of Inequalities and

Applications, 2017, 2017, 316.

J. Kuang, Real and functional analysis(Continuation)(second volume), Higher
Education Press, Beijing, China, 2015.

J. Kuang, Applied inequalities, Shangdong Science and Technology Press, Ji-
nan, China, 2004.

M. T. Rassias, B. Yang and A. Raigorodskii, Two Kinds of the Reverse Hardy-
Type Integral Inequalities with the Equivalent Forms Related to the Extended
Riemann Zeta Function, Applicable Analysis and Discrete Mathematics, 2018,
12, 273-296.

M. T. Rassias and B. Yang, A multidimensional half-discrete Hilbert-type in-
equality and the Riemann zeta function, Applied Mathematics and Computa-
tion, 2013, 225, 263-277.

M. T. Rassias and B. Yang, A Hilbert-type integral inequality in the whole
plane related to the hyper geometric function and the beta function, Journal of
Mathematical Analysis and Applications, 2015, 428(2), 1286— 1308.

M. T. Rassias and B. Yang, A multidimensional Hilbert-type integral inequality
related to the Riemann zeta function, In: Applications of Mathematics and
Informatics in Science and Engineering, Springer, New York, 2014, 417-433.

M. T. Rassias and B. Yang, On a Hilbert-type integral inequality in the whole
plane related to the extended Riemann zeta function, Complex Analysis and
Operator Theory, 2019, 13(4), 1765-1782.



2416

W. Wy, & B. Yang

[17]

[18]

[19]

M. T. Rassias and B. Yang, On a Hilbert-type integral inequality in the whole
plane related to the extended Riemann zeta function, In: Mathematical Analysis
and Applications, Springer, 2019, 511-528.

M. T. Rassias and B. Yang, FEquivalent properties of a Hilbert-type integral
inequality with the best constant factor related the Hurwitz zeta function, Ann.
Funct. Anal., 2018, 9(2), 282-295.

A. Wang and B. Yang, A new Hilbert-type integral inequality in whole plane
with the non-homogeneous kernel, Journal of Inequalities and Applications,
2011, 2011, 123.

A. Wang, B. Yang and Q. Chen, FEquivalent properties of a reverse half-discrete
Hilbert’s inequality, J. Inequal. Appl. 2019, 279, 12.

Z. Wang and D. Guo, Introduction to special functions, Science Press, Beijing,
China, 1979.

J. Xu, Hardy-Hilbert’s inequalities with two parameters, Advances in Mathe-
matics, 2007, 36(2), 63-76.

D. Xin, A Hilbert-type integral inequality with the homogeneous kernel of zero
degree, Mathematical Theory and Applications, 2010, 30(2), 70-74.

D. Xin and B. Yang, A Hilbert-type integral inequality in whole plane with
the homogeneous kernel of degree -2, Journal of Inequalities and Applications,
2011, 401428, 11.

7. Xie, Z. Zeng and Y. Sun, A new Hilbert-type inequality with the homogeneous
kernel of degree -2, Advances and Applications in Mathematical Sciences, 2013,
12(7), 391-401.

B. Yang, The norm of operator and Hilbert-type inequalities, Science Press,
Beijing, China, 2009.

B. Yang, Hilbert-Type Integral Inequalities, Bentham Science Publishers Ltd.,
The United Arab Emirates, 2009

B. Yang, On the norm of an integral operator and applications, J. Math. Anal.
Appl., 2006, 321, 182-192.

B. Yang, On the norm of a Hilbert’s type linear operator and applications, J.
Math. Anal. Appl., 2007, 325, 529-541.

B. Yang, A Hilbert-type integral inequality with the homogenous kernel of degree
0, Journal of Shandong University (Natural Science), 2010, 45(2), 103-106.

B. Yang and L. Debnath, Half-discrete Hilbert-type inequalities, World Scien-
tific Publishing Co. Pte. Ltd., Hackensack, NJ, 2014.

B. Yang and L. Debnath, On a half-discrete Hilbert-type inequality with a log-
arithmic kernel, J. Indian Math. Soc. (N.S.), 2014, 81(1-2), 195-204.

B. Yang, A new Hilbert-type integral inequality, Soochow Journal of Mathe-
matics, 2007, 33(4), 849-859.

B. Yang, A new Hilbert-type integral inequality with some parameters, Journal
of Jilin University (Science Edition), 2008, 46(6), 1085-1090.

B. Yang and Q. Chen, Equivalent conditions of existence of a class of reverse
Hardy-type integral inequalities with nonhomogeneous kernel, Journal of Jilin
University (Science Edition), 2017, 55(4), 804-808.



A Few Equivalent Statements of a ... 2417

[36]

B. Yang, FEquivalent conditions of the existence of Hardy-type and Yang-Hilbert-
type integral inequalities with the nonhomogeneous kernel, Journal of Guang-
dong University of Education, 2017, 37(3), 5-10.

B. Yang, On some equivalent conditions related to the bounded property of
Yang-Hilbert-type operator, Journal of Guangdong University of Education,
2017, 37(5), 5-11.

Z. Yang and B. Yang, Fquivalent conditions of the existence of the reverse
Hardy-type integral inequalities with the nonhomogeneous kernel, Journal of
Guangdong University of Education, 2017, 37(5), 28-32.

Z. Zeng and Z. Xie, On a new Hilbert-type integral inequality with the homoge-
neous kernel of degree 0 and the integral in whole plane, Journal of Inequalities
and Applications, 2010, 256796, 9.

Z. Zeng, K. Raja Rama Gandhi and Z. Xie, A new Hilbert-type inequality
with the homogeneous kernel of degree -2 and with the integral, Bulletin of
Mathematical Sciences & Applications, 2014, 3(1), 11-20.



	Introduction
	An example and a few lemmas
	 Main results and some particular cases
	Operator expressions

