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1. Introduction

The purpose of this paper is to deal with the following quasilinear problem involving
variable critical growth with a nonsmooth potential

—div(|Vu|P®)=2Vu) € Au|1®) =2 + 9F (z,u)  for a.e. x € Q, (Py)
A
= O7

“|aﬂ

where {2 C R¥ is a bounded domain in RY, X is a positive parameter and p, ¢ :
Q) — R are Lipschitz continuous functions and satisfy

1 <p” =minp(z) <p* =maxp(z) < N and p* < g(z) < p*(x), VreQ,

e z€Q
(Ho)
where Np(a)
* plx =
pi(r) = ————, Vze,
(=) N —p(x)
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and -
D ={zreQ:q(xr)=p*(x)} is nonempty. (Hy)

The study of variational problems and differential equations involving variable
exponent conditions has been a very important and interesting topic. These prob-
lems are very useful in applications and lead many interesting mathematical prob-
lems. For example, p(z)-Laplacian problems can be found in the thermistor prob-
lem [40], the problem of electro-rheological fluid [36], or the problem of image recov-
ery [6]. Of course, p(x)-Laplacian problems possess more complicated nonlinearities
than p-Laplacian (a constant) problems, for instance, it is inhomogeneous and in
general, it does not have the first eigenvalue. In other words, the infimum equals
0 (see [32]). Some related results can be found in [11,24,25,27] and references
therein. Moreover the compact embedding theorem of the Lebesgue-Sobolev space
W1P()(Q) has more strict requirements.

If A =0, then problem (Py) becomes into the following form:

{ — div(|Vu[P'=2Vu) € OF (x,u) x €, (1.1)

u|aQ =0.

Problem (1.1) has been studied by several authors and obtained a few interesting
results. For example, Dai and Liu [10] obtained the existence of three solutions for
problem (1.1) by a nonsmooth version of three critical points theorem with OF (z, u)
replaced by AOF(xz,u). Qian and Shen [35], using the theory of nonsmooth crit-
ical points theory, derived the existence and multiplicity of solutions for problem
(1.1). Ge et al. [15], employing variational methods combined with suitable trun-
cation techniques based on nonsmooth critical points theory for locally Lipschitz
functional, proved the existence of at least five solutions for problem (1.1) under
suitable conditions. It is well known that when p(x) = p (a constant) p-Laplacian
differential inclusion has been widely studied by lots of authors. Some related re-
sults can be found in [3,7,8,14,16-19,29-31,37,39] and references therein.

However, all the above results did not consider the critical growth of problem
(1.1). Very little is known about critical growth nonlinearities for variable expo-
nent problems with nonsmooth potentials. Motivated by this fact, we will consider
problem (Py) involving critical Sobolev exponent and study the existence and mul-
tiplicity of solutions for (Py). Compared with the previous works, The critical
case brings some new difficulties. In particular, there is no compact embedding
Whr)(Q) — LP"(®)(Q). Then, it is not clear that the energy functional associ-
ated with (Py) satisfies the nonsmooth C-condition. To deal with this difficulty,
we will employ a version of the concentration compactness lemma due to Lions
for variable exponents found in Bonder and Silva [4] to overcome it. Furthermore,
because of the non-differentiability of F', it is very important to find an efficient
method to deal with problem (Py). In this paper our method relies on the theory of
hemivariational inequalities [32-34] and differential inclusions (which involves the
generalized gradient of a given locally Lipschitz functional).

In order to introduce our main results, we give our hypotheses on the nonsmooth
potential function F(z,w).

(Hp) F:Q xR~ Ris a function such that F(x,u) = 0 and

(i) for all u € R, Q >z — F(z,u) is measurable;
(ii) for a.e. x € Q, u — F(x,u) is locally Lipschitz;



1418 Z. Yuan & M. Huang

(iii) for a.e. z € Q, all w(z) € OF (x,u), we have

=0 and lim L:O;

i T =T ful oo [u]a(z)~L
(iv) there exists ¢~ > a > pT such that
aF (z,u) + F°(z,u; —u) <0
for a.e. x € Q and all u € R.

Here FY(x,u;v) denotes the partial generalized directional derivative of F(x,-) at
the point v € R in the direction v € R(see Section 2).
The main results are the following:

Theorem 1.1. If hypotheses (Hy), (Hy) and (Hp) hold, then problem (Py) has at
least one nontrivial solution.

Theorem 1.2. If hypotheses (Hy), (H1), (Hp) hold and F(x,—u) = F(z,u) for
a.e. x € Q, u € R, then problem (Py) has at least k-pairs of nontrivial solutions.

Remark 1.1. Theorems 1.1-1.2 are new as far as we know and it generalizes the
results in [1,38] for p(z)-Laplacian type problem with critical growth into nonsmooth
cases. This means that our conditions are more wider than those in [1,38] and suit
more practical applications.

Remark 1.2. In this paper, we apply the concentration compactness principle
in [4], which is slightly more general than those in [13] as we do not demand ¢(x)
to be critical everywhere.

Remark 1.3. There exist many functions F'(z,u) satisfying hypothesis (Hp). For

example, define
A m <9
F(z,u) = {mul ’ [ul <2,

Lign — 22 4 200 |y > 2,

where m,n € (pT,q7) and p* < a < min{m,n}. Then this function is locally
Lipschitz and non-differentiable, and it satisfies hypothesis (Hp).

This paper is organized as follows: in Section 2, some necessary preliminary
knowledge is presented. In Section 3, we prove our main results.

2. Preliminaries

We firstly give some basic notations and some definitions.

e — means weak convergence while — means strong convergence.

e ¢,C, ¢; and C; (i = 1,2,---) denote estimated constants (the exact value
may be different from line to line). o, denotes a sequence whose limit is 0 as
n — oo.

e (X, ||-|I) denotes a (real) Banach space and (X*, || -||.) denotes its topological
dual, | - |, denotes the norm of L"(RY).
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Definition 2.1 ( [21]). A function I: X — R is locally Lipschitz if for every u € X
there exist a neighborhood U of w and L > 0 such that for every v, n € U,

[ (v) = ()] < Llv —nll.

Definition 2.2 ( [21]). Let I : X — R be a locally Lipschitz functional. The
generalized derivative of I in u along the direction v is defined by

In+7v)—1I(n)

)

I°(u;v) = limsup
n—u, 7—0+ T

where u, v € X.

It is easy to see that the function v ~ I°(u;v) is sublinear, continuous and so
is the support function of a nonempty, convex and w*-compact set 9I(u) C X*,
defined by

OI(u) = {u* € X*: (u*,v)x < I°w;v) for all v € X}.

If I € CY(X), then
OI(u) = {I'(u)}.

Clearly, these definitions extend those of the Gateaux directional derivative and
gradient.

Definition 2.3 ( [21]). We say that I satisfies the nonsmooth C-condition if every
sequence {u,} C X satisfying

I(uy) — c and (1 + ||uy|)m(u,) — 0 as n — oo,
has a strongly convergent subsequence, where m(uy) = infyx cor(u,) [l x+-

Definition 2.4. We say that u € W, (Q) is a weak solution of problem (Py), if
for all v € W, P(Q) the following hemivariational inequality is satisfied

0§/|Vu|p(w)_2VuVde—)\/ |u|q($)_2uvdx+/F0(x,u; —v)dz.
Q Q Q

Lemma 2.1 ( [5]). If h is a locally Lipschitz functional, then
(i) (=h)°(u;2) = hO(u; —2) for allu, z € X;

(i) AY(u;2) = max{(u*,2)x : u* € Oh(u)} for allu, 2 € X;

(iii) Let j : X — R be a continuously differentiable function. Then 0j(u) =
{5'(u)}, j%u;2) coincides with (j'(u),2)x and (h + 7)°(u;2) = h°(u;2) +
(4'(u),z)x for allu, z € X;

(iv) (Lebourg’s mean value theorem) Let uw and v be two points in X. Then there
exists a point § in the open segment between u and v, and ui € Oh(&) such
that

h(u) = h(v) = (ug,u — v)x;

(v) (Second chain rule) Let Y be a Banach space and j : Y — X a continuously
differentiable function. Then h o j is locally Lipschitz and

O(hoj)(y) S On(j(y))oj'(y) forallyeY;
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(vi) m(u) = infycop(u) [[u*||x+ is lower semicontinuous.

Set
Ci(Q) ={h e C(Q):minh(z) > 1}.

z€Q

Denote by S(€2) the set of all measurable real functions defined on Q. For any
p € C(Q) we define the variable exponent Lebesgue space by

LP@)(Q) = {UGS / |u(z)P $)dx<oo}

p(z)
|u|Lp<z>(Q):inf{)\>0:/ dx<l},
Q

then LP(*)(Q) is a Banach space. The variable exponent Sobolev space W12(*) ()
is defined by

with the norm

u(z)
A

Wl,p(;z:)(Q) _ {u c LP(I)(Q) : |Vu| S Lp(m) (Q)}
with the norm
[ullwae @) = [ul e @) + [Vl Lo @)
or equivalently

p(z)
ooy = int {0 [ Jaz <1}
Q

for all u € WP@)(Q). Define Wy () as the closure of C§°(Q) in W#@)(Q).
)

We point out that when Q is bounded, |Vu/, ;) is an equivalent norm on Wol’p(x ().
The following Holder type inequality is very useful in the next section.

ulz)
A

p@) n Vu(x)
A

Proposition 2.1 ( [12,28]). The space LP(*)(Q), WhP@)(Q) and Wol’p(z)(Q) are
all separable, and reflexive Banach space. The conjugate space of LP(®)(Q) is

LY ®)(Q), where 1/p(z) + 1/p'(x) = 1. For any u € LP)(Q) and v € L ®)(Q) we
have

‘ / uvdz

Proposition 2.2 ( [12,28]). Set p(u) = [, |u(z)|P@dx. For any u, uy € LP@®)(Q),
we have

1
B ( * (p) >u|Lp(z)(Q)|v|LP (=) () < 2|U|Lp(z)(Q)"U|LP @) (0)-

(1) Foru £ 0, [ul oy = A € p(¥) =
(ii) [ulprer) <L(=1,>1) & p(u) < 1(_ 1,>1);

(iii) If |u|LP<I>(Q) > 1, then |u|i;(z~)(g) <p(u) < |u|ip(w)(gz)"
. + -

(iv If|u|LP<T>(Q) <1, then |u|€p(z)(Q) < p(u) < |U|ip(z)(g);

)
(v) limg—e0 |uk|LD(w)(Q) =0 & limg_ o plug) = 0;
(Vi) |u/€‘LP(1)(Q) — 00 <= p(uk) — 0.
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From Hélder inequality, we can easily obtain the following proposition:
Proposition 2.3. Let h, r € L2(Q) with h(z) < r(z) a.e. in Q andu € L"®)(Q).
r(x)
Then, |u|"®) € Lﬁ(Q) and

ul"@] ey < u

L h(x) (Q)

Rt h™
Lr@ ) T |u Lr(@)(Q)

The following lemma is a variable exponent case of Brézis-Lieb Lemma.

Proposition 2.4. Suppose that {u,} is bounded in LM®)(Q) and w,(x) — u(z)
a.e. in Q. Then, u € L"®)(Q) and

lim (/ |’U/n|h(x)dl‘—/ |u—un|h(m)dx> :/ ‘u|h(m)dx,

or equivalently

[l = [ =@ = [ e +o,(0)
Q Q Q2

Now, we give our main tools used in this paper.
Theorem 2.1 ( [22]). Assume that X is a reflexive Banach space and ¢ : X — R
s locally Lipschitz and satisfies the nonsmooth C-condition. Assume further that
there exist uy € X and r > 0 such that |u1]| > r and
max{p(0), p(u1)} < inf{p(v) : [jv]| = r}.
Then ¢ has a nontrivial critical point uw € X such that p(u) > inf{e(v) : [jv|| = r}.

Theorem 2.2 ( [20]). Assume that X is a reflexive Banach space and ¢ : X — R
is even locally Lipschitz and satisfies the nonsmooth C-condition and also

(i) »(0) =0;

(ii) There exists a subspace Y C X of finite codimension and numbers B, > 0,
such that inf{p(v) : v € Y N0B,(0)} > B, where By = {u € X : |ul| <~}
and 0B, ={u € X : |lul]| = ~};

(iii) There is a finite dimensional subspace V' of X with dim V >codim Y, such
that p(v) = —o0 as ||[v|| = +oo for any v € V.

Then ¢ has at least dim V -codim Y pairs of nontrivial critical points.

3. Main results

Set X = WO1 (@) (92). Since X is a reflexive and separable Banach space, there exist
e; C X and ef C X* such that

X :Span{er = 1727"'}7 X* :Span{eﬁj = 172a'“}7

* ]-7 Z:.Jv
<ei’ej> = . .
0, i#j.

and
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For convenience, we write X; = span{e;}, Y3 = @?:1 Xj, Zy = @;}O:k X;. We
define the function I on X by

1 1
I :/—Vu”(w)dx—)\/—uqmdw—/Fx,u dz.
= Jopm o @) " o

Let .7 (u) = [ F(z,u)dz. In order to prove our results, we need the following
lemmas.

Lemma 3.1. Assume that F satisfies conditions (Hp)(i) — (4ii), then F(u) is
locally Lipschitz, and

fo(x,u;u)g/Fo(x,u;u)dx.
Q

Proof. By virtue of hypothesis (Hpg)(ii%), for given ¢ > 0, we can find M; =
M;(e) > 0, such that
o] < cluf?” ! efuf 1) (3.1)

for a.e. x € Q, all |u| > M; and w(z) € OF(z,u). By Lebegue’s mean value
theorem, we obtain that

[F(u) = F(v)] = [w"(u =)
for some w* € OF(x,u+ 0(u —v)) and 6 € [0,1]. Then
|F(u) = F0)] < (el 7" + 2¢[2]7 ) |u = o],

where |z| = max{|ul|, |v|}. For a neighborhood 8, C X of u,v € §,,
T (u) — F(v)] < c/ 2P — olde + 26/ 12|71 |y, — p|da.
Q Q
From Hoélder’s inequality and the embedding theorem, we derive

+_1 -—1 41
| (u) = Z ()] < 2P u— vl + 2emax{[z| 7 2185 Hu = vl
< (el + 2cemax{ 2|7 L 2l D Ju - o)

Hence % (u) is locally Lipschitz. Then I(u) is locally Lipschitz. Similar as that
in [26, Lemma 2.1], we can obtain that .#%(z,u;u) < [, FO(x,u;u)dz. Thus the
proof is completed. O

Lemma 3.2. Assume that F satisfies hypotheses (Hg)(i) — (ii4), then every critical
point of ug € X of I is a weak solution of problem (Py).

Proof. Since u € X is a critical point of I, for every v € X, Lemma 3.1 gives
0 < I(usv) = / Vu[P@ =2y Vodz — )\/ [u| 7"~ 2ypdz 4 (=)0 (x, u; v)
Q Q

§/ |Vu|p(w)_2Vqudx—)\/ |u|q(w)_2uvdx—|—/ FO(2,u; —v)de,
Q Q Q

i.e., u is a weak solution of problem (Py). O
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Lemma 3.3. If hypothesis (Hp) hold, then any nonsmooth C-condition sequence
of I is bounded in X.

Proof. Let {uy}n>1 C X be a sequence such that I (u,) — ¢, and (14 ||u, ||)m(u,)
—0asn — +oo. Let A: X — X* be the nonlinear operator defined by

(A(u),v) = / |VuP@ 2Ty - Vodz  for all u,v € X.
Q

From [23] we know that A is maximal monotone and

uwt = Aun) — Mun |20, — wy, (3.2)

n

where w, € IF(x,u,) and u’ € 01, (uy) for n > 1.
(14 |lunl)m(un) — 0 deduces

[(ug> tn)| =0 (3-3)

as n — +o0o. We claim that the sequence {u,} is bounded. Indeed, by virtue of
(3.2) and (3.3), we derive that

I3 (uni un) > (ury, ) x > = llugllx-l[uall > —olfun|| (3-4)

for n sufficiently large. Using Lemma 3.1, the above estimation and (Hg)(iv), we
obtain that

1
c + 1 + ||u7l|| Z I)\(un) - ajg\)(un;un)

1 1
:/ —|Vun|p(””)dx—)\/ —|un\Q(w)dx—/F(x,un)dx
Q Q

p(z) o q()

1
- [/ [V, [P de — )\/ |t | 7 da + (—f)o(a:,un;un)}
alJa Q

1 1 1 1
> (+ — ) / |V, [P da 4 )\< — _) / |t |9 dae
p /) Ja a g Q
1
— / {F(x,un) + —F%(z,up; un)] dx
Q «
1 1
> (+ - > / |V, |P @ de.
p aj Ja
Once that |lu,|| > 1, it follows from Proposition 2.1 that
clluall?” < e+ 1+ [Junll.
Since p~ > 1, the above inequality means that {u,} is bounded in X. [l

As a consequence of the last result, if {u,} is a nonsmooth C-condition of Iy,
we can extract a subsequence of {u,}, still denoted by {u,}, and v € X such that

Up —u in X, wu, —u in LI®(Q),

U, —u in L"O(Q), 1<r” <r(x) < p(z)
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By virtue of the concentration compactness lemma of Lions for variable exponents
in [4], there exist two nonnegative measures p,v € A(Q), a countable set idex set
E, points {z;};cr in © and sequences {u;}jcr, {vj}jcr C [0,+00), such that

|vun|p(m) I |vu|p(z) + Z pjde, in A(S),
JEE
[un [P — v = | uP® + ZV] in A(Q),
JjeE

and
1

1
p*(x;) p(zj;) .
Sv; < VjeE,

— ()
where S = infyeo () Py

In the following, we will prove an important estimate for {v;}. With this aim
in mind, we have to prove a technical lemma. Let ¢ € C§°(2) such that

¢(x) =1 in Bi(0), supp ¢ C Bi1(0) and 0<¢(z) <1 Voe

For each € > 0, define

be(z) = ¢(i> Vo € Q.

Lemma 3.4. For each y € Q and u € LP®)(Q),

- +
/ [u(2)Ve(r — )‘p Jda < CmaX{HuH *(@)(Be(y))’ ||u“ip*(@‘r)(B5(y))} , (3.5)

where C' is a constant independent of € and y.

Proof. Observe that

w@)Voe(z — ) P@dz = [ |u(z)P®
/Q|<>v¢< y)P@d /Q|<>|

1 _ p()
[ ope)ive(Z)| a
Be(xj) ¢ €
|ulP(®) 1v¢(' — y)
€ €

Making a change of variable, we derive

p(z)

dx

(=)
€ €

p(x)

<c

* ()
L P (Be(y))

p* () .
L7526 (B, (1))

1 p(f)v*((z)) 1 ( z))v (za EZ))

—_ pT—p(x P Yy—€ez pP(y—ez
/ v¢<"” y) de = / 2V(2) - Ndz

Be(z;) | € € B1(0) | €

1 N N N
= -Vo(z)| e'dz = [Vo(2)|" dz.

B1(0) | € B1(0)

Then (3.5) is satisfied. U

Lemma 3.5. Under conditions of Lemma 3.3, if {u,} is a nonsmooth C-condition

for I and {v;} as above, then for each j € E, v; > 5% or v; =0.
)\P(mj)
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Proof. For Ve > 0, we set ¢ € C5°(f2) as in Lemma 3.4. Then {¢(- —z;)u,} C X
for any j € E. After a direct computation, we derive that {¢(-—x;)u,} is bounded
in X. Hence

<’U,:l, ¢e( - x])un> = On,

where ), € 0I5(uy). Or equivalently,
/ V| ¢ (z — x;)dz + / |Vt [P 2V, u, Vo (x — ) dz + 0,(1)
Q Q

= )\/ |t |9®) e (22 — xj)dx + / w(z, Up )Un@e(x — x;j)dz,
Q Q
(3.6)
where w(z,u,) € OF(x, u,). For Vo > 0, it follows from Young’s inequality that
/|Vun\p(z)&VunuanbE(xij)dx§J/ |Vun|p(z)dz+cg/ un Ve (z—2;)[P@dz.
Q Q Q
(3.7)

Passing to the limit of n — +o0 in (3.7), we have

limsup/ || Vtn [P@ =2V un, Ve (x — ) |da < oC + C’a/ [uV¢e(z — ;)P da.
Q )

n—oo
(3.8)
From Lemma 3.4, we obtain
lim sup/ |Vt [P@) =2V un Ve (z — 25)|da

+ —
SJC + CCO’ maX{Hu”ip*(z)(Bg(mj))? ||u||ll)/p*(1) (B‘(x]))}

Furthermore, it follows from hypothesis (Hg)(iii), for Ve > 0,
(@, wa)| < elun "7+ Cefuun P

where Ce > 0 and w(z, u,) € OF(x,u,). Then

/w(z,un)und)e(x—xj)dxge/ |un|q(z)¢)€(m—xj)dx+0€/ |un|p+¢e(x—a:j)d3:.
Q Q Q

(3.10)
On the other hand, from the compactness lemma of Strauss [9]
lim / un|?" G2 — 2;)da > / P gz — z;)da. (3.11)

Noting that {u,} is bounded in X, from the Sobolev embedding theorem, setting
€ — 0, we have

e/ [un| 1@ e (z — 5)dx — 0. (3.12)
Q

By (3.6) and (3.8)-(3.12), one has
n—oo

lim/|Vun|p(x)¢)€(x—xj)dx§)\ lim/|un|q(m)¢)€(x—xj)dx
Q n—oo Q

+ + -
+Ce /Q |un|p ¢€(m—xj)dx+JC+CCg maX{”UHiP*(z)(BE(Ij)), ||u||;2p*(z>(35($j))} )
(3.13)
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where C' is a constant independent of € and j. Recall that
|V, |P® =y and |u,|7® = v in A(Q),

lim /Q|Vun|p(””)qb5(x—xj)dx:/Q(be(x—xj)duZ/B be(x — xj)dp

n— oo B
3 ()
= / dM = My

)
and
hm / |t | 7D b (2 — 2;)dx —/ Ge(x — zj)dv §/ dv
Be(aj) Be(aj)
= v(Be(z;))-
Consequently,

i<, Jim [ (90" 0.(a —a))de < W(B,)

n—-+o0o
+C. / [ul?” e(a—a,Jda-+ o C+ CCq max{ e o5, o0+ 1012 o 5. -

Setting € — 0 after 0 — 0, we infer that

Mg S /\l/j.
So
Sy < T < () T
Hence
SN
v > —x— or v; =0. ]
Ar;)

Lemma 3.6. If hypothesis (Hgr) holds and A < 1, then I satisfies the nonsmooth
C-condition for ¢ < AT <i — 1>SN

Proof. Since
Iy(up) =c+op(u) and (14 ||unl)m(u,) — 0,

it follows from (3.2) that

. ) 1, .,

c¢= lim Iy(u,) = lim <I)\(un) - (un,un>>
o
. 1,
Z lim I)x(un) - alk(u"; un)

1 1 1 1
= lim {/ < — >|Vun|p(”)da:+)\/ ( _ )|un|’I(’”)dx
n—oo | Jo \p(z) « o \a qx)

F s un; —w]
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1 1 1 1 .
> lim [/ ( - >|Vun|p(”)dx+)\/ ( - )|un|Q(“)dx
n—oo | Jo \p(z) « a\a  q(z)

_/Q (F(x,un) + ;Fo(x,un;—un))dx].

By virtue of hypothesis (Hp)(iv), we have

1 1
c> A( - ) lim / |t |9 .
[0 q_ n—00 Q
Noting that

lim / |t |9®) de = [/ || 7@ dg; + Zl/j] >v; VjeE,

if vs > 0 for some s € E, we infer that

(1 1) SN
cZA ——— N
a g Ap(zs)

N
czA(11)<51) Alw(ll)sN,
a g )\ \iF a q

which is a contradiction. Then, we must have v; = 0 for any j € E, leading to

/|un|‘J(w)dx—>/ |7 dz.,
Q Q

From the above equation we derive

So, for A < 1

/ [up —ul"@dz -0  as n— oco.
Q

Then
Up = u in LI(Q). (3.14)

Since (u}, u,) = 0,(1), we obtain
|V, |P@ da = )\/ |1, |1 d: +/ w(x, up)upde + o, (1).
Q Q Q
In the following, let us denote by {P,} the following sequence
Py (z) = |V (2) [P 2V, (z) — [Vu(z) PP 2 Vu(z), Vi, () — Vu()).
The definition of {P,} means that
/Pndx:/ |Vun|p(x)dx—/ |Vun|p(z)72VunVudx—/ |Vul|P@ 2V (u, —u)d.
Q Q Q Q

Since u, — u in Wol’p(‘r) (), we obtain

/ |V, [P =2V, V (u, — u)dz — 0
Q
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as n — 0o, which means that
P, (z) :/ |Vun|p(”)da:—/ |V, |P@) =2V, Vudz + 0,(1).
Q Q

Furthermore, from (u}, u,) = 0,(1), we have

/Pndx :/\/ |un|‘I(x)dx+/w(x,un)undx—)\/ |un|‘I(’”)_2unudx
Q Q Q Q
—/w(m,un)udx—i—on(l),
Q

where v} € 9I\(u,) and w(z,u,) € OF(x,u,). Combining (3.14) with the com-
pactness lemma of Strauss [9], we infer that

/Pndxéo as n — oo.
Q

Next, let us discuss the sets
Qp={zeQ:p(z)>2} and Q_={zeQ:1<p(z) <2}

Recalling that

93-r"
—[Vu, — VulP®) if p(z) > 2,
>
Fole) = (o — 1)1V = Vul* if 1< p(z) <2
bVl + V) e
we derive
/ Vi, — VulP®dz — 0 as n— oco. (3.15)
Q4
Applying Holder’s inequality, one has
| 1V = Tup@ds < el a0 el
Lo (Q_) L@ (Q_)

where
[V (2) = Vu(z)[P™)

p(@)(2=—p(z)) ’
(IVun ()| + [Vu(z)]) =
hn(2) = ([Vun(2)| + [Vu(z)[)
A direct computation shows that {||h,||

fn(z) =

p(x)(2—p(x))
2 .

2 } is a bounded sequence and
LT 9@ (Q_)

/ |fn|ﬁdx < C/ P, (z)dz. (3.16)
Q- Q-

Hence
/ |V, — Vu|p(x)dx -0
Q

as n — 0o. (3.15) and (3.16) imply that u, — v in X as n — oo. O
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Proof of Theorem 1.1. We firstly prove the following claim.

Claim 1. There exists pp > 0 such that for all 0 < p < po, we have inf{I, :
Jull = p} > 0.

From hypothesis (Hr)(iii), for any € > 0, we obtain

F(z,u) < elulf” + Cful?®

for a.e. x € Q, where C, > 0. Hence, for all u € X with |Ju|| <1

IA(u)/Qp(lx)|Vup(z)dm)\/Qu|q(‘r)dx/F(z,u)dx

Q
1
> / —|Vu\p(z)dmf)\/ \u|q(‘”)d1’fe/ |u|p+dx—C’e/ |u|1®) dz
o p(x) Q Q Q

1 + _
>(ﬁswc)mw C (4 COC ]

Choosing € = we obtain that

_1
2ptC>

1 + -
Iy(u) > 2].ﬁIIUH” — A+ C)Clul[*

Noting that p™ < ¢~, there exists pg > 0 such that for all 0 < p < pg, we derive
inf{I(u) : ||ul = p} > 0.

Claim 2. There exists u; € X such that Iy(u;) < 0. By virtue of hypothesis
(Hp)(iii), for any € > 0, we have

|F(z,u)] < Celu|P® + e|u]?® (3.17)

for a.e. x € Q. Through (3.17), for v € X \ {0} and ¢ > 1, we obtain that

1
IA(tv):/ —|th\p(x)dm—)\/ \tv\Q(x)dx—/F(m,tv)dm
o p(z) Q Q

1
gtp*/ 7\W|p<x)dx—x/ |tv|‘1(”)dx+CEt”+/ \v|p(”)dx+6/ [#0]90) da
o p(x) Q Q Q

1 _
gtp*(/ —|Vv|”(””)dz+()€/ |v|q(x)d:c) _ ()\—e)/ l0]7®) dz.
o p(x) Q Q

Choosing 0 < € < ), and noting that p™ < ¢~, we can find ¢ sufficiently large such
that I(tov) < 0 and set u; = tov, then u; is the desired element. Since I(0) =0
and 0 < p < pg, by virtue of Claim 1, we obtain

inf {1y (u) : lull = p} > max{7,(0), In(ur)}-
By Lemma 3.6, the nonsmooth C-condition is fulfilled. It follows from Theorem 2.1
we obtain that I has at least one nontrivial critical point @ € X, i.e., a nontrivial

solution of problem (Py). O

Proof of Theorem 1.2. We claim that I)(u) — —oo as ||u|| = +oo, for any
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u € Yy, Assume that |Ju|| > 1. By virtue of (3.17), setting 0 < € < A, we derive

IA(u):/ i|Vu|p(””)dac—)\/ |u|q(“”)dx—/F(x,u)dx
Q Q Q

p(x)
1
< Ll A [ a0 [ e e [ o
p Q Q O
1o - .
< el = (= Olul) + Celulyr)-

Noting that Y} is a finite dimensional space, then all norms in Yj are equivalent.
Since p™ < ¢, we obtain that I\ (u) — —o0 as |Ju|| — +oc. Recalling that I,(0) =0
and I is even with V =Y} (dim Yy = k) and Y = X (codim Y = 0), from Lemma
3.6 and Claim 1 in Theorem 1.1, we infer that I has k-pairs of nontrivial solutions
for problem (Py). O
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