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MIXED MONOTONE ITERATIVE
TECHNIQUE FOR HILFER FRACTIONAL
EVOLUTION EQUATIONS WITH NONLOCAL
CONDITIONS*
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Abstract The purpose of this paper is concerned with the existence of mild
L-quasi-solutions for Hilfer fractional evolution equations with nonlocal condi-
tions in an ordered Banach spaces E. By employing mixed monotone iterative
technique, measure of noncompactness and Sadovskii’s fixed point theorem,
we obtain the existence of mild L-quasi-solutions for Hilfer fractional evolu-
tion equations with noncompact semigroups. Finally, an example is provide
to illustrate the feasibility of our main results.
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1. Introduction

Fractional differential equations provide an excellent instrument for the description
of memory and hereditary properties of various materials and processes and there
has been a significant development in fractional differential equations theory. Hilfer
[14] proposed a generalized Riemann-Liouville fractional derivative, for short, Hilfer
fractional derivative, which includes Riemann-Liouville fractional derivative and
Caputo fractional derivative. This operator appeared in the theoretical simulation
of dielectric relaxation in glass forming materials.

In recent years, many authors began to consider Hilfer fractional differential
equations, we refer the reader to [1,2,9,11,12,14,15,30]. Hilfer fractional evolution
equations has also been widely concerned by many scholars. In [11], Gu and Trujillo
investigated a class of Hilfer fractional evolution equations, and established the
existence results of mild solutions by using fixed point theorem.

Later, the nonlocal problems have better effects in applications than the initial
problem, many contributions have been made in applications of fractional evolution
equations with nonlocal conditions, see [20,23,24] and the reference therein. In
[20], Liang and Yang investigated the exact controllability of the nonlocal Cauchy
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problem for the fractional integro differential evolution equations in Banach spaces

Diz(t) + Az(t) = f(t,z(t), Gz(t)) + Bu(t), t€J,

z(0) = > cpx(ty),
where DY denotes the Caputo fractional derivative of order ¢ € (0,1), —A : D(A) C
E — E is the infinitesimal generator of a Cy-semigroup T'(t)(t > 0) of uniformly
bounded linear operator, B is a linear bounded operator; f is a given function and

the operator is given by
t
x(t) :/ K(t,s)x(s)ds
0

In [1], Hamdy M. Ahmed et al. studied the existence of mild solutions for Hilfer
fractional stochastic integro-differential equations of the form

D lu(t) + F(t,v(t)] + Ault fO s))dw(s), te€J:=(0,b],
45@@*%ww—am=Um

where (£, v(£)) = (£ u(t), u(ba (1)), ., (b (1))
and (t,n(t)) = (t,u(t),u(ai(t))),...,u(an(t))), Dyl denotes the Hilfer fractional
derivative 0 < v < 1,0 < u < 1, —A is the infinitesimal generator of an analytic
semigroup of bounded linear operators S(t),t > 0 on a separable Hilbert space.
On the other hand, by employing the method of lower and upper to study the
existence of extremal mild solution for fractional evolution equation is an interesting
issue, which has been attention in [6,21,23,24,26]. In [6], Chen and Li used monotone
iterative technique in the presence of coupled lower and upper L-quasi-solutions to
discuss the existence of mild solutions to the initial value problem of impulsive
evolution equations in an ordered Banach space E:

u'(t) + Au(t) = f(t,u(t),u(t), teJ=I[0,b], t#t,

Auli—y, = Ix(u(te), u(t)), k=1,2,....m,

u(0) = uy,
where A : D(A) C E — E is a closed linear operator and —A generates a Cp-
semigroup T'(t)(t > 0) on E, f € C(J x E x E,FE),J = [0,b],b > 0 is a constant,
0 <ti <ty < <tpp€N I € C(ExE,E) is an impulsive function,
k=1,2,...,p;up € E.

In [27], Vikram Singh et al. investigated the existence and uniqueness of mild

solutions for Sobolev type fractional impulsive differential systems with nonlocal
conditions

“DA[Bu(t)] = Au(t) + £t u(t), [1 K(t, 5, u(s))ds), ¢ €.J = [0,al,¢ £1;,
Au|t:tj = IJ(’U,(t])), 7=12,....mymeN,
LDV [Tu(0)] = uo + g(u(t)).
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By applying monotone iterative technique combined with the method of lower and
upper solutions.

However, there are few papers that study Hilfer fractional evolution equations
with nonlocal problems by applying the mixed monotone iterative technique and
coupled L-quasi-upper and lower solutions. Motivated above discussion, in this
paper, we use the fixed point theorem combined with mixed monotone iterative
technique to discuss the existence of mild L-quasi-solutions for Hilfer fractional
evolution equations with nonlocal conditions

Dgtu(t) + Au(t) = f(t,u(t),u(t)), te(0,0],

IS_:WU(O) =uo+ > Nu(ry), 7€ (0,0],
i=1

(1.1)

where Dg'l" denotes the Hilfer fractional derivative of order p and type v, which

will be given in the next section, 0 < v < 1, % <pu <l v=v+pu—uvpu, the state

u(-) takes value in a Banach space F with norm || - | and —A : D(A) C F - E

is the infinitesimal generator of a Cy-semigroup {7'(¢t)}¢>0 of uniformly bounded

linear operator in E. J = [0,b](b > 0),J" = (0,b], f : J' x Ex E — E is given

functions satisfying some assumptions, ug € F and 7;(i = 1,2,...,m) are prefixed

points satisfying 0 < 71 < --- <7, < b and \; are real numbers. Here the nonlocal
m

condition Ié:yu(O) = up + Y Au(7;) can be applied in physical problem better
i=1

effect than the initial conditions Ié;vu(O) = up.

The rest of this paper is organized as follows: In Section 2, we review some Lem-
mas and notations. In Section 3, we prove the existence of mild L-quasi-solutions
for Hilfer fractional differential system (1.1). In Section 4, an example is given to
illustrate the effectiveness of the our results.

2. Preliminaries

Throughout this paper, by C(J,E) and C(J’, E), we denote the spaces of all
continuous functions from J to E and J’' to E, respectively. Let E be an or-
dered Banach space with the norm || - || and partial order <, whose positive cone
P ={x € E:x > 0} is normal with normal constant N.

Define Cy_.,(J, E) = {u € C(J', E) : t'=u(t) € C(J, E)}. Clearly, Cy_-(J, E)

is a Banach space with the norm ||u||, = sup,c; [t'77u(t)|. And C1_,(J, E) is also
an ordered Banach space with the partial order < induced by the positive cone
P’ = {u e Ci_y(J, E)|u(t) > 0,t € J} which is also normal with the same normal
constant N.

First, we recall some definitions and basic results on fractional calculus, for more
details see [9,11, 15,19, 30].

Definition 2.1. The Riemann-Liouville fractional integral of order - of a function
f:[0,00) = R is defined as

I f(t) = %’Y)/@ (t —s)""1f(s)ds, t > 0,7 >0,

provided the right side is point-wise defined on [0, c0).
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Definition 2.2. The Riemann-Liouville derivative of order v with the lower limit
zero for a function f : [0,00) — R can be written as

1 e [ f(s)
Y — ____ -
D0+7‘(t) n ) t"/o syt —ds, t>0,n—1<y<n.

Definition 2.3. The Caputo fractional derivative of order v for a function f :
[0,00) — R can be written as

n—1 tk

"Dy f(t) = D [0 = Y /MO t> 0, n-1<q<n,
k=0

where n = [y] + 1 and [y] denotes the integer part of ~.

Definition 2.4 (Hilfer fractional derivative see [14]). The generazlied Riemann-
Liouville fractional derivative of order 0 < v <1 and 0 < p < 1 with lower limit a
is defined as

v v(l— d 1-v)(1—
D) = LA L)

for functions such that the expression on the right hand side exists.

Remark 2.1. For 0 < p < 1, the Laplace transformation of Hilfer fractional
derivatives is given by

LIDYY f(@)](N) = MLf(2)](A) — AED I8 104,

where (I(()};V)(l*“ )¢ )(0+) is the Riemann-Liouville fractional integral of order (1 —
v)(1 — p) in the limits as ¢ — 04, and

Ll ()] = / e f () (2.1)

The symbol a(-) is the Kuratowski noncompactness measure defined on bounded
subset Q of E. For any Q C C(J,E) and t € J, set Q(t) = {u(t) : w e B} C E. If
B is bounded in C(J, E), then €(¢) is bounded in E, and «(£2(t)) < a(£2).

Lemma 2.1 ( [18]). Let B C C(J, E) be bounded and equicontinuous, then ¢oB C
C(J,E) is also bounded and equicontinuous.

Lemma 2.2 ( [17]). Let E be a Banach space, and let D C E be bounded. Then
there exists a countable set Dy C D, such that a(D) < 2a(Dy).

Lemma 2.3 ([10]). Let E be a Banach space, and let Q@ C C(J, E) is equicontinuous
and bounded, then a(Q(t)) is continuous on J, and () = maxcy a(Q(t)).

Lemma 2.4 ( [13]). Let Q@ = {u,}52; C C(J, E) be a bounded and countable set
and there exists a function m € L'(J, RY) such that for every n € N,

lun(®)|| < m(t), a.eteJ.

Then a(2(t)) is Lebesgue integral on J, and

a({/Jun(t)dt:neN}) < Q/Ja(Q(t))dt.
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Lemma 2.5 ( [11]). Assume that —A is the infinitesimal generator of a Cp-
semigroup {T'(t)}+>0 of uniformly bounded linear operator in E. If f € Ci1_(J, E),
for any u € C1_(J,E), a function u is a solution of the equation

Dtu(t) + Au(t) = f(t,u(t),u(t)), te J,

(2.2)
Ié;'yu(O) = ug,
if and only if u satisfies the following integral equation:
t
u(t) = SO + [ Kot = 9)(s,0(s), u(s))ds,
0
where
Syon(t) = XM EL(8), Ku() = g / ot ()T (o Yuodo,  (2.3)
0
the function &, is the function of Wright type:
g#(g) - a ;(70—) n Sln(nﬂ—/‘)v o< (0,00)

Lemma 2.6 ( [11]). Assume that A generate a Cy-semigroup {T'(t) }1>0 of uniformly
bounded linear operator in E and T(t) is continuous in the uniform operator topology
for t > 0. That is, there exists M > 1 such that supycp 4oy |T'(t)] < M. Then the
operators S, ,,(t) and K, (t) have the following properties.

(1) For any fized t > 0, {S, ,(t)}i>0 and {K,(t)}i>0 are linear operators, and
foranyu € E,

Mt M+t
1Sy, (B)ull < o) [ull, KL (Dull < T ]l

(it) The operators S, ,(t) and K,(t) are strongly continuous for all t > 0.

(i) If T(t)(t > 0) is an equicontinuous semigroup, then S, ,(t) and K, (t) are
equicontinuous in E fort > 0.

Definition 2.5. A function u € Ci_,(J, E) is said to be a mild solution of (2.2) if
uy € E the integral equation

a(t) = Sy (o + / K (t — 5) (s, u(s), u(s))ds,

is satisfied, for all t € J'.
Next, we present useful lemma which plays an important role in our main results.

Lemma 2.7. Suppose A is the infinitesimal generator of a Cy-semigroup {T'(t) }+>0
of uniformly bounded linear operator in E, for 0 <v < 1,0 < pu <1, then

D (Sun(tyuo) = =A(Su by,

D5t ([ Kalt = 90105 uts)uts))s)

== / Ku(t =) f(s,u(s), u(s))ds + f(t, u(t), u(t)). (2.4)

0

and
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Proof. Let A > 0, we consider the one sided stable probability density as follows
— 1 = n—1__— nflr(n/I“‘i» 1) :
Du(0) = — > (-1 o T D innmp), o € (0,00),

n=1

whose Laplace transform is given by

/ e, (0)do = e, e (0,1). (2.5)
0

Then, using (2.5), we have
AT+ Aty = / e NS (s)ugds = / ptt e A (e udt
0 0
= / / e~ N Lo (o)W (t*)udodt
0o Jo

00 9#-1 O+
_ —A0
=1 ; /0 e prn w#(J)T<U#>ud9dO’

/0 ”{/ wﬂ( )T(;—Z)uda]dT
[T [ - )7 (2 Yuda |

:/000 e M {M/o ot (o )T(t“a)uda}dt

—At

0

oo
= / e MK, (t)udt, (2.6)
0
where £, is a probability density function defined on (0, 00) such that
1 1 _1
Eulo) = ;0’ ! w0 w) > 0.

Since the Laplace inverse transform of \*(#~1) is

tu(lfu)fl
ﬁfl(y(ufl)) _ ) Tw(d-p)’ O<v=l, (2.7)
6(07 v=0,

where 6(¢) is the Delta function.
It follows from (2.6), (2.7) and Laplace transform, it is obvious to see that

L(Sy,u(t)uo)

LI MK (t)uo)

(
(rt(y(l - *K u(t)u )
(e )\”(“ 1) )5 K (t)u )

V=D (R 4 4)~1 (2.8)

I
o

where * denotes the convolution of functions. By Remark 2.2, we obtain

L(DFL S0 (t)uo]) = M L(Sy,pu(t)ug) — AW Vg
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= NNOTD O 4 ) g — A
= N (AR 4 A)L [A“ (A A)]uo
— N (AR 4 A) [)\“ V. A} uo

= —NEDORT 4+ A Aug
= —ANWTD O] 4+ A) . (2.9)

Combing (2.8) and (2.9) yields
Dol (S u(t)uo] = —A[Sy, . (t)uo).

Similarly, we have

e / Kt — 5)f(s,u), u(s))ds) = L(Ku(1) - £(f(tu(t),u®)),  (210)

and

c(oge] [ Kolt - 9)f (s u(s) u(s))ds
v /0 Kot — )15, u(s), u(s))ds) — A0 -0
=NL(E, (1) - £ £t u(t),u(t))
“N(NRT 4+ A)L -ﬁ(f(t,u(t)m(t)))
—(V + A — AN + A)~L E(f(t, ul?), u(t)))
= — AT+ A)7T c(f(t, u(t), u(t))) + c(f(t, ult), u(t))). (2.11)

Thus, it follows from (2.10) and (2.11) that

| /O Kt — 5) (s, u(s). u(s))ds|
=4 [ K- sl alo)ds + fa0a0). (212)

O
For the convenience of discussion, we assume that

(HO) Assume A generate a Cy-semigroup {T'(¢)};>o of uniformly bounded linear
operator in E and T'(t) is continuous in the uniform operator topology for
t > 0. That is, there exists M > 1 such that sup,c(o o0) [T(?)[| < M.

(H1) A >0(i=1,2,...,m) and 3 \; < 7lr.
=1

In view of [6] and [20], we present the following lemma.
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Lemma 2.8. Assume that (H0) and (H1) holds. For any u € Ci_,(J,E) such
that f(-,u(-),u(-)) € Ci—(J x E x E, E), then the problem (1.1) has a unique mild
solution v € C1_(J) given by

w(t) =Syt @uo—i—ZASW @/ Koo — ) (s, u(s), u(s))ds

1=1

+/ K, (t—s)f(s,u(s),u(s))ds, (2.13)
0

where © = [I — Zﬁl )\iSu#(Ti)}

Proof. By assumption (H1), we have

> xS <l |
=1 i=1

N My
Sw(t)H <y Ny <1
i=1 7

_ -1
By operator spectrum theorem, the operator © := (I—ZZI )\iS,,’N(Ti))) exists

and is bounded. Furthermore, by Neumann expression, we obtain

. o) m 1 1
0| < XSy ()™ = < S

i=0 =1 AiSyu(Ti) | T(y) i=1"\

According to Definition 2.5, a solution of system (2.2) can be expressed by

u(t) = Sy u(t) 0+ Tu(0 / K, (t—s)f(s,u(s),u(s))ds. (2.14)

Next, we substitute ¢ = 7; into (2.13) and by applying A; to both side of (2.13), we
have

Au(T) = )\iSM#(Ti)IéJ:’Yu(O) + A /OTi K, (i — s)f(s,u(s),u(s))ds. (2.15)

Thus, we have

17 u(0) = wo + 3 Asu(ri)
= ug + Z XilSy () 157 Y (0) + Z A / K, (i — ) f(s,u(s), u(s))ds

—u0+z)‘svu7’z op u(0 -‘rZ/\/ K, (1 — s5)f(s,u(s),u(s))ds.

Since I — > A\;Sy,,(7:) has a bounded inverse operator ©, which implies

I17u(0) = [I - i Aisw(n)} B (uo + Em: A /O K — ) f(s, u(s), u(s))ds)
3 i=1

7®uo+z>\/ OK,,(1; — 8) f(s,u(s), u(s))ds. (2.16)
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Submitting (2.16) to (2.14), we obtain that (2.13). It is imply that u is also a
solution of the integral of Eq.(2.13) when u is a solution of system (2.12).

The necessity has been proved. Next, we will prove its sufficiency. Applying
Ié:y to both side of (2.12), and by Lemma 2.7, we have

m

Ié;’m(t) :Ié;'y (Swu(t)@uo + Z /\iSV7,L(t)@ /Oﬂ‘ K, (1; — s)f(s,u(s),u(s))ds

+ /O t K (t— s)f (s, u(s), u(s))ds).
Therefore, we have
lim 1o u(t) = lim 1578, (t)Oug
+ i_n; A lim I&;‘YSV,M(t)@/OTi Ko7 — 8)f(s,u(s), u(s))ds

=13, (i S,.,, (1) @uo)

2,
=157 (5

PN TCRTCTA
—Buo + 2 \O /O " Ko — 5) (5, u(s), u(s))ds. (2.17)

Substituting ¢t = 7; into (2.12), we have

u(T;) :S,,VM(TI')@UO + Z /\iSu,#(n)@ /On K, (1i — s)f(s,u(s),u(s))ds

i=1
4 [ K = 97 us) u(s))ds.

0

Then, we obtain

Uy + Z Aiu(Ty)
1=1

=ug + Z )\iS,,)M(Ti)@uO

i=1

E3 N NS (8 [ K= ) s u(s), u(s))ds
i=1  i=1 0

+ Zl Ai /OTi K, (mi — s)f(s,u(s),u(s))ds
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:(I+Z)\Swn UO+Z)\/ K, (i — 8) f (s, u(s), ())ds)
(@ +Z/\SVHTL>(@uO+Z)\@/ K, (7 — ) f (s, u(s), ())ds>

=Oug + Z )\i@/o K, (1, — s)f(s,u(s), u(s))ds. (2.18)

It follows (2.16) and (2.17) that Iy, "u(0) = uo + i) Au(r).
Next, by using D¢’ to both sides of (2.12) and Lemma 2.9, we have

Diu(t

7D0+ [Su ,u( 6UO + Z AiSy ,u / KIL )f(sa U(S), u(s))ds

[ Kault = 156005, (s
=Dt S0 @uwzxsw 08 [ Kl = ) s, )]
D2 ] [ Bult = 9115 uts), )
@u0+ZA@/ K, (i — 8)f (s, u(s), ())ds}D%{S (t)}
A ERTE))
@uo+2m/ Ko7 = ) (s, u(s), u(s))ds] AS,., (1)
—A/K (t — 5)f(s.u(s) u(s))ds + £(t,u(t), u(t)
=~ A(Su,00 @uo—i—Z/\Sw @/ Kou(ri — ) (s, u(s), u(s))ds

/K (t = 5)f(s,u(s), u(s))ds) + F(t,u(t), u(t))
= — Au(t) + f(t u(t), u(t)).
Hence,
Dytu(t) + Au(t) = £(t, u(t), u(t).

This proof is completed. O

From Lemma 2.8, we adopt the following definition of mild solution of the prob-
lem (1.1).

Definition 2.6. A function v € C1_,(J, E) is said to be a mild solution of the



Mixed monotone iterative technique for. .. 1833

problem (1.1), if it satisfies the operator equation

u(t) =80 (U0 + 3 NSy ()8 /O " Koy — 5) (s, u(s), u(s))ds

+/ Ko (t — 5)f (s, u(s), u(s))ds, t €., (2.19)
0

where the operators S, ,(t) and K, (t) are given by (2.3).

Definition 2.7. A Cy-semigroup {T'(t)};>0 in E is said to be positive, if order
inequality T'(¢)z > 6 holds for each x > 6,2 € E and ¢ > 0.

Remark 2.2. For any C' > 0, —(A + CI) also generates a Cp-semigroup S(t) =
e~ C'T(t)(t > 0) on E. And S(t)(t > 0) is a positive Cy-semigroup if T'(¢)(t > 0) is
a positive Cyp-semigroup. For the detail, see [17,25].

For u € E, we define two families {5 ,(¢)}:> and {K;(t)};>0 of operators by
oo
* v(1l— * * — "
St = TP Ou Kiu=p [ o7, (0)S W oyude

where ¢,,(0) is given by (2.3).

Since T'(t)(t > 0) is positive, by Remark 2.4, it is easy know that S(¢)(t > 0) is
also positive. And by the definition of (o), the operators S ,(t) and Kj;(t) are
also positive for all ¢ > 0.

To prove our main result, for any C' > 0, we consider the following the system

Dgtu(t) + (A+ Cu(t) = f(t,u(t),u(t)) + Cu(t), te (0,b],
Ié};”)(l*“)u(O) =g+ i Aiu(mi), 7 €(0,b].

7

(2.20)

First, we assume that

(FO) For any C' > 0, —(A+C1) also generates a Cop-semigroup S(t) = e~ “*T(¢)(t >
0) on E and S(t) is continuous in the uniform operator topology for ¢ > 0.
That is, there exists M* > 1 such that sup,cg 400y [[S(8)[| < M™.

(F1) A\; > 0(i = 1,2,...,m) and ;)\i <

1=

By assumption (F1), we have

i M*p—1 &
H ; ) L'(v) ;

By operator spectrum theorem, the operator I -7, ;S ,(7;)) has a bounded

inverse operator
m -1
0= (1 -3 )\iS;ﬁ’M(n))) .
i=1

Furthermore, by Neumann expression, © can be expressed by

o= i (Zm: Ais;u(n))".
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By the positivity of Cp-semigroup S(t)(t > 0), it is easy know that S}, ,(¢) is positive,

we have - m
=S (o nsum) uz w0, Va0,

i=0 i=1
So, O is a positive operator, and

1 1
101 < SIS A (" = e € e
>Iy TS, WSl = T Mty

=0 =1 T'(v) i=1

In view of Lemma 2.8, we present the following lemma.

Lemma 2.9. Assume that (F0) and (F1) holds. For anyu € C1_~(J, E) such that
fl,u(-),u(-)) € Ci—y(J x E x E,E), then the problem (2.20) has a unique mild
solution u € C1—(J) given by

u(t) =83, (1) 6uo+z>\5 "o / K (i — 8)[f (s, u(s), u(s)) + Cu(s))ds
+/ K (t — s)[f(s,u(s),u(s)) + Cu(s)]ds, (2.21)
0

-1
where © = [I - )\iS;H(Ti)} .

From Lemma 2.9 and Definition 2.7, we state the following definition of mild
solution of the problem (2.20).

Definition 2.8. A function v € C1_,(J, E) is said to be a mild solution of the
problem (2.20), if for any u € C1_~(J, E), the integral equation

u(t) =83, (t 6u0+2)\5’ e / K(ms — 9)[f (5, u(s), u(s)) + Cu(s)]ds

/ K, (t —s)[f(s,u(s),u(s)) + Cu(s)]ds,

is satisfied.

In the following, we will state some lemmas whose proofs are similar to those of
the paper [11]. Here, we omit it.

Lemma 2.10. Under assumption (FO0), the operators S;, ,(t) and K}(t) have the
following properties.
(i) for any fived t > 0, {K(t)}1>0, and {S; ,(t)}i>0 are linear operators, and
foranyu e E . )
g — *py—
Il < S s 00 < T
I(p) I'(v)
(ii) The operators {K};(t) }i>0 and {S;; ,(t)}i>0 are strongly continuous fort > 0.
(i) If S(t)(t > 0) is an equicontinuous semigroup, then S ,(t) and K};(t) are
equicontinuous in E fort > 0.

Lemma 2.11 (Sadovskii fixed point theorem). Let D ba a convex, closed and
bounded subset of a Banach space E and Q : D — D be a condensing map. Then
Q has one fized point in D.
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Lemma 2.12 ( [31]). Let a > 0, > 0,¢(t) and u(t) be the nonnegative locally
integrable functions on 0 <t <T < +o0, such that

u(t) <elt) + a/o (t — s)* tu(s)ds,

then

u(t) < c(t) —|—/0 {Z W(t — )" le(s)|ds, 0<t<T.
n=1

3. Main results

For v,w € Ci_(J,E) with v < w, we use [v,w] to denote the order interval
{u € Ci_y}(J,E)|lv < u < w} in C1_4(J, E), and [v(t), w(t)] to denote the order
interval u € Elv(t) < u(t) < w(t),t € J in E. In this section, we will discuss the
existence of extremal mild solutions for problem (1.1).

Definition 3.1. An abstract function v € Ci_(J, E) is called a solution of the
problem (1.1) if u(t) satisfies all the equalities of (1.1).

Definition 3.2. Let L > 0 be a constant. If functions vo, wg € C1—~(J, E) satisfies

Dgfuo(t) + Avg(t) < f(t,vo(t), wo(t)) + Lvo(t) — wo(t)), teJ,

o " v0(0) < wp + > Aywo(ri), (3.1)
Dgfwo(t) + Awo(t) = f(t, wo(t),vo(t)) + L(wo(t) — vo(t)), teJ,
(3.2)

I wo(0) > ug + Y Niwo(ms),
i=1

we call vy, wy coupled lower and upper L-quasi-solution of the problem (1.1). Ounly
choosing = in (3.1) and (3.2), we call (vg, wo) coupled L-quasi-solution pair of the
problem (1.1). Furthermore, if ug := vo = wq, we call ug a solution of the problem
(1.1).

Theorem 3.1. Assume that E be an ordered Banach space and its positive cone P
is normal, and —A generates a positive Co-semigroup {T(t)}1>0 on E, f € C(J x
EXE,FE) anduy € E. If the problem (1.1) has a lower solution vy € C1_(J, E) and
an upper solution wy € C1—~(J, E) with vg < wy. Suppose also that the conditions
(F0), (F1) and the following conditions

(F2) There exist a constant C >0 and L > 0 such that
f(tuz,v2) — f(t,ur,v1) > —C(uz —ur) — L(v1 — v2),

forany t € J, and vo(t) < uy <us < wo(t), vo(t) < vy < vy < wplt).
(F3) There exist a constant Ly > 0 such that for allt € J,

a({f(t;un,vn)}) < Li(e({un}) + a({vn})),

and increasing or decreasing sequences {u, }Clvo(t), wo(t)], {vn }C[vo(t),wo(t)].
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(F4) Let v, = Q(Vn—1,Wn—1), Wy = Q(Wp—1,Vn—1), n = 1,2,..., such that the
sequence v, (0) and wy(0) are convergent.

are satisfied, then the problem (1.1) has minimal and mazimal coupled mild L-
quasi-solutions between vy and wgy, which can be obtained by a monotone iterative
procedure starting from vy and wqg respectively.

Proof. Since C > 0, the problem (1.1) can be written as the system (2.20). By
(2.21), we can define operator @ : [vg, wo] X [vg, wo] = C1—+(J, E) as follows

Q(u, v)(t) =5, ,(t)Ouo

> Aisﬁ,u(t)@/on K (1i=s)[f(s,u(s),v(5)) +(C + L)u(s) — Lv(s)]ds
i=1

+/0 K (t = s)[f(s,u(s),v(s)) + (C + L)u(s) — Lv(s)]ds, teJ.
(3.3)

Since f is continuous, it is easily see that the map @ :— Ci_,(J, E) is continuous.
And by Lemma 2.9, the mild solutions of the problem (1.1) are equivalent to the
fixed points of the operator (). We will divide the proof in the following steps.

Step 1. We show @ : [vg,wo] X [vo,wo] = Ci_(J, E) is a mixed monotone
operator.

In fact, for V¢ € J', vo(t) < ui(t) < ua(t) < wo,vo(t) < va(t) < vi(t) < wo(?),
by the assumptions (F2) and (F3), we have

f(tui(t),v1(t) + (C+ L)ur(t) — Loi(t) < f(t ua(t),v2(t) + (C + L)ua(t) — Loa(t).
So

/01 Kt —s)[f(s,ui(s),v1(s)) + (C + L)ua(s) — Lvi(t)]ds

< /0 K;(t —8)[f(s,ua(s),v2(s)) + (C + L)ua(s) — Lva(s)]ds.

Thus, from (3.3) we have Q(u1,v1) < Q(ua,v2).

Step 2. We show that vy < Q(vo,wo), Q(wo,vo) < wo. Let h(t) = Dgfvo(t) +
Avy(t) + Cuo(t), h € C1_(J,E) and h(t) < f(t,v9, wo) + (C + L)vg — Lwg,t € J'.
By Definition 2.7 and 3.2, we have

vo(t) =57, (t)vo(0) + /0 K\ (t — s)h(s)ds

SS;u(t)GUQ

+YONSE, (00 /0 K (ri— ) (5, v0(s) wo (8)) -+ (C+ Lyvo(s) — L (5))ds
+ [ = 150060, p(0)) + (€ + Lyn(s) = Lup(s))ds

=Q(vo, wo)(t), teJ.

It implies that vg < Q(vg,wp). Similarly, it can prove that Q(wo,vo) < wg. Thus,
Q : [vo, wo] X [vo,wo] = [vg, wp] is a continuous mixed monotone operator.
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Now, we define two sequences {v,, } and {w,} in [vg, wp] by the iterative scheme
Up = Q(Un—1,Wn-1), Wn=Q(Wp-1,Vp-1), n=12,.... (3.4)

Then from the monotonicity of ), we have
v < << <Ly, <Ly < <wg < wp < wo. (3.5)

Step 3. We prove that {v,} and {w,} are convergent in J’.

For convenience, we denote B = {v,, : n € N} + {w,, : n € N} and B; = {v, :
n € N}, By = {w, : n € N}, Bijg = {vp,_1 : n € N}, Byg = {wp—1 : n € N}.
Then B1 = Q(Blo,Bgo) and BQ = Q(BQO,BlO). From B10 = Bl U{’Uo} and B20 =
By |J{wo} it follows that a(B1o(t)) = a(B1(t)) and a(Bao(t)) = a(Ba(t)) for t € J'.
Let o(t) := a(B(t)),t € J', we will show that ¢(¢) =0 in J'.

For ¢t € J', from (3.1), using Lemma 2.2, assumption (F3) and (F4), we have

o(t) = a(B(t)) = a(Bi(t) + Ba(t))

=a(Q(Bio, B2o)(t) + Q(Bzo, B1o)(t

)
—a({s;,.()0uo + i NS5 (10 On K;(7i—s)
X [f(s,0n-1(s), wn-1(s)) + (C + L)vn-1(s) = Lwn—1(s)ds

+Alﬁ@—@V@w%M%wmﬂ$%HC+meﬂ@—LMFNM%

+5;

v,

(t)Oug

£ NS00 /O K (i ) (52 0t (), 0t () +(C 4 L)s (5) — L ()]s

+Afﬁ@*ﬁ“@wwﬂQWmﬂﬁfﬂc+meﬂ$*L%A@WED

%a({@uo + i A0 /OTi K (1i = 8)[f(5,vn—1(5), wn-1(s))

+(C+ L)vp—1(s) — Lwy—1(s)]ds + Oug
+ ; Ai© /0 K (1i=5)[f (5, wn1(5), vn-1(8)) +(C+L)wp1(s) —Lvnfl(s)]ds})

+ £ (s, wna(s), Un71(8))+0(vn,1(s)-i—wn,l)})ds

<y 2 ({m0}) +a({mo})]

2M*b" (L1 +C) [*
[, (@B + a(Ba(e))is

AM*OH=Y(Ly +C) (7
) e

Hence by Lemma 2.12, ¢(t) = 0 in J. Hence, for any ¢ € J, {v,(¢)} + {w,(t)} is pre-
compact. So {v,(t)}, {w,(t)} are precompact. Combing this with the monotonicity
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(3.5), we easily prove that {v,(¢)} and {w,(t)} are convergent, i.e., lim,,_,o v, (t) =
u(t), t € J. Similarly, lim,_,o wy(t) = u(t), t € J.

Evidently {v,(t)}, {wn(t)} € Ci—(J, E), so u(t),u(t) are bounded integrable in
J. Since for any t € J, we have

Un(t) =Q(vn—1, Wn— 1)(t)
=5, ,(t)Oug + Z)\ Sy @/ K, (T (f(s,0n-1(8), wp—1(8))
+(C+ L)vn_l( ) — Lwy,_1(s))ds

+ / K (= )(F(5,0n-1(8), war1 (8)) + (C + LYo (s) — Lu—1(s))ds
(3.6)

and
Wy () =Q(Wn—1,Vn— 1)(t)
=52t @uo—i—Z)\S @/ K (i — 8)(f (5, -1 (), 01 (5))
(Ot Ly (s) — Lomn(£))ds

+ /0 K, (t —5)(f(s,wn-1(5),vn-1(5)) + (C + L)wy—1(s) — Lvn—1(s))ds.
(3.7)

If n — oo in (3.6) and (3.7), by the Lebesgue dominated convergence theorem, we
obtain

u(t) =Q(u(t))
=5, ,(1)Oug

+ZA S:.(1)0 / K (- ) (s, uls).(s) + (C + Lyu(s) — Lu(s))ds

+ / K (t - 8)[f(s,u(s),1(s)) + (C + L)u(s) — Lu(s)]ds,

and

=5, . (t @uO—I—ZA 1Sy @/ K, (i = s)[f(s,u(s), u(s))
+(C + L)u(s ) Lu(s)]ds
/ K, (t—s)[f(s,u(s),u(s)) + (C + L)u(s) — Lu(s)]dsds.

Thus, we have u(t),u(t) € Ci—(J,E), and v = Qu,u = Qu. Combing this with
monotonicity (3.5), we see that vop < u < @ < wp. By the monotonicity of @,
it is easy to see that u and w are the minimal and maximal coupled fixed points
of @ in [vg,wg]. Therefore, u and @ are the minimal and maximal coupled mild
L-quasi-solutions of the problem (1.1) in [vg, wo], respectively.. O
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Remark 3.1. If we replace positive cone P is normal by positive cone P is regular.
Then the conclusion in Theorem 3.1 is also valid. For more detail, see [6].

As a supplement to Theorem 3.1, we further discuss the existence of mild solu-
tions for the problem (1.1) in weakly sequentially complete Banach space, we only
need to verify the conditions (F1) and (F2) are satisfied.

Corollary 3.1. Assume that E be an ordered and weakly sequentially complete
Banach space and its positive cone P is normal, and —A generates a positive Cy-
semigroup {T(t)}1>0 on E, f € C(J x E x E,E) and ug € E. If the problem (1.1)
has coupled lower and upper L-quasi-solution v,wq with vo < wg. Suppose also
that the conditions (F0)-(F4) are satisfied. Then the problem(1.1) has minimal and
mazimal coupled mild L-quasi-solutions between vg and wg, which can be obtained
by a monotone iterative procedure starting from vy and wy respectively.

Proof. In view of Theorem 3.1, if E is weakly sequentially complete, the condition
(F3) and (F4) holds automatically. And by Theorem 2.2 in [8], any monotonic and
order bounded sequence is precompact. By the monotonicity (3.3), it is east to see
that v, (¢) and w,(t) are convergent on J. Thus, v,(0) and w,(0) are convergent,
i.e. condition (F4) holds. For t € J, let {u,} and {v,} be increasing or decreasing
sequences obeying condition (F3), then by condition (F1), {f(¢, un,vn) + Cup, —
Lv,} is a monotone and order-bounded sequence. By the property of measure of
noncompactness, we have

a({f(t, un,vn)}) < ({f(t un, vn) + Cun — Lon}) + Ca{un}) + La({vn}) = 0,

and (F3) holds and by Theorem 3.1, our conclusion is valid. O

Now, we discuss the exists of mild solution to the problem (1.1) between the
minimal and maximal coupled mild L-quasi-solutions u and . If we replace the
assumptions (F3) by the following assumptions:

(F3)* The exists a Ly > 0 such that
a(f(t, D1, D2)) < Li(e(D1) + o(D2)),

for any t € J, where Dy = {v,} and Dy = {wy are countable sets in [vo(t), wo(t)].
We have the following results.

Theorem 3.2. Assume that E be an ordered Banach space and its positive cone P is
normal, and —A generates a positive and equicontinuous Cy-semigroup {T'(t)}+>0 on
E, f e C(JXEXE,FE) andug € E. If the problem (1.1) has coupled lower and upper
L-quasi-solutions vg € C1_(J, E) and wy € Ci_(J, E) with vy < wg. Suppose
also that the conditions (F0)-(F2), (F3)* are satisfied. Then the problem(1.1) has
minimal and mazimal coupled mild L-quasi-solutions u and u between vy and wy,
and at least has one mild solution between u and @ in [vg, wo|, and

vp(t) = u(t), wy(t) — u(t), (n — +o0),t € J,
where vy, = Q(Up—1,Wn-1), Wy = Q(Wp—1,Vn-1), n =1,2,..., which satisfy

vo(t) <vi(t) < vp(t) <--u(t) <u(t) < - <wp(t) <---wi(t) <we(t),VE e J.

Proof. It is easy to see that (F3)* = (H3). Hence, by Theorem 3.1, the problem
(1.1) has minimal and maximal coupled mild L-quasi-solutions u and @ between v



1840 H. Gou, Y. Li & Q. Li

and wy. Next, we prove the existence of the mild solution of the equation between
vo and wy. Let Au = Q(u,u), clearly, we know that A : [vg,wo] — [vg,wp] is
continuous and the mild solution of the problem (1.1) is equivalent to fixed point of
operator A. First, we will prove that A : [vg, wo] — C1—+(J, E)) is an equicontinuous
operator. Since T'(t)(t > 0) is a equicontinuous Cy-semigroup, and S(¢)(¢t > 0) is
also a equicontiuous Cp-semigroup. By the normality of the cone P, there exists
M > 0 such that
1f(t,u(t), v(t)) + (C + L)u(t) — Lo@)|| < M, u € [vo, wo]-

For any u € C1_~(J, E), let y(t) = t'=Vu(t), for t; = 0,0 < t5 < b, we get
ly(t2) = y(0)I| = 1t~ Q(u, v)(t2)]
<785 )| (Buo) + i Nl S5l [ K =)
X [f(tu(t), v(t) + (C+L) (t) = Lo(t)]ds
H/ Kt = 5) /(6 u(6),0(0) + (C -+ L)ult) — Lo(t))ds|

<Ht1 82 tz)H(@uo)+M;)\i@|\t§_7537u(t2)|| /OT K (r; — 5)ds

+MH/ 'YK* tg—sdsH
—0, asty —1t; =0.

For 0 < t1 <ty <b, by (3.1), we get that

ly(t2) = y(t)ll < [t Qu, ) (t2) — £ Qu,v)(1)|
<[5 02 = 6775 00| (Bu0) + 137785 u(e2) = 1778 (0a)|

X Z ;O /On' K (1i = 8)[f(s,u(s),v(s)) + (C + L)u(s) — Lv(s)]ds
=1
+ [T = )0, 0(6) + (€ + Lu(s) = Ln(s)ds

-/ K (1 ) (s () 0(8)) + (C 4 Luls) — Lo(s))ds
(|80 ut) 15778000
+ Htl 785 u(t) = 7S (t)|) (Ouo) + 637785 (12) — 17780 (1)

X Z p¥IC) /Ti K (1i = 8)[f(s,u(s),v(s)) + (C + L)u(s) — Lv(s)]ds

t2

3Kt = )[f (s, u(s), v(s)) + (C + Lyu(s) — Lu(s))ds|

ty

+ H /tl VK (ta — 8)[f(s,u(s), v(s)) + (C + L)u(s) — Lv(s)]ds
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- [ " HT G 12 = )[F s, u(s).0(5)) + (C + D) — Lu(s))ds
+H/ TV (ta — 8)[f(s,u(s), v(s)) + (C + L)u(s) — Lu(s)]ds

_ /0 K (6 - 9)[F(s,u(s),0()) 4+ (C + Lyu(s) — L(s)ds|
=+ o+ J3+ s+ J5 + Js,

where
= ([|Bss e —té_VS,iH(tl)H)(@uo),
= ([sia0 750 ow,
s e

+ (C+L)u(s)—Luo(s))ds,

J4:’

/t T (b — 5)[f (5, u(s), 0(s)) + (C + Lyu(s) — Lu(s)lds]),

s = H / VKt — 8)[ (s, u(s), 0(s)) + (C + Lyu(s) — Lu(s)]ds
0

- /O VK (b — 8)[f (s u(s), 0(s) + (C + Lyu(s) — Lu(s)ds|,

o= | / Kt — 9)[f (5, u(s),v(s)) + (C + L)u(s) — Lu(s)lds
0

_ /0 CETTKE (6 — 8)[f (s, u(s), 0(s)) + (C + Dyu(s) - Lv(s)]dsH.

Here we calculate

8w o)) - Qo)) < 3 1l
=1

Therefore, it is not difficult to see that ||J;|| tend to 0, when to —t; — 0,1 =
1,2,...,6.
For Ji, by Lemma 2.10, we get

1= (|80t — 1578000 ) (Buo)
Htl T(S5 (t2) — Su,u(tl))H(@UO) — 0, asts — 1.
For J,, by Lemma 2.10, we get

(Htl 'S, (tl)_t%ﬂS;u(tl)’D(@uo)
e

— 1—
=117 fl0wo]
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M*b'y—l
7)“(752 - tl)l_'YHHG)uoH 50, asty — 1.

For Js3, by Lemma 2.10, we have

Jg = - S5 (t) —t] WSj,H(tl)H/On K, (i = s)[f(s,u(s),v(s))
(O+L) (s) — Lu(s)]ds
MY A
<= 175*( _175* (t1) Ki(r
e T

—0, asty — 17

For J4, by Lemma 2.10, we have

th K (12 = 8)[f (5, u(s),v(5)) + (C + Lyu(s) — Lu(s)Jds|

ta
<M/ 'YK* (ta — s)ds
— 0, asty — 1.

For Js5, by Lemma 2.10, we have
5= /O T (- 8)[(s,u(s), 0(s)) + (C + Lyu(s) — Lu(s)|ds
_ /0 TR (b — 8)[f (s, u(s), 0(s)) + (C + Dyu(s) — Lv(s)]dsH

2M* t1 1y et - -
Sm/o {tz (ta — ) —t; 7(t1 —9) [f(s,u(s),v(s))

+ (C + L)u(s) — Lv(s)]ds.

Noting that
/01 (147 (12— 5 =117 (0150 [ (£ (5, u(s), (3) +(C+ Lyu(s) ~ Lu(s))ds

S/o 57 (ta—s)" £ (s, u(s), v(s))+ (C+ Lyu(s) — Lu(s)]ds.

and

| [ oy = 0= s () 9) +(C+ D) L)

exists, and by Lebesgue dominated convergence Theorem, we have

LB s =7 = U () 09) +(C Dyt~ L)
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4)0, as to — t1.

It is easy to see that limy,_,;, J5 = 0.
For Jg, by Lemma 2.10, we have

t1
To :H/O t K (t — 8)[f(s,u(s), 0(s)) + (C + L)u(s) — Lu(s)]ds
_ / 1 t}_’YK;(tl — 8)[f(s,u(s),v(s)) + (C + L)u(s) — Lv(s)]dsH
— ’ t
<NI|| Kt — ) = K (1 - S)H/O 1 ds

— 0, asty — ty.

In conclusion,
ly(tz) —y(t)] < H@‘”Q(u, ) (ty) — ti_vQ(U,v)(tl)H 50,

as to — t1, i.e,

— 0, as to — 11,
v

| Q. v)(t2) - Quv) ()

which means that @ : [vg,wo] X [vo, wo] — [vg, wp] is equicontinuous. Thus, A :
[vo, wo] — [vo, wo] is also equicontinuous.

So, for any D C [vg, wo], A(D) C [vg, wo] is bounded and equicontinuous. There-
fore, by Lemma 2.2, there exists a countable set Dy = {u,} C D such that

a(A(D)) < 20(A(Dy)). (3.8)
For t € J, by the definition of the operator @), we have
a(A(Do(t)))

=a({85,4(00u0 + Y AS;, (100 / " K = 9)[ (5, tn(5), () + Cun(s)]ds

+ /0 K, (t— s[f(s,un(s),un(s) + Cun(s)))]ds})
2P T ALy 4 O)
T TP - M=)

2M*b—Y Ly +C) [
00 /Oa(DO(s))ds

2(M*) 350 Mb (L + C)

[ ataenas

2M*b(Ly + C)

STTerwasm oy P T @)
MY (Ly+ C)f O TIMIYT N
S rma sy Y@
B0 (77 TODM T M DO
) T M 3, ) '
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Since A(Dy) is bounded and equicontinuous, we know from Lemma 2.3 that

a(A(Do)) = max a(A(Do)(t))-
And by (3.8), we have
a(A(D)) < na(D),

where

_ ML+ O) [ TN S AT
T () FO)(L - M 3, \)

(i) If n < 1, then the operator A : [vg, wo] — [vo, wp] is condensing, by Lemma
2.11, A has fixed point u in [vg, wp], so u is the mild solution of the problem (1.1)
in [vg, wo].

(if) If n > 1. Divide J = [0,b] into n equal parts, let A, : 0 =) <) <--- <
tl =band ti(i=1,2,...,n — 1) such that

2M*[[An|[* (L1 + C) (HAnII'*‘l—F(W))M*ZL/\WF(V)} L (3.9)

() Ty (1= M3 N)

By (i) and (3.9), the problem (1.1) has mild solution w;(t) in [0,#]]; Again by
(i) and (3.9), if Eq. (1.1) with w(t}) = wy(t}) as initial value, then it has mild
solution usg(t) in [}, t5] and satisfies ua(t)) = uq(t}). Thus, the mild solution of the
equation continuously extend from [0, ¢}] to [0, ¢5]; Continuing such a process, the
mild solution of the equation can be continuously extend to J. So, we obtain a mild
solution u € C(J, E) of the problem (1.1), which satisfies u(t) = w;(¢),t,_; <t <
t i=1,2,...,n.

Finally, since u = Au = Q(u,u),v9 < u < wp, by the mixed monotonicity of
Qu1 = Q(vg, wp) < Q(u,u) < Q(wp,vp) = wy. Similarly, vo < u < we, in general,
vp < u < wy, letting 1 — oo, we get u < u < u. Therefore, the problem (1.1) at
least has one mild solution between u and . O

4. Examples

In this section, we present an example, which illustrate the applicability of our main
results.

Example 4.1. We consider the following fractional partial differential equation

Dgtu(t,z) = Au(t,z) + f(t,z,u(t,z),u(t,z)), (t,z)€JxQ,

(4.1)
Ié}r_y)(l_”)u(o, z) =uo + >y Nu(Ti, x),

where D' is the Hilfer fractional derivative, 0 <v < 1,0 < p <1,t € J =[0,b],
\i # 0,0 = 1,2,...,m, integer N > 1, © C R" is a bounded domain with a
sufficiently smooth boundary 02, f: J x E x E— E is continuous.

Let E = LP(Q) with 1 < p < oo, P={u€ LP(Q)} : u(z) > 0,q.e.x € N}, and
define the operator A: D(A) C E — E as follows:

D(A) = WP N WyP(Q), Au= —Au.
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Then E is a Banach space, P is a normal cone of E/, and — A generates a positive Cy-
semigroup T'(¢)(t > 0) in E (see [25]). Let f(t, u(t),u(t)) = f(t, z,u(t, z), u(t, z)),
ug = up(-), then the problem (4.3) can be written as the abstract (1.1).

Theorem 4.1. If the following conditions

(H5) Let up(z) > 0,2 € Q, and there exists a function w = w(t,x) € Ci_(J x Q)
such that

Dotw(t,z) > Aw(t,x) + f(t,z, w(t, ), w(t, ),

(4.2)
Iéi_”)(l_“)w(o, z) > ug 4+ Yoy Nw(Ti, x).

(H6) There exist a constant C >0 and L > 0 such that
[t m,ug,v2) — f(t,z,u1,v1) > —Cluz —u1) — L(vy — va),

forany t € J, and vo(t) < uy <us < wo(t), vo(t) < vy < vy < wplt).
(H7) N> 06 =1,2,...,m) and Y7, N < 70
(H8) There exists a constant Ly > 0 such that

a({f(t,un,vn)}) < In(a({un}) + a({vn})),

for ¥t € J, and increasing or decreasing monotonic sequences
{un} C [vo(t), wo(t)] and {vn} C [vo(t), wo(t)].

Then the problem (4.3) has minimal and mazimal mild solutions between 0 and
w(x,t), which can be obtained by a monotone iterative procedure starting from 0
and w(t), respectively.

Proof. Assumption (H5) implies that vg = 0 and wy = w(z,t) are lower and
upper solutions of the problem (4.3), respectively, and from (H6)-(H8), it is easy
to verify that all conditions (F1)-(F3) are satisfied. So our conclusion follows from
Theorem 3.1. O
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