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MODULATION INSTABILITY AND OPTICAL
SOLITONS OF
RADHAKRISHNAN-KUNDU-LAKSHMANAN
MODEL

Nauman Raza! and Ahmad Javid®'

Abstract This paper studies the solitons of Radhakrishnan-Kundu-Lakshma-
nan (RKL) model with power law nonlinearity. The modified simple equation
method and exp(—¢(q)) method are presented as integration mechanisms.
Dark, bright, singular and periodic soliton solutions are extracted as well as
the constraint conditions for their existence. A prized discussion on the stabil-
ity of these soliton profiles on the basis of index of the power law nonlinearity
is also carried out with the help of physical description of solutions. The in-
tegration techniques have been proved to be extremely efficient and robust to
find new optical solitary wave solutions for various nonlinear evolution equa-
tions describing optical pulse propagation. Moreover, using linear stability
analysis, modulation instability of the RKL model is studied. Different effects
contributing to the modulation instability spectrum gain are analyzed.

Keywords Optical solitons, constraints, modified simple equation method,
exp(—p(g)) method, modulation instability.
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1. Introduction

Self localized waves or solitons have received a lot of attention in the context of nu-
merous engineering and physical sciences in recent times [15,22,25,30]. Despite of
being the reality of the modern world, research in the theory of optical solitons have
not slowed down. Researchers have been reporting new results on regular basis. The
advancement of telecom business completely depends on the dynamical behaviour of
these solitons in optical wave guides. The dynamics of soliton propagation have been
forged through a number of mathematical models [1,5-10,14,16,17,21,23,31-33].
The (RKL) model has been the part of many recent studies to narrate the propaga-
tion of optical pulses through optical fibres. Optical fibre is a new kind of medium
consisting of two concentric cylindrical layers of glass. The light propagates through
the inner layer known as core with refractive index ny while the exterior layer known
as cladding with refractive index no lower than n; guaranteeing that the light pulses
are reflected back to the core. Optical fibres communication systems function be-
tween the micrometer wavelength zone of frequency spectrum. In this work, the
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RKL model is considered with the power law nonlinearity. Such kind of nonlin-
ear response is observed in semiconductors. The modified simple equation and
exp(—p(q)) method are used to carry out the integration of the RKL model. A
variety of exact solutions including, dark, bright, singular and periodic solutions
are retrieved. Also a valuable discussion on the index of power law nonlinearity
have been made and stability of the soliton solutions is discussed through graphical
depictions.

The generalized RKL equation is studied to inspect the passage of optical soli-
tons in different kinds of irregular media [4,12,26]. In dimensionless form, it is given
as

ipe + apye + OF (|p|*)p = iME(Ip1*)p}e — ¥Dswa- (1.1)

In Eq. (1.1), a is the coefficient of group velocity dispersion and b represents the
coefficient of the generalized type of irregularity. F' represents the kind of nonlinear
medium under investigation. On the right hand side of Eq. (1.1), third order
dispersion coefficient is denoted by 7 and the self-steepening coefficient is A\. The
theme of the current work is to solve the Eq. (1.1) for the specific nonlinear medium
through two integration tools.

The power law nonlinearity crops up in nonlinear plasmas in weak turbulence theory
as well as in nonlinear optics. Several kinds of materials including semi conductors
exhibit power law nonlinearity [3]. So, the RKL equation incorporating of power
law nonlinearity which is given by the functional F(q) = ¢™. It is mandatory to
have 0 < m < 2 and also m # 2 [11,18,19] for the stability of the soliton solutions.
Thus the governing equation (1.1) takes the form

ipt + apae + b(Ip|*™)p = iM (P )p}e — iVPras- (1.2)
Consider _
p(w,t) = U(g)e" ™, (1.3)
where
q=x—vt. (1.4)

In (1.3), U(qg) stands for the amplitude while velocity is denoted by v whereas the
phase of the soliton is ¢(z,t) which is defined as

o(x,t) = —kx + wt + 0. (1.5)

Here 6, w and k, denotes the phase constant, wave number and frequency respec-
tively. Putting Egs. (1.3)-(1.5) into Eq. (1.2) and separating the real and imaginary
parts, we retrieve

(w4 ar? + y62)U — (b — A)U*™ T — (a + 3yx)U" =0, (1.6)
and
(v + 2aK” 4 3y U’ + X(2m + )U'U?™ + U = 0. (1.7)
Integrating Eq. (1.12), we get
(v + 2ak + 3yr*)U + AU 4 4U" = 0. (1.8)

Balancing U?™*! and U”, we get

1
2m+1)N=N+2 implies N=—. (1.9)
m
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In order to get solution in closed form, we introduce a new transformation
Ulz,t) = ¢'/?™ (x,t). (1.10)
Eq. (1.10) transforms Eqgs. (1.6) and (1.8) into

4m?(w + ar® + yr3)p? — 4m2 (b — Ak)d> — (a + 3yr){(1 — 2m)(¢')* + 2mep¢”} = 0,
(1.11)
and

4m? (v 4 2ak + 37K + 4m3Ap® + {(1 — 2m)(¢')* 4+ 2mepe”} = 0.  (1.12)

The rest of the paper is systemized as follow: In “The modified simple equation
method” subsection, the modified simple equation method is discussed and applied
on Egs. (1.11) and (1.12). In “exp(—¢(q)) method” subsection the exp(—p(q))
method and its application on Egs. (1.11) and (1.12) are inspected. Modulation
instability analysis is carried out in the third section while the results obtained are
presented and discussed in the section “Results and Discussion”. Finally, the paper
is concluded in the “Conclusions” Section.

2. Methods

2.1. Modified simple equation approach

In this subsection, we integrate the RKL equation through modified simple equation
method [13,24] incorporating power law media. To start of, it is assumed that Egs.
(1.11) and (1.12) has the following solution form

< Y EAC) '
o0 =3 ( M) , (2.1)

where a; and 1(q) are the unknowns, provided ay # 0.
Balancing ¢ and ¢¢ in Egs. (1.11) and (1.12), we have

N=2. (2.2)

Thus, from Eq. (2.1), Egs. (1.11) and (1.12) accepts the subsequent form of solution

oo () oo (8. s

where ag, a; and ag are the constants to be determined such that ay # 0. By
putting (2.3) into Egs. (1.6) and (1.8), a system is extracted by comparing the
coefficients of =7, j = 0,1,2,3,4,5,6 to zero, a bunch of algebraic equations is
fetched as follows:

0 coeff:

2

4m2'y k3ap? + 4m2 Nk ag® + 4m2ar’ag® — 4m?bag® + 4mPway?® = 0,

4mPuag? + 12 m27 k2a0? + 8mlar ag® + 4m?Aay® = 0,
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Y1 coeff:
( —12m2bag®a; + 8 mzfy k3agar + 8 miwagar + 12m3\ k ag®aq
d d3
+8m*ar’apay ) (dé_’(/J (E)) — (2amaga; + 6y Kk magay) (d§3w (5)) =0,
d
(8 m2vagar + 24 m*y k2agar + 12m*Xag?ar + 16 m2ak aoal) (dfw (§)>

3

+ 2y magas (jggw (5)) 0,

=2 coeff:
(—127nma0a2 — 4amagay — 2amay® — 6'yf<;ma12) ii/) €) d—31/) (€)
dg§ dg3
a2 2
—|—(67/€ma12—37K:a12—4ama0a2—aa12—127/-imaoa2+2ama12) <d£21/) (f))

d2
de?

agas + 4m2’y k3a12 + 4m2ar’a® + 12m2 Ak apaq

+(18 v k maga1 +6 amagpar) <(j§¢ (5)) (

2

(0 (§)> + (8 m?y k3 agaz+8 miw agas

+8mlar 2

20 (5))2 o,

1/)(§)> + (—27ma12 + a2

— 12m2bag?as — 12m2bagas® + 4miwai?® + 12 m2/\/<aa02a2) (

d 43
(4’yma0a2 + 2’yma12) <d§¢ (§)> (df?’
+4'yma0a2) <d2w (f))2 — 6y maga; (d21/} (§)> (dw (E)) + (12 m2\ ag’as
dg2 dg? d€
+12m%Xagay? + 12 m2'y k2a1? + 4m?va® + 24 m2'y K2apas

d 2
déw@) —o,

+ 16 m2ax apas + 8 m2ax a12 +8 m2va0a2) <

=3 coeff:

2 3
(—6amajaz — 18y K mayas) <§€1/J (5)) (dd§3w (§)> + (4ama1a2 —12vkajas
d2

2
—4aaias + 12’yﬁma1a2> (551/) (f)) <d£2'¢) (E)) + (20 amagas + 2 amay?

2 2
+67ha? + 67 kmar? +2aa:® + 607 kmagaz ) (jfw(@) (jgzws)) +

(4 m2Aka® + 8m?y k3aras — 24 m2bagaras — 4 amagar — 12 Kk magay

d
dé

2
Y (5)) + (* 20y magas — Z’ymalz

v (5))3 o,

+ 8m2ar?aias + 8mPwajas + 24 m2\ ﬁa0a1a2> (

d2

d
(4varaz —4ymaiaz) (dgdj (g)) <d§2

2 2
— 2'ya12> (;51/1 (f)) (;221/) (§)> + (16 m2ak ajas + 24 m? X\ agaas
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3
+ 8m%vajas + 24 m2’y k2ajas +4m3ha® + 4’}/maoa1) <CZC¢ (5))
d 2 a3
+6vmay <d€w(§)> a (d&g(ﬁ(g)) =0,

™% coeff:

3 3
(=4 amas® — 12 kmas?) (jg/} (f)) (;531/) (E)) + ( —12vKas?

d 2 d2 2

+ 4damas® — daas® + 127nma22) (d§¢ (f)) (dégd) (f)) + (8 aalas
d B2

+ 10 amayias + 30y kK mayas + 247/<;a1a2> (dgil) (5)) (dggdj (f)) + (

— 12amagas—12 m2baoa22+4 m2w a22—37/€a12—367nma0a2 +12m% Xk a%as

—12m?bai%ay — 6’yfﬁma12 +12m2 )\ kagas? + 4m27 K3as?

d 4

E©) o

2 2 2

(4702 - dymar?) (50 (@) (Gv(©) + (- 8100 - 107maras)

—2ama;® —aa® + 4m2am2a22) <

3
( d P (f)) ( i P (5)) + (12 m2y k2as? + 12y magas + 12m3X ar%as

d¢ de?
d 4
+ya1? +12m2 X agaz? + 4m?vas® + 2vma,? + 8mak a22> <d§¢ (§)>
d BB
2 _
ayma (500 (v ©) =0
> coeff:
d YR
(12fynma22 + 24~y Kk as? + 8aaz? + 4ama22) <d§w (5)) (d§21/1 (§)> +
( —12vKkaras — 8amaias — 12 m2bajas? — 24y Kkmajas + 12 m2\ K ajas’

~ faaay) <jfs¢ (5))5 ~0,

2 2y (4 s
(—4ymas® — 8vas?) (Ciflb(f)) (dEQQ/’ (f))
5
+ (12 m2Xaias® +4vyaras + 87mala2) (CZJP (5)) =0,
=6 coeff:

(—4m2ba23 — 127ﬁma22 —4daay® — 12’7!%@22 +4m2Akas®

~ damay?) (jgw (f)>6 0,
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6
(47 maz® + 4m*Xax® + 47 a5”) <(j§¢ (f)) =0,

Solving the aforementioned system of algebraic equations, we have
Casel:

1 —Xa+~b
K=-

4 yA
w— 1 —a3X3 —9N2a%y b+ 5 Xavy?b? + 8 Navy 4+ 5v3b% 4 24 by2uN?
32 y2)\3 ’
1 =5A2r242 X rby+306242+16 vy A2
a:Oa::t’Y(m—i_l)\/ ! iR a:fiv(erl)
0 ) 1 )\Qm Y 2 m2)\ )
(2.4)
5 1 (0(©) m? (<5422 + 2Arby + 36292 + 1607 X?)
L R — C4), (2.6
dg? N A ’ '
From Egs. (2.5) and (2.6), we have
¢ (f) - CQei% —16 vy A2+5 AZajgzxabw—S b2'y?m§’ (2.7)
and
_ 2 2,2 _ — 32~2
1/1’(5)2:&1 02\/ 16 vy A% + 5 X%a? — 2 A aby 3bva7 (2.8)

2 YA

where ¢; and ¢y are arbitrary constants. So, using Eqgs. (2.7) and (2.8) in Eq. (2.3)
and simplification gives

p(x,t) :{ - 1 (m+1) (16vy A% — 5 2a? + 2 Xaby + 3b%y?) CQH}ﬁ
’ 4 ")/A‘5 (Cl +CQ H)2
% ei(fna:+wt+0), (29)
41 V=16 vy 2245 2202 -2 X aby—3 b2~2m¢
where x and ~ are given above and H = e™2 ER
41 \/—161)7)\24—5)\20,2—2)\abw—3b272m§
Setting ¢; = +1 and co = e™2 R 0

:I: R
16 A3

1 (m+1) (16 vy A2 — 5X%a? + 2 Xaby + 3b%?%)
p(z,t) =

1

% sech? [1 V=302 + (—16vA% — 2Xab)y + 5 X2aPm (€ + &) }
4 YA
> ei(fHEertJre)’ (210)

1 (m+1) (161}7)\2 —5)\2a2+2)\abv+3b272)
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1

x csc h? 1 V=322 + (=16 vA2 — 2 Xab)y + 5 2a?m (£ + &) | | ™"
4 A
S 211)

where Egs. (2.10) and (2.11) respectively denotes the bright and singular soliton
solutions which hold for —3b%~y2 + (—16 vAZ — 2 )\ab) v+ 5X2%a% > 0.

1 (m+1) (16 vy A% = 5X2a? + 2 X aby + 3b%4?)
p(x,t) =9 £ —
16 A3
_1
« sec? 1 V(=322 + (—160A2 —2Xab)y + 5 2a?)m (€ + &) | | 7
4 YA
« ei(*liI“rwt*‘re)’ (2.12)

1 (m+1) (16 vy A% = 5X%a? + 2 Xaby + 3b%4?)
p(x,t) =9 £ —
16 A3

¢ ea? Lll V=(=30272 + (—16vA% — 2)\>\ ab) 7 + 5 \2a2)m (€ + &) }2’“
Y

> ei(*HCEertJre)’ (213)

where Eqgs. (2.12) and (2.13) denotes the periodic singular soliton solutions. These
solutions remain valid until —3 b%2y2 + (716 vAZ -2 )\ab) v+ 52%a% < 0.

0.06
0.05 - ”\]
0.04 1

0.03

0.021

0.01 4 j

Figure 2. 2-D plot of solution given in Eq. (2.10) for different value of index m.

Case2:

_}—)\a—&-vb

= B — :1
4 YA o

)
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;'/
i1 i
7
7

y=1,b=8, v=—-1, A=10, a =

= (b)
1, m=0.1

)

1, A=10, a =

b;
[

e)y=1,b=8, v=-1, A=10, a =
1, m=2
(2.10) respectively with suitable choice of

Figure 1. Graphical depiction of solutions given in Egs.

parameters.
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1 —a3X3 —922a2y b+ 5 X ay?b? + 8 Mavy + 59303 + 24 by2u\?

w =

32 723
1 —5X%2a2 +2Xaby + 3242 4+ 16 vy A2 ¥
apg = —E )\3’}/ ) a9 = -2 X (2.14)
\/_l —3b292—16 vy A24+5 A2a2—2 X aby
8 52
ap =27 1z :
& ) (d%qp (g)) (=572a2 + 2 A aby + 36242 + 16 vy A2)
and
1 —3b272—16 vy A24+5A2a2—-2Xaby [ d
d2 -3 2 (751/) (5))
(dgw@)) = \/ — ‘ (2.16)
From Eqgs. (2.15) and (2.16), we have
1 /66242 oy 2210 A2a2 aby
P (&) = c1 + coe? BT 57 (2.17)
and
/66272 oy N2 2,2 by
W = 1 co1/6b292 + 320y A2 — 10 \2a2 +4)\ab'ye% AT A A et
=7 3 7

(2.18)
where ¢; and ¢y are arbitrary constants. So, by using Egs. (2.17) and (2.16) in Eq.
(2.3) gives

p(z,1)
B 1 36292 + 160y A% —572a% + 2 \aby
N 16 A3~y
(369241609 A2 =5 2%+ 2 A aby) epet TR } =
4

2
V2352742416 vy A2=5 220242 X aby(£) )
X

A3 i
v | c1+coe

x el —ratwi+6) (2.19)

. 1 V236242416 vy A2 —512a2+2 X aby(&g)
By setting ¢; = +1 and ¢ = e* ER) , we have

1 36242 + 160y A2 — 57%a% 4+ 2 N aby

<1 — sec h? [1 \/5\/3172’)’2 + (2Xab+ 16vA?) vy — 5A%a® (£ + &o) >2m
v A

« pi(—ra+wt+6) (2.20)

)

1 36242 + 160y A2 —57%a% 4+ 2 X aby
p(ﬂf,t): _E )\3,\/
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<1 ese [1 V24/36292 + (2 Xab + 16 vAZ) v — 5 X\2a2 (€ + &)

2m
YA )

X ei(—mx-&-wt—ﬁ-@)’ (221)

where Egs. (2.20) and (2.21) represent bright and singular solitons respectively
following the constraint 3 b%y2 + (2 Aab+ 16 v)\2) v —5X2a? > 0. Similarly,

1 30292+ 160y A% —57%2a% + 2 \aby
p(l’,t) {16 )\37

(1_%@[1¢%%4m%ﬂ+@Aw+4mu%w—5vwws+&> 1

8 YA )

% ei(—ﬁ:v-‘rwt-‘r@) (222)

)

1 30292 4160y A% —5X%a% + 2 \aby
Pl t) =y ~ 75 A3y

2m
8 YA >

> ei(—nx—&-wt-‘r@)’ (223)

(1 e ll V2y/=(36%% + (2 Xab + 16 0A%) v — 5 A2a?) (€ + &) 1

where Egs. (2.22) and (2.23) represent periodic singular solitons respectively. These
solutions remain valid until 3 b%y2 + (2 Aab+ 16 v)\2) v —5X%a% < 0.
Case 3:

_ 1 =Xa+~yb _— 1
4 yx K
w— 1 —a3X3 —9N2a%y b+ 5 X avy?b? + 8 Mavy 4+ 5303 4+ 24 by2uN?
N 32 72)\3 )
1 —5X2%a2 + 2 Xaby + 302392 + 16 vy \? ol
= —— = 5 = —6 - 224
a0 16 )\37 az A ( )
\/_i —3b292—16 vy A2+5 A2a%—2 X aby
16 v2
a; =67 1z
3 1 (%1/1 (f)) (=5X%a? + 2 Xaby + 3b%4% + 16 vy A?)
—= = — 2.25
(&%) =1 . @)
and
P _Tlﬁ —3b°42—16 vy AjjS)\2a272)\ab’y (d%w (5)) o
dié-gw &)= h . (2.26)

From Egs. (2.25) and (2.26), we have

—5X2a24+2Xaby+3b2~v2+16 vy A2¢

() =c+ CQe% X , (2.27)
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and

5242 by 13 52~2 116 vy A2
w/:ECQ\/—5)\2(I2+2)\ab’y+3b2’72+16’l}’)/)\26i T
4 YA ’
(2.28)
where ¢; and ¢y are arbitrary constants. So, by using Egs. (2.27) and (2.28), we

have

p(z,t)
7 1 —5X2a% + 2 Xaby + 3?92 + 16 vy A2
T 16 A3y
5220242 X aby+3 6272416 vy A2€ \ i
+3 (—5 )\2a2+2)\ab'y+3b272+16vv)\2) 026% S o
8 1 V-522a242 X aby+3b272+16 vy A2¢ 2
A3y [ e1 + coet R
x el —ratwi+6) (2.29)
1 V=522ZaZ42Xxaby+3b272416 vy A2¢g
By setting ¢; = £1 and ¢y = e* ER) , we have

1 —5)\2(12+2)\abv+3b272+1607)\2

1

2~2 1 (9 16 \2 —F 2,2 2m
1_§Sech2[} V36292 + (2Xab + 16 A20) v — 5 \2a (5-1—50)]
2 8 YA

x el —ratwt+6) (2.30)

1 —5X2a% +2Xaby + 3b%92 + 16 vy A2
Pl t) =y ~ 75 A3y

8 YA

x el —ratwi+6) (2.31)

<1 3 hz[l \/3b2’7 + (2Xab+ 16 \2v) v — 5/\2a2(§+§0)]>zm
2

Here Egs. (2.30) and (2.31) respectively denotes the bright and singular solitons
satisfying the constraint condition 35272+ (2 XA ab + 16 A*v) y—5 A\%a? > 0. Similarly,

(@,1) = 1 —5X2a% + 2 Xaby + 302392 + 16 vy \?
S TS Ny

. [1 V—(3b292 + (2 Xab + 16 A\2v )7—5>\2a2)(§+€o)} =
ESe 8 YA

ei(fnrertJr@)' (2.32)

(z.1) = 1 —5X2a% + 2 Xaby + 30292 + 16 vy \?
YT T 16 A3y
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1_7 [ \/ (3b%+2 + 2)\ab+16)\2 ),7_5)\2a2>(€+£0)} Tm
2(:'5 8 7)\

X ei(—ﬂa:-‘rwt-‘r@) (233)

b

where k and w are given in the solution set Case 3. Egs. (2.32) and (2.33) denotes
periodic singular solitons which hold for the constraint 3 b2y2 + (2 Aab+ 16 )\21)) v—
5M%a? < 0.

Case 4:
1 -da+~vb
= - 20T =2,
4 YA
1 —a3X% —9X2a%y b+ 5 X ay?b? + 8 Mavy + 5363 + 24 by2u)?
w=——
32 Y23 ’
o 1 —5X2%a? + 2 Xaby + 30292 + 16 vy \? a :}1 (2.34)
T 16 A3y TN '
1 /522 — 2 Xaby — 30292 — 16 vy \2
a; = — .
'y A2
2 ) (d%w (5)) (5202 + 2 Xaby + 3b*72 + 16 vy A?)
- S 2.
(v ©) =3 o L @3)
and
P2 L V/5A2a2 =2 XNaby — 36%72 — 160y A2 (d%w (g))
— = —= . 2.36
(s0©) = ~ (2.36)
From Eqs. (2.36) and (2.35), we have
G I e (2.37)
and
3524216 vy A2 2223 x aby
1//:—1 02\/—3b272—16117)\2—1—5)\2@2—2)\@6767% B —
2 Ay ’
(2.38)
where ¢; and ¢ are arbitrary constants.
1 —3b242 16 vy A24+5 X242 -2 X abyég
By setting ¢; = +1 and co =€ 2 o , we have
1 2,211 2 _ 5324249 P
p(x t):{— 3b°y"+16 vy A 5A%a”+2 Aaby 2} Xez(—nw-ﬁ-wt-l—@).
16 1 V3024216 0y 22452202 -2 X aby (E+£Q)
vy A3 <1+e 2 X )
(2.39)
which is not a stable soliton because m = —2. It suggests that the soliton solutions

exists when 0 < m < 2.

2.2. The exp(—¢(q)) method

In this section, the extraction of solitons for the RKL equation is carried out. The
power law nonlinearity is considered. To start with, we assume the solution of Egs.
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(1.6) and (1.8) is of the following form

N
Ug) = ai(e D) ay #0, (2.40)
=0

where ¢ = ¢(q) satisfies the following ODE:

¢ (q) + Cexp(p(q)) +nexp(—p(q) = 0 (2.41)

¢ and 7 are arbitrary constants.
Eq. (2.41) enjoys the subsequent solutions forms

¢(q) =—In (\/gtan[\/ﬁ(q + qo)]) , ¢n>0 (2.42)
¢(g) =—1In <—\/500t[\/5(q + qo)]> , (n>0

¢(g) =—In (—\/Tntanh[\/ —(nlg + qo)]> , (n<0

¢(g) =—1In <\/_Tncoth[\/ —(n(q + %)]) , (<0

1
QD(Q)_IH<_7](q_'_q0)>7 C_Oa 77>07

where ¢ is an integration constant and ¢(n > 0 or (n < 0 depends \'s sign. The
value of N determined as earlier is

N =2. (2.43)
Therefore,

¢(q) = ao + arexp(—¢(q)) + azexp(—p(q))*. (2.44)

Now, Plugging the values of U and U” in Egs. (1.6) and (1.8) using Eq. (2.41),
and comparing coefficients of exp(—ip(q)), ¢ = 0,1,2,3,4,5 and 6, an nonlinear
algebraic system of equations is gained
exp(—0 ¢(q)) coeff:

4m? (w+ ak® + vK*) ag® —4m* (b — Ak) a® — (a+3vk) ((1 —2m)a*n’

+ 2ma0 (Cnal + 20,2772) ) = 0’

4m? (v+2ak + 37 k%) ag®> + 4m*Xao® + v (1 — 2m) a:*n?

+2mao ((nay +2asm*) ) = 0.

exp(—1 ©(q)) coeft:
—12m? (b—\ k) ap*a; +8 m? (w—i—cmz—&—'y 113) apai —(a + 3yK) ( -2 (1-2m)

arn (—Cay —2azn)
+ 2may (6agén+2a1n—|—/\2a1) + 2maq (Cr]al +2a2772)) =0,
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12m2\ag?a; +8m? (v—|—2 ak + 37/@2) agay+v (—2 (I1-2m)an (a1 —2asm)

+2mag (6az(n+2a1m + Na1) +2may ((nay +2a2772)) =0.

exp(—2 ©(q)) coeft:

—4m?(b— \k) (ao (2 aoa2—|—a12)+2 a12a0+a2a02)+4 m? (w—i—afiZ—&—’y /{3)

(2 apas + a12) —(a+3vk) ((1 —2m) (—2 a1n (—2a2( —a1) + (—Cay — 2a277)2)
+ 2mag (4)\2a2 +3Ca; —|—8a2n) + 2maq (6(12(77—1—2@17)—1—)\2@1)

+ 2maq (Cnal +2a2772)) =0,

4m2\ (ao (2 a0a2+a12)—|—2 a12a0+a2a02)+4m2 (v—|—2 (m—i—3752) (2 apas + a12)
(1= 2m) (<2017 (~202¢ — a1) + (~Car = 2a2m)%)

+ 2mag (4)\2a2 +3Cay —|—8a277) + 2may (6&2(7]4—2(11774—/\2@1)

+2mas ((nay +2a2772)) =0.

exp(—3 ¢(q)) coeff:
8m? (w + ar? —|—’w€3) araz —4m? (b— \k) (4aoa1a2 + ay (2 aopay + a12))
—(a+3vk) (Qmao (10Caz +2ay) +2may (4)\2(12 +3Ca; + 8a277)
+ 2mas (6Ca2n+ 2a1m + )\2a1) +(1-2m) (4a177a2
+2(—Car —2azm) (—2Cay —al))) =0,
8 m? (U —|—2om—|—3'y/i2) ajas + 4m2\ (4a0a1a2 + a; (2 apas —|—a12))
+ 7 (2mao (10Cas + 2a1) + 2ma (47202 + 3¢ ar + S azn)
+ 2mas (6Ca277+ 2a1m + )\Qal) +(1-2m) (4a177a2
+2(=Ca1 —2a9m) (—2Caq —al))) =0.
exp(—4 (q)) coeft:
4m? (w +ar?+ 7&3) as® —4m? (b — \k) (aoa22 +2a1%as + as (2 aopay + a12))
—(a+37k) ((1 —2m) (‘4 (=Ca1 —2azn) az + (—2Caz — a1)2)
+12magas + 2may (10 as + 2ay) + 2mas (4 \2az + 3¢ ay +8a2n)) —0,
4m? (v + 2ak + 37&2) as? +4m?\ (a0a22 +2a1%as + as (2a0a2 + a12))
+ ((1 —2m) ( —4 (=Cay —2aan)as + (—2Cas —a1)2) + 12 magas

+ 2may (10 as +2a1) + 2mas (4)\2a2 +3Cay +8a27])) =0.

exp(—5 ©(q)) coef:

—12m? (b — \k)ajas® — (a +37kK) (—4 (1-2m)(—2Cay —ay1)az + 12mayasg
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+ 2mas (IOCa2+2a1)) -0,
12m2)\a1a22+'y(—4 (1-=2m)(—2Caz —ay1)as+ 12majas
+2maz (10¢az +2a;) ) =0.

exp(—6 ¢(q)) coeff:

—4m? (b—AK)as® — (a+37k) (4 (1 —2m) az® + 12may?) = 0,
4m*Xax® + 7 (4 (1 —2m)as® + 12mas?) = 0.

Solving this algebraic system of equations gives

1 2m2ad by + 3m2b%y? — 5m2a?X? — 1692¢n A2

v =

16 v A2m?2
o 13 m2a3 X3 —5m2a?X2by+m2al b2 +m2b3y3 +16 v2al n A3 4+48 v3¢ n A?%b
64 A3 22
1 —aX+ by v¢n (m+1)
K=, Q=—"5—",
4 4 m2\
P (m+1)

a'1:07 ag = m2/\ )

Hence, Periodic, dark, singular and plain wave solutions along with their validity
conditions are given below respectively as

2

~ AGm+1)  yPm+) [ ¢
pro(z,t) = Y Y ntan(\/Cn(quqo)) (2.45)
x (=R twtt) - where ¢y > 0.
r 2
_ n(m+1)  aPm+1) | ¢
p3a(z,t) = Y Y ” cot(v/¢n(q + qo)) (2.46)
x (=R twtt) ©where ¢y > 0.
_ 2
_ nm+1)  Pm+1) | ¢ —
ps6(z,t) = 3y p—-EY - tanh(y/—(n(q + qo)) (2.47)
x (=R twtt) - where ¢y < 0.
- 2
_ nm+1) aPm+1) | | ¢ —
prg(z,t) = RO RCEY 0 coth(y/—(n(q + o)) (2.48)

x (=R twtt) - where ¢y < 0.



1390 N. Raza & A. Javid

Figure 3. Dark soliton given in Eqs. (2.47).
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Figure 4. 2-D plot of solution given in Eq. (2.47) for different value of index m.
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3. Modulation Instability

Modulation instability based on linear stability analysis [2] is carried out for Eq.
(1.2) with m = 1 which has the subsequent steady-state solution [2]

pla,t) = [VIo + q(z, )] x ™ot (3.1)

where I is the incident power. To study the evolution of the perturbation ¢(z,t),
Eq. (3.1) is substituted into Eq. (1.2) and is linearized in ¢ has the following form

iqt + aque + bIo (¢ + ¢%) = iy (2q2 + ¢) — 1VGuaa (3.2)
where ¢* is complex conjugate of g. Due to the presentation ¢*, we assume
qlz,t) = T 4 g iKx—0) (3.3)

where K is the wave number and €2 is the frequency. Substituting Eq. (3.3) in Eq.
(3.2), a system of two homogeneous equations in ¢; and go is retrieved which gives
the following dispersion relation

Q= (VKQ — 2\ + \/ X212 + K2a? — Qablo) K. (3.4)

It is evident from the dispersion relation (3.4) that the steady-state stability depends
on self-steepening, GVD as well as the incident power. The steady state is stable
whenever A2Iy% 4+ K242 — 2 ably > 0 but the modulation instability comes into play
when A\21y% + K2a? — 2ably < 0 because in such a case the perturbation grows
exponentially. Modulation instability gain is given by

G = [ImQ| = |Im (7[(2 — 2\ + \/A2102 + K22 — 2ablo) K|. (3.5

Figure 5. Modulation instability gain in terms of wave number for different values of nonlinear coeffi-
cient.
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Figure 6. Modulation instability gain in terms of wave number for different incident powers Iy with
A=04, a=1 b=1and y=1.

Figure 7. Modulation instability gain in terms of wave number for different values of A with Iy =
0.2, a=1, b=10and vy = 1.

4. Results and Discussion

The results retrieved here are bright, dark, singular, periodic and plane wave solu-
tions. Solutions in (2.10) retrieved through modified simple equation method are
visualized through 3-D and 2-D graphical depictions portrayed in Figure 1 and Fig-
ure 2 respectively. As we know that the power law nonlinearity induces the same
shape profile as given in Eq. (2.10). Also the width and height of the soliton de-
pends on the index of nonlinearity m [27,28]. It can easily be observed that for
the infinitesimal value of index requires a gigantic width. So, if m — 0 the soliton
becomes a plane wave as shown in Figure 1(a). It is also observed that the soliton
concentration is highly sensitive to the value of nonlinearity near m = 2 and the
soliton width decreases drastically for 1 < m < 2. So for m > 2, the soliton pro-
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file becomes unstable and portrays a self focusing singularity which is highlighted
through Figure 1 and 2.

Similarly, the 3-D and 2-D graphs of soliton solution given in Eq.(2.47) are por-
trayed in Figure 3 and Figure 4 respectively which are obtained through exp(—¢(q)).
From Eq. (2.47) the soliton solution represents a self focusing singularity near
m — 0. Unlike the bright soliton given in Eq. (2.10), the width of the soliton
profile given in Eq. (2.47) increases as the index of nonlinearity increases and rep-
resents a plane wave near m — oo. The argument is supported by the graphs in
Figure 3 and Figure 4.

In section 3, the modulation instability analysis of Eq. (1.2) is carried out. A
dispersion relation (3.4) is obtained for the frequency in terms of wave number.
The role of different parameters on the gain spectrum G(K) is studied in Fig 5, 6
and 7. In Fig 5, it is clearly observed that the gain spectrum G(K) is symmetric
with K = 0. It is deduced that the gain spectrum increases with increase in b for
given fixed values of A\ = 1 (self-steepening) and Iy = 1 (Incident power). From Fig
6, we can conclude that the instability gain spectrum increases with an increase in
incident power Iy by fixing A = 0.4 and b = 1. On the other hand, we see that the
modulation instability gain spectrum decreases with an increase in self-steepening
. It is noticed that the third order dispersion plays no role in modulation instability
which is quite obvious from Eq. (3.5) and [29,32].

5. Conclusion

In this work, we have extracted soliton solutions of RKL model incorporating the
power law nonlinearity. The extraction process is aided through reliable integration
tools namely, the modified simple equation method and the exp(—¢(gq)) method.
The bright, dark, singular, periodic, plane wave and other solutions are retrieved.
The solutions extracted through modified simple equation method are catagorized
in four different cases on the basis of values of nonlinearity index m. The bright
soliton profile in Eq. (2.10) is highlighted through 2 and 3-dimensional graphs.
It is observed graphically that the soliton profile is stable only for 0 < m < 2
and the case 4 assists this argument. Similarly the solutions retrieved through
exp(—p(q)) method are given. The physical aspects of the stability of the dark
soliton profile given in Eq. (2.47) are highlighted through 2 and 3-dimensional
graphs. The modulation instability analysis for the RKL model is carried out to
extract a dispersion relation between K and 2. The effect of different parameters
on the Modulation instability gain spectrum is also studied. Therefore, the research
provides an excellent additive to the existing literature and gives a valuable insight
towards the spatio-temporal solitons of the power law nonlinearity.
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